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Abstract

The objective of this article is to study about the representation of symbolic 3-plithogenic matrices by lin-
ear transformations between symbolic 3-plithogenic vector spaces, where it proves that every symbolic 3-
plithogenic matrix can be represented uniquely by a linear transformation between symbolic 3-plithogenic
vector spaces. On the other hand, this work introduces an algorithm to compute a basis of any symbolic
3-plithogenic vector space depending on the classical basis of its corresponding classical vector space.
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1 Introduction

The concept of refined neutrosophic structure was studied by many authors in "8 Symbolic plithogenic
algebraic structures are introduced by Smarandache, that are very similar to refined neutrosophic structures
with some differences in the definition of the multiplication operation >

In,™ the algebraic properties of symbolic 2-plithogenic rings generated from the fusion of symbolic plithogenic
sets with algebraic rings are studied. Further, Taffach®*22 studied the concepts of symbolic 2-plithogenic
vector spaces and modules. In,” the concept of symbolic 2-plithogenic matrices, determinants, eigen values
and vectors, exponents, and diagonalization are discussed.

Laterally, many authors defined and studied symbolic 3-plithogenic algebraic structures, such as symbolic 3-
plithogenic rings, vectors spaces and modules '%!213 Recently, Merkepci'® introduced and studied symbolic
3-plithogenic and 4-plithogenic square matrices and its algebraic properties such as determinant, invertibility,
Eigen values, diagonalization, etc.

Moreover, Mohammad Abobala® presented the representation of neutrosophic matrices defined over a neu-
trosophic field by neutrosophic linear transformations between neutrosophic vector spaces, where he proved
that every neutrosophic matrix can be represented uniquely by a neutrosophic linear transformation. As the
continuation in® Mohammad Abobala et.al studied the neutrosophic linear transformations and their relation-
ship with neutrosophic matrices to the case of refined neutrosophic matrices and refined neutrosophic linear
transformations.

Through this work, we continue the previous efforts presented in/** the study of symbolic 2-plithogenic lin-
ear transformations and their relationship with symbolic 2-plithogenic matrices to the case of symbolic 3-
plithogenic matrices and symbolic 3-plithogenic linear transformations.

All symbolic 3-plithogenic matrices are defined over the symbolic 3-plithogenic field of real numbers 3 — .5 Pg.
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2 Preliminaries

Definition 2.1. 19 Let R e a ring. The symbolic 3-plithogenic ring is defined as follows:
3— SPR = {IZ?O +x1 Py +x2Ps + £E3P3; Pi2 = R,P, X Pj = Pmaz(i,j)}

Addition on 3 — S Py is defined as follows:
[vot+21PL+xoPa+a3P3]+[yo+y1 PL+y2 Pa+y3 P3| = (zo+yo) + (21 +y1) P+ (22 +y2) P+ (23 +y3) Ps.

Multiplication on 3 — S Py, is defined as follows:

[0 + 21 P1 + 22 Py + 23P3] - [yo + y1 P1 + ya P2 + y3P3] = (zoyo) + (zoy1 + 2190 + 2191) P1 + (Toy2 +
Tay1 + T2y2 + Tayo + T1Y2) Pa + (Toys + T1y3 + T2ys + T3y3 + T3Yo + T3y1 + x3y2) 3.

It is clear that (3 — SPg) is aring. If R is a field, then 3 — S Pg is called a symbolic 3-plithogenic field.

Definition 2.2. “Y Let V be a vector space over the field F, let 3 — SPr be the corresponding symbolic
3-plithogenic field.

3—SPp={x+yPi+ 2P, +tPs;x,y,2,t € F,P? = P;, P X P; = Prau(i ) }-
We define the symbolic 3-plithogenic vector space as follows:
3—SPy=V4+ VP +VP+VP;= {a+bP1 +cPy +dPs;a,b,c,d € V}

Operations on 3 — S Py can be defined as follows:
Addition:
[zo+21 Pr+a2 Pyt a3 P3|+ [yo+y1 PL+ya Pa+ys P3| = (w0 +yo) + (21 +y1) Pr+ (w2 +y2) Po+ (23 +y3) P3

Multiplication:

[a + bP1 + CP2 + dPg}[ZO + $1P1 + JCQPQ + I3P3] = axy + (axl + beO + bl’l)Pl + (al‘g + bZL'Q + CX( +
cry + cxo) Py + (axs + bxs + cxs + dxg + dxy + dxg + das) Ps,

where x;,y; € V,a,b,c,d € F.

