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Abstract

The notion of neutrosophic m-polar fuzzy sets is much wider than the notion of m-polar fuzzy sets. In this
paper, we apply the theory of neutrosophic m-polar fuzzy set on UP-algebras. We introduce the concepts of
neutrosophic m-polar fuzzy subalgebras, neutrosophic m-polar fuzzy ideals and neutrosophic m-polar fuzzy
strong ideals and some essential properties are discussed. We characterize neutrosophic m-polar fuzzy subal-
gebras in terms of fuzzy subalgebras and subalgebras of UP-algebras.
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1 Introduction

Zadeh” introduced fuzzy set theory as an alternative to probability theory to deal with uncertainty, recognizing
that uncertainty is an inherent attribute of information. Fuzzy set theory provides a more general framework
for handling uncertainty, allowing for more flexible and nuanced representations of vague or imprecise in-
formation. UP-algebras, introduced by Iampan? are a class of logical algebras that have connections with
posets (partially ordered sets). They have been extensively studied and applied across various branches of
mathematics, including group theory, functional analysis, probability theory, topology, and fuzzy set theory.
Neutrosophic m-polar fuzzy sets extend fuzzy set theory to handle indeterminacy, ambiguity, and inconsis-
tency more comprehensively. In this paper, we are applying the theory of neutrosophic m-polar fuzzy sets to
UP-algebras, introducing concepts such as neutrosophic m-polar fuzzy subalgebras, ideals, and strong ideals.
This paper discusses the characterization of neutrosophic m-polar fuzzy subalgebras in terms of fuzzy sub-
algebras and subalgebras of UP-algebras. This exploration of properties and relationships between different
types of subalgebras within the context of neutrosophic m-polar fuzzy sets provides insights into the interplay
between algebraic structures and fuzzy set theory.

2 Preliminaries

Definition 2.1. ¥ An algebra X = (X, ,0) of type (2,0) is called a UP-algebra if it satisfies the following

conditions.
(Vz,y,2 € X)((y* 2) * ((z xy) x (x*2)) =0), (1)
(Vz € X)(0*xz = x), 2
(Vz € X)(z*x0=0), 3
(Vz,ye X)(zxy=0=y*xz = z=1y). 4)
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We define a binary relation “ <” on a UP-algebra X as follows:
VzyeX)(ao<y & zxy=0). (3)

In a UP-algebra X, the following assertions are valid (see?).

(Ve € X)(z*xz=0), (6)
(Va,y,z€ X)(zxy=0,yx2=0 = xx2z=0), @)
(Ve,y,z€ X)(xxy=0 = (z2*xx)x(2xy) =0), (8)
(Ve,y,z€ X)(xxy=0 = (yxz)*(xxz)=0), 9)
(Vz,y € X)(x * (yxx) =0), (10)
(Ve,ye X)((y*xz)*xx=0 & x=yx*x), (11
(Vz,y € X)(x * (y xy) =0). (12)

Definition 2.2. > A nonempty subset A of a UP-algebra X = (X, *,0) is called

1. a UP-subalgebra of X if it satisfies the following condition:

(Vo,y € A)(zxy € A). (13)

2. a UP-ideal of X if it satisfies the following conditions:

0ecA (14)
(Ve,y,z€ X)(z* (yxz) € A,ye A= xxz € A). (15)

3. astrong UP-ideal of X if it satisfies the condition and the following condition:
(Vo,y,z€ X)((zxy)* (zxx) € A,y e A= x € A). (16)

Definition 2.3. ' An m-polar fuzzy set ® on a nonempty set X is a mapping ® : X — [0,1]™. The mem-
bership value of every element € X is denoted by ®(x) = (m1 o ¢(x),m2 0 () -+ ,Tm o (z)), Where
m; 0@ :[0,1]™ — [0, 1] is defined the i-th projection mapping.

Given an m-polar fuzzy set on a set X, we consider the sets, U(®,{) = {z € X : ®(z) > (} and L(D,¢) =
{JT € X: (b(l‘) S g}? where C = (Cla<23<3 o 7C’rn)7 5 = (§1a§2353 e 757”)7 that iS,
U(CI)’C) = {‘T €eX: (771 ° (I))(x) > (1, (7T2 °© (D)(x) ESCTEEE 7(7rm © q>)($) > <m}>

L(®,8) ={z € X : (mo®)(z) <&, (m20®)(2) <&y, (T 0 @)(2) < &},

which are called an m-upper (lower) set of ®.

3 Multipolar neutrosophic subalgebras

Definition 3.1. Let X be a UP-algebra. An m-polar neutrosophic set P = (@, Y, ¥) in X is called an

1. m-polar neutrosophic subalgebra of X if it satisfies the following condition:
Pz xy) > inf{®(x), ®(y)}
(Vo,y € X) | T(xxy) =nf{T(2), Ty} |. (17)
U(zxy) < sup{¥(z), ¥(y)}
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2. m-polar neutrosophic UP-ideal of X if it satisfies the following conditions:

®(0)
(VxeX)< (0) )) (18)
¥ (0) < ¥(x)
>
>
<

* 2) > inf{®(z * (y * 2)), 2(y)}
(Va,y,2 € X) (w*Z) inf{Y(x * (y * 2)), T(y)} (19)
U(z*z) <sup{¥(z* (y*2)),¥(y)}

3. m-polar neutrosophic strong UP-ideal of X if it satisfies the following conditions: (I8) and

O(z) > inf{®((z *y) * (z x x)), ©(y)}
(Va,y,2 € X) | T(x) 2 nf{Y((z+y) * (zx2)),T(y)} (20)
U(x) < sup{¥((z*y)* (zxx)), ¥(y)}
Proposition 3.2. Every m-polar neutrosophic subalgebra P = (®,Y, V) of a UP-algebra X satisfies
(Vo € X) ( @(0) > ®(x),T(0) > Y(x),¥(0) < ¥(x) ) 1)
Proof. For any x € X, we have
i 0 @(0) = m; 0 p(x * ) = inf{m; 0 p(x), m; 0 ()} = i 0 ()
m; 09(0) = m oy(z x ) > inf{m; o y(z), m 0o y(x)} = m; ( )
m; 0 (0) = m; 0 Y(x * x) < sup{m; o Y(x), m; o (x)} = m; 0 P(x).
O
Proposition 3.3. If P = (9, Y, ¥) is a m-polar neutrosophic UP-subalgebra of a UP-algebra X, then
(Vo e X)( ®0x2z) > ®(x), Y(0xx) > T(x), V(0xz) < U(z) ). (22)
Proof. For any x € X, we have
mop(0xx) > inf{m op(0),m; 0 p(x)}
= inf{m op(z*xx),mop(x)}
> inf{inf{m; o p(x),m o p(z)}, m o w(x)}
= mop(x),
mioy(0*xz) > inf{m; o~(0),m ovy(x)}
= inf{m oy(z*xx),m ovy(x)}
> inf{inf{m; o y(x),m o y(x)}, m o y(x)}
= T O’Y(‘T)7
mio(0*xxz) < sup{m oy(0),mop(x)}
= sup{m ov(xzxx),m op(x)}
< Sup{ﬂ—i o w(x)ﬂri © ’(/}(x)ﬂri © Q/J(x)}
= moy(x).
O

Theorem 3.4. A m-polar neutrosophic set P = (®, T, V) is a m-polar neutrosophic strongly UP-ideal of X
if and only if it is constant.

