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Abstract 

The main purpose of this article is to introduce the concept of 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 that are new 

metric spaces based on the soft-elements and to study their properties, also to introduce some related 

concepts such as 𝑠𝑜𝑓𝑡2 −  𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙, 𝑠𝑜𝑓𝑡2 𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑎𝑙𝑙, 𝑠𝑜𝑓𝑡2 −  𝑜𝑝𝑒𝑛 𝑠𝑒𝑡𝑠, 𝑠𝑜𝑓𝑡2 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠, 

𝑠𝑜𝑓𝑡2 − 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 of sets, and study some of 

their properties.   And that is proved that every 𝑠𝑜𝑓𝑡2 −  𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙 is a 𝑠𝑜𝑓𝑡2 −  𝑜𝑝𝑒𝑛 𝑠𝑒𝑡, every 

𝑠𝑜𝑓𝑡2 −  𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑎𝑙𝑙 is a 𝑠𝑜𝑓𝑡2 −  𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡.  And reformulated and proved some theorems in  

𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒, such as Cantor's theorem and other theorems. 

Keywords: 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠; 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠; 𝑠𝑜𝑓𝑡2 −  𝑜𝑝𝑒𝑛 𝑠𝑒𝑡𝑠; 𝑠𝑜𝑓𝑡2 −
𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠. 

 

1. Introduction 

    In 1960, Introduced the notion of a 2-metric space by Gähler in a paper [1] as follows: Let 𝑋 be a 

non-empty set and let 𝜕: 𝑋 × 𝑋 × 𝑋 →  ℝ be a map satisfying the following conditions:  

1. For each pair 𝑥, 𝑦 ∈ 𝑋; 𝑥 ≠ 𝑦 there is a point 𝑧 ∈ 𝑋 such that 𝜕(𝑥, 𝑦, 𝑧) ≠ 0. 

2. 𝜕(𝑥, 𝑦, 𝑧) = 0  If at least 𝑥 = 𝑦 𝑜𝑟 𝑥 = 𝑧 𝑜𝑟 𝑦 = 𝑧.  

3. 𝜕(𝑥, 𝑦, 𝑧) = 𝜕(𝑥, 𝑧, 𝑦) = 𝜕(𝑦, 𝑧, 𝑥) for each triple 𝑥, 𝑦, 𝑧 ∈ 𝑋.   (symmetry) 

4. 𝜕(𝑥, 𝑦, 𝑧) ≤ 𝜕(𝑥, 𝑦, 𝑣) + 𝜕(𝑦, 𝑧, 𝑣) + 𝜕(𝑧, 𝑥, 𝑣) for all 𝑥, 𝑦, 𝑧, 𝑣 ∈ 𝑋.  

Then 𝜕 is referred to as a 2-metric on X, and (𝑋, 𝜕) is referred to as a 2-metric space, which is a 

generalization of a metric space. Geometrically this space was proven to have a distinct nonlinear 

structure, quite unlike a metric space, rather 𝜕(𝑥, 𝑦, 𝑧) represents the area of a triangle formed by the 

vertices 𝑥, 𝑦 and 𝑧 in 𝑋. Since then it has been studied by a number of mathematician researchers, 

such as Gähler in [1], [2], [3], Iseki in [4], and Lahiri and Das and Dey in [5], as well as several other 

researchers. On the other hand, in 1999 Introduced the notion of a soft set by Moldotsove [6] as 

follows: Let Ʋ be an initial universe set and 𝐸 be a set of parameters. Let Ƥ(Ʋ) denote the power set 

of Ʋ and Ą be a non-empty subset of 𝐸.  A pair (Ƒ, Ą) is called a soft set (over Ʋ) if and only if Ƒ is a 

mapping defined by Ƒ: Ą → Ƥ(Ʋ). For 𝛾 ∈ Ą, Ƒ(𝛾) may be considered as the set of γ – approximate 

elements of the soft set (Ƒ, Ą). Later, in several fields, this hypothesis was expanded, such as soft 

topological space, soft group, soft ideal, soft linear space, soft metric space, soft Banach Algebra, and 

many others, that need not be mentioned. Also in 2010, the concept of soft element and  the soft real 

number was introduced by S. Das and S. K. Samanta [7] which is a good help in our research and we 

depend on it a lot. The above motivated the introduction of the concepts of soft-2-metric space which 

we called a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 space which is a 2-metric space in terms of the soft element, and on the 
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concept 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 we defined the following concepts and studied their properties: 

𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙, 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑎𝑙𝑙, 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡, 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡, 𝑠𝑜𝑓𝑡2 −
𝑖𝑛𝑡𝑟𝑖𝑜𝑟 𝑒𝑙𝑒𝑚𝑒𝑛𝑡, 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡, 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑢𝑟𝑒. And also reformulated and proved 

some theorems in  𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒, such as Cantor's theorem. It is worth noting that we named 

each element in the 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 space by 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 and we named a subset of 𝑠𝑜𝑓𝑡2 −
𝑚𝑒𝑡𝑟𝑖𝑐 space by 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡. 

 

2. Preliminaries  

 

In this section, some basic information is given on soft elements, soft sets, and 2-metric spaces. 

Definition 2.1: [8] Let (Ƒ, Ą) and (Ɠ, Ɓ) are two soft sets over a common universe Ʋ then 

1. If  Ą ⊂ Ɓ, and Ƒ(𝛾) ⊆ Ɠ(𝛾), For some  𝛾 ∈ Ą, then (Ƒ, Ą) is called a soft subset of (Ɠ, Ɓ), 

this written by (Ƒ, Ą) ⊂̃ (Ɠ, Ɓ).  

2. If (Ɠ, Ɓ) is a soft subset of (Ƒ, Ą), then (Ƒ, Ą) is called a soft super set of (Ɠ, Ɓ), this is 

written by (Ƒ, Ą) ⊃̃ (Ɠ, Ɓ). 

Definition 2.2: [8] A soft set (Ƒ, Ą) is said to be soft equal to (Ɠ, Ɓ) if and only if (Ƒ, Ą) ⊂̃ (Ɠ, Ɓ) and 

(Ƒ, Ą) ⊃̃ (Ɠ, Ɓ), where (Ƒ, Ą) and (Ɠ, Ɓ) are two soft sets over a common universe Ʋ. 

Definition 2.3: [5] A soft set (Ƒ, Ą) over Ʋ is called a null soft set, represented by 𝜙, if Ƒ(𝛾) = ∅, for 

each 𝛾 ∈ Ą,  

Definition 2.4: [8]  a soft set (Ƒ, Ą) over Ʋ is called an absolute soft set, represented by Ʋ̂, if Ƒ(𝛾) =
Ʋ, for each 𝛾 ∈ Ą.  

Definition 2.5:[9] (Complement of a soft set) A soft set (Ƒ, Ą)𝑐 is the complement of a soft set (Ƒ, Ą), 

and it is defined by (Ƒ, Ą)𝑐  =  (Ƒ𝑐 , Ą), where Ƒ𝑐: Ą →  Ƥ(Ʋ) is a mapping provided by Ƒ𝑐(𝛾) =  Ʋ −
Ƒ(𝛾), ∀𝛾 ∈ Ą.  

Definition 2.6:[10] Let (Ƒ, Ą) and (Ɠ, Ɓ) be two soft sets over the common universe Ʋ, then 

(i)  A soft set (ℋ, Ƈ)  is said to be a union of (Ƒ, Ą) and (Ɠ, Ɓ) denoted by (ℋ, Ƈ) =
(Ƒ, Ą) ∪̃ (Ɠ, Ɓ), which is defined as Ƈ = Ą ∪ Ɓ, and for all 𝛾 ∈ Ƈ,  

ℋ(𝛾) = {

Ƒ(𝛾)                  𝛾 ∈ Ą − Ɓ

Ɠ(𝛾)                   𝛾 ∈ Ɓ − Ą

Ƒ(𝛾) ∪ Ɠ(𝛾)     𝛾 ∈ Ą ∩ Ɓ

. 

(ii) A soft set (ℋ, Ƈ) is said to be an intersection of  (Ƒ, Ą) and (Ɠ, Ɓ), denoted by (ℋ, Ƈ) =
(Ƒ, Ą) ∩̃ (Ɠ, Ɓ), is defined as Ƈ = Ą ∩ Ɓ, and ℋ(𝛾)  =  Ƒ(𝛾) ∩ Ɠ(𝛾) for each 𝛾 ∈ Ƈ. 

Proposition 2.7: (Distributive laws). [11] Let (Ƒ, Ą), (Ɠ, Ɓ), and (ℋ, Ƈ) are three soft sets over 

universe set Ʋ, we have the following statement: 

 1.  (Ƒ, Ą) ∩̃ [(Ɠ, Ɓ) ∪̃ (ℋ, Ƈ)] = [(Ƒ, Ą) ∩̃ (Ɠ, Ɓ)] ∪̃ [(Ƒ, Ą) ∩̃ (ℋ, Ƈ)], 

 2.  (Ƒ, Ą) ∪̃ [(Ɠ, Ɓ) ∩̃  (ℋ, Ƈ)] = [(Ƒ, Ą) ∪̃ (Ɠ, Ɓ)] ∩̃ [(Ƒ, Ą) ∪̃ (ℋ, Ƈ)]. 

Proposition 2.8.[11] Let (Ƒ1, Ą1), (Ƒ2, Ą2) and (Ɠ1, Ɓ1), (Ɠ2, Ɓ2) are soft sets over universe set Ʋ. If 

(Ƒ𝑖 , Ą𝑖)  ⊆̃  (Ɠ𝑖 , Ɓ𝑖), 𝑖 =  1, 2, then the following statements are true:  

1. (Ƒ1, Ą1) ∩̃ (Ƒ2, Ą2) ⊆̃ (Ɠ1, Ɓ1) ∩̃ (Ɠ2, Ɓ2). 

2. (Ƒ1, Ą1) ∪̃ (Ƒ2, Ą2) ⊆̃ (Ɠ1, Ɓ1) ∪̃ (Ɠ2, Ɓ2). 

