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Abstract

The main purpose of this article is to introduce the concept of soft, — metric spaces that are new
metric spaces based on the soft-elements and to study their properties, also to introduce some related
concepts such as soft, — open ball, soft, closed ball, soft, — open sets, soft, closed sets,
soft, — interior elements, soft, — limit elements, soft, — closure of sets, and study some of
their properties. And that is proved that every soft, — open ball is a soft, — open set, every
soft, — closed ball is a soft, — closed set. And reformulated and proved some theorems in
soft, — metric space, such as Cantor's theorem and other theorems.

Keywords:  soft, — elements; soft, —metric spaces; soft, — open sets;, soft, —
closed sets.

1. Introduction

In 1960, Introduced the notion of a 2-metric space by Géhler in a paper [1] as follows: Let X be a
non-empty setand let 9: X X X x X — R be a map satisfying the following conditions:

1. For each pair x,y € X; x # y there is a point z € X such that d(x,y, z) # 0.
2 d(x,y,z) =0 Ifatleastx =yorx=zory =z

3. d(x,y,z) = 0d(x,z,y) = d(y, z x) foreach triple x,y,z € X. (symmetry)
4 d(x,y,z) < 9(x,y,v) +d(y,z,v)+d(z,x,v) forall x,y,z,v € X.

Then 0 is referred to as a 2-metric on X, and (X, @) is referred to as a 2-metric space, which is a
generalization of a metric space. Geometrically this space was proven to have a distinct nonlinear
structure, quite unlike a metric space, rather d(x, y, z) represents the area of a triangle formed by the
vertices x,y and z in X. Since then it has been studied by a number of mathematician researchers,
such as Gahler in [1], [2], [3], Iseki in [4], and Lahiri and Das and Dey in [5], as well as several other
researchers. On the other hand, in 1999 Introduced the notion of a soft set by Moldotsove [6] as
follows: Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set
of U and A be a non-empty subset of E. A pair (F, A) is called a soft set (over D) ifand only if Fis a
mapping defined by F: A — P(U). For y € A, F(y) may be considered as the set of y — approximate
elements of the soft set (F,A). Later, in several fields, this hypothesis was expanded, such as soft
topological space, soft group, soft ideal, soft linear space, soft metric space, soft Banach Algebra, and
many others, that need not be mentioned. Also in 2010, the concept of soft element and the soft real
number was introduced by S. Das and S. K. Samanta [7] which is a good help in our research and we
depend on it a lot. The above motivated the introduction of the concepts of soft-2-metric space which
we called a soft, — metric space which is a 2-metric space in terms of the soft element, and on the
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concept soft, — metric space we defined the following concepts and studied their properties:
soft, —open ball, soft, — closed ball, soft, — open set, soft, — closed set, soft, —
intrior element, soft, — limit element, soft, — closure. And also reformulated and proved
some theorems in soft, — metric space, such as Cantor's theorem. It is worth noting that we named
each element in the soft, — metric space by soft, — element and we named a subset of soft, —
metric space by soft, — subset.

2. Preliminaries

In this section, some basic information is given on soft elements, soft sets, and 2-metric spaces.
Definition 2.1: [8] Let (F, A) and (G, B) are two soft sets over a common universe U then

1. If Ac B,andF(y) € G(y), Forsome y € A, then (F, 4) is called a soft subset of (G, B),
this written by (F,4) € (G, B).

2. If (G, B) is a soft subset of (F,A), then (F,A) is called a soft super set of (G, B), this is
written by (F,A) 3 (G, B).

Definition 2.2: [8] A soft set (F, A) is said to be soft equal to (G, B) if and only if (F,4) € (G, B) and
(F, A) 3 (G, B), where (F, A) and (G, B) are two soft sets over a common universe U.

Definition 2.3: [5] A soft set (F, A) over U is called a null soft set, represented by ¢, if F(y) = @, for
eachy € A,

Definition 2.4: [8] a soft set (F,A) over U is called an absolute soft set, represented by D, if F(y) =
U, for each y € A.

Definition 2.5:[9] (Complement of a soft set) A soft set (F, A)¢ is the complement of a soft set (F, A),
and it is defined by (F,A)¢ = (F¢, A), where F¢: A — P(U) is a mapping provided by F¢(y) = U —
F@), vy €A

Definition 2.6:[10] Let (F, A) and (G, B) be two soft sets over the common universe U, then

(i) A soft set (7£,C) is said to be a union of (F,A) and (G, B) denoted by (#,C) =
(F,A) U (G, B), which is defined as C = A U B, and forall y € C,

F) YEA-B
Hy) =4GH) Yy EB—A.
F)uGly) yeANnB

(i)  Asoftset (7, C) is said to be an intersection of (F,A) and (G, B), denoted by (#,C) =
(F,A) A (G, B), isdefinedas C=ANB,and H(y) = F(y) N G(y) foreachy € C.

