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Abstract

The main objective of this article is to study the inverse of invertible symbolic 3-plithogenic real square matri-
ces using the concept of adjoints and characteristic polynomials. Also, the symbolic 3-plithogenic version of
Cayley-Hamilton theorem was proved and provided enough examples to enhance understanding.

Keywords: Symbolic 3-plithogenic matrix; symbolic 3-plithogenic adjoint; symbolic 3-plithogenic determi-
nant; symbolic 3-plithogenic inverse.

1 Introduction

The concept of refined neutrosophic structure was studied by many authors in''# Symbolic plithogenic alge-
braic structures are introduced by Smarandache, that are very similar to refined neutrosophic structures with
some differences in the definition of the multiplication operation !

In M the algebraic properties of symbolic 2-plithogenic rings generated from the fusion of symbolic plithogenic
sets with algebraic rings are studied. Further, Taffach?"22 studied the concepts of symbolic 2-plithogenic vec-
tor spaces and modules. In,” the concept of symbolic 2-plithogenic matrices, determinants, eigen values and
vectors, exponents, and diagonalization are discussed.

Laterally, many authors defined and studied symbolic 3-plithogenic algebraic structures, such as symbolic
3-plithogenic rings, vectors spaces and modules#1? Recently, Merkepcil® introduced and studied symbolic
3-plithogenic and 4-plithogenic square matrices and its algebraic properties such as determinant, invertibility,
Eigen values, diagonalization, etc.

As a continuation of the previous study of symbolic 3-plithogenic matrices, this work discusses the symbolic
3-plithogenic adjoint, where the inverse of symbolic 3-plithogenic matrices will be defined in terms of the
symbolic 3-plithogenic adjoint and determinant. We present the symbolic 3-plithogenic characteristic poly-
nomials and the symbolic 3-plithogenic version of the Cayley-Hamilton theorem. Also, we illustrate many
examples to clarify the validity of our work.
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2 Preliminaries

Definition 2.1. 9 The ring of symbolic 3-plithogenic real numbers is defined as follows:
3—SPp={x+yP+ 2P, +tP3s; P? = P;, P; X Pj = Pryau(ij) }

Addition on 3 — S P is defined as follows:
[zo+a1P1+ 22 P23 P3]+ [yo+y1 P +y2 P2 +ys P3| = (wo+yo) + (21 +y1) P+ (22 +y2) Po+ (23 +y3) Ps.

Multiplication on 3 — S Pg, is defined as follows:
[0 + 21 Py + 22 P> 4+ x3P3] - [yo + y1 P1 + y2 P2 4+ y3P3] = (zoyo) + (oy1 + z1yo + 1y1) P1 + (Toy2 +
Toy1 + Tay2 + T2Yo + T1y2) Po + (oys + x1y3 + x2y3 + x3y3 + x3Yo + T3y1 + x3y2) Ps.

Remark 2.2. "91f we let X = zg + 21 Pizo Py + x3P3 € 3 — SPg, we have the following:
X is invertible if and only if zg # 0,29 + 1 # 0,29 + 1 + 2 # 0,29 + 1 + 22 + 23 # 0, and

11 1 11 1 ! 1 B 1
X T X T 2o + |:$0+$1 330:| P1 + |:330+$61+3?2 $0+$1i| P2 + |:£Co+3?1+$2+3?3 zo+T1+x2 P3.

Definition 2.3. 19 A square symbolic 3-plithogenic matrix is a matrix with symbolic 3-plithogenic entries.

Remark 2.4. 19 Any symbolic 3-plithogenic matrix can be written as A = Ay + AP, + Ay Py + A3P3. We
denote the set of all symbolic 3-plithogenic n-square matrices by 3 — SPy;.