Proof. Assume that P = (P, 7, V) is constant for all x € U. Then we have 7; o ¢(x) = m; o p(0),
m; 0 y(x) = m; 0y(0) and 7; o Y(x) = m; 0 1(0). Then

m; 0 p() i 0¢(0)

inf{m; 0 (0),m; 0 (0)}

inf{m; o p((z xy) * (2 xx)), m o p(y)},
m; 0(0)

inf{m; ov(0),m o(0)}

inf{m; o y((z * y) * (2 ), m o ¥(y)},
w0 1(0)

sup{m; 0 ¥(0), m; 0 1(0)}

sup{m; o P((z * y) * (z x x)), m 0 P(y)}.
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Hence P = (®,7, V) is a m-polar neutrosophic strongly UP-ideal of X. Conversely, assume that P =
(®, T, ¥) is a m-polar neutrosophic strongly UP-ideal of X . Then for any = € X,

mio(@) > if{m o p((ex0)x (x5 2)),m 0 p(0)}
= inf{m; 0 (0 (z * z)),m 0 p(0)}
inf{m; o p(x xx),m; 0 ©(0)}
= inf{m; 0 p(0), T o p(0)}
= T; O 30(0)
mioy(x) > inf{m oy((x*0)x* (zx*z)),mov(0)}
= inf{ms 0(0 % (z % 2)), 7 01(0))
= inf{moy(z*z),mov(0)}
= inf{m; 0 (0), m o y(0)}
= m o7(0),
miop(x) < sup{mop((z*0)*(z*x)),mop(0)}
= sup{m o¢(0* (z*x)),m 0(0)}
= sup{m o¢(x xx),m; 01p(0)}
= sup{m o9(0),m 0(0)}
= Tm; 0 ’lﬁ(O)

O

Theorem 3.5. Every m-polar neutrosophic strong UP-ideal of X is a m-polar neutrosophic UP-ideal of X.

Proof. Let P = (®,7,¥) be a m-polar neutrosophic strong UP-ideal of X, and let z,y € X. Then P =
(®, T, U) satisfies (19). By Theorem [3.4] we have P = (®, T, ¥) constant. Next, let z,y, 2 € X. Then

v

inf{m; o p((z *y) * (2 (z * 2))), ™ o p(y) }
inf{m; o p((z *y) *0),m o p(y)}
inf{m; 0 0(0), 7 0 p(y)} = m 0 p(y)
inf{m; o p(z * (y * 2)), 7 0 (y)}
inf{movg(zw) (2 (z*2))),mov(y)}
0
(

;i 0 (T * 2)

mi o y(x *x 2)

IIAVARAVAN]

inf{m; ov((z xy) *0),m o v(y)}

inf{m; 0 7(0), 7 0 y(y)} = mi 0 ¥(y)

inf{m; o y(z * (y* 2)), m 0 y(y)}

sup{m; o Y((z * y) * (2 * (x * 2))), m 0 Y(y)}
sup{; o w((z *y) % 0),m 0 (y)}
sup{m; 0 ¥(0),m; 0 ¥(y)} = mi o Y(y)
sup{m; o Y(x * (y * 2)), m 0 Y(y)}-

Hence P = (®, T, ¥) is a m-polar neutrosophic UP-ideal of X. O

mio(x * z)

ATV

IA

Remark 3.6. Let (X, *,0) be a UP-algebra where X = {0, 1,2, 3,4} and the operation * is given by table

Table 1
*x10 1 2 3 4
00 1 2 3 4
10 0 2 3 4
210 0 0 2 4
310 0 0 0 4
410 1 2 3 0

Now define 5-polar neutrosophic set P = (®, T, ¥) on X given by table
Then P = (®, T, ¥) be a 5-polar neutrosophic UP-ideal but not a 5-polar neutrosophic strong UP-ideal of X.

Lemma 3.7. If P = (®, Y, V) is a m-polar neutrosophic UP-ideal of X, then we have the following

O(y) < ©(x)
Vaz,yeX)| y<z =< T(y) <7T(x) . (23)
U(x) < ¥(y)
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Table 2: Table for membership values

)

T

v

(1.0,0.9,0.7,0.9,0.6)
(0.7,0.6,0.4,0.8,0.5)
(0.6,0.5,0.3,0.7,0.4)
(0.6,0.5,0.3,0.7,0.4)
(0.4,0.3,0.1,0.5,0.2)

B = Of X

(1.0,0.6,0.8,0.9,0.7)
(0.8,0.4,0.6,0.7,0.5)
(0.7,0.3,0.5,0.6,0.4)
(0.7,0.3,0.5,0.6,0.4)
(0.5,0.1,0.3,0.4,0.2)

(0.0,0.2,0.1,0.3,0.0)
(0.3,0.5,0.4,0.6,0.3)
(0.5,0.7,0.6,0.8,0.5)
(0.5,0.7,0.6,0.8,0.5)
(0.7,0.9,0.8,1.0,0.7)

Proof. Letx,y € X be such that z < .

Then z * y = 0 and so

m; 0 (0 * x)

inf{m; o p((0* (y * 2)), m o p(y)}
inf{m; o p(y * x), m 0 p(y)}
inf{m; 0 ¢(0), 7 0 p(y)}

mi o p(y),

m; 0 ()

v

i 0 y(0 % x)

inf{m; o y((0* (y*x)),m 0 y(y)}
inf{m; o y(y * x),m oy(y)}

= inf{m; o(0),m ov(y)}

= mov(y),

m; 0 (0 * )

sup{m; 0 (0 * (y * x)), m 0 (y)}
sup{m; o Py * x), 7 0 p(y)}

= sup{m o 9(0),m o Y(y)}

= mo(y).

m; 0y(x)

v

T 0 Y(x)

v 1l

Lemma 3.8. If P = (®, Y, V) is a m-polar neutrosophic UP-ideal of X, then

O(x % z) > inf{®(w), d(y)}
NVw,z,y,z€ X) [ z<wx(yxz) =< Y(r=*z)>inf{T(w), T(y)}
V(z  z) < sup{W(w), ¥(y)}

(24)