Proposition 2.7: (Distributive laws). [11] Let (F,4), (G, B), and (#£,C) are three soft sets over
universe set U, we have the following statement:

L EHNGBTE0]=[FEANGB]TEFA NGO
2. FAUIGBA (Ol =[FEATGBIN[EFEA T, O]

Proposition 2.8.[11] Let (Fy, A1), (F., A2) and (G;, B,), (G, B,) are soft sets over universe set U. If
(F. A) € (G, B)),i = 1,2, then the following statements are true:

1. (.FI' Al) ﬁ (.FZI AZ) § (GIIBI) ﬁ (GZIBZ)'

2. (.FI' Al) 0 (.FZI AZ) § (GIIBI) 0 (GZIBZ)'

Theorem 2.9: [12] Let (F,A), (G, B) be two non-null soft subsets over universe set U then:
(F,A) U (G, B) = ¢ ifand only if (F,A) = ¢ and (G, B) = ¢.
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Definition 2.10:[7] (soft-element) Assume that X is a non-empty set and that E is a non-empty
parameter set. Then a function €: E — X is called a soft element of X. A soft element ¢ of X is said to
belong to a soft set A of X, denoted by € € A, if £ (y) € A(y), forall y € E. Thus, a soft set A of X
concerning the index set E can be expressed as A(y) = {e(y), e € A},y € E.

Definition 2.11: [7] Let R represent the set of real numbers, P(RR) represent the collection of all non-
empty bounded subsets of R, and A represent a set of parameters. The mapping F: A — P(R) is said
to be a soft real set. It is represented by (F, A). If (F, A) is a singleton soft set, then identifying (F, A)
with the associated soft element, will be said as a soft real number.

Definition 2.12:[13] Let #, § be two soft real numbers, then foreachy € A

1. FZ5ifF(y) < 5.
2. 7S 5ifF() = 5.
3. FZ5ifF(y) <35(p).
4, 7S 5ifFy) >5@).

3. soft, —metric space.

In this section, we introduce the concept of soft, — metric spaces, which are new metric spaces
based on the soft-elements, also we defined the soft, — open ball, soft, — closed ball, soft, —
open set, soft, — closed set, and we studied some relations between them.

Noting that, we use the notation %,¥,Z to represent soft, — elements of a soft set; 7,5, to
represent soft real numbers; 7, 5, t will represent a certain type of soft real numbers such that, 7(y) =
r for each y € A, etc. Keep in mind that r generally has nothing to do with r; R(A)* to denote the
collection of all non-negative soft real sets.

Definition 3.1: Assume that X isa non-empty set and that A is a non-empty set of parameters. Let X
be an absolute soft set, which means that F(y) = X for all y € A, where (F,A) = X. Let SE(X)
represent the collection of all X's soft elements.

A mapping 9: SE(X) x SE(X) x SE(X) - R(A)" is called a soft, — metric on the soft set Xif 9
satisfying the following conditions:

1. For each pair of distinct soft-elements %, § € X, there is a soft-element Z € X such that
a(%,¥,%) # 0.

2. d(%,¥,2) = 0 if at least two of the three soft, — elements %, ¥, Z are equal.

3. 0(%,¥y,2) = 0(%,2,¥) = 0(§, 2, %) for all triple %,¥,2 € X.

4, 0(%,9,2) L 0(%,§,V) +0(3,2%) + (2, %V) forall %7,%7€EX.

(X,0) is called soft, — metric space.

Example 3.2: Assume that X is a non-empty set and that A is a non-empty set of parameters Let X
be an absolute soft set, which means that F(¢) = X for all £ € A, where (F, A) = X. Define
0: SE(X) x SE(X) x SE(X) » R(A)" as follows: for each soft, — elements %,§,Z in X

0(%.5.7) = { 1 if %,¥,% are distinct

0 ifatleasttwo of &,¥,7%are equal
Then a it fulfills all the soft, — metric axioms.

Definition 3.3: Let (X, d) be a soft, — metric space and (¥, A) be a non-null soft set of X, then the
mapping d¢: SE(Y,A) x SE(Y,A) x SE(Y,A) » R(A)* given by 8¢(%,%,2) = 3(%,¥,2) for each
%,9,% € (Y,A) is a soft, — metric on (Y,A). This metric dy is referred to as the relative soft, —
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metric induced on (Y,A) by 9. The soft, — metric space (Y,8¢,4) is called a soft, —
metric subspace or simply a subspace of the soft, — metric space (X,9,A)

Definition 3.4: Let (X,d) be a soft, — metric space, %,§ € X and a soft real number # S 0 Then
the subset B;(%,§) = {Z€ X; 0(X,¥,2) < #} of SE(X) is said to be a soft, — open ball with
centered at %, § and radius 7.

Definition 3.5: Let (X, d) be a soft, — metric space, %, 7 € X and a soft real number # S 0 Then
the subset B;[%,§] = {Z € X; 9(%,§,2) < 7} of SE(X) is said to be a soft, — closed ball with
centered at %, § and radius 7.