Theorem 2.9: [12] Let (Ƒ, Ą), (Ɠ, Ɓ) be two non-null soft subsets over universe set Ʋ then: 

(Ƒ, Ą) ∪̃ (Ɠ, Ɓ) = 𝜙 if and only if  (Ƒ, Ą) = 𝜙 and (Ɠ, Ɓ) = 𝜙. 
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Definition 2.10:[7] (soft-element) Assume that 𝑋 is a non-empty set and that 𝐸 is a non-empty 

parameter set. Then a function 𝜀: 𝐸 →  𝑋 is called a soft element of 𝑋. A soft element 𝜀 of 𝑋 is said to 

belong to a soft set Ą of 𝑋, denoted by 𝜀 ∈̃ Ą, if 𝜀 (𝛾) ∈  Ą(𝛾), for all 𝛾 ∈ 𝐸. Thus, a soft set Ą of 𝑋 

concerning the index set 𝐸 can be expressed as  Ą(𝛾) = {𝜀(𝛾), 𝜀 ∈̃ Ą}, 𝛾 ∈ 𝐸. 

Definition 2.11: [7] Let ℝ represent the set of real numbers, Ƥ(ℝ) represent the collection of all non-

empty bounded subsets of ℝ, and Ą represent a set of parameters. The mapping 𝐹: Ą → Ƥ(ℝ) is said 

to be a soft real set. It is represented by (Ƒ, Ą). If (Ƒ, Ą) is a singleton soft set, then identifying (Ƒ, Ą) 

with the associated soft element, will be said as a soft real number. 

Definition 2.12:[13] Let 𝑟̃, 𝑠̃ be two soft real numbers, then for each 𝛾 ∈ Ą 

1. 𝑟̃ ≤̃ 𝑠̃ if 𝑟̃(𝛾) ≤ 𝑠̃(𝛾). 

2. 𝑟̃ ≥̃ 𝑠̃ if 𝑟̃(𝛾) ≥ 𝑠̃(𝛾). 

3. 𝑟̃ <̃ 𝑠̃ if 𝑟̃(𝛾) < 𝑠̃(𝛾).  

4. 𝑟̃ >̃ 𝑠̃ if 𝑟̃(𝛾) > 𝑠̃(𝛾).  

 

3. 𝒔𝒐𝒇𝒕𝟐 − 𝒎𝒆𝒕𝒓𝒊𝒄 𝒔𝒑𝒂𝒄𝒆. 

In this section, we introduce the concept of 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠, which are new metric spaces 

based on the soft-elements, also we defined the 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙, 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑎𝑙𝑙, 𝑠𝑜𝑓𝑡2 −
𝑜𝑝𝑒𝑛 𝑠𝑒𝑡, 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡, and we studied some relations between them.  

     Noting that, we use the notation 𝑥̃, ỹ, 𝑧̃ to represent 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 of a soft set; 𝑟̃, 𝑠̃, 𝑡̃ to 

represent soft real numbers; 𝑟̅, 𝑠̅, 𝑡̅ will represent a certain type of soft real numbers such that, 𝑟̅(𝛾) =
𝑟 for each 𝛾 ∈ Ą, etc. Keep in mind that r generally has nothing to do with r; ℝ(Ą)∗ to denote the 

collection of all non-negative soft real sets. 

Definition 3.1: Assume that 𝑋 is a  non-empty set and that Ą is a non-empty set of parameters. Let 𝑋̂ 

be an absolute soft set, which means that Ƒ(𝛾) = 𝑋̂ for all 𝛾 ∈ Ą, where (Ƒ, Ą) = 𝑋̂.  Let 𝑆𝐸(𝑋̂) 

represent the collection of all 𝑋̂'s soft elements.  

A mapping 𝜕: 𝑆𝐸(𝑋̂) × 𝑆𝐸(𝑋̂) × 𝑆𝐸(𝑋̂) → ℝ(Ą)∗ is called a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 on the soft set 𝑋̂if 𝜕 

satisfying the following conditions: 

1. For each pair of distinct soft-elements 𝑥̃, ỹ ∈̃  𝑋̂, there is a soft-element 𝑧̃ ∈̃ 𝑋̂ such that 

𝜕(𝑥̃, ỹ, 𝑧̃) ≠ 0̅. 

2. 𝜕(𝑥̃, ỹ, 𝑧̃) = 0̅ if at least two of the three 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡s 𝑥̃, ỹ, 𝑧̃ are equal. 

3. 𝜕(𝑥̃, ỹ, 𝑧̃) = 𝜕(𝑥̃, 𝑧̃, ỹ) = 𝜕(ỹ, 𝑧̃, 𝑥̃) for all triple 𝑥̃, ỹ, 𝑧̃ ∈̃ 𝑋̂. 

4. 𝜕(𝑥̃, ỹ, 𝑧̃) ≤̃ 𝜕(𝑥̃, ỹ, ṽ) + 𝜕(ỹ, 𝑧̃, ṽ) + 𝜕(𝑧̃, 𝑥̃, ṽ)  for all  𝑥̃, 𝑦̃, 𝑧̃, ṽ ∈̃ 𝑋̂. 

(𝑋̂, 𝜕) is called  𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒. 

Example 3.2:   Assume that 𝑋 is a  non-empty set and that Ą is a non-empty set of parameters. Let 𝑋̂ 

be an absolute soft set, which means that Ƒ(𝜀) = 𝑋̂ for all 𝜀 ∈ Ą, where (Ƒ, Ą) = 𝑋̂. Define 

𝜕: 𝑆𝐸(𝑋̂) × 𝑆𝐸(𝑋̂) × 𝑆𝐸(𝑋̂) → ℝ(Ą)∗ as follows: for each 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑥̃, ỹ, 𝑧̃ in 𝑋̂ 

𝜕(𝑥̃, ỹ, 𝑧̃) = {
1̅                        if  x̃, ỹ, z̃  are distinct  

  0̅    if at least two o𝑓 x̃, ỹ, z̃ are equal 
 

Then 𝜕 it fulfills all the 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 axioms. 

Definition 3.3: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and (Ŷ, Ą)  be a non-null soft set of 𝑋̂, then the 

mapping 𝜕Ŷ: 𝑆𝐸(Ŷ, Ą) × 𝑆𝐸(Ŷ, Ą) × 𝑆𝐸(Ŷ, Ą) → ℝ(Ą)∗   given by 𝜕Ŷ(𝑥̃, ỹ, 𝑧̃) = 𝜕(𝑥̃, ỹ, 𝑧̃) for each 

𝑥̃, ỹ, 𝑧̃ ∈̀ (Ŷ, Ą) is a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 on (Ŷ, Ą). This metric 𝜕Ŷ is referred to as the relative 𝑠𝑜𝑓𝑡2 −
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𝑚𝑒𝑡𝑟𝑖𝑐 induced on (Ŷ, Ą) by 𝜕. The 𝑠𝑜𝑓𝑡2 −  𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (Ŷ, ∂Ŷ, Ą) is called a 𝑠𝑜𝑓𝑡2 −

 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 or simply a subspace of the 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (𝑋̂, 𝜕, Ą) 

Definition 3.4: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒, 𝑥̃, ỹ ∈̃ 𝑋̂ and a soft real number 𝑟̃ >̃ 0̅ Then 

the subset  𝐵𝑟̃(𝑥̃, ỹ) = {𝑧̃ ∈̃ 𝑋̂;  𝜕(𝑥̃, ỹ, 𝑧̃) <̃ 𝑟̃} of  𝑆𝐸(𝑋̂) is said to be a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙 with 

centered at 𝑥̃, ỹ and radius 𝑟̃. 

Definition 3.5: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒, 𝑥̃, 𝑦̃ ∈̃ 𝑋̂ and a soft real number 𝑟̃ >̃ 0̅ Then 

the subset 𝐵𝑟̃[𝑥̃, ỹ] = {𝑧̃ ∈̃ 𝑋̂;  𝜕(𝑥̃, ỹ, 𝑧̃) ≤̃ 𝑟̃} of  𝑆𝐸(𝑋̂) is said to be a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑎𝑙𝑙 with 

centered at 𝑥̃, ỹ and radius 𝑟̃. 

Example 3.6: Consider the discrete 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (𝑋̂, 𝜕). 

𝜕(𝑥̃, ỹ, 𝑧̃) = {
1̅                        if  x̃, ỹ, z̃  are distinct  

  0̅    if at least two o𝑓 x̃, ỹ, z̃ are equal 
. 

Now, 𝐵1̅(𝑥̃, ỹ) = {𝑧̃ ∈̃ 𝑋̂;  𝜕(𝑥̃, ỹ, 𝑧̃) <̃ 1̅; 𝑥̃, ỹ ∈̃ 𝑋̂} 

    = {𝑧̃ ∈̃ 𝑋̂;  𝜕(𝑥̃, ỹ, 𝑧̃) = 0̅; 𝑥̃, ỹ ∈̃ 𝑋̂ } = {𝑥̃, ỹ}.  

And   𝐵1̅[𝑎̃, ỹ] = {𝑧̃ ∈̃ 𝑋̂;  𝜕(𝑎̃, ỹ, 𝑧̃) ≤̃ 1̅;  𝑥̃, ỹ ∈̃ 𝑋̂}                 

                         = {𝑧̃ ∈̃ 𝑋̂;  𝜕(𝑥̃, ỹ, 𝑧̃) = 0̅ 𝑜𝑟 𝜕(𝑥̃, ỹ, 𝑧̃) = 1̅ ; 𝑥̃, ỹ ∈̃ 𝑋̂ } = 𝑆𝐸(𝑋̂) 

Definition 3.7: (𝑺𝒐𝒇𝒕𝟐 − 𝒐𝒑𝒆𝒏 set) Suppose that (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒, then a 𝑠𝑜𝑓𝑡2 −
𝑠𝑢𝑏𝑠𝑒𝑡 (Ƒ, Ą) of 𝑋̂ is said to be a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 if for each 𝑠𝑜𝑓𝑡2 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ in (Ƒ, Ą) there are a 

finite number of 𝑠𝑜𝑓𝑡2 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and soft real number 𝑟̃𝑖 ≥̀ 0̅, 𝑖 = 1, 2, … , 𝑛.  such 

that ∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)). 

Theorem 3.8: Every 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙 in a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (𝑋̂, 𝜕)  is a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡. 