Proof. Letw,z,y,z € X be such that x < w * (y * z). Then x x (w * (y * z)) = 0 and so
T o (T * z) inf{m; o p(x * (y * 2)), m o p(y)}

inf{inf{m; o p(x * (w* (y * 2))), m o p(w)}, m 0 p(y)}

inf{inf{m; o (0), i o p(w)},m; o p(y)}

inf{ﬂ—i © cp(w), T O so(y)}7

v Iv

;i oy(x *x z) inf{m; o y(x * (y * 2)),m o v(y)}

inf{inf{m; o y(z * (w * (y * 2))), m o y(w)}, m o ¥(y)}
inf{inf{7; o v(0), 7 o y(w)}, 7 o y(y)}

inf{, 0 (), s 01(1)},

sup{m; o (z * (y * 2)), m o P(y)}

sup{sup{; o ¥(z * (w * (y * 2))), m o P(w)}, m o P(y)}
sup{m; 0 ¥(0), 7; o P(w), m; o P(y)}

sup{m; o Y(w), m; 0 Y(y)}.

v Iv

m; o (x * 2)

IIVANIVAN

Lemma 3.9. If P = (®,Y, V) is a m-polar neutrosophic UP-ideal of X, then

O(xx2) > P(y)
Y(z*z)>T(y) . (25)

Va,y,z€ X)| 2<y*xz =
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Proof. Letx,y,z € X be such that z < y * z. Then x * (y * z) = 0 and so

inf{m; o p(z * (y * 2)),m o p(y)}
inf{m; o (0), i o p(y)}

mi 0 p(y),

inf{m; o y(z * (y * 2)), m o y(y)}
inf{m; o v(0),m o y(y)}

7 0 y(y),

sup{m; o (z * (y * 2)), m o P(y)}
sup{; o ¥(0), m o ¥(y)}

i o P(y).

i 0 (x * 2)

v

7 0 (T * 2)

v 1l

mioh(T * 2)

Al

O

Theorem 3.10. Every m-polar neutrosophic UP-ideal of X is a m-polar neutrosophic UP-subalgebra of X.

Proof. Let P = (®, Y, ¥) be a m-polar neutrosophic UP-ideal of X, and let 2,y € X. Since z < y * x, we
have
miop(y*xx) > mop(x) > inf{m; o p(y),m o p(x)}
m oy xx) > moy(x) > inf{m o y(y), m o y(z)}
mio(yxx) < mo(x) < sup{m o(y),m o(x)}.
Hence P = (®, Y, ¥) is a m-polar neutrosophic UP-subalgebra of X. O

Theorem 3.11. If a m-polar neutrosophic set P = (®,Y, V) of X satisfies

®(2) > inf{®(z), 2(y)}
(Va,y,z € X) z<z*xy =< YT(z) >inf{T(x),T(y)}

U(z) < sup{¥(z), ¥(y)}
then P = (@, Y, V) is a m-polar neutrosophic UP-subalgebra of X.

; (26)

Proof. Let P = (®, T, ¥) be a m-polar neutrosophic set of X satisfying the condition (26). Next, let z,y €
X. By (@), we have (z xy) * (x xy) = 0, thatis, z * y < x * y. It follows from (26)) that

i o p(x *y) > inf{m; o (x),m o p(y)},

mi 0 y(w xy) = inf{m; 0 (x), mi 0 ¥(y)},

0 p(x * y) < sup{m; o (x), m; o Y(y)}.
Hence P = (®, T, ¥) is a m-polar neutrosophic UP-subalgebra of X. O
Theorem 3.12. If a m-polar neutrosophic set P = (®,Y, V) of X satisfies

)
((;c *z) > inf{®(a), ®(y)}
v(

T(y)} ; @7

Va,z,y,z€ X) | a<zx(y*xz) = , T(y
), ¥(y)}

)
x x z) > inf{Y(a)
xxz) < sup{¥(a

then P = (®,Y, V) is a m-polar neutrosophic UP-ideal of X.

Proof. Let P = (®,T,¥) be a m-polar neutrosophic set of X satisfying the condition (27). Next, let z,y €
X. By (3), we have z x (0 * (x % 0)) = 0, that is, z < 0 * (x * 0). It follows from (27) that
7 0 (0) = m; 0 (0% 0) > inf{m; o p(x),m; 0 p(x)} = m; 0 p(x),
m; 07(0) = m 0¥(0 % 0) > inf{m; o y(x), m; 0 y(2)} = m 0 ¥(2),
m; 01p(0) = m; 0 (0% 0) < sup{m; o Pp(x), m o Y(z)} = m; 0 Y(2).

Next, let z,y, 2 € X. By (6), we have (z % (y*2)) * (zx (y* 2)) = 0, thatis, (x * (y* 2)) < (z* (yx2)). It
follows from (27) that

mi 0 p(x* z) 2 inf{m; o p(a * (y * 2)), m 0 p(y)},
0 y(x x z) > inf{m; oy(x * (y x 2)),m oy(y)},
mi 0 h(x * 2) < sup{m; 0 p(z * (y x 2)), M 0 P(y)}.
Hence P = (®, T, ¥) is a m-polar neutrosophic UP-ideal of X. O
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Theorem 3.13. If a m-polar neutrosophic set P = (®,Y, V) of X satisfies

D(z) > D(y)
T(z)>T(y) |,
U(z) < ¥(y)

Ve,y,z€ X) | 2<z*xy = (28)

then P = (@, Y, V) is a m-polar neutrosophic strong UP-ideal of X.

Proof. Let P = (®, Y, ¥) be a m-polar neutrosophic set of X satisfying the condition (28). Next, let ,y €
X. By @), we have z % (y * y) = 0, that is, x < y x y. It follows from that 7; o p(x) > m; o p(y),
7 0(z) > T 0 () and m; 0 (x) < T 0 ¥(y). Similarly, m; 0 (y) > 7 0 p(x), w5 0 Y(y) > 75 0 ()
and 7; o ¥(y) < m; o 9p(x). Then 7; o p(x) = m; 0 (y), m; 0 y(x) = m; 0 y(y) and 7; 0 Y(x) = m; 0 Y(y) for
all z,y € X. Hence P = (®, T, ¥) is a constant. By Theorem P = (9,7, V) is a m-polar neutrosophic
strong UP-ideal of X. O

Definition 3.14. Let P = (@, T, ¥) be an m-polar neutrosophic set defined on X . The operators ®P and QP
are defined as P = (<I> T, ®)and @P = (¥, ¥, ¥), where ¥ = 1 — U, that s, (m; 0 ) (z) = 1— (m;0%)(x)
forall:=1,2,3,---

Theorem 3.15. An m-polar neutrosophic set P = (®,Y, V) is an m-polar neutrosophic UP-subalgebra of
X if and only if ®P and QH are neutrosophic UP-subalgebras.

Proof. Let P be an m-polar neutrosophic UP-subalgebra of X. Let x,y € X. Then

D(z +y) 1—®(z*y)
1 — inf{®(z
sup{1l —

sup{®(z), ®

Hence &P is an m-polar neutrosophic UP-subalgebra of X.
Letz,y € X. Then

), (y)
(x)vl -
D(y)}.