Example 3.6: Consider the discrete soft, — metric space (X, 9).

1 if %, ¥,Z are distinct
0 ifatleasttwo of %,¥,%are equal '

0(%,9,2) ={

Now, B1(%,§) = {2 € X; 9

,\
Nz
p—
/\
Rz
mZ
)
——

={2E€X; 0(%,y,2) =0;%§ ’é)?}z{f,y}
And Bz[a,7]={2€X; 0492 <1 %7€ X}
={z X; 0(%,9,2) =00rd(%,y,2) =1; xyEX} SE(X)

Definition 3.7: (Soft, — open set) Suppose that (X, @) be a soft, — metric space, thena soft, —
subset (F,A) of X is said to be a soft, — open set if for each soft, element % in (F, A) there are a
finite number of soft, elements ¥, ¥,, ..., , € X, and soft real number # > 0,i = 1,2, ...,n. such
that A, By (%, 7)) < SE((F,A)).

Theorem 3.8: Every soft, — open ball in a soft, — metric space (X,d) isa soft, — open set.

Proof Let Bx(X,¥) be a softt2 — open ball where %,§ are soft, — elements in X and # > 0, let

F—0(%,9,a)S0 €Y
Let

. F-3(%§.4)
n= 2 @)

so if Z € (B (%,a@) N By (¥,@)) then Z € B (%,a) and Z € B; (¥, a@); From (2) if Z € B; (X, @) then

~~~~~ 7= (%,5,8)
= 0GID 3)

if Z € B, (§,@) then

~~~~~ F—0(%,5,8)
= 0GID (4)

Now, from (3) and (4) we get

RACHAD)
2

0x,y,2) 2 0(xy,a)+0(%4,2)+0F,42) <a%x, y,a)+ (xya) = 7.

+
Sothat B (X,d) N By, (§,d@) € Bx(X,¥), then Bx(%,7) is a soft, — open set.

Definition 3.9: (Soft, — closed set) Let (X, d) be asoft, — metric space thenasoft, — subset
(F, A) of X is said to be a soft, — closed set if and only if (F,A)° is soft, — open.

Theorem 3.10: Every soft, — closed ball in a soft, — metric space (X,0) is a soft, —
closed set.

Proof: Let (X,0) be a soft, — metric space, and let B;[%,§] = {Z€ X; 0(%,¥,2) £} be a
soft, — closed ball in X, we must show that B;[%, §] is a soft, — closed set, that is (B;[%, §])¢ is
soft, — open set.
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If (Bx[X,7])¢ = ¢, thenitisasoft, — open set, thus B;[%, V] isa soft, — closed set.

Assume that (B;[%,§])¢ # ¢, leta soft, — element d € (B[X, gD, thena & B:[%,¥], so from the

definition of B;[%, §] implies that (%, ¥, @) > 7 then a(%,§,d) — 7 > 0.
Now, suppose that

§= 6(92,37;1)—1’ (5)

we must show that B;(%, @) N Bs(§, @) € (B;[%,§])¢. Let Z € B,(%, @) A Bs(¥, @) then Z € By(, @),
and Z € B,(¥, @) therefore

0(%,z,a)< § (6)
and

a(y,7,d) <5 @)
Now from (5), (6) and (7) we have

0%, y,a) 20, 9,2)+0(F 7 a) +0(,24a)
<0(%y,2)+5+5<0(%,¥,2) +0(%,y,a) —7,
Then d(%,§,a) S 7, thus Z € B;[%, ] then Z € (B;[X, §])€. So that
Bs(%,a@) N Bs(§, @) € (B;[%,9])° 8

which implies that (B;[%, ¥])€ is a soft, — open set. Hence B;[%, V] isa soft, — closed set.

Definition 3.11: the topology generated in soft, — metric space X by taking the family of all
soft, — open ball as s subbasis, is said to be soft, — metric topology and denoted by (X, 7).

Any member in (X, 7) is said to be soft, — open set and this complement is soft, — closed set.

Lemma 3.12: A soft, — subset (F,A) of (X, T) is soft, — open set if and only if for any soft, —
element % € (F, A) there exists a finite number of soft, — elements §,,¥,, ..., ¥, € X, and soft real
elements 7y, 7,, ..., 7, > 0 such that ¥ € By, (%, 7,) N B;,(%,5,) N .0 B; (%, ,) < SE(F, A)

Proof: Because each set of the form intersection of the soft, —open balls
B; (%,5,) 0 By, (X,7,) 0 .0V By, (%,7,) is soft, —open by definition, the claim is satisfied
immediately.