Proof: Let 𝐵𝑟̃(𝑥̃, ỹ) be a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙 where 𝑥̃, ỹ are 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 in 𝑋̂ and 𝑟̃ >̀ 0̅, let 

𝑎̃ ∈̃ 𝐵𝑟̃(𝑥̃, ỹ) then 𝜕(𝑥̃, ỹ, 𝑎̃) <̃ 𝑟̃, which implies that 

𝑟̃ − 𝜕(𝑥̃, ỹ, 𝑎̃) >̃ 0̅                                                            (1) 

Let 

𝑟̃1 =
𝑟̃−𝜕(𝑥,ỹ,𝑎̃)

2
                                                             (2) 

so if 𝑧̃ ∈̃ (𝐵𝑟̃1
(𝑥̃, 𝑎̃) ∩̃ 𝐵𝑟̃1

(ỹ, 𝑎̃)) then 𝑧̃ ∈̃ 𝐵𝑟̃1
(𝑥̃, 𝑎̃) and 𝑧̃ ∈̃ 𝐵𝑟̃1

(ỹ, 𝑎̃); From (2) if 𝑧̃ ∈̃ 𝐵𝑟̃1
(𝑥̃, 𝑎̃) then 

𝜕(𝑥̃, 𝑎̃, 𝑧̃) <̃ 𝑟̃1 =
𝑟̃−𝜕(𝑥,ỹ,𝑎̃)

2
                                               (3) 

if 𝑧̃ ∈̃ 𝐵𝑟̃1
(ỹ, 𝑎̃) then 

𝜕(ỹ, 𝑎̃, 𝑧̃) <̃ 𝑟̃1 =
𝑟̃−𝜕(𝑥,ỹ,𝑎̃)

2
                                             (4) 

Now, from (3) and (4) we get  

𝜕(𝑥̃, ỹ, 𝑧̃) ≤̃ 𝜕(𝑥̃, ỹ, 𝑎̃) + 𝜕(𝑥̃, 𝑎̃, 𝑧̃, ) + 𝜕(ỹ, 𝑎̃, 𝑧̃) <̃ 𝜕(𝑥̃, ỹ, 𝑎̃) +
𝑟̃−𝜕(𝑥,ỹ,𝑎̃)

2
+

𝑟̃−𝜕(𝑥,ỹ,𝑎̃)

2
= 𝑟̃.  

So that  𝐵𝑟̃1
(𝑥̃, 𝑎̃) ∩̃ 𝐵𝑟̃1

(ỹ, 𝑎̃) ⊂̃ 𝐵𝑟̃(𝑥̃, ỹ), then 𝐵𝑟̃(𝑥̃, ỹ) is a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡. 

Definition 3.9: (𝑺𝒐𝒇𝒕𝟐 − 𝒄𝒍𝒐𝒔𝒆𝒅 set) Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒   then a 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡 

(Ƒ, Ą) of 𝑋̂ is said to be a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡 if and only if  (Ƒ, Ą)𝑐  is 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛. 

Theorem 3.10: Every 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑎𝑙𝑙 in a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (𝑋̂, 𝜕)  is a 𝑠𝑜𝑓𝑡2 −
𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡. 

Proof: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒, and let 𝐵𝑟̃[𝑥̃, ỹ] = {𝑧̃ ∈̃ 𝑋̂;  𝜕(𝑥̃, ỹ, 𝑧̃) ≤̃ 𝑟̃} be a 

𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑏𝑎𝑙𝑙 in 𝑋̂, we must show that 𝐵𝑟̃[𝑥̃, ỹ] is a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡, that is (𝐵𝑟̃[𝑥̃, ỹ])𝑐 is 

𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡. 
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If (𝐵𝑟̃[𝑥̃, ỹ])𝑐 = 𝜙, then it is a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡, thus 𝐵𝑟̃[𝑥̃, ỹ] is a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡. 

Assume that  (𝐵𝑟̃[𝑥̃, ỹ])𝑐 ≠ 𝜙, let a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎̃ ∈̃ (𝐵𝑟̃[𝑥̃, ỹ])𝑐, then 𝑎̃ ∉̃ 𝐵𝑟̃[𝑥̃, ỹ], so from the 

definition of 𝐵𝑟̃[𝑥̃, ỹ] implies that 𝜕(𝑥̃, ỹ, 𝑎̃) >̃ 𝑟̃ then 𝜕(𝑥̃, ỹ, 𝑎̃) − 𝑟̃ >̃ 0̅. 

Now, suppose that 

𝑠̃ =
𝜕(𝑥,ỹ,𝑎̃)−𝑟̃

2
                                                             (5) 

we must show that 𝐵𝑠̃(𝑥̃, 𝑎̃) ∩̃ 𝐵𝑠̃(ỹ, 𝑎̃) ⊆̃ (𝐵𝑟̃[𝑥̃, ỹ])𝑐. Let 𝑧̃ ∈̃ 𝐵𝑠(𝑥̃, 𝑎̃) ∩̃ 𝐵𝑠̃(ỹ, 𝑎̃) then 𝑧̃ ∈̃ 𝐵𝑠̃(𝑥̃, 𝑎̃), 

and 𝑧̃ ∈̃ 𝐵𝑠(ỹ, 𝑎̃) therefore  

𝜕(𝑥̃, 𝑧̃, 𝑎̃) <̃ 𝑠̃                                                          (6) 

and  

𝜕(ỹ, 𝑧̃, 𝑎̃) <̃ 𝑠̃                                                         (7) 

Now from (5), (6) and (7) we have  

𝜕(𝑥̃, ỹ, 𝑎̃) ≤̃ 𝜕(𝑥̃, ỹ, 𝑧̃) + 𝜕(𝑥̃, 𝑧̃, 𝑎̃) + 𝜕(ỹ, 𝑧̃, 𝑎̃) 

                                                      <̃ 𝜕(𝑥̃, ỹ, 𝑧̃) + 𝑠̃ + 𝑠̃ <̃ 𝜕(𝑥̃, ỹ, 𝑧̃) + 𝜕(𝑥̃, ỹ, 𝑎̃) − 𝑟̃,  

Then 𝜕(𝑥̃, ỹ, 𝑎̃) >̃ 𝑟̃, thus 𝑧̃ ∉̃ 𝐵𝑟̃[𝑥̃, ỹ] then 𝑧̃ ∈̃ (𝐵𝑟̃[𝑥̃, ỹ])𝑐. So that 

𝐵𝑠̃(𝑥̃, 𝑎̃) ∩̃ 𝐵𝑠̃(ỹ, 𝑎̃) ⊆̃ (𝐵𝑟̃[𝑥̃, ỹ])𝑐                                    (8) 

which implies that (𝐵𝑟̃[𝑥̃, ỹ])𝑐 is a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡. Hence 𝐵𝑟̃[𝑥̃, ỹ] is a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡. 

Definition 3.11: the topology generated in 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 𝑋̂ by taking the family of all 

𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙 as s subbasis, is said to be 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑦 and denoted by (𝑋̂,  𝒯̃). 

Any member in (𝑋̂,  𝒯̃) is said to be 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 and this complement is 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡. 

Lemma 3.12: A 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡 (Ƒ, Ą) of (𝑋̂,  𝒯̃) is 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 if and only if for any 𝑠𝑜𝑓𝑡2 −
𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ ∈̃ (Ƒ, Ą) there exists a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡s ỹ1, ỹ2, … , ỹ𝑛 ∈̃ 𝑋̂, and soft real 

elements 𝑟̃1, 𝑟̃2, … , 𝑟̃𝑛 >̃ 0̅ such that 𝑥̃ ∈̃ 𝐵𝑟̃1
(𝑥̃, 𝑦̃1) ∩̃ 𝐵𝑟̃2

(𝑥̃, 𝑦̃2) ∩̃ … ∩̃ 𝐵𝑟̃𝑛
(𝑥̃, 𝑦̃𝑛) ⊂ 𝑆𝐸(Ƒ, Ą) 

Proof: Because each set of the form intersection of the 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙s 

𝐵𝑟̃1
(𝑥̃, 𝑦̃1) ∩̃ 𝐵𝑟̃2

(𝑥̃, 𝑦̃2) ∩̃ … ∩̃ 𝐵𝑟̃𝑛
(𝑥̃, 𝑦̃𝑛)  is 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 by definition, the claim is satisfied 

immediately.  

Conversely, Let (Ƒ, Ą) be a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 in 𝑋̂ and 𝑥̃ be a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 in (Ƒ, Ą), then there 

exists a finite number of 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙s 𝐵𝑟̃𝑖
(𝑥̃𝑖 , 𝑦̃𝑖), 𝑖 = 1, 2, … , 𝑛 such that 𝑥̃ ∈

𝐵𝑟̃1
(𝑥̃, 𝑦̃1) ∩̃ 𝐵𝑟̃2

(𝑥̃, 𝑦̃2) ∩̃ … ∩̃ 𝐵𝑟̃𝑛
(𝑥̃, 𝑦̃𝑛) ⊂ 𝑆𝐸(Ƒ, Ą), since 𝑥̃ ∈ 𝐵𝑟̃𝑖

(𝑥̃𝑖 , 𝑦̃𝑖) which implies that 

𝜕(𝑥̃, 𝑥̃𝑖 , 𝑦̃𝑖) = 𝑠̃𝑖 <̃ 𝑟̃𝑖                                                  (9) 

Choose 

𝑡̃𝑖 <̃
𝑟̃𝑖−𝑠̃𝑖

2
                                                                      (10) 

Then 

𝐵𝑡𝑖
(𝑥̃, 𝑥̃𝑖) ∩̃ 𝐵𝑡𝑖

(𝑥̃, 𝑦̃𝑖) ⊆ 𝐵𝑟̃𝑖
(𝑥̃𝑖 , 𝑦̃𝑖)                            (11) 

and this holds for 𝑖 = 1, 2, … , 𝑛. Therefore, 

𝑥̃ ∈ [𝐵𝑡̃1
(𝑥̃, 𝑥̃1) ∩̃ 𝐵𝑡1

(𝑥̃, 𝑦̃1)] ∩̃ [𝐵𝑡2
(𝑥̃, 𝑥̃2) ∩̃ 𝐵𝑡2

(𝑥̃, 𝑦̃2)] ∩̃, … ,∩̃  [𝐵𝑡𝑛
(𝑥̃, 𝑥̃𝑛) ∩̃ 𝐵𝑡𝑛

(𝑥̃, 𝑦̃𝑛)] 

⊂∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃𝑖 , 𝑦̃𝑖) ⊂ (Ƒ, Ą) . 