Definition 2.3. > Let V, W be two vector spaces over the field F'. Let 3 — SPy, 3 — SPy be the corre-
sponding symbolic 3-plithogenic vector spaces over 3 — SPpr. Let Lo, L1, Lo, L : V — W be four linear
transformations, we define the A H-linear transformations L : 3 — SPy,, — 3 — L Py as follows:

L= Lo + L1P1 + L2P2 + L3P3; L(ZZ? + yP1 + ZP2 + dpg) = Lo(l’) + Ll(y)Pl + LQ(Z)PQ + Lg(d)Pg.

If Lo = Ly = Ly = Lg, then L is called AH S-Linear transformation.

Definition 2.4. 19 A square symbolic 3-plithogenic matrix is a matrix with symbolic 3-plithogenic entries.
Remark 2.5. 19 Any symbolic 3-plithogenic matrix can be written as A = Ay + A1 Py + Ay Py + A3Ps.
Theorem 2.6. % Let S = Sy + S1 + So Py + S3P3 € 3 — SPyy, then the following is true:

1. S is invertible if and only if Sy, So + S1,So + S1 + S2, Sg + S1 + So + S3 are invertible.

2. 87 =8+ [(So+ S1) 7 = Sg ] Pr+ [(So + S1+ S2) 7= (So + S1)7H Po
+ [(SO + 51+ 55 + 53)71 — (So + 51 + 52)71] P3

3. Forn e N, S" =57 + [(So + S1)" — S§] Pr + [(So + S1 + S2)™ — (So + S1)"] Pe
+[(So + 51+ 52+ S3)" — (So + S1 + S2)"] Ps
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3 Matrix Representation of Symbolic 3-Plithogenic Linear Transformations

We begin this section with the following definition.

Definition 3.1. Let V, W be two vector spaces over I? and let g, h, ¢, r be any four linear transformations from
V to W. We define the corresponding full A H -linear transformation f : 3 — SPy — 3 — SPyy as follows:

f@+yPr+ 2P +dPs) =g(z) +[(g+h)(z+y) —g@)]PL+[(g+h+q)(z+y+2)—(g+h)(z+
YIP+[(g+h+qg+r)(z+y+2z+d) —(g+h+q)(r+y+2)]Ps.

We denote it by f = g + hP, + qPy + rPs.

Theorem 3.2. Let f = g+ hPy + qP> +rP3 :3— SPy — 3 — SPy be afull AH-linear transformations,
then f is linear by classical meaning.

Proof. Forall X =z +yP, + 2P, +dP3,Y =2’ +y' P + 2/ P, + d' Py € 3 — SPy, we have:

fIX4Y) = flla+a)+w+y )P+ (z+2 )P+ (d+d)P)

9@+ ) +[(g+ )@ +a" +y+y) - gz + )P
+Hg+h+)z+2" +y+y +2+2)—(g+h)(z+2"+y+y)] P
+g+h+g+r)z+a' +y+y +2+2 +d+d)—(g+h+q)(z+a' +y+y +2+2))Ps
9(@) + g+ h)(z+y) —g@)P +[(g+h+a)(@+y+2) = (g+h)(z+y)lP,
+(g+h+qg+r)z+y+z+d) —(g+h+a)(z+y+2)Ps

+9(@") + (g +h)(@" +y) —g@ )P+ [(g+h+ @)@ +y +2) = (g +h)(@" +y)| P2
Hg+h+qg+r)@ +y +2 +d)—(g+h+q) @ +y +2)|Ps

fX)+ (V).