Conversely, Let (F, A) be a soft, — open set in X and % be a soft, — element in (F,A), then there
exists a finite number of soft, —openballs By (%,9), i=12,..,n such that X€
By, (%,7,) 0 By, (X,5,) 0 .0 By, (X, §,) < SE(F, A), since X € By, (X;, 7;) which implies that

(%, %, y;) = §; < 7; ©)
Choose
£ (10)
Then
By (%, %) N B;, (%, 7,) S By, (%, 7)) (11)

and this holds for i = 1, 2, ..., n. Therefore,
% € [B;, (%, %) A By, (%, 7] 0 [By, (%, %,) A B, (£, 5,)] B, ....A B, (%, %,) A By, (%, 7,)]

chizy By, (%, 50 < (F.A) -
4.soft, — interior element, soft, — limit element, and soft, — closure.
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In this section, we introduce the soft, — interior elements, soft, — limit elements, and
soft, — closure of soft, — subsets in X, and studied some their properties, and also we
formulated and proved some theorems about their properties.
Definition 4.1: (soft, — interior element) Let (X,9) be a soft, — metric space and
(F,A) € (X,0); Then a soft, — element % € X is said to be a soft, — interior element of (F,A)
if there are a finite number of soft, — elements ¥,,9,, ..., ¥, € X, and a finite number of soft real
numbers 7, 7, ..., #;, = 0 such that
% €A, By (%,3) c SE((F,A)), forall i = 1,2, ..., n.
Definition 4.2: The collection of all soft, — interior elements of (F, A) is called the soft, —
interior of (F,A) and denoted by (F, A)%. Thus

(F.A)2 = (¥ € (F,A): ¥ €N}y By (% 7)) € SE(F,A),V7; EXand Vi; = 0;i = 1,2,...n}
SS((F,A)"%) is said to be the soft, — interior of (F,A).
Remark 4.3: (F,A)% is the union of all soft, — open set contained in (F, 4). i.e.

(F, )" =T {(G,A); (G,A) is soft, — open set and (G, A) € (F,A)}
Theorem 4.4: Let (F, A), (G, A) be two non-null soft, — subsets in a soft, — metric space
(X, 0) then:
(HSS(F ) € F. A). ,

(i) (F,A) isasoft, — open set if and only if (F,A) = SS((F, A)"?)

(i) (F, A) € (G, A) then SS((F, A)") € SS((G, A)")

(V)SS((F, A)2) [ SS((G, A)2) = SS[((F,A) 1 (6, 4)) |

WSS [((F.A) T (G A)?| 5 SS(FA)2) T (G A=)
Proof:
(i) Let% € SS((F,A)%) then there are a finite number of soft, — elements
V1, V2» ., ¥, € X, and a finite number of soft real numbers 7,7, ..., #, = 0 such that ¥ €
Nizy By, (X,7;) € SE((F,A)). So ¥ € SE((F,A)), which implies that
SS(F.A?) € F.A) . (12)
(ii) Let (F,A) is soft, — open set, now by (12), SS((F,A)"2) € (F,A).And since (F,A) is
soft, — open set then for any ¥ € (F, A) there are a finite number of soft, — elements
31, V2, -, ¥ € X, and soft real number 7 = 0,i = 1,2, ...,n. such that
A=, By, (X, 3,) < SE((F,A)), so X € N_; B (X, 5;) < SE((F, A)), then
% € SS((F,A)%), therefore
(F.A) & SS((F,A)") (13)
From (12) and (13), (F,A) = SS((F,A)"?)
Conversely, suppose that (F,A) = SS((F,A)%), then for any % € (F,A); ¥ € SS((F,A)%), so there
are a finite number of soft, — elements ¥,,¥,, ..., §, € X, and a finite number of soft real numbers
7y, 7, ..., T = 0 such that X €N, B; (%, 7;) © SE((F,A)), therefore for any X € (F,A), then
Ay B+ (%, < SE((F.A)).
Hence (F,A) isa soft, — open set
(iii) Let % € SS((F,A)™) then there are a finite number of soft, — elements
V1, V2r ., ¥, € X, and a finite number of soft real numbers 7,7, ..., #, = 0 such that
X €Ny By (%, 3;) € SE((F,A)), foralli = 1,2,...,n. But (F,A) € (G, A) then
% enl, By (%,3;) c SE((F,A)) € SE((G, A)); which implies that ¥ € SS((G, A)™2).
Hence
SS((F,A)?) € SS((G,A)"?) (14)
(iv) Let% € SS[((F,A) 7 (G,A))?]. then there are a finite number of soft, — elements
V1, V2r e, ¥, € X, and a finite number of soft real numbers 7,7, ..., #, = 0 such that
X €Ny B (%,3) c SE((F,A) N (G A)), foralli = 1,2,..,n. But SE((F,A) A (G, A4)) =
SE((F,A)) N SE((G, A)), therefore X €N}, B; (X, 7;) c SE((F,A)) and ¥ €N, By, (X,7;) ©
SE((G,A)), so that ¥ € SS((F,A)2) and ¥ € SS((G, A)™2), then
x € [SS((F,A)2) A SS((G, A)*2)],Which implies that
58 [((F.4) 7 (G, )] & SS(F A)2) A SS((G, A)2) (15)
Conversely, let 7 € [SS((F,A)2) N SS((G, A)2)] then § € SS((F,A)*2) and ¥ € SS((G,A)%2) then,
there are a finite number of soft, — elements 2,,2,, ..., 2, € X, and a finite number of soft real
numbers 54, §,, ..., §, = 0 such that ¥ €N, B;,(9,2;) < SE((F,A)), also there are a finite number of
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soft, — elements iy, l,, ..., &t, € X, and a finite number of soft real numbers £, f,, ..., £, = 0 such
that § €N}, By, (7,1;) © SE((G,A). Now let;

7 (y) = min{5;(y),t;(p)}; Vv €dandi = 1,2,...,n.