A

}
®(y)}

U(z *y) 1—-¥(zxy)
1 —sup{¥(z), ¥(y)}
inf{1 - (), 1~ B(y))}
— inf{T (), U(y)}-

Hence ®P is an m-polar neutrosophic UP-subalgebra of X. Conversely, assume that &P and ®P are m-

vl

polar neutrosophic UP-subalgebras of X. Then for any z,y € X, we have ®(z x y) > inf{®(z), ®(y)},
T(z*y) > inf{Y(x),T(y)} and ¥(z x y) < sup{¥(x), ¥(y)}. Hence P is an m-polar neutrosophic UP-
subalgebra of X. O

Theorem 3.16. An m-polar neutrosophic set P = (0, Y, W) is an m-polar neutrosophic UP-ideal of X if
and only if &P and QH are m-polar neutrosophic UP-ideals.

Proof. Let P be an m-polar neutrosophic UP-ideal of X. Let x,y, z € X. Then

Dzxy) = 1—P(zxy)
< 1—inf{®(zx*(y*2)),P(y)}
= sup{l —P(zx(yx2)),1—-2(y)}
= sup{®(z* (y*2)), 2(y)}.
Hence &P is an m-polar neutrosophic UP-ideal of X.
Letx,y,z € X. Then o
U(xxy) = 1—T(xxy)
> 1 —sup{¥(zx(yx2z)),¥(y)}
= inf{l - W(zx(y*z)),1-U(y)}
= inf{¥(z* (y=2)),¥(y)}.

Hence ®P is an m-polar neutrosophic UP-ideal of X. Conversely, assume that &P and ®P are m-polar
neutrosophic UP-ideal of X. Then for any z,y,z € X, we have ®(z x y) > inf{®(z * (y % 2)), P(y)},
YT(z*xy) > inf{T(z* (y*2)),Y(y)} and ¥(z x y) < sup{¥(z * (y * 2)), ¥(y)}. Hence P is an m-polar

neutrosophic UP-ideal of X.
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Theorem 3.17. An m-polar neutrosophic set P = (®,Y, V) is an m-polar neutrosophic strong UP-ideal of
X if and only if ®P and QH are m-polar neutrosophic strong UP-ideals.

Proof. Let P be an m-polar neutrosophic strong UP-ideal of X. Let z,y, 2 € X. Then

= 1-—9(x)

< 1—inf{®((z xy) * (z x x)), }

= sup{L— @((z*y)*(Z*ﬂi)),l—‘I)(y)}
= sup{®((z*y) * (zxx)),P(y)}.

Hence &P is an m-polar neutrosophic strong UP-ideal of X.
Letx,y,z € X. Then

U(x) 1—U(x)
1 —sup{¥((z*y)* (z+x)), ¥(y)}
inf{l1 —U((zxy)*(zxx)),1—¥(y)}
nf{P((zxy)*(zxx2)),¥(y)}.
Hence ®7P is an m-polar neutrosophic strong UP-ideal of X. Conversely, assume that &P and ®P are m-polar
neutrosophic strong UP-ideal of X. Then for any z,y, z € X, we have ®(z) > inf{®((z*y)* (z*x)), P(y)},
T(z) > inf{Y((z*y)*(z*x)), Y(y)} and U(z) < sup{P((z*y) x (zxx)), ¥(y) }. Hence P is an m-polar
neutrosophic strong UP-ideal of X. O

v

Definition 3.18. Given an m-polar neutrosophic set P = (®, T, ¥) over X and (¢,w, &) € (0,1]™ x (0, 1]™ x
[0,1)™, we consider the sets, U(®,() = {z € X : p(x )+C>1} UT,w)={z € X :v(x)+w>1}and

L(W.€) = {x € X : () + € < 1}. Then U(®, () = mU( Q)L U(T, ):_r:ﬁlU(nw)iandL(\p,g):

ﬂ L(V, €)%, where U(®,¢)' = {z € X : (miop)(z)+¢ > 1L U(T,w) ={z € X : (m07)(x) +w; > 1}
andL(\IJ i={reX:(mov)(x)+& <1} foralli=1,2,3,---,m

Theorem 3.19. An m-polar neutrosophic set P = (®, T, ) of X is an m-polar neutrosophic UP-subalgebra
of X if and only if for any (¢,w, &) € (0,1]™ x (0,1]™ x [0,1)™, the nonempty sets U(®, (), U(T,w) and
L(V, &) are UP-subalgebras of X.

Proof. Let P = (®, T, ¥) be a m-polar neutrosophic UP-subalgebra of X. Let (¢,w, &) € (0,1]™ x (0,1]™ x
0,1)™ such that U(®, ¢), U(T,w), L(¥,€) # 0. Leta,y € U(®,¢) = (| UD, ()1, 2,y € U(T,w) =
i=1

A U(T,w) and let a,y € L(T,&) = n L(W, ). Then (mi 0 9)(x) + G > 1, (mio @)(y) + G > 1,

=1
(mi o) (@) +w; > 1, (mi o¥)(y) +wi >, (7Tz01/))( ) F&G<L(mo)(y) +& <1L,Vi=1,23---,m
It follows from (7)) that, forall i = 1,2,3--- ,m,

inf{m; o p(x), m 0 p(y)} + G
inf{m; o o(x) + ¢, mi o p(y) + ¢}
1,

(miop)(z*y)+ G

VIV IV

inf{m; o y(x), 7 0 v(y)} + wi
inf{m; o v(x) + wi, m; 0 Y(y) + wi}
1

(mio)(z*y) +wi

VIV IV

)

< sup{(mi o) (), (mi 0 ) (y)} + &
< iup{(m- o )(x) + &, (mi o )(y) + &i}
< L

(mio)(z *xy) + &

Hence zxy € U(D,() = ﬂU( OLzxyeU(T,w)= ﬂU(T w) andzxy € L(V,§) =

Hence U(®,(), U(T, w) and L(V,¢) are UP- subalgebras of X for all ((,w,&) € (0, 1]7” % (O 1™ x
[0,1)™ with U(®,¢), U(T,w), L(¥, &) # 0. Conversely, assume that U(®, ¢), U(T,w) and L(¥, £) are UP-
subalgebras of X for all (¢,w, &) € (0,1]™ x (0,1]™ x [0,1)™ with U(®, (), U(T,w), L(W,&) # . On con-
trary, there exist a, b € X such that ®(axb) < inf{®(a), ®(b)}. Then ®(a*b)+( <1 < inf{P(a), ®(b)}+¢

L(,€)".

”DS
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for some ¢ € (0, 1]™. It follows that a,b € U(®, ¢), which implies a x b € U(®, (), since U(®, ¢) is a UP-
subalgebra of X. Hence ®(a * b) + ¢ > 1, which is a contradiction. If Y(a * b) < inf{Y(a), Y(b)}. Then
T(axb)+w <1 <inf{Y(a), T(b)}+w for some w € (0,1]™. It follows that a, b € U(Y, w), which implies
axbeU(T,w),since U(Y,w) is a UP-subalgebra of X. Hence Y (a % b) + w > 1, which is a contradiction.
If (a*b) > sup{¥(a), ¥(b)}, then U(axb) +& > 1 > sup{¥(a), ¥(b)} + £ for some £ € [0,1)™. Tt
follows that a,b € L(V,¢), which implies a * b € L(¥,¢), since L(V, &) is a UP-subalgebra of X. Hence
U(a xb) + & < 1, which is a contradiction. Hence P = (®, T, ¥) is a m-polar neutrosophic UP-subalgebra
of X.