 

4. 𝒔𝒐𝒇𝒕𝟐 − 𝒊𝒏𝒕𝒆𝒓𝒊𝒐𝒓 𝒆𝒍𝒆𝒎𝒆𝒏𝒕, 𝒔𝒐𝒇𝒕𝟐 − 𝒍𝒊𝒎𝒊𝒕 𝒆𝒍𝒆𝒎𝒆𝒏𝒕, and 𝒔𝒐𝒇𝒕𝟐 − 𝒄𝒍𝒐𝒔𝒖𝒓𝒆. 
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In this section, we introduce the 𝑠𝑜𝑓𝑡2 − 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, and 

𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 of 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 in 𝑋̂, and studied some their properties, and also we 

formulated and proved some theorems about their properties. 

Definition 4.1: (𝒔𝒐𝒇𝒕𝟐 − 𝒊𝒏𝒕𝒆𝒓𝒊𝒐𝒓 𝒆𝒍𝒆𝒎𝒆𝒏𝒕) Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and 

(Ƒ, Ą) ⊆̃ (𝑋̂, 𝜕); Then a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ ∈̃ 𝑋̂ is said to be a 𝑠𝑜𝑓𝑡2 − 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of (Ƒ, Ą) 

if there are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and a finite number of soft real 

numbers 𝑟̃1, 𝑟̃2, … , 𝑟̃𝑛 ≥̃ 0̅ such that 

𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)), for all 𝑖 = 1, 2, … , 𝑛. 

Definition 4.2: The collection of all 𝑠𝑜𝑓𝑡2 − 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 of (Ƒ, Ą) is called the 𝑠𝑜𝑓𝑡2 −
𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 of (Ƒ, Ą)  and denoted by (Ƒ, Ą)𝑖2 . Thus  

(Ƒ, Ą)𝑖2 = {𝑥̃ ∈̃ (Ƒ, Ą): 𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸(Ƒ, Ą), ∀ 𝑦̃𝑖 ∈̃ 𝑋̂ 𝑎𝑛𝑑 ∀𝑟̃𝑖 ≥̃ 0̅; 𝑖 = 1,2, … 𝑛} 

S𝑆((Ƒ, Ą)𝑖2) is said to be the 𝑠𝑜𝑓𝑡2 − 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 of (Ƒ, Ą). 

Remark 4.3: (Ƒ, Ą)𝑖2  is the union of all 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 contained in (Ƒ, Ą). i.e. 

(Ƒ, Ą)𝑖2 =∪̃ {(Ɠ, Ą); (Ɠ, Ą) 𝑖𝑠 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑎𝑛𝑑 (Ɠ, Ą) ⊂̃ (Ƒ, Ą)} 

Theorem 4.4: Let (Ƒ, Ą), (Ɠ, Ą) be two non-null 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 in a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 

(𝑋̂, 𝜕) then: 

(i)SS((Ƒ, Ą)𝑖2) ⊂̃ (Ƒ, Ą). 

(ii)(Ƒ, Ą) is a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 if and only if (Ƒ, Ą) = 𝑆𝑆((Ƒ, Ą)𝑖2) 

(iii)(Ƒ, Ą) ⊂̃ (Ɠ, Ą) then 𝑆𝑆((Ƒ, Ą)𝑖2) ⊂̃ 𝑆𝑆((Ɠ, Ą)𝑖2) 

(iv)𝑆𝑆((Ƒ, Ą)𝑖2) ∩̃ 𝑆𝑆((Ɠ, Ą)𝑖2) = 𝑆𝑆 [((Ƒ, Ą) ∩̃ (Ɠ, Ą))
𝑖2

] 

(v)𝑆𝑆 [((Ƒ, Ą) ∪̃ (Ɠ, Ą))
𝑖2

] ⊃̃  𝑆𝑆((Ƒ, Ą)𝑖2) ∪̃ ((Ɠ, Ą)𝑖2) 

Proof:  

(i) Let 𝑥̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2) then there are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 

𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and a finite number of soft real numbers 𝑟̃1, 𝑟̃2, … , 𝑟̃𝑛 ≥̃ 0̅ such that 𝑥̃ ∈
∩̃𝑖=1

𝑛 𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)). So 𝑥̃ ∈̃ 𝑆𝐸((Ƒ, Ą)), which implies that 

SS((Ƒ, Ą)𝑖2) ⊂̃ (Ƒ, Ą)                                              (12) 

(ii) Let (Ƒ, Ą) is 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡, now by (12),  SS((Ƒ, Ą)𝑖2) ⊂̃ (Ƒ, Ą).And since (Ƒ, Ą) is 

𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 then for any 𝑥̃ ∈̃ (Ƒ, Ą) there are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 

𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and soft real number 𝑟̃𝑖 ≥̃ 0̅, 𝑖 = 1, 2, … , 𝑛.  such that 

  ∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)), so 𝑥̃ ∈ ∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)), then 

   𝑥̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2), therefore 

(Ƒ, Ą) ⊂̃ 𝑆𝑆((Ƒ, Ą)𝑖2)                                            (13) 

From (12) and (13),   (Ƒ, Ą) = 𝑆𝑆((Ƒ, Ą)𝑖2)                                              

Conversely, suppose that (Ƒ, Ą) = 𝑆𝑆((Ƒ, Ą)𝑖2), then for any 𝑥̃ ∈̃ (Ƒ, Ą); 𝑥̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2), so there 

are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and a finite number of soft real numbers 

𝑟̃1, 𝑟̃2, … , 𝑟̃𝑛 ≥̃ 0̅ such that 𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)), therefore for any 𝑥̃ ∈̃ (Ƒ, Ą), then  

∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)).                                      

 Hence (Ƒ, Ą) is a 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 

(iii) Let 𝑥̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2) then there are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 

𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and a finite number of soft real numbers 𝑟̃1, 𝑟̃2, … , 𝑟̃𝑛 ≥̃ 0̅ such that 

 𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)), for all 𝑖 = 1, 2, … , 𝑛. But (Ƒ, Ą) ⊂̃ (Ɠ, Ą) then 

 𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)) ⊂̃ 𝑆𝐸((Ɠ, Ą)); which implies that 𝑥̃ ∈̃ SS((Ɠ, Ą)𝑖2).  

Hence 

𝑆𝑆((Ƒ, Ą)𝑖2) ⊂̃ 𝑆𝑆((Ɠ, Ą)𝑖2)                                        (14) 

(iv) Let 𝑥̃ ∈̃ 𝑆𝑆[((Ƒ, Ą) ∩̃ (Ɠ, Ą))
𝑖2

].  then there are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 

𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and a finite number of soft real numbers 𝑟̃1, 𝑟̃2, … , 𝑟̃𝑛 ≥̃ 0̅ such that 

𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą) ∩̃ (Ɠ, Ą)), for all 𝑖 = 1, 2, … , 𝑛. But 𝑆𝐸((Ƒ, Ą) ∩̃ (Ɠ, Ą)) =

𝑆𝐸((Ƒ, Ą)) ∩̃ 𝑆𝐸((Ɠ, Ą)), therefore 𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)) and 𝑥̃ ∈̃∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂

𝑆𝐸((Ɠ, Ą)), so that 𝑥̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2) and 𝑥̃ ∈̃ 𝑆𝑆((𝐺, 𝐴)𝑖2), then 

𝑥 ∈̃ [𝑆𝑆((Ƒ, Ą)𝑖2) ∩̃ 𝑆𝑆((Ɠ, Ą)𝑖2)],Which implies that 

𝑆𝑆 [((Ƒ, Ą) ∩̃ (Ɠ, Ą))
𝑖2

] ⊂̃ 𝑆𝑆((Ƒ, Ą)𝑖2) ∩̃ 𝑆𝑆((Ɠ, Ą)𝑖2)                            (15) 

Conversely, let 𝑦̃ ∈̃ [𝑆𝑆((Ƒ, Ą)𝑖2) ∩̃ 𝑆𝑆((Ɠ, Ą)𝑖2)] then 𝑦̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2) and 𝑦̃ ∈̃ 𝑆𝑆((Ɠ, Ą)𝑖2)  then, 

there are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑧̃1, 𝑧̃2, … , 𝑧̃𝑛 ∈̃ 𝑋̂, and a finite number of soft real 

numbers 𝑠̃1, 𝑠̃2, … , 𝑠̃𝑛 ≥̃ 0̅ such that 𝑦̃ ∈∩̃𝑖=1
𝑛 𝐵𝑠̃𝑖

(𝑦̃, 𝑧̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)), also there are a finite number of 
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𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑢̃1, 𝑢̃2, … , 𝑢̃𝑛 ∈̃ 𝑋̂, and a finite number of soft real numbers 𝑡̃1, 𝑡̃2, … , 𝑡̃𝑛 ≥̃ 0̅ such 

that 𝑦̃ ∈∩̃𝑖=1
𝑛 𝐵𝑡𝑖

(𝑦̃, 𝑢̃𝑖) ⊂ 𝑆𝐸((Ɠ, Ą). Now let; 

𝑟̃𝑖(𝛾) = 𝑚𝑖𝑛{𝑠̃𝑖(𝛾), 𝑡̃𝑖(𝛾)};  ∀𝛾 ∈ 𝐴 𝑎𝑛𝑑 𝑖 = 1, 2, … , 𝑛. 

𝑦̃𝑖(𝛾) = 𝑚𝑖𝑛{𝑧̃𝑖(𝛾), 𝑢̃𝑖(𝛾)}; ∀𝛾 ∈ 𝐴 𝑎𝑛𝑑 𝑖 = 1, 2, … , 𝑛. 