Theorem 2.5. 19 et S = Sy + S + SoPs + S3P3 € 3 — SPyy, then the following is true:

1. S is invertible if and only if Sy, So + S1, S0 + S1 + S2, S + S1 + So + S3 are invertible.

2. § = S(;l + [(So + 51)_1 — Sal] P+ [(S() + 51 + SQ)_l — (So + Sl)_l} P,
+ [(So + S1 4+ S2 + S3) 71 — (So + S1 + S2) 7] Ps

3. Forn € N, " = 50 + [(So + S1)™ — S§] P + [(So + S1 + S2)™ — (So + S1)"] Pe
+ [(So + 51+ 52+ 53)n — (So + 51+ SQ)"] Ps

Definition 2.6. 19 Let S = Sy + S| P, + So P, + S3P3 € 3 — SPyy, then we define the following:

d@t(S) = det(So) + [det(S() + Sl) — det(So)]P1 + [det(SO + Sl + SQ) — det(So + Sl)]PQ
+[d€t(50 + 51+ 5+ 53) — det(So + 51+ SQ)}PB

Theorem 2.7. 9 S is invertible if and only if det(S) is invertible in 3 — S Pg.

3 Adjoint of Symbolic 3-Plithogenic Square Matrices

We begin this section with the following definition.

Definition 3.1. Let S = Sy + .57 + S2 P> + S3P3 be a symbolic 3-plithogenic square matrix with real entries.
The adjoint matrix of S'is defined as

adjS = adjSy + [adj(So + Sl) — CLdjSo]Pl + [adj(So + 51+ SQ) — adj(So + Sl)]Pg
+[adj(So + S1 + S2 + S3) — adj(So + S1 + S2)|Ps.

Example 3.2. Consider the following symbolic 3-plithogenic 3 x 3 matrix:

—3+PL—P,+Ps 1+ P 5
S = —-P+ P 3P +2P; 4Py — Ps
—14+2P — P, 54+42P, 7+ P +10P,+ P3
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Here,
-3 1 5 -2 2 5 -3 2 5
So = 0 0 0, So+51=(-1 3 0 So + 51+ S5 = 0 3 4|, and
-1 5 7 1 5 8 0 7 18
-2 2 5
So+S1+ S+ 53 = 0 5 3
0o 7 19
Then,
0 18 0 24 9 —15
adjSo =10 —-16 0], adj(So + 51) = 8§ —11 =5
0 14 0 —2 8 —4
26 -1 -7 74 -3 -19
adj(So+S1+S2)= [0 =54 12| andadj(So+ 51+ +S)=[0 —38 6
0 21 -9 0 14 -10
Therefore,
adjS = adjS() + [ad](So + Sl) - adjSo]P1 + [adj(SO + 51 + Sg) - ad](So + Sl)}PQ
+ladj(So + S1 + S2 + S3) — adj(So + S1 + S2)| Ps
0 18 0 24 -9 -—15 2 —-10 8 48 -2 —12
= 0 —-16 0)+| 8 -5 -5 |P+|-8 —43 17| P+ 0 16 —6 | P;
0 14 0 -2 -6 —4 2 13 -5 0o -7 -1
24P, + 2P, + 48P; 18 — 9P, — 10P, — 2P5 —15P, + 8P, — 12P5
= 8P — 8P, —16+5P; + 43P, +16P3; —5P + 17P, —6P5
—2P; + 2P, 14—6P, +13P, — 7P; —4P, — 5P, — Py

Using the definition of adjoint of symbolic 3-plithogenic matrix we can modify the Theorem [2.3]as follows:

Theorem 3.3. Let S = Sy + S1P) + SoPs + S2P3 be a symbolic 3-plithogenic square matrix, then S is
invertible if and only if det(S) is invertible and

_ 1 .
S 1:dets(ad]5).

Proof. By Theorem[2.7} S is invertible if and only if det(S) is invertible.