Theorem 3.20. An m-polar neutrosophic set P = (®, T, V) of X is an m-polar neutrosophic UP-ideal of X
if and only if for any (¢, w, &) € (0,1]™ x (0,1]™ x [0,1)™, the nonempty sets U(®, (), U(T,w) and L(¥, &)
are UP-ideals of X.

Proof. LetP = (®, T, ¥) be a m-polar neutrosophic UP-ideal of X. Let (¢, w, 5) (0,1]™x (0, 1]™x[0,1)™
such that U(®, ), U(T,w), L(¥,€) # 0. Leta + (y + =),y € U(®,C) = () U(®,C)', z (y+ 2),y €
i=1

U(T,w) = ﬂ U(Y,w) andletx * (y*2),y € L(V,€) = ﬂ L(¥, €)% Then (mop)(x* (y*2)) + ¢ > 1,

(7%0@)(3/)+Cz>1 (mioy)(@=(y+*2)) +w >1, (mov)( )+w; > 1, (moy)(z*(y*2))+& <1,
(mio)(y)+& < 1,¥i=1,2,3--- ,m. It follows from (I7) that, forall: =1,2,3--- ,m

inf{m; o p(a * (y * 2)), m 0 p(y)} + G
inf{m; o p(w * (y*2)) + (i, mi o p(y) + G}
1

(miop)(z*y)+ G

V IV IV

9

inf{m; o y(z * (y* 2)), m 0 v(y)} + w;
jlnf{yri ovy(z*(y*2))+wi,moy(y) +w;i}

(mioy)(T*y) +w;

V IV IV

)

< sup{(mi oY) (w* (y * 2)), (mi oY) (y)} + &
< iup{(ﬁim//)(x*(y*z))+€i7(7fio¢)(y)+fz’}
< 1.

(oY) (xxy) + &

Hence zxy € U(P,() = ﬂU( O)YzxyeU(T,w)= ﬂU(T,w) andz*y € L(¥,&) = ﬂL(\IJ £)L.
(

Hence U(®, (), U(T,w) and L(W, &) are UP-ideals of X for all C,w, &) € (0,1]™ x (0,1]™ [0 1)™ with
U(@,(), ( w), L(¥, &) # 0. Conversely, assume that U (P, ¢), ( w) and L(V,¢) are UP-ideals of X
for all (¢,w, 5) (0,1]™ x (0,1]™ x [0,1)™ with U(@,C),U(T,w)L(W,f) # (). On contrary, there exist
a,b,c € X such that ®(axb) < inf{®(ax*(bxc)),®(b)}. Then ®(axb)+¢ < 1 < inf{P(ax(bxc)),P(b)}+¢
for some ¢ € (0, 1]™. It follows that a x (bxc), b € U(®, (), which implies axb € U(®, ¢), since U(P,() is a
UP-ideal of X. Hence ®(axb)+( > 1, which is a contradiction. If T (a*b) < inf{Y(a*(bxc)), Y(b)}. Then
T(axb)+w <1 <inf{Y(ax(bxc)), T(b)}+w for somew € (0,1]™. It follows that a* (bxc),b € U(T,w),
which implies a x b € U(T,w), since U(T, ) is a UP-ideal of X. Hence Y(a * b) + w > 1, which is a
contradiction. If ¥(a*b) > sup{W¥(a* (bxc)), U(b)}, then U(axb)+& > 1> sup{P(ax(bxc)), ¥(b)}+¢&
for some £ € [0,1)™. It follows that a * (b * c) b € L(V,¢), which implies a x b € L(¥,¢), since L(P,¢)
is a UP-ideal of X. Hence ¥(a * b) + ¢ < 1, which is a contradiction. Hence P = (®, T, ¥) is a m-polar
neutrosophic UP-ideal of X. O

U) of X is an m-polar neutrosophic strong UP-

Theorem 3.21. An m-polar neutrosophic set P = (9,7,
(0, 1]™ x [0,1)™, the nonempty sets U(®, (), U(T,w)

ideal of X if and only if for any ({,w, &) € (0,1]™ x
and L(V, &) are strong UP-ideals of X.

T
1

)

Proof. Let P = (®,T,¥) be a m-polar neutrosophic strong UP-ideal of X. Let (¢,w,&) € (0,1]™ x
(0,17 [0, 1) such that U(®,€). U (T.0). L(W.) # 0. Let (21) # (2+2).y € U(#.0) = () U(®.0)".
(z*y)* (zx2),y € U(T,w) = ﬂ U(Y,w)" and let (z * y) * (2 * x),y € L(¥,§) = ﬂ L(¥,£)". Then
(mio@)((zxy)x(zxx))+( > 1, (7%090)( )46 > 1, (mo)((zxy) x (2%2)) +w;i > 1, (mov)( )Fw; > 1,
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(mi o) ((2 *y) ( ) +& <1 (moY)(y)+& < 1,Vi=1,2,3--- m.It follows from (T7) that, for
alli =1,2,3--- ,m,

inf{m; o p((z*y) * (zxz)),m 0 p(y)} + G
ilnf{m- op((z*y) x (zxx)) + Giymiop(y) + G}

(mi 0 @) (x) + i

VIV IV

inf{m; 0 y((z *y) * (2 x)),m 0 Y(y)} + wi
ilnf{m- o (2 y) * (2 % 2)) + wi, mi 0 (y) + wi}

< sup{(mi oY) ((z xy) * (2% @), (mi 0 Y)(y)} + &
< iup{(m o )((zxy) * (2 x)) + &, (mi oY) (y) + &i}
< .

(m; o) () + w;

VIV IV

(i 0 ) () + &

DS

Hence z € U(®,() = ﬂ U®,¢) zeU(T,w) = ﬂ U(T,w) and z € L(¥,&) = () L(¥,£)". Hence

1
U(®,¢), U(T,w) and L(\IJ &) are strong UP-ideals of X for all (¢,w,&) € (0, ]m x (0,1]™ x [0,1)™
with U(®,¢),U(YT,w), L(¥,£) # 0. Conversely, assume that U(®, (), (T,w) and L(¥,¢&) are strong
UP-ideals of X for all (¢,w,&) € (0,1]™ x (0,1]™ x [0,1)™ with U(®,¢),U(Y,w), L(¥,£) # @. On
contrary, there exist a,b,c¢ € X such that ®(a) < inf{®((c x b) * (c x a)), ®(b)}. Then Pla)+( <1<
inf{®((c*b) * (cxa)),®(b)} + ¢ for some ¢ € (0,1]™. It follows that (¢ * b) * (c x a),b € U(®P, (), which
implies a € U(®, (), since U(®P, () is a strong UP-ideal of X. Hence ®(a) + ¢ > 1, which is a contradiction.
If Y(a) <inf{Y((c*b)*(cxa)),Y(b)}. Then Y(a)+w < 1 < inf{Y((c*b)x* (c*a)),Y(b)} +w for some