So that, 𝑦̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑦̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)) and 𝑦̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑦̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ɠ, Ą)),  

Then 𝑦̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑦̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)) ∩ 𝑆𝐸((Ɠ, Ą)) = 𝑆𝐸[(Ƒ, Ą) ∩̀ (Ɠ, Ą)] therefore 

𝑦̃ ∈̃ 𝑆𝑆 [((Ƒ, Ą) ∩̀ (Ɠ, Ą))
𝑖2

], which implies that 

𝑆𝑆((Ƒ, Ą)𝑖2) ∩̃ 𝑆𝑆((Ɠ, Ą)𝑖2) ⊂̃ 𝑆𝑆 [((Ƒ, Ą) ∩̀ (Ɠ, Ą))
𝑖2

]                          (16) 

From (15) and (16) we get: 

𝑆𝑆((Ƒ, Ą)𝑖2) ∩̃ 𝑆𝑆((Ɠ, Ą)𝑖2) = 𝑆𝑆 [((Ƒ, Ą) ∩̃ (Ɠ, Ą))
𝑖2

]                        (17) 

(v) Let 𝑥̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2) ∪̃ ((Ɠ, Ą)𝑖2) so that 𝑥̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2) or 𝑥̃ ∈̃ 𝑆𝑆((Ƒ, Ą)𝑖2)then,  

there are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and a finite number of soft 

real numbers 𝑟̃1, 𝑟̃2, … , 𝑟̃𝑛 ≥̃ 0̅ such that  

𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą) or 𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ɠ, Ą), therefore  𝑥̃ ∈∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂

𝑆𝐸(Ƒ, Ą) ∪̃ 𝑆𝐸(Ɠ, Ą) ⊂ 𝑆𝐸((Ƒ, Ą) ∪̃ (Ɠ, Ą)), which implies that 𝑥̃ ∈̃ 𝑆𝑆 [((Ƒ, Ą) ∪̃ (Ɠ, Ą))
𝑖2

]. 

 Hence, 𝑆𝑆 [((Ƒ, Ą) ∪̃ (Ɠ, Ą))
𝑖2

] ⊃̃ 𝑆𝑆((Ƒ, Ą)𝑖2) ∪̃ ((Ɠ, Ą)𝑖2)                   

Definition 4.5: (𝒔𝒐𝒇𝒕𝟐 − 𝒍𝒊𝒎𝒊𝒕 𝒆𝒍𝒆𝒎𝒆𝒏𝒕) Suppose that (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒. Then a 

𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ ∈̃ 𝑋̂ is said to be 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of  a 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡 (Ƒ, Ą) if 

((∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}) ∩̃ (Ƒ, Ą) ≠ 𝜙, where {𝑦̃𝑖 ∈̃ 𝑋̂, 𝑖 = 1, 2, … , 𝑛} are a  𝑠𝑜𝑓𝑡2 −  𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 in 

𝑋̂. The collection of all 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 of (Ƒ, Ą) is called a derived set of (Ƒ, Ą) and denoted 

by (Ƒ, Ą)𝜕. 

Theorem 4.6: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and (Ƒ, Ą), (Ɠ, Ą) are two 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 in 

𝑋̂. Then  

(i) 𝜙𝜕 = 𝜙 and 𝑋̂𝜕 = 𝑋̂. 

(ii) If (Ƒ, Ą) ⊂̃ (Ɠ, Ą) then (Ƒ, Ą)𝜕 ⊂̃ (Ɠ, Ą)𝜕. 

(iii) ((Ƒ, Ą) ∩̃ (Ɠ, Ą))𝜕 ⊂̃ (Ƒ, Ą)𝜕 ∩̃ (Ɠ, Ą)𝜕. 

(iv) ((Ƒ, Ą) ∪̃ (Ɠ, Ą))𝜕 = (Ƒ, Ą)𝜕 ∪̃ (Ɠ, Ą)𝜕. 

Proof:  

(ii)Let (Ƒ, Ą) ⊂̃ (Ɠ, Ą) and 𝑥̃ ∈̃ (Ƒ, Ą)𝜕 then 𝑥̃ is a 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of (Ƒ, Ą)   thus for every 

finite 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙 {𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖);  𝑦̃𝑖 ∈̃ 𝑋̂ 𝑤ℎ𝑒𝑟𝑒 𝑖 = 1, 2, … , 𝑛}, such that ((∩̃𝑖=1

𝑛 𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖)) −

{𝑥̃}) ∩̃ (Ƒ, Ą) ≠ 𝜙, but (Ƒ, Ą) ⊂̃ (Ɠ, Ą) then ((∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}) ∩̃ (Ɠ, Ą) ≠ 𝜙, therefore, 

𝑥̃ ∈̃ (Ɠ, Ą)𝜕, which implies that 

(Ƒ, Ą)𝜕 ⊂̃ (Ɠ, Ą)𝜕                                                     (18) 

(iii)We prove this by contrapositive, suppose that  𝑥̃ ∉̃ [(Ƒ, Ą)𝜕 ∩̃ (𝐺, 𝐴)𝜕] then 𝑥̃ ∉̃ (Ƒ, Ą)𝜕 or 

𝑥̃ ∉̃ (Ɠ, Ą)𝜕 then there are a finite number of 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙s {𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖);  𝑦̃𝑖 ∈̃ 𝑋̂ 𝑤ℎ𝑒𝑟𝑒 𝑖 =

1, 2, … , 𝑛}, and {𝐵𝑠̃𝑖
(𝑥̃, 𝑧̃𝑖);  𝑧̃𝑖 ∈̃ 𝑋̂ 𝑤ℎ𝑒𝑟𝑒 𝑖 = 1, 2, … , 𝑛}, such that (∩̃𝑖=1

𝑛 𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖) −

{𝑥̃}) ∩̃ (Ƒ, Ą) = 𝜙 and (∩̃𝑖=1
𝑛 𝐵𝑠̃𝑖

(𝑥̃, 𝑧̃𝑖) − {𝑥̃}) ∩̃ (Ɠ, Ą) = 𝜙. So that 

(∩̃𝑖=1
𝑛 [𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ∩̃ 𝐵𝑠̃𝑖
(𝑥̃, 𝑧̃𝑖)] − {𝑥̃}) ∩̃ ((Ƒ, Ą) ∩̃ (Ɠ, Ą)) 

= [(∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) − {𝑥̃}) ∩̃ (Ƒ, Ą)] ∩̃ [ (∩̃𝑖=1
𝑛 𝐵𝑠̃𝑖

(𝑥̃, 𝑧̃𝑖) − {𝑥̃}) ∩̃ (Ɠ, Ą)] 

              = 𝜙 ∩̃ 𝜙 =  𝜙, 

which implies that 𝑥̃ ∉̃ ((Ƒ, Ą) ∩̃ (Ɠ, Ą))𝜕. Hence 

((Ƒ, Ą) ∩̃ (Ɠ, Ą))𝜕 ⊂̃ (Ƒ, Ą)𝜕 ∩̃ (Ɠ, Ą)𝜕                             (19) 

 

(iv)Let 𝑥̃ ∈̃ ((Ƒ, Ą) ∪̃ (Ɠ, Ą))𝜕, then 𝑥̃ is a 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of (Ƒ, Ą) ∪̃ (Ɠ, Ą)   then for every 

finite 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙 {𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖);  𝑦̃𝑖 ∈̃ 𝑋̂ 𝑤ℎ𝑒𝑟𝑒 𝑖 = 1, 2, … , 𝑛}, such that ((∩̃𝑖=1

𝑛 𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖)) −

{𝑥̃}) ∩̃ ((Ƒ, Ą) ∪̃ (Ɠ, Ą)) ≠ 𝜙, but from (Proposition  2.9)  ((∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) −

{𝑥̃}) ∩̃ ((Ƒ, Ą) ∪̃ (Ɠ, Ą)) = 

[((∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}) ∩̃ (Ƒ, Ą)] ∪̃ [((∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}) ∩̃ (Ɠ, Ą)], therefore 
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((∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}) ∩̃ (Ƒ, Ą) ≠ 𝜙 or ((∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}) ∩̃ (Ɠ, Ą) ≠ 𝜙,  since by 

(Theorem 2.9) 

if   [(∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}] ∩̃ (Ƒ, Ą) = 𝜙 and [(∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}] ∩̃ (Ɠ, Ą) = 𝜙 then 

((∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}) ∩̃ ((Ƒ, Ą) ∪̃ (Ɠ, Ą)) = 𝜙, which is a contradiction. So 𝑥̃ ∈̃ (Ƒ, Ą)𝜕 or 

𝑥̃ ∈̃ (Ɠ, Ą)𝜕 then 𝑥̃ ∈̃ (Ƒ, Ą)𝜕 ∪̃ (Ɠ, Ą)𝜕, we get 

((Ƒ, Ą) ∪̃ (Ɠ, Ą))𝜕 ⊂̃ [(Ƒ, Ą)𝜕 ∪̃ (Ɠ, Ą)𝜕]                                     (20) 

Conversely, we must show that (Ƒ, Ą)𝜕 ∪̃ (𝐺, 𝐴)𝜕 ⊂̃ ((Ƒ, Ą) ∪̃ (Ɠ, Ą))𝜕, 

 since (Ƒ, Ą) ⊂̃ [(Ƒ, Ą) ∪̃ (Ɠ, Ą)] and (Ɠ, Ą) ⊂̃ [(Ƒ, Ą) ∪̃ (Ɠ, Ą)], then from (18) 

(Ƒ, Ą)𝜕 ⊂̃ ((Ƒ, Ą) ∪̃ (Ɠ, Ą))𝜕and (𝐺, 𝐴)𝜕 ⊂̃ ((Ƒ, Ą) ∪̃ (Ɠ, Ą))𝜕, so that  

[(Ƒ, Ą)𝜕 ∪̃ (Ɠ, Ą)𝜕] ⊂̃ ((Ƒ, Ą) ∪̃ (Ɠ, Ą))𝜕                               (21) 

As a result of (20) and (21), we get 

((Ƒ, Ą) ∪̃ (Ɠ, Ą))𝜕 = (Ƒ, Ą)𝜕 ∪̃ (Ɠ, Ą)𝜕. 

Theorem 4.7: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 then a soft set (Ƒ, Ą) ⊂̃ 𝑋̂ is 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 if 

and only if (Ƒ, Ą)𝜕 ⊂̃ (Ƒ, Ą). 