Also,

(adjS) adj Sy adj(So + S1) adjSO:| Py |:adj(S0 + 51+ 52) adj(So + Sl):| P,

detSy ' | det(So + S1)  detSy det(So + 51+ S2)  det(So+ S)
|:adj(50 + 51+ S5+ 53) _ adj(So + 51 + Sg):| p
det(So + S1+ S2 + S3)  det(So+ 51+ S2) | °
= Syt +[(So+S1) =S5 Pr+[(So+S1+S2) " = (So+ )7 P
+ [(So+ 51+ S2 4 S3) 1 = (So + S1+ S2) ] Ps

= g1
Hence the result holds by Theorem [2.5] O
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Example 3.4. Consider the symbolic 3-plithogenic 2 x 2 matrix

g 1+P+P+ P 5+P —2P
T \1+4P, — P, +3P; P+ P

e B o P+ Py —5— P, +2P,
Here, detS = —5 — 23P; + 15P; — 7P3, and adj S = (_1 4P+ Py—3P, 1+ P+ P —|—P3)
Hence,
S o= L (agis)
detS
B 1 P+ Py —5— P, +2P,
T 5—23P, +15P, — TP \—-1—4P1+ P, —3P; 1+ P+ P+ P
-1 23 15 7 P + P; —5— P, +2P,
= ([—=—+=2P-—P+-—P
( 5 100364 2T 260 3> <—1—4P1+P2—3P3 14+ P+ P, + P

(1 Pl 364P2 260P3 1: §1+§g4p2_260P3>
P1+364P2+26O T+28+364P2+260P3

Remark 3.5. If X is a invertible symbolic 3-plithogenic square matrix and X ~! is its inverse, then adj X =
detX - X1,

Theorem 3.6. Let X = A+ BPy +CP, + DPsandY = M + NP, + SP, + RP5 be two symbolic
3-plithogenic invertible square matrices. Then XY is also invertible and (XY ) ! =Y 1 XL

Proof. By Theorem[3.3] if X is invertible then
det(A) #0,det(A+ B) #0,det(A+ B+ C)#0anddet(A+ B+ C+ D) #0
Similarly, if Y is invertible then
detM #0,det(M+ N) #0,det(M + N+ S5)#0anddet(M +N+S+R)#0
This implies that,

det(AM) = detA detM # 0
det[(A+ B)(M + N)] = det(A+ B) det(M + N) # 0
det[(A+ B+ C)(M+N+95)] = et(A+B+C)det(M+N+S)7é0
det(A+ B+C+D)(M+N+S+R)| =det(A+B+C+D)det(M+N+S5+R)+£0

Now,

det(XY) = det(AM)+ [det((A+ B)(M + N))|Py + [det((A + B+ C)(M + N + S))] P,
Hldet((A+B+C+D)(M+N+S+R)P;£0

and hence XY is invertible. Also by associativity of matrix multiplication, we have

(XY)(V LX) = XYY HX 1= XX =Upsn
Y-IX"H)(XY) =Y LXIX)Y =YY = Upyn.

Thus, (MN)~! = N~1M—1 O
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Theorem 3.7. Let X and Y be two m x m symbolic 3-plithogenic invertible matrices. Then the following
properties holds.

(1) det(adjX) = (detX)™ L.

(2) adj(XY) = adjX adjY.

(4) adj(XT) = (adj X)T.

(
(
(3) adj(X*) = (adjX)* for any positive integer k.
(
(5) adj(adjX) = (detX)™2X

Proof. We can prove this results based on the properties adjoint of classical matrices. O

4 Characteristic Polynomial of Symbolic 3-Plithogenic Square Matrices

We begin this section with the following definition.

Definition 4.1. Let S = Sy + S1 P, + So P, + S3P5 be a symbolic 3-plithogenic n x n square matrix with
real entries and A = \g + A1 P; + A2 P> + A3 P3. The characteristic polynomial of .S is defined as

P(A) = a(A) +[B(N) —a(W)] P+ [y(A) = B P+ [6(A) —v(N)] Ps

where,
a(N) = det(So — A\Unxn)
ﬁ()\) = deﬁ(So + 51 — )\Uan)
v(A) = det(So+ S1+ S2 — AUpnxn)
d(A) = det(So+ S1+ 52+ S3— ANnxn)-

Example 4.2. Consider the following symbolic 3-plithogenic 2 x 2 matrix:

o 24+ P +3P,—-P; 1—-P —P,
- 3+4P + Ps 1+ P

with

So_@ }) So+sl_(§ (1’> So+51+52_($ _21> and 50+51+52+53_<g _21>.

