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Abstract

This paper will study the necessary conditions and sufficient conditions for the problem of orthogonality in 4-
plithogenic and 5-plithogenic vector spaces, where we provided a definition of the real scalar products defined
above these spaces, and we used the new concept of scalar product that was defined in determining the necessary
and sufficient condition for the orthogonality of symbolic 4-plithogenic and 5-plithogenic vectors, in addition
to calculating various norms and their metric properties. We have also provided some examples that aim to
explain the scientific contribution of this work.
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1. Introduction and preliminaries

The study of plithogenic sets and their applications began at the hands of the researcher Smarandache [2],
where he first defined the plithogenic set and through it he was able to provide a good visualization of the
algebraic structure of the plithogenic set.

This view was later extended to the definition of plithogenic rings [1,4, 19-20], and then these rings were used
in the study of modules and plithogenic vector spaces of various orders [3, 28-29], and also in the
determination of algebraic bases for them.

Studies have evolved to include the theory of plithogenic numbers [12-16] and the properties of integer
numbers associated with them in a similar way to what was done for neutrosophic numbers [6, 9, 17, 22], in
addition to many diverse applications in cryptography [23-24], matrix theory [7,8,10-11], and even in solving
algebraic equations [5, 25-27].

In this paper, we present a development of the results presented in [30], where we expanded the study to
include symbolic 4-plithogenic and 5-plithogenic spaces, where we studied the inner products defined above
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these spaces, as well as various issues of orthogonality and its conditions, in addition to the concept of the
orthogonal rule and the organizing rule related to this new type of spaces.

We want to draw the reader's attention that the results from this study are generalizable for higher-order
spaces with more complexity in the resulting calculations.

2. Main results and discussion

Symbolic 4-Plithogenic Inner products and orthogonality

Definition:

Let VV be R-Vector Space:

Let 4 — SPg = {lo + Y-, [;P;; I; € R} be the 4-plithogenic field, 4 — SP, = {qo + Y-, q;P;; q; € V} the
plithogenic vector space, then:

@:4—SP, x4 — SP, » 4 — SPy is called 4-plithogenic inner product if:
1). o(t,n) = ¢(n,t) where n,t € 4 — SP,.

2). p(t,t) =0 forall t €4 —SP,.

3). p(u+v,t) =W, t) + p,t).

4). p(a.t,v) = ap(t,v);t,v €4 —SP;,a € 4 — SP;.

Theorem.

If f:V XV — R isareal product:

For q = qo + Xi=1 q;P;,n = ng + Y-y n;P; € 4 — SP,, we define:

(gq,n) _f(QO'nO)-l'Pl[f(Zz OqllZL o) — f(%'no)]+Pz[f(Zl Oql'ZI. oM) —

fQiz0 i, Zicon)] + Ps[f (Tioo qi, Xico i) — f (X0 40 Bimo n)] + Palf (Bico qi» Do i) —
fEio i =on)]

Then, ¢:4 —SP, x4 — SP, = 4 — SP; is 4-plithogenic inner product.

Proof.

Let f:V xV — R be an inner product over V.

Suppose ¢:4 —SPy X 4 — SP, » 4 — SPg, where:

p(gq,n) = f(%'no) + P1[f(Zz OqllZL o) — f(qo,no)] + Pz[f(zl Oql'ZI. oM) —

fQ 09qi, 0”)]+P3[f(21 0qi, on) fQi 04, 0”)]+P4[f(21 09qi, ?:oni)_
fEioqi, Xizon)].

@ is 4-plithogenic real inner product on 4 —Spy.

@(q,n) = f(qo,no) + Pilf Bizo Gi» Xizo ) — f(qo, no)] + Polf (Bio Gi, Xi-o 1) —

f(ZL Oql'Zl=O nl)] + P3[f(21=0 qi, Onl) f(Zl OqL’ZL Onl)] + P4[f(21 04i, ?:0 ni) -

fEi04i, Xi=on)] = f (1o, q0) +P1[f(21 0Mi» Dizo 1) — f (Mo, qo)] + PIf Biony, Bimo i) —
fCloni, Xicoa)] + P3[f(zl OnerL 0qi) — f(Zl oMi, i2=0 a)] + Plf Ciooni, Xico ai) —
f(ZL OnL'ZL Oql)] p(n,q).