Proof: Let (Ƒ, Ą) be a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 set then (Ƒ, Ą)𝑐  is 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 set, thus for any 𝑠𝑜𝑓𝑡2 −
𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ ∈̃ (Ƒ, Ą)𝑐 there are a finite number of soft elements 𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛 ∈̃ 𝑋̂, and soft real 

number 𝑟̃𝑖 ≥̃ 0̅, 𝑖 = 1, 2, … , 𝑛.  such that ∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ 𝑆𝐸((Ƒ, Ą)𝑐). Now, (Ƒ, Ą) ∩̃ (Ƒ, Ą)𝑐 = 𝜙, 

which implies that (Ƒ, Ą) ∩ (∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖)) = 𝜙, thus ∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) contains no 𝑠𝑜𝑓𝑡2 −

𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of (Ƒ, Ą) and 𝑥̃ is not 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of (Ƒ, Ą). Thus no 𝑠𝑜𝑓𝑡2 −  𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of 

(Ƒ, Ą)𝑐can be a 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of (Ƒ, Ą) then (Ƒ, Ą) contains all its 𝑠𝑜𝑓𝑡2 −
𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡s. Hence (Ƒ, Ą)𝜕 ⊂̃ (Ƒ, Ą). 

Conversely, Let (Ƒ, Ą)𝜕 ⊂̃ (Ƒ, Ą); show (Ƒ, Ą) is a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 it is enough to show (Ƒ, Ą)𝑐 is 

𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛. 

Now, let 𝑥̃ be any 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 in (Ƒ, Ą)𝑐, then 𝑥̃ ∉̃ (Ƒ, Ą) and since (Ƒ, Ą)𝜕 ⊂̃ (Ƒ, Ą), so 

𝑥̃ ∉̃ (Ƒ, Ą)𝜕 then 𝑥̃ is not a 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of (Ƒ, Ą) then there are a finite 𝑠𝑜𝑓𝑡2 −

𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙 {𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖);  𝑦̃𝑖 ∈̃ 𝑋̂ 𝑤ℎ𝑒𝑟𝑒 𝑖 = 1, 2, … , 𝑛}, such that ((∩̃𝑖=1

𝑛 𝐵𝑟̃𝑖
(𝑥̃, 𝑦̃𝑖)) − {𝑥̃}) ∩̃ (Ƒ, Ą) =

𝜙 thus ∩̃𝑖=1
𝑛 𝐵𝑟̃𝑖

(𝑥̃, 𝑦̃𝑖) ⊂ (Ƒ, Ą)𝑐, so that (Ƒ, Ą)𝑐 is 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 set. Hence (Ƒ, Ą) 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑. 

Definition 4.8: (𝒔𝒐𝒇𝒕𝟐 − 𝒄𝒍𝒐𝒔𝒖𝒓𝒆)Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 then a soft set (Ƒ, Ą) ⊂̃ 𝑋̂ 

is a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 of (Ƒ, Ą), denoted by 𝑐𝑙2(Ƒ, Ą) and defined by  

𝑐𝑙2(Ƒ, Ą) =∩̃ {(Ɠ, Ą); (Ɠ, Ą) 𝑖𝑠 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑎𝑛𝑑 (Ƒ, Ą) ⊂̃ (Ɠ, Ą)}. 

Theorem 4.9: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and a soft set (Ƒ, Ą) ⊂̃ 𝑋̂  then  

(i) (Ƒ, Ą) is 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 if and only if (Ƒ, Ą) = 𝑐𝑙2(Ƒ, Ą). 

(ii) 𝑐𝑙2(Ƒ, Ą) = (Ƒ, Ą) ∪̃ (Ƒ, Ą)𝜕. 

Proof: by definition of 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 and (Theorem 4.7). 

Theorem 4.10: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and (Ƒ, Ą) , (Ɠ, Ą) be a 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡 of 𝑋̂, 

then: 

1. 𝑐𝑙2𝜙 = 𝜙. 

2. (Ƒ, Ą) ⊂̃ 𝑐𝑙2(Ƒ, Ą). 

3. If (Ƒ, Ą) ⊂̃ (Ɠ, Ą) then 𝑐𝑙2(Ƒ, Ą) ⊂̃ 𝑐𝑙2(Ɠ, Ą). 

4. 𝑐𝑙2[(Ƒ, Ą) ∪̃ (Ɠ, Ą)] = 𝑐𝑙2(Ƒ, Ą) ∪̃ 𝑐𝑙2(Ɠ, Ą). 

5. 𝑐𝑙2[(Ƒ, Ą) ∩̃ (Ɠ, Ą)] ⊂̃ 𝑐𝑙2(Ƒ, Ą) ∪̃ 𝑐𝑙2(Ɠ, Ą). 

6. 𝑐𝑙2(𝑐𝑙2(Ƒ, Ą)) = 𝑐𝑙2(Ƒ, Ą). 

Proof: by (Theorem 4.6), (Definition 4.8), and (Theorem 4.9). 

 

5. The sequence in 𝒔𝒐𝒇𝒕𝟐 − 𝒎𝒆𝒕𝒓𝒊𝒄 𝒔𝒑𝒂𝒄𝒆. 

 

In this section, we define the convergent sequences and Cauchy sequences in 𝑠𝑜𝑓𝑡2 −
𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠, and studied the complete 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 which is a 𝑠𝑜𝑓𝑡2 −
𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 that every Cauchy sequence’s is converge. And also we reformulated and proved 

some theorems in 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠, such as Cantor’s Intersection theorem.  

Definition 5.1: A sequence {𝑥̃𝑛} of the soft elements in 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (𝑋̂, 𝜕) is said to be 

converge to the 𝑠𝑜𝑓𝑡2 −  𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ ∈̃ 𝑋̂ if for all 𝑧̃ ∈ 𝑋̂, 𝜕(𝑥̃𝑛 , 𝑥̃, 𝑧̃) → 0 as 𝑛 → ∞. This statement 

is written as 𝑥̃𝑛 → 𝑥̃ as 𝑛 → ∞ or lim
𝑛→∞

𝑥̃𝑛 = 𝑥̃. 

https://doi.org/10.54216/GJMSA.0100201


Galoitica: Journal of Mathematical Structures and Applications (GJMSA)              Vol. 10, No. 02, PP. 08-18, 2024 

Doi: https://doi.org/10.54216/GJMSA.0100201  
Received: October 10, 2023 Revised: January 11, 2024 Accepted: March 10, 2024 

16 

Definition 5.2: A sequence {𝑥̃𝑛} of the soft elements in 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (𝑋̂, 𝜕) is said to be 

Cauchy sequence in 𝑋̂ if for all 𝜀̃ ≥̃ 0̅  and for all 𝑧̃ ∈ 𝑋̂ there exist 𝑘 ∈  ℕ such that 

𝜕(𝑥̃𝑛, 𝑥̃𝑚 , 𝑧̃) ≤̃ 𝜀̃, i. e. 𝜕(𝑥̃𝑛 , 𝑥̃𝑚, 𝑧̃) → 0 as 𝑛, 𝑚 → ∞. 

Definition 5.3: (Complete 𝒔𝒐𝒇𝒕𝟐 − 𝒎𝒆𝒕𝒓𝒊𝒄 𝒔𝒑𝒂𝒄𝒆) A 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (𝑋̂, 𝜕) is said to be 

complete if every Cauchy sequence in 𝑋̂ converges to a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of 𝑋̂. 

Lemma 5.4: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 then a  sequence {𝑥̃𝑛} is convergent to a 

𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ in 𝑋̂ if and only if for any 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 set (Ɠ, Ą) containing 𝑥̃ there exists 

𝑚 ∈ ℕ such that 𝑥̃𝑛 ∈̃ (Ɠ, Ą) for each 𝑛 ≥ 𝑚. 

Proof: Let 𝑎̃ ∈̃ 𝑋̂ and 𝜀̃ ≥̃ 0̅. But from (Theorem 3.8) the 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛𝑏𝑎𝑙𝑙  𝐵𝜀̃(𝑥̃, 𝑎̃) is a 𝑠𝑜𝑓𝑡2 −
𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 containing a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃, there exists 𝑚 ∈ ℕ such that 𝑥̃𝑛 ∈̃ 𝐵𝜀̃(𝑥̃, 𝑎̃) for any 𝑛 ≥
𝑚. i. e. 𝜕(𝑥̃𝑛 , 𝑥̃, 𝑎̃) → 0̅ as 𝑛 → ∞. which implies that {𝑥̃𝑛} is convergent to 𝑥̃. 

Conversely, Suppose {𝑥̃𝑛} is convergent to a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ in 𝑋̂. Let (Ɠ, Ą) be any 𝑠𝑜𝑓𝑡2 −
𝑜𝑝𝑒𝑛 set such that 𝑥̃ ∈̃ (Ɠ, Ą) then there are a finite number of 𝑠𝑜𝑓𝑡2 −  𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 

𝑎̃1, 𝑎̃2, … , 𝑎̃𝑘 ∈̃ 𝑋̂, and soft real numbers 𝑟̃𝑖 ≥̀ 0̅, 𝑖 = 1, 2, … , 𝑘.  such that 𝑥̃ ∈̃∩̃𝑖=1
𝑘 𝐵𝑟̃𝑖

(𝑥̃, 𝑎̃𝑖) ⊂

𝑆𝐸((Ɠ, Ą)). But 𝜕(𝑥̃𝑛 , 𝑥̃, 𝑎̃𝑖) → 0̅ as 𝑛 → ∞, there exists 𝑚𝑖 ∈ ℕ such that 𝜕(𝑥̃𝑛 , 𝑥̃, 𝑎̃𝑖) ≤̃ 𝑟𝑖  for each 

𝑛 ≥ 𝑚𝑖(i.e. 𝑥̃𝑛 ∈̃ 𝐵𝑟̃𝑖
(𝑥̃, 𝑎̃) for each 𝑛 ≥ 𝑚𝑖; 𝑖 = 1, 2, … , 𝑘). Now let 𝑚 = max {𝑚1, 𝑚2, … , 𝑚𝑘}, we 

get 𝑥̃𝑛 ∈̃∩̃𝑖=1
𝑘 𝐵𝑟̃𝑖

(𝑥̃, 𝑎̃𝑖) ⊂ 𝑆𝐸((Ɠ, Ą)) for  each 𝑛 ≥ 𝑚. 