V:(y) = min{Z;(y),4;(y)}; Vy €Aand i = 1,2, ...,n.

So that, y €Nl By, (7,7:) < SE((F,A)) and y €N, By, (7,7:) < SE((G,A)),

Then y en, By, (5,7  SE((F,A)) N SE((G,A)) = SE[(F.A) N (G, A)] therefore
JESS [((F. AN (G A))lz], which implies that

SS((F,A)2) T1SS((G,A)2) € 55 [((F.A) N (€,4)7 (16)
From (15) and (16) we get: ‘

SS((F,4)) A1 SS((G,4)) = 55 [((F,A) 1 (G, 4)) "] §)

(v) Let% € SS((F,A)2) U ((G,A)*2) so that ¥ € SS((F,A)2) or ¥ € SS((F, A)%)then,
there are a finite number of soft, — elements ¥,, 95, ..., , € X, and a finite number of soft
real numbers 7,7, ..., %, = 0 such that
% €N, By, (%,5,)  SE((F.A) or % N, B;,(%,7;) € SE((G,A), therefore ¥ €N}, B; (%, 7,) C
SE(F,A) USE(G, A) < SE((F,A) U (G, A4)), which implies that % € 5 [((F, 4) U (G,4))"*|.

Hence, 55 [((F,4) U (G,4))”| 5 SS((F, A)) U (G, 4)2)

Definition 4.5: (soft, — limit element) Suppose that (X, d) be a soft, — metric space. Then a
soft, —element ¥ € X is said to be soft, — limit element of a soft, — subset (F,A) if
(A, B, (%, 5)) — (&) A (F,A) # ¢, where {5, €X,i = 1,2,..,n} are a soft, — elements in
X. The collection of all soft, — limit elements of (F, A) is called a derived set of (F, A) and denoted

by (F, 4)°.
Theorem 4.6: Let (X, 0) be a soft, — metric space and (F, A), (G, A) are two soft, — subsets in

X. Then
(i) ¢ =¢andX?=2X.
(i) If (F,A) € (G, A) then (F,A)° € (G,A)°.
(i) ((F, ) 1 (G,A))° € (F,A)° A (G, A)°.
(iv) ((F.4) U (G,A)? = (F.A)° T (G A)°.
Proof:

(i)Let (F,A) € (G,A) and % € (F,A)? then % is a soft, — limit element of (F,A) thus for every
finite soft, — open ball {B;(%,7;); 7; € X where i = 1,2, ...,n}, such that (N}, B;,(%, 7)) —
{0 (F,A) # ¢, but (F,A) E (G, A) then (R, B (%, 7)) — {X}) 11 (G, A) # ¢, therefore,

% € (G,A)?, which implies that
(F.A)° € (G,A)° (18)

(iii)We prove this by contrapositive, suppose that % & [(F,A)° N (G,A)°] then % & (F,A)° or
% & (G,A)? then there are a finite number of soft, — open balls {B:,(%,9,); §; € X where i =
1,2,..,n}, and {Bs(%2); z € Xwherei=1,2,..,n}, such that (A%, B (% 5)—
EHAFEA=¢ and (AL, Bs,(%,2) — {£}) 0 (G, A) = ¢. So that
(A, [Br, (%, 3:) A Bs, (%, 2)] — (%) f ((F,A) 71 (G, 4))

= [(A%, Br (% 3) — (&3) A (F,A)] A [ (AL, Bs,(%,2) — () A (G, A)]
=¢pN¢= 9,
which implies that ¥ & ((F,A) N (G, A))?. Hence
((F.A) N (GA)? E (FA°A(GA)° (19)

(iv)Let ¥ € ((F,A) U (G, A))?, then X is a soft, — limit element of (F,A) U (G, 4) then for every
finite soft, — open ball {Bﬁ. (%,7,); 9 € X where i = 1,2, ...,n}, such that ((ﬁ?zl B;,(X, yi)) -