€ (0,1]™. It follows that (cxb) * (cxa),b € U(Y,w), which implies a € U(T,w), since U(Y,w) is a strong
UP-ideal of X. Hence Y'(a)+w > 1, which is a contradiction. If U(a) > sup{¥((c*b)* (c*a)), U ()}, then
U(a)+€>1>sup{U((cxb)*(cxa)),¥(b)} + & for some £ € [0,1)™. It follows that (¢ xb) * (c*a),b €
L(¥, &), which implies a € L(¥,¢), since L(V,¢) is a UP-ideal of X. Hence ¥(a) + £ < 1, which is a
contradiction. Hence P = (®, T, ¥) is a m-polar neutrosophic strong UP-ideal of X. O

-
Il

Theorem 3.22. Let A be a subset of X and let Pa = (Pa, T a,Va) be an m-polar neutrosophic set on
1 ifzcA 1 ifzecA

X defined by 4 : X — [0,1]™, 2 — {O otherwise. Ta: X = [0,1]™ 2 — {0 otherwise.
0 ifzecA

Uy:X —[0,1]™, T otherwise, where1=(1,1,1,---,1) € [0,1]™ and 0 = (0,0,0,--- ,0) =

[0,1]™. Then Pa = (®a,YTa,V,) is an m-polar neutrosophic UP-subalgebra of X if and only if A is a
UP-subalgebra of X.

Proof. Assume that A is a UP-subalgebra of X. Let z,y € X.

Case 1: If z,y € A, then P4(x) = 1 and P4(y) = 1. Thus inf{®4(z),Pa(y)} = 1. Since A is a UP-
subalgebra of X, x xy € A and so ®o(z xy) = 1. Then ®a(z xy) =1 > 1T = inf{P4(x), Pa(y)}.
Similarly, we can prove Ta(z * y) > inf{T4(x),Ta(y)}. Also P4(z) = 0 and Y4(y) = 0. Thus
sup{W4(z),¥4(y)} = 0. Since A is a UP-subalgebra of X, x *y € A and so U4 (z * y) = 0. Then
Ua(zxy) =0<0=sup{¥a(z),Valy)}. _ _
Case2: Ifz € A and Y ¢ A, then ®4(z) = 1 and P4(y) = 0. Thus inf{@A(x),q)A(y)} = 0. Then

Uy(z) = 0 and \IIA( ) =1 Thus sup{\I/A( ), Wa(y)} =1. Then U 4(x xy) <I= sup{\I/A(
Case3: Ifz ¢ Aandy € A, then P4(z) = 0 and ®4(y) = 1. Thus inf{P(x), Pa(y)
Dy(zxy) >0 = inf{Ps(z),Pa(y)}. Similarly, we can prove T 4(z * y) > inf{Ta(z),Ta(y)}. Also
U,(x) =1and ¥4 (y) = 0. Thus sup{W4(z),Pa(y)} = 1. Then ¥ 4(z xy) <1 =sup{Pa(z),Va(y)}.

Case 4 : If v ¢ Aandy ¢ A, then D4(z) = 0 and P4(y) = 0. Thus inf{P4(z),Pa(y)} = 0. Hence
D (x*xy) >0 = inf{Ps(x),Pa(y)}. Similarly, we can prove Y z(x * y) > inf{ T a(z),Ta(y)}. Also
Ua(z)=Tand Uo(y) = 1. Thus sup{WA(x), ¥ 4(y)} = 1. Then ¥ (z xy) <1 =sup{Pa(x), Pa(y)}.

Hence Py = (P4, Ya,P4) is an m-polar neutrosophic UP-subalgebra of X. Conversely, assume that
Pa = (P4, Y4, V,) is an m-polar neutrosophic UP-subalgebra of X. Let x,y € A. Then ®4(z) = 1
and @ 4(y) = 1. Thus 4 (z * y) < sup{Pa(x),Pa(y)} =1,50Pa(z +xy) = 1. Hence x xy € A and so A
is a UP-subalgebra of X.

O

Lemma 3.23. The constant 0 of X is in a nonempty subset B of X if and only if ®5(0) > ®5(x), Tp(0) >
Yp(r) and ¥p(0) < Up(x) forall x € X.
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Proof. If 0 € B, then ®5(0) = 1 and Y(0) = 1. Thus ®5(0) = 1 > ®p(z) and T(0) > YTr(z)
forall z € X. Also 5(0) = 0. Then ¥5(0) = 0 < Up(z) forall € X. Conversely, assume that
Dp(0) > Pp(x), Yp(0) > YTr(x) and Up(0) < Up(z) forall x € X. Since B is a nonempty subset of X,
a € B for some a € X. Then ®5(0) > ®p(a) =1,s0 Pp(0) = 1. Hence 0 € B. O

Theorem 3.24. Let A be a subset of X and let P4 = (P4, Ta,V4) be an m-polar neutrosophic set on
) . 1 ifzed _ m 1 ifzeAd

X defined by @4 : X — [0,1]™, 2 — {0 otherwise, Tya: X = 0,12 — {O otherwise,

. m 6 lf.’E €A T m n — —

Uy: X = [0,1]™ z— T otherwise, where 1 = (1,1,1,--- ,1) € [0,1]™ and 0 = (0,0,0,--- ,0) =

[0,1]™. Then Py = (P4, Y a, ¥ 4) is an m-polar neutrosophic UP-ideal of X if and only if A is a UP-ideal

of X.

Proof. Assume that A is a UP-ideal of X. Since 0 € A, it follows from Lemma that ®5(0) > ®p(x),
Tp(0) > Ypr(x)and Up(0) < Up(x) forall z € X. Next, let z,y,z € X.

Case 1: Ifzx(y*z),y € A, then @4 (z*(y*2)) = 1and P4(y) = 1. Thus inf{P 4 (z* (y*2)),Pa(y)} = 1.
Since A is a UP-ideal of X,z xy € Aandso ®s(x xy) = 1. Then Pqo(z*xy) =1 > 1 = inf{®(x x (y *
2)), ®4(y)}. Similarly, we can prove Y 4 (x * y) >inf{Ya(z*(y*2)),Taly)}. Also Uy(z* (y*2)) =0
and U 4(y) = 0. Thus sup{Wa(z * (y x 2)),Pa(y)} = 0. Since A is a UP-ideal of X, z xy € A and so
Ua(r*xy)=0.Then Wy(z+y) =0<0=sup{Pa(zx(y*2)),Va(y)}.