For all @ = ag + a1 P1 + as P 4+ a3 P35, we have:

a-X = ar+[(a+ar)(x+y) —apx]Pr + [(ag + a1 +a)(x+y+2) — (ag + a1)(z + y)| P
+lao+ o+t az)z+y+z+d) — (g +ar)(x+y+2)|Ps

Now,

fla-X) = glaox) + [(g + h)[(a0 + a1)(z +y)] — g(aoz)| Py

+(g+h+gl(ao + a1+ a2)(x +y+2)] — (g + h)[(a0 + a1)(z + y)]| P
+g+h+qg+r)(an+tar+astaz)z+y+2)]—(9g+h+q(ap+ a1 +as)(z+y+2)]|Ps
aog(z) + [(ao + 1) (g + h)(z +y) — aog(x)] 1

+H(wo+ a1 +a2)(g+h+q)(z+y+2) = (a0 +a1)(g + h)(z+y)]
+Hao+ar+as+asz)(g+h+qg+r)(z+y+z+d) —(ap+ar+a)(g+h+q)(z+y+2)|Ps
(a0 + a1 Pr + aa Py + azP3)[g(x) + [(g + h)(z +y) — g(x)]| Py
Hg+h+a)(z+y+2)—(g+h)(z+y)|P

+g+h+qg+r)(z+y+z+d) —(g+h+q)(z+y+ 2)]Ps]

= a- f(X).

O

Definition 3.3. Let M = My + M1 P, + MsP> + M3Ps3 be a symbolic 3-plithogenic matrix. We say that
M is the matrix representation of the full AH-linear transformation f = g + hP; + qP» + rPs if and only if

Theorem 34. If f =g+ hP, + qP> +1rP3;:3— SPy — 3 — SPyw is a full AH-linear transformation, then
M = My + My Py + Ms P> + M;5Ps is the matrix representation of f = g + hPy 4+ qP> + rPs if and only if
My is the matrix representation g, My is the matrix representation of h, Mo is the matrix representation of q
and M3 is the matrix representation of r.
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Proof. Assume that M = Mo+ My Py + Ms P+ M3 Ps is the matrix representation of f = g+hP;+qPy+7rPs.
We have to prove that M is the matrix representation g, M7 is the matrix representation of h, M5 is the matrix
representation of ¢ and M3 is the matrix representation of 7.

Since M is the matrix representation of f, we have f(z +yP1 +2P2+dPs) = M - (x +yPy + 2P, + dP3).
This implies that,

g(@)+[(g+h)(z+y) —g@)]Pi+[(g+h+qg)(z+y+2)—(g+h)(z+y)]Pe+[(g+h+qg+r)(z+y+
z4+d)—(g+h+q)(x+y+2)]Ps = Moz + [(My+ M) (x +y) — Mox|Py + [(Mo + My + Ma)(x +y +
2) — (Mo + My)(z+y)|Pe + [(Mo + My + My + M3)(x + y+ 2+ d) — (Mo + My + Ma)(z + y + 2)] Ps.

Hence, we have

g(f):MO'x,
(g+h)(z +y) = (Mo + Mi)(z +y),
(g+h+q)(x+y+z)= Mo+ M + M)(x+y+2),
(g+h+qg+r)z+y+z+d) = (My+ My + Mo+ M3)(z+y+ 2z +d).

This implies that, M is the matrix representation of g, My + M; is the matrix representation of g + h,
My + M, + M, is the matrix representation of g+ h+ q and My + M; + My + M3 is the matrix representation
ofg+h+q+r.

Hence, M is the matrix representation g, M is the matrix representation of h, My is the matrix representation
of ¢ and M3 is the matrix representation of .

Conversely, assume that M is the matrix representation g, M; is the matrix representation of h, My is the
matrix representation of ¢ and M3 is the matrix representation of . We have to show that, M = My+ M P, +
M5 Py + M3 Ps is the matrix representation of f = g + hP; + qP5 + rPs.