{f}) A ((F,A) U (G A)) # ¢, but from (Proposition 2.9) <(ﬁ?=1 B: (%, yi)) -
@) A (R TGH) =
(At B . 70) = 23) 7 . )| O (A B (5 50) — (53) A G, )], therefore
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(A B 30) ~ @) A 2@ o (AL By 50) — (1) A GA) = 9, since by
(Theorem 2.9)
it (At Brl<x 7))~ ®]AEN =¢ and [(FL, B,® 7)) - B]FC =9 then
((~? 1 By, (%, yl - {x}) A ((F,A) U (G A)) = ¢, which is a contradiction. So % &€ (F,A)? or
% € (G,A)? then % € (F,A)? T (G, A)?, we get
(F.A) TG AN’ E[FA°T (G A)°] (20)
Conversely, we must show that (F,4)% T (G,4)? € ((F,A) T (G, A))?,
since (FACIFEATGA] and  (GAS[FATGA]  then  from  (18)
(F,A)° € (F,A) U (G,A)%nd (6,4)° E ((F,A) U (G,A))°, so that
[(F.8)° T (GA)°] € (F.4) T (G A)° (21)
As aresult of (20) and (21), we get
((F,4) U (GA)° = (F,4)° U (G,A). )
Theorem 4.7: Let (X, 0) be a soft, — metric space then a soft set (F,A) € X is soft, — closed if
and only if (F,A)? & (F, A).
Proof: Let (F,A) be a soft, — closed set then (F, A)€ is soft, — open set, thus for any soft, —
element % € (F, A)° there are a finite number of soft elements §,, ¥,, ..., , € X, and soft real
number 7; = 0,i = 1,2,...,n. suchthat N7, Bz (%, ;) € SE((F,A)°). Now, (F,A) 1\ (F,A)° = ¢,
which implies that (F,A) n (ﬁ?zl By (%, yi)) ¢, thus N7, By (%,¥;) contains no soft, —
element of (F,A) and X is not soft, — limit element of (F,A). Thus no soft, — element of
(F,A)¢can be a soft, — limit element of (F, A) then (F, A) contains all its soft, —
limit elements. Hence (F,A)° € (F, A).
Conversely, Let (F,A)% & (F,A); show (F,A) is a soft, — closed it is enough to show (F, A)€ is
soft, — open.
Now, let % be any soft, — element in (F,A)¢, then ¥ & (F,A) and since (F,A)° & (F,A), so
% & (F,A)? then % is not a soft, — limit element of (F, A) then there are a finite soft, —
open ball {B; (%,7,); J; € X where i = 1,2,...,n}, such that (A, B, (%,7)) — () N (F,A) =
¢ thus AL, By (%, %) < (F,A)°, so that (F, A)° is soft, — open set. Hence (F, A) soft, — closed.
Definition 4.8: (soft, — closure)Let (X,d) be a soft, — metric space then a soft set (F,A) & X
isasoft, — closure of (F, A), denoted by cl, (F, A) and defined by
cl,(F, ) =0 {(G, A); (G, A) is soft, — closed and (F,A) € (G, A)}.
Theorem 4.9: Let (X,d) be a soft, — metric space and a soft set (F,A) € X then
(M (F,A) is soft, — closed if and only if (F,A) = cl,(F, 4).
(ii) cb,(F,A) = (FA) T FA)°.
Proof: by definition of soft, — closure and (Theorem 4.7).
Theorem 4.10: Let (X, d) be a soft, — metric space and (F,A), (G, A) be a soft, — subset of X,
then:
1. cl,d = ¢.
(F.A) € cl,(F, A).
If (F,A) € (G, A) then cl,(F, A) € cl,(G,A).
ClZ [(.F' A) 0 (G' A)] = ClZ (,F: A) 0 Cl2 (G' A)
cLI[(F,A) 0 (G A)] E clr(F,A) Ucl, (G A).
cl (el (F,A) = cl;(F, A).
Proof by (Theorem 4.6), (Definition 4.8), and (Theorem 4.9).

C”SJ"P."Q!\’

5. The sequence in soft, — metric space.

In this section, we define the convergent sequences and Cauchy sequences in soft, —

metric spaces, and studied the complete soft, — metric spaces which isa soft, —

metric spaces that every Cauchy sequence’s is converge. And also we reformulated and proved
some theorems in soft, — metric spaces, such as Cantor’s Intersection theorem.

Definition 5.1: A sequence {%,,} of the soft elements in soft, — metric space (X,d) is said to be
converge to the soft, — element ¥ € X if forall Z € X, d(&,,, %, 2) —» 0 asn — oo. This statement
is writtenas ¥, » ¥ asn — o or lim %, = X.