Case2: Ifzx (y*2z) € Aandy ¢ A, then Pa(x x (y* 2)) = 1 and P4(y) = 0. Thus inf{P4(z * (y *
2)),®a(y)} = 0. Then @ p(z*y) > 0 = inf{®(x * (y* 2)), Pa(y)}. Similarly, we can prove Y 4 (z *y) >
inf{Y a(z*(y*z)), Ya(y)}. Also ¥4 (x*(y*2)) = 0and ¥4 (y) = 1. Thus sup{W 4 (z*(y*z)), Ya(y)} = T.
Then Up(xxy) <1 =sup{Pa(zx(y*2)),Valy)}. B

Case3: Ifx* (y*x2) ¢ Aandy € A, then D4(z * (y*2)) = 0and P4(y) = 1. Thus inf{P4(z * (y *
2)),®a(y)} = 0. Then @ a(z +y) > 0 = inf{Pa(z * (y*z)),(I)A(y)} Similarly, we can prove TA( xy) >
Inf{Ya(zx(y*z)), Ta(y)}. AlsoVa(z*(y*z)) = land W (y) = 0. Thus sup{Wa(zx(y*z)), ¥a(y)} = 1.
Then Uy(xxy) <1 =sup{Pa(zx(y*2)),Valy)}.

Cased:Ifz*(yxz) ¢ Aandy ¢ A, then @a(z * (y * 2)) = 0and ®4(y) = 0. Thus inf{Pa(z * (y *
2)),®a(y)} =0. Hence P4 (zxy) > 0=inf{Pa(x*(yx2)),Pa (y)} Similarly, we can prove TA( xy) >
Inf{Y 4(z*x(y*2)), Ta(y)}. Also ¥ 4(zx(y*z)) = land U4 (y) = 1. Thus sup{ ¥ 4 (z*(y*2)), Ta(y)} = L.

Then U4 (z+xy) <1=sup{Pa(z*(y=*2)),Paly)}.
Hence P4 = (P4, T4, V4) is an m-polar neutrosophic UP-ideal of X. Conversely, assume that P4 =
(®4,T4,¥,) is an m-polar neutrosophic UP-ideal of X. Let z x (y * 2),y € A. Then ®4(z * (y*2)) =1
and ®4(y) = 1. Thus P4 (z *y) > inf{Ps(z* (y*2)),Pa(y)} =1,50 P4(z*y) =1. Hence z xy € A
and so A is a UP-ideal of X.

O

Theorem 3.25. Let A be a subset of X and let Pa = (Pa, Y a,Va) be an m-polar neutrosophic set on

1 ifzeA 1 ifzeA
. m . m
X defined by 4 : X — [0,1]™, 2 — {O otherwise, Ta: X = [0,1]™ 2 — {0 otherwise,
0 ifzeA

1 otherwise,
[0,1]™. Then Pa = (P4, Ta,Va) is an m-polar neutrosophic strong UP-ideal of X if and only if A is a
strong UP-ideal of X.

Uy X —[0,1]™, where 1 = (1,1,1,--- ,1) € [0,1]™ and 0 = (0,0,0,--- ,0) =

Proof. Assume that A is a strong UP-ideal of X. Since 0 € A, it follows from Lemma [3.23| that ®5(0) >
Op(x), Tp(0) > Ti(x) and ¥ (0) < Up(x) forall z € X. Next, let z,y, 2z € X.

Case 1 : If (z*y)* (z*x),y € A, then ®4((z *y) * (z*x)) = Tand ®(y) = 1. Thus inf{P 4 ((2 x y) *
(zxx)),®a(y)} = 1. Since A is a strong UP-ideal of X,z € Aandso ®4(z) =1. Then Po(x) =1>1=
Inf{®4((z*y)*(zxx)),Pa(y)}. Similarly, we can prove T 4(x) > inf{Y 4 ((z*y) * (z*x)), Ta(y)}. Also
Ua((z*y)*(z2xz)) =0and U4 (y) = 0. Thus sup{P4((z*y) * (2 xx)), P4(y)} = 0. Since A is a strong
UP-ideal of X,z € Aandso ¥ 4(z) =0. Then U4 (z) =0 <0 =sup{Pa((zxy) * (zxx)), Ta(y)}.
Case 2: If (2 xy)*(2xz) € Aandy ¢ A, then P4((z *y) x (z *x)) = 1 and <I>A( ) = 0. Thus
inf{®s((z*xy) *x (2% x)),P4(y)} = 0. Then <I>A( ) >0 =inf{Pa((zxy)=* (z xx)),®a(y)}. Similarly,
we can prove T 4(z) > inf{T4((z*y) * (2 %)), Ta(y)}. Also Ua((z*y) x (z*x2)) =0and ¥4 (y) = 1.
Thus sup{Wa((z xy) * (z*x)), Pa(y)} =1. Then U 4(z) <1 =sup{Pa((z*y)* (zxx)),Va(y)}.

Case 3: If (2 xy)*(2xz) ¢ Aandy € A, then P4((z *y) x (z*x)) = 0 and P4(y) = 1. Thus
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inf{®a((z*y)* (z*x)),Pa(y)} = 0. Then @A( ) > 0=inf{®Pa((z*y)*(z*2)),Pa(y)}. Similarly,
we can prove T 4(z) > inf{Ta((z*xy) * (2% 1)), Ta(y)}. Also U a((zxy) *x (z*xz))=1a d\I/A( ) =0.
Thus sup{Wa((z xy) * (z*2)), Pa(y)} = 1. Then U4 (x) <1 =sup{¥a((z *y)*(z z)), Pa(y)}

Case 4 : If (zxy)*x(zxx) ¢ Aandy ¢ A, then P4((z *xy) * (zxx)) = 0 and P4(y) = 0. Thus
inf{®a((zxy) *x (zxx)),Pa(y)} =0. Hence P4(x) > 0 =inf{Pa((z*y) * (2 xx)),Pa(y)}. Similarly,
we can prove Y 4(z) > inf{Y Ao((zxy) * (z* x)), Ta(y)}. Also U4((z *y) * (2 xx)) = 1 and \I!A( ) =1
Thus sup{WA((z xy) * (z*2)), Ya(y)} = 1. Then U 4(z) <1 =sup{Va((zxy)* (2 *x)), Pa(y)}.

Hence Py = (P4, T4, V,) is an m-polar neutrosophic strong UP-ideal of X. Conversely, assume that
Pa = (P4, T4, Vy,) is an m-polar neutrosophic strong UP-ideal of X. Let (z x y) * (2 x z),y € A. Then
Du((zxy)*x(zxx)) = 1Tand Pa(y) = 1. Thus Pa(z) > inf{PA((z xy) * (z * x)),Pa(y)} = 1, so
®4(z) = 1. Hence 2z € A and so A is a strong UP-ideal of X. O

Given an m-polar neutrosophic set P = (®, T, ¥) over X, we define an m-polar neutrosophic set P* =
(®*,T*, ¥*) over U by

. m 1 ifzeU(®,Q) . m 1 ifzeU(T,w)
o7 X =~ 0,1z {O otherwise, T X =101] 0  otherwise.
. . 0 ifee L(W,8)
X = 0,17 e {1 otherwise.