Here,

2—A 1

O[()\) = det(SO - )‘Unxn) = ( 3 1 /\) = )\2 —3X—1.
B(A) = det(So+ S1— AUpnxn) = <3;)\ 1 E )\) =2 —4)\+3.

6-x -1 9
Y(A) = det(So + 51+ 52 — AUnxn) = ( . g A) =22 — 8\ +19.

5-X -1 9
0(N) = det(So+ S+ 82+ 85— M) = (" g7 5 ) =A-TASIS.
Hence the characteristic polynomial of S is
d(A) = AN =3A—1+[AN—4r+3) = (N> =3A=D1)|P + [(\> = 8A +19) — (\ — 4\ + 3)| %

+[(A% = TA+18) — (A2 — 8\ + 19)] P3
= M3\ 14+(-A+4)P, + (—4\+16)P, + (A — 1) Ps.
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Theorem 4.3 (Symbolic 3-plithogenic Cayely-Hamilton Theorem). Every symbolic 3-plithogenic square
matrix satisfies its characteristic polynomial.
Proof. We can prove this result based on the Cayely-Hamilton theorem for classical matrices. [

Example 4.4. Consider the symbolic 3-plithogenic 2 x 2 matrix given in Example 4.2]

S* 2+P1+3P2—P3 1—P1—P2
o 3+4P + Ps 1+ P

The characteristic polynomial of S is A2 — 3\ — 1+ (—=A +4) Py + (—4\ + 16) P, + (\ — 1) P3. This implies
that,

¢(5)

(82 =38 — 1)+ (=S +4)P, + (—4S +16) Py + (S — 1) Ps.

(=P +11P, — 9P 5Py + Py P, —3P,+ Py P
= \7P,+28P,—3P; 1-3P — 7P — 7P, - Py 3P —

L8P tAPs AP (4P Py
—28P, —4P; 8P, 8P, Py

(00
- 0 0
Hence, ¢(S) = 0.

Remark 4.5. If S is a invertible symbolic 3-plithogenic matrix, then using Cayely-Hamilton theorem we can
compute the inverse of S. See the following example.

Example 4.6. Consider the symbolic 3-plithogenic 2 x 2 matrix

g 1+P+P—P; —1+P
- 1- P 1+2P;

with

1 -1 2 2
Soz(l 1),So+51:(1 ?>750+Sl+52:<8 (f) and So-"-Sl—i-Sg—f—Sg:(O g)

Here,

1-x -1

a(N) = det(So — AUpxn) = ( 1 11

):A2—2>\+2.

3-\ 0 )
2.1 0 )
5()\) = det(SO+Sl+SQ+S3—)\Uan) = < 0 3_)\) =X —5\+6.

Hence the characteristic polynomial of .S is
o(A) = aN)+[BA) —aN] P+ (A) = BA)] P
= NV =224+2- N+ (NP + (-A+ )P+ (=\+3)P5.
Now, by Cayely-Hamilton theorem we have ¢(\) = 0, we have,
(82 —2542)S+ (=S)PL+ (=S+ )P+ (=S +3)P; =0
= (24P, +3P3)SS7l=-52425+ 5P + SP, + SPs.
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This implies that,
1

Sl = S+ (24P, + P+ P3)Unxs
- 1 14 2P 1-P
T 24P +3Ps\-14+P 1+P+P—Ds

_ (1 1, 1.\ (1+2P 1-P
- \2 6% 6°%)\-1+P 1+P+P-P
1 1 1 1 1

2 §P2 ir ol o 5Pl2

5 Conclusion

In this work, the adjoint of symbolic 3-plithogenic square matrices was defined and the inverse of invertible
symbolic 3-plithogenic square matrices was studied in terms of symbolic 3-plithogenic adjoint and symbolic
3-plithogenic determinant. Also, we have presented the concept of the characteristic polynomial of symbolic
3-plithogenic matrices and we have proved the symbolic 3-plithogenic version of of Cayley-Hamilton theorem
with many examples that clarify the validity of this work.
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