?(a,90) = f(qo, q0) + P.[f iz q: » l-1=oql) f(qO,qO)]+Pz[f(Zl 04i> Xi=0qi) —
P3[f(2?:0ql' l=0ql) f(ZL 09i, = Oql)] +P4[f(21 09i,i= OQL) f(Zl Oql'ZL Oql)] - ||QO||2 +

PuIIE L0 4ill? = laoli®] + PoLIEEo qill? = 1210 @:lI2] + P [ ZE0 il
”Zl Oql” ]

And that is because:

llgoll> =0
‘1 1 2
laol® + {1 at]| = llaoli?| = || a:
i=0 i=0
1 2 [ 2 2 1 2 2 2
llgoll* + Zqi —llgoll?| + Zqi - Zqi = Zqi =0
i=0 i=0 i=0 i=0
9 \2 2 q 2 3 2 o 2 5 2
laoll® + Z ol |+ |l =D all| [+ D el - [D e [= D e 2o
i=0 i=0 i=0 i=0 i=0
1 2 2 1 2 [ 3 2 2 2 [ 4 2 3 2 4
llgoll® + qu' — llgoll*| + Z ZQi + zﬂh - qu' + ZQi - ZCIL' = ZCIL'
i=0 i=0 i=0 i=0 i=0 i=0 i=0 i=0

Now, we let u = uy + Y%, u;P; € 4 — SP,, we have:
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pu+qn) = f(uy+qone) + P,

+P,

3

(2(%‘ +up),

i=0

+ P |f

3

i=0

N ||

i(%’ + ui)’ini

i=0 i=0

(S e)

2
(qi +w),

2
i=0 i=
'3

)

+P,

f(Zl(ql‘ + ui)vi"i) — fuo + %:no)‘
i=0 i=0

f<zz(qi +ui)vini> —f<
| \i=0 i=0

= ¢u,n) +ow,n)

L
. ) |
f Z(‘h"‘ui)'zni -f Z(%‘"‘ui);zni
i=0 i=0 i=0 i=0
Let a = ag + Xt a;P; € 4 — SPy, then:

9(a.q,m) = f(apdo,n0) + P, | (Tho @) (Ziko(a: + 1), Tio i) — f(ao

P, [f ((Zizzo ai)(Z;Z:O(Qi + ui)),Z?:o ni) -f ((Zilzo ai)(Z?:O(Qi + Ui))x Yo
Py [f (o ad(Bo(a +u0) Biomi) = £ ((TP0 @) (Z2o(a: + 1), B2

Py [ (o ad (Bito(qi + 1), Bicomy) — £ (o @) (Tio(qi + 1), BE
Yitia;P)e(q,n) = a.p(g,n).

Remark:

Suppose that ¢:4 — SP, X 4 — SP, - 4 — SPy,

Put f:V XV — R, with f(qq,ny) = ©(qo, no), Where go,ng € V.
f isa Euclidean inner product clearly.

Example.

Regard the Euclidean real inner product defined on R?
fl(dy,d,"), (dy dy")] = dyd, + dy"'dy".

The inner product on 4 — SP, is:

@:4—SPy X 4 —SP, — 4 — SPg;

QO:no)] +
om)] +
)]

Oni)] = (ao +

@[(do,yo) + (d1,y1)Py + (d2, y2)P; + (d3,¥3)Ps + (dy, Ya) Py, (20, So) + (21, 51) Py + (22, 5,) P,

+ (23,53)P3 + (24,54) P4

= f((do»YO)' (2o, So)) + P

i=0 i=0 i=0 i
+ P, f((i dhi)’i)(izi;i&')) —f<(zl:dz
| i=0  i=0 i=0 =0 i=0
[ 3 3 3 3 2
+ P :f <<i=0 d;, Z, Yi> ) (; Zi'; Si)) -f ((i=o d;
4 4 4 4 3
+ P f((Zdi;ZyL);(ZZhZSi) —f<( d;
| i=0  i=0 i= i=0 i=0

+P,

+ P3 (Z dl) ( Zi) + ( Vi Si | — di
L \i=0 i=0 i=0 i=0 i=0 i
r 4 4 4 4 3
2 (2o (20) () - (o
L \i=0 i=0 i=0 i=0 i=0 i
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Remark.
The norm of q = qo + Xi=; q;P; is defined as follows:

lall = Vo (@, @) = lgoll + Pyl qill — llgoll] + PlI%20 qill — IS0 q:l] + Pa[[|Big al| -

”Zizzo Qi”] + P4[||Z?=0 qill — “21‘3:0 Qi”]-

Theorem.