Definition 5.5: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and a non-null soft set (Ƒ, Ą) ⊂̃ 𝑋̂  then: 

𝛿𝑧̃((Ƒ, Ą))(𝛾) = 𝑠𝑢𝑝{𝜕(𝑥̃, 𝑦̃, 𝑧̃)(𝛾);  𝑥̃, 𝑦̃ ∈̃ (Ƒ, Ą)};  ∀𝛾 ∈ Ą where 𝑧̃ is a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 in 𝑋̂. 

Definition 5.6: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and a non-null soft set (Ƒ, Ą) ⊂̃ 𝑋̂  then for 

any two 𝑠𝑜𝑓𝑡2 − elements 𝑥̃, 𝑦̃ ∈̃ 𝑋̂,  

𝛿(𝑥̃, 𝑦̃, (Ƒ, Ą))(𝛾) = inf{𝜕(𝑥̃, 𝑦̃, 𝑎̃)(𝛾);  𝑎̃ ∈̃ (Ƒ, Ą)} ∀𝛾 ∈ Ą 

Theorem 5.7:  Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and (Ƒ, Ą), (𝐺, 𝐴) are non-null  𝑠𝑜𝑓𝑡2 −

𝑠𝑢𝑏𝑠𝑒𝑡s of 𝑋̂, then if (Ƒ, Ą) ⊂̃ (𝐺, 𝐴), then 𝛿𝑧̃((Ƒ, Ą)) ≤̃ 𝛿𝑧((𝐺, 𝐴)) where 𝑠𝑜𝑓𝑡2 − element 𝑧̃ ∈̃ 𝑋̂. 

Proof: Let (Ƒ, Ą), (Ɠ, Ą) be a 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡s of 𝑋̂, with (Ƒ, Ą) ⊂̃ (Ɠ, Ą) for each Ƒ(𝛾), Ɠ(𝛾) where 

𝛾 ∈ Ą. Since (Ƒ, Ą) ⊂̃ (Ɠ, Ą), thus for any two 𝑠𝑜𝑓𝑡2 − elements 𝑥̃, 𝑦̃ such that 𝑥̃, 𝑦̃ ∈̃ (Ƒ, Ą) then 

𝑥̃, 𝑦̃ ∈̃ (Ɠ, Ą), which implies that 

{𝜕(𝑥̃, 𝑦̃, 𝑧̃)(𝛾);  𝑥̃, 𝑦̃ ∈̃ (Ƒ, Ą)} ⊂̃ {𝜕(𝑥̃, 𝑦̃, 𝑧̃)(𝛾);  𝑥̃, 𝑦̃ ∈̃ (Ɠ, Ą) }, 

where 𝑧̃ ∈̃ 𝑋̂ and 𝛾 ∈ Ą. So that 

𝑠𝑢𝑝{𝜕(𝑥̃, 𝑦̃, 𝑧̃)(𝛾);  𝑥̃, 𝑦̃ ∈̃ (Ƒ, Ą)} ≤̃ 𝑠𝑢𝑝{𝜕(𝑥̃, 𝑦̃, 𝑧̃)(𝛾); 𝑥̃, 𝑦̃ ∈̃ (Ɠ, Ą)}, 

 where 𝑧̃ ∈̃ 𝑋̂ and 𝛾 ∈ Ą.  Hence 

𝛿𝑧̃((Ƒ, Ą))(𝛾) ≤ 𝛿𝑧((Ɠ, Ą))(𝛾) where 𝑧̃ ∈̃ 𝑋̂ and 𝛾 ∈ Ą. Thus  

𝛿𝑧̃((Ƒ, Ą)) ≤̃ 𝛿𝑧̃((Ɠ, Ą)). 

Proposition 5.8: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and (Ƒ, Ą) be any 𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏 𝑠𝑒𝑡 of  𝑋̂, 

then 

𝛿𝑧̃((Ƒ, Ą)) = 𝛿𝑧̃(𝑐𝑙2(Ƒ, Ą))                                            (22) 

 where 𝑧̃ is a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 in 𝑋̂. 

Proof: Since (Ƒ, Ą) ⊂̃ 𝑐𝑙2(Ƒ, Ą), we get 𝛿𝑧((Ƒ, Ą)) ≤̃ 𝛿𝑧̃(𝑐𝑙2(Ƒ, Ą)). To show the converse inclusion, 

let 𝑥̃, 𝑦̃ ∈̃ 𝑐𝑙2(Ƒ, Ą) be arbitrary. If 𝑥̃, 𝑦̃ ∈̃ (Ƒ, Ą) then clearly 𝜕(𝑥̃, 𝑦̃, 𝑧̃) ≤̃ 𝛿𝑧̃((Ƒ, Ą)). Now, Suppose 

𝑥̃ ∉̃ (𝐹, 𝐴) but  𝑦̃ ∈̃ (𝐹, 𝐴). Let 𝜀̃ >̃ 0̅ be arbitrary. Since 𝑥̃ ∈̃ 𝑐𝑙2(𝐹, 𝐴), and 𝐵𝜀̃(𝑥̃, 𝑦̃) ∩̃ 𝐵𝜀̃(𝑥̃, 𝑧̃) is a 

𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 set containing 𝑥̃, there exists 𝑢̃ ∈̃ [𝐵𝜀̃(𝑥̃, 𝑦̃) ∩̃ 𝐵𝜀̃(𝑥̃, 𝑧̃)] ∩̃ 𝑆𝐸(𝐹, 𝐴). Then 

𝑦̃, 𝑢̃ ∈̃ (Ƒ, Ą) and 𝜕(𝑥̃, 𝑦̃, 𝑢̃) <̃ 𝜀 ̃and 𝜕(𝑥̃, 𝑢̃, 𝑧̃) <̃ 𝜀.̃ Thus 𝜕(𝑥̃, 𝑦̃, 𝑧̃) ≤̃ 𝜕(𝑢̃, 𝑦̃, 𝑧̃) + 𝜕(𝑥̃, 𝑢̃, 𝑧̃) +
𝜕(𝑥̃, 𝑦̃, 𝑢̃) <̃ 𝜕(𝑢̃, 𝑦̃, 𝑧̃) + 𝜀̃ + 𝜀̃ <̃ 𝛿𝑧((Ƒ, Ą)) + 2𝜀̃. 
Because this is true for all 𝜀̃ >̃ 0̅, we may deduce that 𝜕(𝑥̃, 𝑦̃, 𝑧̃) <̃ 𝛿𝑧̃((Ƒ, Ą)) for 𝑦̃ ∈̃ (Ƒ, Ą) and 

𝑥̃ ∈̃ 𝑐𝑙2(Ƒ, Ą). 

Finally, if 𝑥̃, 𝑦̃ ∈̃ 𝑐𝑙2(Ƒ, Ą) − (Ƒ, Ą) Then, by using the same argument, we can prove that in this case 

as well 𝜕(𝑥̃, 𝑦̃, 𝑧̃) <̃ 𝛿𝑧̃((Ƒ, Ą)). Thus 

𝛿𝑧̃(𝑐𝑙2(𝐹, 𝐴)) = 𝑠𝑢𝑝{𝜕(𝑥̃, 𝑦̃, 𝑧̃)(𝛾);  𝑥̃, 𝑦̃ ∈̃ 𝑐𝑙2(Ƒ, Ą)};  ∀𝛾 ∈ Ą <̃ 𝛿𝑧̃((Ƒ, Ą)). 

So that 𝛿𝑧̃((Ƒ, Ą)) = 𝛿𝑧̃(𝑐𝑙2(Ƒ, Ą)).  

Theorem 5.9: (Cantor’s Intersection Theorem for 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 spaces) 

A 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 (𝑋̂, 𝜕) is complete if and only if for all decreasing sequence {(Ƒ, Ą)𝑛} of 

non-null 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 sets (i.e. (Ƒ, Ą)1 ⊃̃ (Ƒ, Ą)2 ⊃̃ … ⊃̃ (Ƒ, Ą)𝑛 ⊃̃ … ) such that 𝛿𝑧̃((Ƒ, Ą)𝑛) → 0̅ 

as 𝑛 → ∞, ∀𝑧̃ ∈̃ 𝑋̂, then (Ƒ, Ą) =∩̃𝑛=1
∞ (Ƒ, Ą)𝑛 consists of only one 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡. 

Proof: Suppose that (𝑋̂, 𝜕) is a complete 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 space and {(Ƒ, Ą)𝑛} be any decreasing 

sequence {(Ƒ, Ą)𝑛} of non-null 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 sets with 𝛿𝑧̃((Ƒ, Ą)𝑛) → 0̅ as 𝑛 → ∞, ∀𝑧̃ ∈̃ 𝑋̂. Since 

(Ƒ, Ą)𝑛(𝛾) ≠ 𝜙, for all 𝛾 ∈ 𝐴 and all 𝑛 ∈ ℕ, choose a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃𝑛 ∈̀ (Ƒ, Ą)𝑛, for all 𝑛 ∈ ℕ. 
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We prove that {𝑥̃𝑛} is Cauchy in (𝑋̂, 𝜕). Since {(Ƒ, Ą)𝑛} is decreasing, 𝑥̃𝑚 ∈̃ (Ƒ, Ą)𝑛 ∀𝑚 ≥ 𝑛. Now, 

for any 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑧̃ ∈̃ 𝑋̂, 𝑚 ≥ 𝑛,  
𝜕(𝑥̃𝑚, 𝑥̃𝑛 , 𝑧̃) ≤̃ 𝛿𝑧̃((Ƒ, Ą)𝑛) → 0̅ as 𝑛 → ∞. i. e. 𝜕(𝑥̃𝑚 , 𝑥̃𝑛, 𝑧̃) → 0̅  as 𝑚, 𝑛 → ∞. 

This implies that {𝑥̃𝑛} is Cauchy in (𝑋̂, 𝜕).  