n—oo
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Definition 5.2: A sequence {%,} of the soft elements in soft, — metric space (X,d) is said to be
Cauchy sequence in X if for all € = 0 and for all Z € X there exist k € N such that
0%y, Xm, %) 2 &,0.6.0(%,, X, 2) > 0@S T, M > 0,
Definition 5.3: (Complete soft, — metric space) A soft, — metric space (X,d) is said to be
complete if every Cauchy sequence in X converges to a soft, — element of X.
Lemma 5.4: Let (X,d) be a soft, — metric space then a sequence {X,} is convergent to a
soft, — element % in X if and only if for any soft, — open set (G, A) containing % there exists
m € N such that %, € (G, A) for each n > m.
Proof: Letd € X and £ = 0. But from (Theorem 3.8) the soft, — openball B(%, @) isasoft, —
open set containing a soft, — element %, there exists m € N such that %, € B;(%,a) forany n >
m.i.e. d(%,,% a@) — 0 asn — oo. which implies that {%,,} is convergent to %.
Conversely, Suppose {%,} is convergent to a soft, — element % in X. Let (G, A) be any soft, —
open set such that ¥ € (G, A) then there are a finite number of soft, — elements
ay, @y, ..., @y € X, and soft real numbers #, = 0,i = 1,2, ..., k. such that ¥ EN;_, By, (%,d;) ©
SE((G,A)). But (%, %, d;) — 0 asn — oo, there exists m; € N such that 8(%,,, %, ;) < r; for each
n > m(i.e. %, € B (%, @) foreachn > m;;i = 1,2,..., k). Now let m = max {my, m,, ..., m; }, we
get %, EN, B, (%,a;) c SE((G,A)) for eachn = m.
Definition 5.5: Let (X, ) be a soft, — metric space and a non-null soft set (F,A) € X then:
5:((F,A))(y) = sup{d(%,7,2)(y); %7 € (F,A)}; Vy € Awhere 7 is a soft, — element in X.
Definition 5.6: Let (X, @) be a soft, — metric space and a non-null soft set (F,A) & X then for
any two soft, — elements &, € X,

6%, 3, (F.A))N@Y) =inf{o(%,5,a)(y); a € (F,A)}Vy €A
Theorem 5.7: Let (X, d) be a soft, — metric space and (F, 4), (G, A) are non-null soft, —
subsets of X, then if (F, A) € (G, A), then &;((F, A)) < 8;((G, A)) where soft, — element 2 € X.
Proof: Let (F,A), (G,A) be asoft, — subsets of X, with (F,A) € (G, A) for each F(y), G(y) where
y € A. Since (F,A) € (G, 4), thus for any two soft, — elements %, ¥ such that %, ¥ € (F, A) then
%, ¥ € (G, A), which implies that
0.7, %7€ FAICPEFDHW); 17 E(GA) },
where Z € X and y € A. So that
sup{0(%,9,2)(v); %,5 € (F, A)} < sup{d(%,7,2)(¥); .7 € (G, A)},
where Z € X and y € A. Hence
8:((F,A) () < 6;((G,A))(y) where Z € X and y € A. Thus
5:((F,A)) < 6:((G,A).
Proposition 5.8: Let (X, d) be a soft, — metric space and (F, A) be any soft, — sub set of X,
then

82((F, A) = 8;(cl,(F, A)) (22)
where Z isa soft, — element in X.
Proof: Since (F,A) € cl,(F, A), we get §;((F, A)) < 6;(cl,(F, A)). To show the converse inclusion,
let %, € cl,(F, A) be arbitrary. If %, 7 € (F, A) then clearly (%, #,2) < 65((F, A)). Now, Suppose
% & (F,A) but 7 € (F,A). Let £ S 0 be arbitrary. Since % € cl,(F, A), and Bz (%, 7) N Bx(%,2) is a
soft, — open set containing X, there exists @ € [Bx(%, ) N Bx(%X,Z)] N SE(F, A). Then
7,4 € (F,A) and 0(%, 7,%) < €and 0(%, 11, 2) < € Thus (%, 7,2) < 9(iL, 7,2) + 0(X, 11, 2) +
(%, 7,1) < 0(@L, 7,2) + €+ § 2 8,((F.A)) + 2¢.
Because this is true for all £ S 0, we may deduce that (%, 7, 2) < 8,((F, A)) for ¥ € (F,A) and
X E clL(F, A).
Finally, if %,7 € cl,(F,A) — (F,A) Then, by using the same argument, we can prove that in this case
aswell 0(%,7,2) < 6;((F,A)). Thus
8x(cl,(F, A)) = sup{0(%,7, ) (¥); %7 € cl,(F, A)}; vy € A< 5:((F.A).
So that §;((F, A)) = 6;(cl,(F, A).
Theorem 5.9: (Cantor’s Intersection Theorem for soft, — metric spaces)
A soft, — metric space (X, ) is complete if and only if for all decreasing sequence {(F, A),,} of
non-null soft, — closed sets (i.e. (F,A); 3 (F,A); 3 ... 3 (F,A), 3 ...) such that 5,((F,A),) — 0
asn — oo,VZ € X, then (F,A) =N, (F,A),, consists of only one soft, — element.
Proof: Suppose that (X, d) is a complete soft, — metric space and {(F, A),,} be any decreasing
sequence {(F, A),} of non-null soft, — closed sets with §;((F,A),) = 0 asn — oo,VZ € X. Since
F,A),(y) # ¢, forall y € Aand all n € N, choose a soft, — element %, € (F,A),, foralln € N.
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We prove that {%,,} is Cauchy in (X, d). Since {(F, A),,} is decreasing, %,, € (F,A),, Ym = n. Now,
for any soft, — element 2 € X, m > n,

0Fpm, X, 2) < 6;((F,A)p) » 0asn > 0. i. €. 9(%y,, %,,2) > 0 asm,n - oo,

This implies that {%,,} is Cauchy in (X, 9).