Let ¢ be 4-plithogenic inner product on 4 — SPy, then:

1). llqll = 0;qg € 4 —SP,

2). lla.qll = lal-llqll;a € 4 — SPg

3). llg +nll < llgll + lInll;n € 4 — SP,

4). lo(qg, M| < liqll-IInll

5). 4 L n equivalents that qo L Mo, Nizo @i L XicoMi, X0 @i L Xioni, Xio i L Ximomi, Diso @i L
i=0 -

6). If g L n, implies |lq + n||* = |Iq||* + |In]|?

Proof.

1). Itis an easy to be proven.

2.Leta=ay+ Yl ,a;Pi €4—SPy,q=qy+Yi,qP; €4— SP,, we have:

lla.qll> = p(a.q,a.q) = a®*¢(q, ), thus |la.q|l = |al.|lqll.

3). llg +nll = llgo + noll + Py [IXizo(q; + n)Il = llgo + noll] + P[IIXF-0(q; + n)ll = IIZio(q; + n)I] +

P5[|IZEo(q; + n)|| = IZE0(q: + n)ll] + Pu[IIZio(qi + n)Il = ||Zi0(q: + n)||], we have:

( g0 + noll < llgoll + lIngll
D@+ <[> @+ >
i=0 i=0 i=0
D@+ <[> @+ >

< i=0 i=0 i=0
Y@+ <[> @+
i=0 i=0 i=0
Y@+ <[> @+

theF;?ore: - -

g+ nll < llglh + Il

4).

lo(q, )| = 19(qo,no)| + Pillo(Xiz0(q:) , Zico )| = 19(q0, no) ] + Py [lo (X o(q) , Xioo(n))| —
lo(Cizo (@), Zice M + Pa[|o(Eio(a) , Zio(m))| — o Eizo(a) , io(n))] +
P4-[|(p(2?.=0(qi)!Z‘il-=0(ni))| - |(p(2?=0(qi)1213=0(ni))|]'

By using Cauchy-Shwartz inequality, we get:

PGl < Tl +limall
f(Z(mLZ(m)) <D @ +[D.m
i=0 i=0 i=0 i=0
f(Z(mLZ(m)) <D @ +[D.m
i=0 i=0 i=0 i=0
f(i(%’%i(%’)) = i(qi) + i(ni)
i=0 i=0 i=0 i=0
f(Z(mLZ(m)) <D @+ [

therefci)?g, = = =

lp(q, W < llqll. lInll
5). ¢ L n equivalents that ¢(q,n) = 0, hence:
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f(qo,m0) =0=qo L ng

f (i(m%i(m)) = le(‘h’) 1 Zl:(ni)
(Z(ql Z(m)) - i(qo L i(m)

i i=0

(i(qa Z(m)) = i(qo L i(no

i=0 i=0
4

(Z(ql Z(na) Z(qJLZ(nJ

6). If g L n, then |Iq +n||2 = ¢(q +n q+n)=¢(qq +enn) = qll*+|n|>
Definition:

Let E ={0,,...,0,} be abasis of 4 — SP,.

E be an orthogonal basis is equivalent to write:

0(0,,0,) =0;i#j,1<t,h<5n

Itis called ortho-normed if:

{q7(0t'0h)
¢(0t'0h) =1’

Theorem.

Let C ={f., f, .., fn} be V-ortho-normed basis:

The set Cp = {mi + (n]- - mi)P1 + (sk - nj)P2 + (It = si)Ps + (hg — l)Py;my,my, S, hg, I, €C,1 <
i,j,k,t,d <n} is 4 — SP, - ortho-normed basis.

Proof.

Let

My =m; + (ny —my)Py + (s, = 1y)Py + (I — 5.)Ps + (hg — 1Py € C, M, = 10y + (1 — 1y )Py +

(8 = 1)Py + (I, — $)Ps + (hy' — I,))P, € C, we have:

@My, My) = f(my, h;) + Py[f (ny, ;) = £ (my, )] + Po[f (510 $) = £ (my, )] + Palf (L 1) =

f (51,8101 + Palf (ha, ha') = f (L, 1)] = 0, thus My L M,.