Since (𝑋̂, 𝜕) is a complete 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 space then there exists a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥̃ ∈̃ 𝑋̂ such 

that lim
𝑛→∞

𝑥̃𝑛 = 𝑥̃. We claim that 𝑥̃ ∈̃∩̃𝑛=1
∞ (Ƒ, Ą)𝑛. Suppose that 𝑥̃𝑘 ≠ 𝑥̃ for some 𝑘 and up, otherwise 

nothing to prove. Let 𝑛 ∈ ℕ be fixed. Let (Ɠ, Ą) be any 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 set containing 𝑥̃, then by 

(Lemma 5.4 ) there exists an appositive integer 𝑛1 such that 𝑥̃𝑘 ∈̃ (Ɠ, Ą) for all 𝑘 ≥ 𝑛1. Take 𝑚 =
max {𝑛, 𝑛1}, we get 𝑥̃𝑘 ∈̃ [(Ɠ, Ą) − {𝑥̃}] ∩̀ (Ƒ, Ą)𝑛 for all 𝑘 ≥ 𝑚. This implies that 𝑥̃ ∈̃ 𝑐𝑙2(Ƒ, Ą)𝑛. 

But {(Ƒ, Ą)𝑛} is a 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 then 𝑐𝑙2(Ƒ, Ą)𝑛 = (Ƒ, Ą)𝑛, thus 𝑥̃ ∈̃ (Ƒ, Ą)𝑛∀𝑛 ∈ ℕ. So that 

𝑥̃ ∈̃∩̃𝑛=1
∞ (Ƒ, Ą)𝑛. Now we must prove that ∩̃𝑛=1

∞ (Ƒ, Ą)𝑛 contains the of only one 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡. 

Suppose that ∩̃𝑛=1
∞ (Ƒ, Ą)𝑛 contains the two distinct 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑥̃ and 𝑦̃, choose the 𝑠𝑜𝑓𝑡2 −

𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑧̃ ∈̃ 𝑋̂ such that 𝑧̃ ≠ 𝑥̃, 𝑦̃, then 

𝜕(𝑥̃, 𝑦̃, 𝑧̃)(𝛾) ≤ 𝛿𝑧̃((Ƒ, Ą)𝑛(𝛾)) ∀𝛾 ∈ Ą and ∀𝑛 ∈ ℕ, by definition of 𝛿𝑧((Ƒ, Ą)𝑛). 

But 𝛿𝑧̃((Ƒ, Ą)𝑛) → 0̅ as 𝑛 → ∞, then 𝜕(𝑥̃, 𝑦̃, 𝑧̃)(𝛾) = 0̅, which is a contradiction. Thus ∩̃𝑛=1
∞ (Ƒ, Ą)𝑛 

contains the of only one 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡. 

Conversely. Suppose that for any decreasing sequence {(Ƒ, Ą)𝑛} of non-null 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 sets 

such that 𝛿𝑧̃((Ƒ, Ą)𝑛) → 0̅ as 𝑛 → ∞, ∀𝑧̃ ∈̃ 𝑋̂, then (Ƒ, Ą) =∩̃𝑛=1
∞ (Ƒ, Ą)𝑛 consists of only one 

𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡, and {𝑥̃𝑛} be a Cauchy sequence of 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡s in (𝑋̂, 𝜕). Let (Ƒ, Ą)𝑛 =
{𝑥̃𝑛 , 𝑥̃𝑛+1, 𝑥̃𝑛+2, … } for all 𝑛 ∈ ℕ. Then (𝐹, 𝐴)𝑛 ⊃̃ (𝐹, 𝐴)𝑛+1 and therefore 𝑐𝑙2(Ƒ, Ą)𝑛 ⊃̃ 𝑐𝑙2(Ƒ, Ą)𝑛+1 

for all 𝑛 ∈ ℕ. So that {𝑐𝑙2(Ƒ, Ą)𝑛} is decreasing sequence of 𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡s. But {𝑥̃𝑛} is a 

Cauchy then for a 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑧̃ ∈̃ 𝑋̂ and 𝜀̃ >̃ 0̅ arbitrary, there exists 𝑛1 ∈ ℕ such that 

𝜕(𝑥̃𝑚, 𝑥̃𝑛 , 𝑧̃) <̃ 𝜀̃ for all 𝑛, 𝑚 > 𝑛1. 

This prove that 𝛿𝑧̃((Ƒ, Ą)𝑛1
) ≤̃ 𝜀 ̃then by (22) 𝛿𝑧(𝑐𝑙2(Ƒ, Ą)𝑛1

) ≤̃ 𝜀.̃ Since {(Ƒ, Ą)𝑛} is decreasing 

then 𝛿𝑧̃(𝑐𝑙2(Ƒ, Ą)𝑛) ≤̃ 𝛿𝑧̃(𝑐𝑙2(Ƒ, Ą)𝑛1
) ≤̃ 𝜀̃ for 𝑛 ≥ 𝑛1. Thus 𝛿𝑧̃(𝑐𝑙2(Ƒ, Ą)𝑛) → 0̅ as 𝑛 → ∞. 

Therefore, given the condition, ∩̃𝑛=1
∞ (𝑐𝑙2(Ƒ, Ą)𝑛) = {𝑥̃0} (say). Thus for any 𝑠𝑜𝑓𝑡2 − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 

𝑧̃ ∈̃ 𝑋̂, 

𝜕(𝑥̃𝑛, 𝑥̃0, 𝑧̃) ≤̃ 𝛿𝑧̃(𝑐𝑙2(Ƒ, Ą)𝑛) → 0̅ as 𝑛 → ∞, i. e. 𝜕(𝑥̃𝑛 , 𝑥̃0, 𝑧̃) → 0̅ as 𝑛 → ∞. 

So that {𝑥̃𝑛} is converge to 𝑥̃0 in (𝑋̂, 𝜕). Hence (𝑋̂, 𝜕) is complete. 

Theorem 5.10: Let (𝑋̂, 𝜕) be a 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and (Ƒ, Ą) be a non-null  𝑠𝑜𝑓𝑡2 − 𝑠𝑢𝑏𝑠𝑒𝑡s of 

𝑋̂,  then for any two distinct 𝑠𝑜𝑓𝑡2 − elements 𝑥̃, 𝑦̃ ∈̃ 𝑋̂, then 𝛿(𝑥̃, 𝑦̃, (Ƒ, Ą))(𝛾) = 0̅ if and only if at 

least  one of the 𝑠𝑜𝑓𝑡2 − elements 𝑥̃, 𝑦̃ belong to 𝑐𝑙2((Ƒ, Ą)).  

Proof: Let 𝛿(𝑥̃, 𝑦̃, (Ƒ, Ą))(𝛾) = 0̅ and 𝑦̃ ∉̃ 𝑐𝑙2(Ƒ, Ą) It is necessary to demonstrate that 

𝑥̃ ∈̃ 𝑐𝑙2(Ƒ, Ą). If 𝑥̃ ∈̃ (Ƒ, Ą) then 𝑥̃ ∈̃ (Ƒ, Ą) ∪̃ (Ƒ, Ą)𝜕 = 𝑐𝑙2(Ƒ, Ą). Suppose that 𝑥̃ ∉̃ (Ƒ, Ą). And 

since 𝛿(𝑥̃, 𝑦̃, (Ƒ, Ą))(𝛾) = 𝑖𝑛𝑓{𝜕(𝑥̃, 𝑦̃, 𝑎̃)(𝛾);  𝑎̃ ∈̃ (Ƒ, Ą)} ∀𝛾 ∈ Ą Then for any 𝜀̃ ≥̃ 0̅ there is 

𝑧̃ ∈̃ (Ƒ, Ą) such that  𝜕(𝑥̃, 𝑦̃, 𝑧̃) <̃ 𝜀̃, i.e. 𝑧̃ ∈̃ 𝐵𝜀̃(𝑥̃, 𝑦̃) ∩̃ (Ƒ, Ą). Since 𝑥̃ ∉̃ (Ƒ, Ą) then 𝑧̃ ≠ 𝑥̃. Thus 𝑥̃ is 

a 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 element of (Ƒ, Ą) therefore 𝑥̃ ∈̃ (Ƒ, Ą)𝜕. So that 𝑥̃ ∈̃ 𝑐𝑙2((Ƒ, Ą)). 

Conversely. 𝑐𝑙2((Ƒ, Ą)) contains at least one of the 𝑠𝑜𝑓𝑡2 − elements 𝑥̃, 𝑦̃, say 𝑥̃. But 𝑐𝑙2((Ƒ, Ą)) =
(Ƒ, Ą) ∪̃ (Ƒ, Ą)𝜕then 𝑥̃ ∈̃ (Ƒ, Ą) or 𝑥̃ ∈̃ (Ƒ, Ą)𝜕. If 𝑥̃ ∈̃ (Ƒ, Ą) then 𝛿(𝑥̃, 𝑦̃, (Ƒ, Ą))(𝛾) = 0̅; ∀𝛾 ∈ Ą. If 

𝑥̃ ∈̃ (Ƒ, Ą)𝜕 then 𝑥̃ is a 𝑠𝑜𝑓𝑡2 − 𝑙𝑖𝑚𝑖𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 of  (Ƒ, Ą), and since for 𝜀̃ ≥̃ 0̅, 𝐵𝜀̃(𝑥̃, 𝑦̃)  is a 𝑠𝑜𝑓𝑡2 −
open set containing 𝑥̃, then there is 𝑠𝑜𝑓𝑡2 − element 𝑧̃ ∈̃ (𝐵𝜀̃(𝑥̃, 𝑦̃)) ∩̃ (Ƒ, Ą). Then 𝜕(𝑥̃, 𝑦̃, 𝑧̃) ≤̃ 𝜀̃. 
Thus 𝜕(𝑥̃, 𝑦̃, (Ƒ, Ą)) ≤̃ 𝜀̃, ∀𝜀̃ ≥̃ 0̅. So that 𝛿(𝑥̃, 𝑦̃, (Ƒ, Ą)) = 0̅. 

 

6. Conclusion  

 

In this article we using the concept of soft-elements in soft-sets and concept of 2-metric spaces  for 

define of  𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒. We studied the some properties of the 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡𝑠 and 

𝑠𝑜𝑓𝑡2 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡𝑠. 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑦 is induced, which is a topology generated in a 

𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 with basis the set of all 𝑠𝑜𝑓𝑡2 − 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙𝑠.   A notion of convergence in 

such spaces is investigated and reformulated of Cantor’s Theorem in the 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 

setting is furnished. There is a wide scope of further research on 𝑠𝑜𝑓𝑡2 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and also on 

norm and inner product structures in soft set settings. 
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