Since (X, d) is a complete soft, — metric space then there exists a soft, — element % € X such
that Tlll_>r§° ¥, = X. We claim that ¥ €n;_; (F, A),,. Suppose that &, # % for some k and up, otherwise

nothing to prove. Let n € N be fixed. Let (G, A) be any soft, — open set containing %, then by
(Lemma 5.4 ) there exists an appositive integer n, such that %, € (G, A) for all k > n,. Takem =
max {n,n,}, we get % € [(G,4) — {£}] N (F,A),, for all k > m. This implies that X € cl,(F, A).
But {(F,A),}isasoft, — closed then cl,(F,A), = (F, A),, thus ¥ € (F,A),Vn € N. So that

X ENg_; (F, A),. Now we must prove that As—, (F,A), contains the of only one soft, — element.
Suppose that N5, (F, A),, contains the two distinct soft, — elements X% and ¥, choose the soft, —
element Z € X such that Z # %, ¥, then

0% 7, D) < 8:((F.A)n()) Yy € Aand Vn € N, by definition of §,((F, A),).

But 65((F,A),,) — 0 asn — oo, then a(&, ¥, 2)(y) = 0, which is a contradiction. Thus A%, (F,A),
contains the of only one soft, — element.

Conversely. Suppose that for any decreasing sequence {(F, A),} of non-null soft, — closed sets
such that 6;((F,A),) — 0 asn — o,VZ € X, then (F,A) =A>_, (F, A), consists of only one

soft, — element, and {%,} be a Cauchy sequence of soft, — elements in (X, d). Let (F,A), =
{Zn, %41, Xpyo, . p forall n € N. Then (F, A),, 5 (F, A),4, and therefore cl, (F, A)n 3 cl,(F, A)nst
for all n € N. So that {cl,(F, A),,} is decreasing sequence of soft, — closed sets. But {X,,} isa
Cauchy then for a soft, — element Z € X and £ S 0 arbitrary, there exists n, € N such that

0 (X, %, 7) < Eforall n,m > n,.

This prove that 6,((F, A)n, ) < € then by (22) 8,(clo(F, A)n,) < & Since {(F, A),} is decreasing
then 8, (cly (F, A)r) L 85(cly(F,A)n, ) € & forn > ny. Thus 8,(cly (F,A),) > 0 asn — oo.
Therefore, given the condition, Ny_; (cl,(F, A),) = {%,} (say). Thus for any soft, — element
ZEX,

(%, %0, 2) < 65(cly(F,A),) > 0asn — oo, i.e. 9(%,,%,%) > 0asn - oo,

So that {%,,} is converge to %, in (X, @). Hence (X, @) is complete.

Theorem 5.10: Let (X, ) be a soft, — metric space and (F, A) be a non-null soft, — subsets of
X, then for any two distinct soft, — elements %, 7 € X, then §(%, ¥, (F, A))(y) = 0 if and only if at
least one of the soft, — elements %, § belong to cl, ((F, A)).

Proof: Let §(%,7, (F,A))(y) = 0 and ¥ € cl,(F,A) It is necessary to demonstrate that

% € cly(F,A). If X € (F,A) then ¥ € (F,A) U (F,A)? = cl,(F, A). Suppose that ¥ & (F,A). And
since 6(%, 7, (F,A)(y) = inf{0(%,7,a)(y); @ € (F,A)}Vy € A Then for any £ = 0 there is

asoft, — limit element of (F, A) therefore % € (F,A)?. So that % € cl,((F, A)).

Conversely. cl, ((F,A)) contains at least one of the soft, — elements %, J, say . But cl,((F,A)) =
(F,A) U (F,A)°then X € (F,A) or X € (F,A)°. If X € (F,A) then 8(%, 7, (F, A)(¥) = 0; vy € A. If
% € (F,A)? then % is a soft, — limit element of (F,A), and since for § S 0, B;(%,7) isasoft, —
open set containing %, then there is soft, — element Z € (Bz(%, 7)) 0 (F,A). Then 0(%,7,%) < &.
Thus a(%, 7, (F,A)) < £ V&= 0. So that §(%, 7, (F,A)) = 0.

6. Conclusion

In this article we using the concept of soft-elements in soft-sets and concept of 2-metric spaces for
define of soft, — metric space. We studied the some properties of the soft, — open sets and
soft, — closed sets. soft, —metric topology is induced, which is a topology generated in a
soft, — metric spaces with basis the set of all soft, — open balls. A notion of convergence in
such spaces is investigated and reformulated of Cantor’s Theorem in the soft, — metric space
setting is furnished. There is a wide scope of further research on soft, — metric space and also on
norm and inner product structures in soft set settings.
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