On the other hand,

WMol = Nl + Pof[|ny]| = imall] + Po[llsell = [ ][] + PsOIZell = lisicll] + Palllagll = llEli] = 1, so that Cp
is ortho-normed basis.

;t#h1<th<b5n

3. Symbolic 5-Plithogenic Inner products and orthogonality

Definition:

Let VV be an R- vector space.

Let 5 —SPg = {lo + X7_1 l;P;; |; € R} be the 5-plithogenic field, 5 — SP, = {q, + X_; q:P:; q; € V} the 5-
plithogenic vector space, then:

@:5—SP, x5 —SP, - 5— SP; is called 5-plithogenic inner product if:

1. o(t,n) = p(n,t) forall n,t €5—SP,.

2). p(t,t) =0 forall €5—SP, .

3. plu+v,t) =p,t)+ e,t).

4). p(a.t,v) = ap(t,v);t, v €5—SP,,a €5 — SP;.

Theorem.

If f:V XV — R with:

For g = qo + X5, qiP;,n = ng + Xi_, n;P; € 5 — SP,, we define:

9(q,1) = f(Go,no) + Pi[f (Thoo i, Theo 1) — f(do,m0)] + Pof (B 41, Xg i) —

fQi oql'zl on)] + Ps[f(Ti 0%:23 o) = fF(Ei0qi, Ximo )] + Pulf Eico ai, Zico i) —
f(Zz 09qi, on) +P5[f(zl 09qi, on) f(Zl 04, ?:0”1’)]--

Then, ¢:5—-SP, X5—-SP, »5— SPR is 5-plithogenic inner product.

Proof.

We put ¢:5 —SP, X5 —SP, - 5 — SPg, where:
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@(q,n) = f(qo,n0) + Pilf Tizo 4i» Lizo ) = f(qo, no)] + Polf (Xfo i, Xio i) —

fC0ai, Xicond] + Palf (oo qi, Xico i) — fF oo @i, Xico )] + Palf Tico @i Xico ) —
fFEi0ai, Zon)] + Pslf (Tio0 a1, Xicomi) — (i a1 Dizo )]

We have:

@(q,n) = f(go,n0) + Pilf Xle0qi, Xicon) — (@0, no)] + Polf Bfco qi s Xio i) —

f(ZL OQL Zl On)]+P3[f(Zl Oql Zl On) f(Zl Oql le On)]+P4[f(Zz Oql. Z? Onl)_
fi0qi, Tiom)] +P5[f(ZL 0di X on) fQlodqi, Xic on)] f(no,q0) + Plf Ciconis Xiz0 qi) —
f(no CIo)] +P2 [f(Zl Onz 212 OQL) f(Zl. Onl 211 OQL)] + P3[f(ZL Onl ZL—O QL)

f(ZL oM, ZLZ Oql)] +P4[f(z:z oMy, Z‘Lt OQL) f(ZL oM, Z? OCIL +P5[f(215:0ni'215:0 Qi) -
fFQoni, Xi0a)] = o, q).

©(q,9) = (g0, q0) + Pilf Cloo @i » Xiz0 90) — (@0, a0)] + Pof BFoo Gi» im0 1) — f X0 @i Xim0 9] +
Pilf (X0 qir Xm0 i) — fF Bleo Gir Xm0 )] + Pulf Qoo qi, X0 0) — Fio0qi, o ad)] +
Ps[f(Zi=0qi, Xi=04:) — f(Zl 001, 2i=0a)] = llgoll? + PilIZ =0 a:ll* — llgoll ]+Pz[||2‘.l2 Oqillz_

IE0 qill?] + Py (1520 @ill” = 1B 20 2] + Pu IS0 qill? = 12520 @ill ] + Ps [I1Z50 a:ll” — 1%z qali?]

And that is because:
llgoll* = 0

2
a|| - ”‘IOHZ] =

1

llgoll* +
i=0

1 [ 2 2 1 2 2
laol?+ |2 | = ool |+ Zqi Z =D af =0
i=0 i=0 i=0
1 [ 2 1 2 TR 2 2 3 2
laoll” + —||qo||2 Z Zqi Zqi =D af =0
i i=0 i=0 i= i=0 i=0
1 2 1 [ '3 2 2 [ 4 2 '3 2 4
laol® + ||| > a ]+ Z Z Zqi DSl = > af [= (D«
i=0 i=0 i=0 i=0 L i=0 i=0 i=0
1 2 2 2 1 2 TR} 2 2 2 [ 4 ) 2 5 2 ‘4
llgoll* + Zqi = llgoll*| + Z Z qu - Zqi + Zqi - Zqi + Zqi - Zqi
i=0 i=0 =0 i=0 i=0 | i=0 i=0 i=0 i=0