Forall x + yP, + 2P, + dP3 € 3 — SPy, we have

Mz +yP+ 2Py +dP;) = [Mo+ M P+ MyPy + M3Ps)(z+ yPy + 2P, + dPs)

Moz + [(My + My)(z + y) — Mox]| P
+H(Mo + My + Ma)(x +y + 2) — (Mo + My)(x +y)| P>
+[(Mo 4+ My + My + M3)(x+y+2+d) — (Mo + My + Ms)(z+y+ 2)]Ps

= g(x)+[(g+h)(z+y) —g@)|P
Hg+h+g)(z+y+2z)—(g+h)(z+y)]P
+(g+h+q+r)z+y+z+d) —(g+h+q)(z+y+2)]Ps

= flx+yP+ 2P+ dPs).

Hence M is the matrix representation of f. O

In order to prove that every symbolic 3-plithogenic matrix can be represented by a unique A H-linear trans-
formation, we introduce the following algorithm to derive a basis of 3 — S Py from any classical basis of
V.

Theorem 3.5. Let T = {t1,ta, - ,t,} be a basis of the vector space V over the field F, then the set:
Tp={ti+ ({t; —t)PL+ (tx —t;)Pa+ (1 — ti)P3;1 < i, 4, k,l <n}

is a basis of 3 — SPy.

Proof. Let X = xg+x1 P, + xoP> + x3P3 € 3— SPy,xg, 71, T2, 23 € V. Then

https://doi.org/10.54216/JNFS.070203 33
Received: May 11, 2023 Revised: September 22, 2023 Accepted: November 17, 2023



Journal of Neutrosophic and Fuzzy Systems (JNFS) Vol. 07, No. 02, PP. 30-37, 2023

n n n n
o = Z oty To+ 21 = Z ﬂjlfj,l‘o—Fl‘l +x0 = Z Yilk, To+x1 +x2+2x3 = Z oity, Ozi,ﬁj,’)/k,& e F.
i=1 =1 k=1 =1

Take, A; jxi = a; + (B — a)Pr + (v — Bj)Pe + (6 — w)Ps, 1 < 4,5, k0l < nand T} 5, =
ti+(t; —t) P+ (ty —t;)Po+ (t1 — te)Ps, 1 < 0,5,k 1 < n.

Now,

n n n n n n
Z AijriLijes = Zaiti+ Zﬁjtj—zoéiti P+ Z%%-Zﬂjt]‘ P
i,5.k,l=1 i1 = = — ot

n n

D bt =Ytk

=1 k=1

= w9+ [xo+ 21 — xo] Py + [0 + 1 + 22 — (T0 + 21)| P>
+[zo + 21 + 22 + 3 — (B0 + 71 + 2)] P3
= x9+x1 P+ 2P + x3P;
X

Thus, Tp generates 3 — SPy.
Next, we have to show that Tp i 1s linearly 1ndependent

If Z AijriX =0, thenZa”—O Zﬁ“_o nyktk—Oanch?ltl—O This implies that,

;JJC =1 =1 =1
ﬁj_fyk—él—Oforallzj,k;landhenceA”kl 0
Therefore Tp is linearly independent. Thus, T'p is a basis of 3 — SPy. O

Example 3.6. Consider the basis T' = {u; = (1,0),uz = (0,1)} of R2. The corresponding basis of 3 — S Pz
isTp ={T1,Ts,- - ,T16}, Where