Now, we let u = uy + X%, w;P; € 5 — SP,, we have:
( 1
+P2 f<2(qz+ul) znl
r 3
+Py f(Z(Qi+ul)
| \i=o
+u;),
0

+ P, f(i(‘h

MH

pu+q,n) = f(uy+qo.ng) + P |f

) —fluo + %:no)‘

@, zﬂ

Il
o

,
||M
o l—‘
-

o

=

o EM* ng L
=
\/i/ \_/ v

f\
M~

S
~

i

- -
1] 4 IIM
on S N

-

I

<)

(g; +uy) inl>_

[ =5 ' ‘4 N 1
+Py f(Z(QiJrui); n <Z(ql+ul) P ) = p(u,n) + p(w,n)

Leta=ay+ X2, a4 P_E 5 — SPg, then:

9(a.q,m) = f(aod0.m0) + Py [f (o @) (Tiko(a: + 1)) Tioon:) = f (@ no)] +
P [F (ERo @) (Z2o(a: + 1)) Ziconi) — £ ((Bho @) (Tiko(a: + 1)), Tiom: )| +
Py [F (Lo @) (Z2o(a + 1)) Ziooni) — £ ((BRo @) (T2o(a: + 1)) Zioms )| +

P [f (B @) (Titola + 1), Bioms) — £ ((Bho @) (Bio(as + u), Biomy)| +
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Ps | (B0 @) (Z0(a: + ), 2o ;) — £ ((Bo @) (Bito(s + 1), Tieom: )| = (a0 +

Y21 a;:P)e(q,n) = a.9(g,n).

Example.

Regard the Euclidean real inner product defined on R?

fl(d,d,"), (dy d,")] = did, + dy"dy".

The inner product on 5 — SP, is:

©:5—SP, X5—SP, = 5 — SPg;

@[(do,¥o) + (d1,y1)P1 + (d2, y2) P, + (d3,¥3)Ps + (dy, Ya) Py, (20, So) + (21, 51) Py + (2, 5,) P,
+ (23, 53)P3 + (24, 54) Py + (25, 55) Ps]

f (( dZy)(Z aia)) = f((do, o), (z0.so))‘

= f((do: Vo), (2o, 50)) + Py

=0 i=0 i=0 i=0
[ 2 2 2 2 1 1 1 1
+P|f (Zdi;z}h);(ZZi;zsi) -f (Zdiizyz)'(ZZi'zsi)
| i=0 i=0 i=0  i=0 i=0 i=0 i=0  i=0 |
[ 3 3 3 3 2 2 2 2 i
+P3 f ( di»Z}’i)»(ZZi;Z&) —f ( di. yi>,< Zi, Si)
| i=0 i=0 i=0  i=0 i=0 i=0 i=0  i=0 |
[ 4 4 4 4 3 3 3 3 i
+ P |f (Zdi;Z)’L);( Zi:Z&') -f ( diiZ)’i)i(ZZi!ZSi)
| i=0 i=0 =0  i=0 i=0 i=0 i=0  i=0 |
[ 5 5 5 5 4 4 4 4 i
+ Ps f(( d, }’i>»< ZL'ZSL'>>_f<<zdiizyi>'<zzl'zsi>>
i=0 i=0 i=0 i=0 i=0 i=0 i=0 i=0
1 1 1 1 .
=dyzo + YoSo + Py (Z di) (Z Zi> + (Z yl> (Z 5i> —dozy — yOSO]
i=0 i=0 i=0 i=0
r 2 2 2 2 1 1 1 1 1
() (&) (Z)Z) - (Z ) () - () ()
L\i=0 i=0 i=0 i=0 i=0 i=0 i=0 i=0
r 3 3 3 3 2 2 2 2 1
a2 (&) (2 Z)-(Z ) (m) - () ()
L \i=0 i=0 i=0 i=0 i=0 i=0 i=0 i=0
r 4 4 4 4 3 3 3 3 1
n|(Za) (B ) () (Ze)-(Z ) (X)) ()
L \i=o0 i=0 i=0 i=0 i=0 i=0 i=0 i=0
-, 5 5 5 5 4 4 4 4
(X)) (@) (2 Z) - (Z ) X)) ()
L \i=0 i=0 i=0 i=0 i=0 i=0 i=0 i=0
Remark.
The norm of q = qo + X5, q;P; is defined as follows:
lall = Vol @) = llgoll + P lIIZ 10 a:ll — llgoll] + PolIIE =0 a:ll — IZ =0 a:lll + Ps[|| X0 a:]| —
120 qill] + PallIZ o @ill — 12520 q:ll] + Ps[lIZ o0 a:ll — 120 a:l].
Theorem.
Let ¢ be 5-plithogenic inner product on 5 — SPy, then:
1). liqll = 0; q €5-SPy,
2). lla.qll = lal.llqll; a €5—SPg
3). llg +nll < llqll + |Inll;n €5-SPy,
4). lo(g,m)| < liqll- lin
5). g L n eqivalents g, L no:Zilzo q; L Zilzoni: i2:0 q; L Zizzo ni'Z?:o q; L Z?:oni'Z?:o q; L
Yhon, Yisoqi L 2o
6). If g L n, implies |lq +n|l* = [lq]I* + [In]|?
Proof.
1). Easy to be proven.
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2.Leta=ay+ Y} ,a;P, €5—SPs,q=qo+ Xi,qP; €5 — SPy, therefor:

lla.qll*> = ¢(a.q,a.q) = a*¢(q, q), thus |la.qll = lal. llqll.

3). llg +nll = llgo + noll + P[IXi=o(q; + n)ll = llgo + nolll + P2IXE=0(q; + 1)l = IXi=o(q; + n)II] +
Ps[||Z50(qi + nd)|| — 1Z2-0(a: + n)I] + Pu[lIZic0(ai + ndll — | Ziz0Ca: + n)||] + Ps[||Zi=0(a: + n0)|| -
IZ{0(qi + n)ll], therefor:

llgo + noll < llgoll + linoll
1 1

i(q#m) <D @+
i=0 i=0 i=0
i(‘h"‘ni)
i=0
< i(‘h"‘ni)

i=0

Z(%‘"‘Tli)

L:O i=50 i=50
DR D! EY HYCH

=0 i=0 i=0
therefor: [|q + n|l < liqll + |In]l.
4. le(gm| = lp(qe,no)l + PilloXio(a), Zicom))| = 19(q0, no) ] + Py [lo(XF-0(q:) , Xi-o ()| —
lp(Cizo (@), ZicomI] + Ps[|o(Tio(a) , Zico(m))| = 19 (Eizo(a) , Zico(m)] +
Pyllo(ieo(a), Zico )| = |0 Eioo(q) , Do m)|] + Ps[|o(Z220(a:) , Zio ()| —
9 (Zieo(a), S m)].
By using Cauchy-Shwartz inequality, we get:
If (G0, o) | < llqoll + lInoll

f(Z(%%Z(m)) <2, @| + Z(no
f@ma,Z(na) Z(no
< f(Z(%%Z(m)) Z(no
f(Z(ezi),Z(ni)) Z(no
f@(m),imi)) Z(na

therefor:,

lp(q, W < llqll. lInll
5). g L n equivalents ¢(gq,n) = 0, hence:

2 2

> @+ [

i=0 i=0
3 3

> @+ [ @

i=0 i=0
4 4

Y@+

IA

IA

IA

IA IA IA
)
p— p— p—
+ + +

In

Ing
S
p—
+
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f(qo,m0) =0=qo L ng

f (i(%’%i(’%)) = i(qi) 1 Zl:(ni)
f (Z(ql ZW) - i(qo L i(m)
(i(qa Z(m)) - i(qo L i(no

i=0
4 4

(. @ (nl> Z(qJLZ(nJ

i= i=0
5 5

(Z(qo.Z(nl ) Z(ql) L Z(nl)

i=0
6). if g L n, implies ||q + nII2 = <p(q +n g+n) =9 q+emnn = |ql*+ |nl*

4. Conclusion

In this paper, we presented a development of the results presented in [30], where we expanded the study to
include symbolic 4-plithogenic and 5-plithogenic spaces, where we studied the inner products defined above
these spaces, as well as various issues of orthogonality and its conditions, in addition to the concept of the
orthogonal rule and the organizing rule related to this new type of spaces. In future studies, we aim to extend
our results to the case of n-plithogenic vector spaces.
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