T = wui+ (ug —u)Pr+ (w1 —ur)Po + (u1 —u1)Ps = (1,0)
Ty = wus+ (ug —u2) Py + (ug — u2)Po + (ug — u2)Ps = (0,1)
T3 = wup+ (up —u)Pr+ (ur —up) Py + (ug —up)Ps = (1,0) + (—1,1)Ps
Ty = wur+ (ug —u)Pr+ (ug —up)Po+ (ug —u2)Ps = (1,0) + (-1, 1) P+ (1,—1)Ps
Ts = wp+ (ug—u)Pr+ (ug —u2)Py+ (ug —up)Ps = (1,0)+ (-1, 1)P + (1, -1) P>
To = ur+ (up —u)Pr+ (uz —up) Py + (ug —uz)Ps = (1,0) + (-1,1) P
T = wur+ (ug —u)Pr+ (ug —u2) Py + (ug —up)Ps = (1,0) + (-1, )P + (1,-1)Pa + (—1,1)P3
Ts = w4 (ug —u1)Pr+ (ug —u2) Py + (ug —u2)Ps = (1,0) + (-1,1)P + (1, —1)Ps
Ty = wup+ (us—u1)Pr+ (ug —u2) Py + (ug —ug)Ps = (1,0) + (-1, 1) P,
Tio = wus+ (ug —u2)Pr+ (ur —ur)Pa+ (ug —up)Ps = (0,1)+ (1,-1) P,
Tih = wus+ (ug —u2)Pr 4+ (ug —up)Pa+ (ug —up)Ps = (0,1)+ (1,-1)P, + (—1,1)Ps
Tio = us+ (ug —u2)Pr+ (ug —up)Po+ (ug —u2)P3s = (0,1) + (1,-1)P + (-1, 1) P + (1,—1)P3
Tis = ug+ (ug —uz)Pr + (uy —ug)Po+ (ug —u)P3 = (0,1) + (1, -1)
Ty = us+ (ug —ug)Pr+ (ug —u1)Pa+ (ug —u2)Ps = (0,1)+ (1,-1) P + (—1,1) P»
Ti5 = us+ (uz —u2)Pr+ (ug —u2)Po+ (ug —up)P3 = (0,1) + (1,-1)P, + (—1,1)P;
Tig = ug+ (ug —u2)Pr + (ug —u2) P + (ug —uz)Ps = (0,1) + (1,—1)Ps.

Remark 3.7. dim(3 — SPy) = (dimV)*

Theorem 3.8. Let f : 3—S Py — 3—S Py be a linear function, then f must be full AH -linear transformation.

Proof. We have to prove that there exists four classical linear transformations g, h,q,r : V. — W with the
property that f = g+ hP; +qP»+7Ps;. We know that the image of a basis v; ; 1, ; under a linear transformation
must be a a basis, thus we have:
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fijia) ={vi + (v; —vi) Py + (vp —vj) P+ () — v) P3}) =
{wi + (wj —w;) P + (wg — wj) P + (w — wy) Ps}

is a basis of 3 — S Py, where w;, wj, wy, w; € W.
Consider the functions:

g:V = Wig(vi) =w;
WV —W;h(v;) =w,
¢ :V = W;q (or) = wk
V= Wir'(v) = w

Jfijna) = g(vr) + (B (v;) — g(vi)) PL + (¢’ (vk) — B (v;)) Pa + (r' (v1) — ¢'(vi)) Ps.
Bytakingh=h'—¢g,q=¢' —g—handr =71 — g — h — q, we get
fijen) = glvr) +[(g+h)(v;) — gw)]Pr + [(g + b+ q)(ve) — (g + h)(v)]| 2 +
+(g+h+aq+r)(v)—(g+h+aq)(v)]Ps

Thus f = g + hP; + qP, + rPs. Tt is clear that g, h’, ¢’ and 7’ are linear hence, h, ¢ and r are also linear.
Hence f is a full AH-linear transformation. O

Remark 3.9. Every linear transformation f : 3 — SPy, — 3 — SPyy can be represented by a unique sym-
bolic 3-plithogenic matrix, which is equal to the corresponding matrix of the corresponding full AH-linear
transformation.

In the following Example [3:10] we illustrate the representation of a AH-linear transformation by symbolic
3-plithogenic matrix .

Example 3.10. Consider the linear transformation f : 3 — SPr2 — 3 — S Pg2 defined by
flz,y) + (s,6) P+ (m,n)Po + (u,v)P3] = f[(x+ sPy +mPy+uPs,y+tP +nPy +vPs)]

(2(x+ sPL + mPy +uPs),—(y + tPy + nPy + vP3))
= (2z,—y)+ (2s,—t)P1 + (2m, —n) Py + (2u, —v) P;.

Now, we have to covert f into a full AH-linear transformation. By Theorem [3.8] f must be equal to
g+ hP, + qPy +rPs, where g, h,q, 7 : R? — R2.

Here, we have g(z,y) = (2x,—y) and (g + h)[(z,y) + (s,t)] — g(x,y) = (2s,—t). This implies that
glx+s,y+t)+h(z+s,y+t)— 2z, —y) = (2s, —t), so that (2z+2s, —y—t)+h(x+s,y+t)— 2z, —y) =
(2s,—t), hence h(x + s,y +t) = (0,0) for all z, y, s, ¢t. This implies that h(s,t) = 0 is a zero map.

Also, (g + h + @)[(z,y) + (s,t) + (m,n)] — (g + h)[(z,y) + (s,t)] = (2m,—n). Since h = 0, we have
glx+s+m,y+t+n)+qla+s+m,y+t+n)—glx+s,y+t) = (2m,—n) sothat (2z +2s+2m, —y —
t—n)+qglx+s+m,y+t+n)—(2x+2s,—y—t) = (2m,—n), hence ¢(x + s+ m,y +t+n) = (0,0)
for all x, y, s,t, m,n. This implies that ¢ is a zero map.

Moreover, (g+h—+q+7)[(z, y)+(s,t)+(m,n)+(u,v)]— (g+h+q)[(z, y)+ (s, t)+(u,v)] = (2u, —v). Since
h=0,q=0,wehave g(x+s+m-+u,y+t+n+v)+r(z+s+m+u,y+t+nt+v)—g(z+s+m,y+t+n) =
(2u, —v) so that (22+2s+2m+2u, —y—t—n—v)+r(z+s+m-+tu, y+t+n+v)—(2z2+2s+2u, —y—t—v) =
(2u, —v), hence r(x + s + m+u,y + t + n+v) = (0,0) for all z, y, s, t, m, n, u,v. This implies that r is a
zero map.

Therefore, f = g+ 0P, + 0P, + 0Ps.
. . (2 0 . . (0 0 . . (0 O .
Here, the matrix of g is 0 1) the matrix of h is 0 0) the matrix of q is 0 0 and the matrix
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of ris (8 8) Thus the symbolic 3-plithogenic matrix of f is M = (g _01

) by Theorem 3.4

Now, we verify that M is the symbolic 3-plithogenic matrix of f by the following computing:

M- (2 + sP,+mPs + uPy,y + tP, + nPy + vPy) = (2 O)(z+sP1+mP2+uP3>

0 -1 y+tP1+nP2+UP3
= (2(x+sPi+mPy+uP3),—(y+tP, +nPy+ vP3))
= [fl(@,y) + (s,6)Pr + (m,n) P2 + (u, v) Ps].

In the following Example [3.11] we illustrate how a symbolic 3-plithogenic matrix can be turned into a full
AH -linear transformation.

Example 3.11. Consider the symbolic 3-plithogenic matrix

o (1= 1+P
o 3+P2 2P1+P3

Then M can be represented by a unique symbolic 3-plithogenic linear transformation f : 3 — SPgrz —
3 — SPg2 as follows:

fla+sPi+mPy+uPs, y+tPr+nPy+vPs) =M - (x+sPr+mPy+uPs, y+tP+nPy+ovP;) =
(z+y)+(s+t)Pi+(m+n)Po+(—x—s—m+y+t+n+2v)Ps, 3+ (3s+2y+2t) P + (x + s+
4m +2n)Py + (4u + 3v +y + t +n)Ps3).

4 Conclusion

In this paper, we have studied the solution to the problem of representing symbolic 3-plithogenic matrices
by linear transformations between two symbolic 3-plithogenic vector spaces, where we proved that every
symbolic 3-plithogenic matrix can be represented by a unique linear transformation between two symbolic
3-plithogenic vector spaces. Also, we have introduced an algorithm to obtain a basis for any symbolic 3-
plithogenic vector space based on any basis of its corresponding classical vector space.

Funding: This research received no external funding.
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