O
Theorem 3.26. If P = (®, Y, V) is an m-polar neutrosophic UP-subalgebra of X, so is P* = (®*, T*, U*).

Proof. If P = (®, 7T, ¥) is an m-polar neutrosophic UP-subalgebra of X, then the nonempty m-polar level
sets U(®,(¢), U(YT,w) and L(V,&) of P = (®,Y,¥) are UP-subalgebras of X for all (,w,£ € [0,1]™
Letz,y € X. If 2,y € U(®,(), then x xy € U(P,¢). Then ®*(z xy) = 1 > inf{®(x),P(y)} =
inf{®*(z),®*(y)}. If z ¢ U(P,¢) ory ¢ U(P,(), then d*(z) = 0 or ®*(y) = 0. Hence ®*(z * y) >
inf{®*(x), ®*(y)}. Similarly, we can prove Y*(z % y) > inf{Y*(z), T*(y)} for any z,y € X. Now if
x,y € L(V,€), then z xy € L(V,£). Then U*(z x y) = 0 < sup{¥(x), ¥(y)} = sup{¥*(z), U*(y)}. If
x ¢ L(V, &) ory ¢ L(V,E), then U*(z) = 1 or U*(y) = 1. Hence U*(z xy) < 1 = sup{¥*(z), T*(y)}.
Therefore, P* = (®*, T* U*) is an m-polar neutrosophic UP-subalgebra of X. O
Theorem 3.27. If P = (®, T, V) is an m-polar neutrosophic UP-ideal of X, then so is P* = (®*, T* U*).

Proof. If P = (®,Y, V) is an m-polar neutrosophic UP-ideal of X, then the nonempty m-polar level sets

U(®,¢), U(T,w) and L(¥,&) of P = (P, T, V) are UP-ideals of X for all {,w,£ € [0,1]™. Obviously,
0e U(<I> ) OU( w)ﬂL(\IJ §).Letz,y,z € X. Ilfwx*x (yx*z2),y € UP,(), thenx xy € U(P, (). Then
Oz xy) =T > mf{d(x * (y * 2)), ®(y)} = WFS*(z + (y ¢ 2)), B*(y)}. Iz % (y* 2) ¢ U(D,C) or
y ¢ U(®,0), then @*(m*(y*z)) = 0or ®*(y) = 0. Hence ®* (z*y) > inf{®*(x*(y*z)), ®*(y)}. Similarly,
we can prove Y*(z x y) > inf{Y*(z * (y x 2)), T*(y)} forany z,y,z € X. Now if z * (y x 2),y € L(¥,§),
then z xy € L(V,¢). Then U*(z xy) = 0 < sup{¥(z * (y * 2)), U(y)} = sup{¥*(z * (y * 2)), V*(y)}.
Ifz*(yx*z) ¢ LY, &) ory ¢ L(P,E), then U*(x * (y x 2)) = Lor U*(y) = 1. Hence ¥*(z xy) < 1 =
sup{¥*(z * (y * z)), ¥*(y) }. Therefore, P* = (®*, T*, ¥*) is an m-polar neutrosophic UP-ideal of X. O

Theorem 3.28. If P = (®,Y, V) is an m-polar neutrosophic strong UP-ideal of X, then so is P* =
(D*,T*,T*).

Proof. If P = (®,T, ¥) is an m-polar neutrosophic strong UP-ideal of X, then the nonempty m-polar level
sets U(®, (), U(T,w) and L(¥,&) of P = (P, Y, V) are strong UP-ideals of X for all ,w,& € [0,1]™.
Obviously, 0 € U(®,) NU(T,w) N L(V,E). Letz,y,2 € X. If (zxy) * (2 x2),y € U(P,(), then
x € U(®,(). Then ®*(x) = 1 > inf{®((2 x y) * (z x x)),P(y)} = inf{®*((z x y) * (2 * 7)), P*(y)}.
If (z*xy)x*(z*xx) ¢ UP,()ory ¢ U(P,(), then D*((z x y) * (z *x z)) = 0 or ®*(y) = 0. Hence
O*(z) > inf{®*((zxy)*(2*x)), ®*(y)}. Similarly, we can prove T*(z) > inf{Y*((z*y)* (z*xx)), T*(y)}
for any z,y,z € X. Now if (z xy) * (z *x x),y € L(V,¢), then z € L(¥,£). Then ¥*(z) = 0 <
sup{ W ((zxy)*(2*x)), ¥(y)} = sup{¥* ((z*y)*(zxx)), U (y)}. If (z%y)*(2xz) ¢ L(¥,&) ory ¢ L(P,§),
then U*((zxy)x(z*x)) = 1or U*(y) = 1. Hence U*(x) < 1 = sup{¥*((z*y)*(zxx)), ¥*(y)}. Therefore,
P* = (®*,T*, ¥*) is an m-polar neutrosophic strong UP-ideal of X. O

https://doi.org/10.54216/IJNS.230419 255
Received: June 11, 2023 Revised: January 15, 2024 Accepted: March 13, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 04, PP. 244-257, 2024

Proposition 3.29. If P = (®, T, ¥) is an m-polar neutrosophic UP-subalgebra of X, then X (¢ v vy = {z €
X :®(z) =(0), Y(x) =T(0),¥(x) = V(0)} is a UP-subalgebra of X.

Proof. Letx,y € X besuchthatz,y € X,y v). Then (m; 0 ¢)(x *y) = (m; 0 ¢)(0) and (7; 0 ) (x * y) =
(m;0)(0) foralli = 1,2,3,--- ,m. Since P = (P, T, ¥) is an m-polar neutrosophic UP-subalgebra of X,
(mio@)(wxy) > inf{(m09)(x), (miow) (4)} = (mi09)(0) and (m;00) (w+y) < sup{ (o0 (x), (miow) ()} =
(mi 04)(0) forall i = 1,2,3,--- ,m. Hence x * y € X(¢ v,v). Therefore, X4 v v) is a UP-subalgebra of
X. O

Proposition 3.30. If P = (®, T, V) is an m-polar neutrosophic UP-ideal of X, then X (¢ v vy = {z € X :
O(x) = 0(0), T (z) = Y(0),¥(x) = ¥(0)} is a UP-ideal of X.

Proof. Clearly, 0 € X(¢ vw). Let 2,5,z € X such that z  (y * 2) € X(¢,v,v) and y € X(¢,v,v). Then
(miow)(x*(yx2)) = (mop)(0)and (m; o ¢)(y) = (m; o ¢)(0). Since P = (¥, Y, V) is a neutrosophic
UP-ideal of X, by (19), (m; o ¢)(z * y) > inf{(m; o ¢)(x * (y * 2)), (m o v)(y)} = (m; o ¢)(0), whence
(mi 0 9)(x ) = (m; 0 9)(0), by (T8). Then  * y € X(p.y.5. Also (s 07)( * (y  2)) = (m; 0)(0) and
(m; ov)(y) = (m; 0 v)(0). Since P = (®, Y, ¥) is a neutrosophic UP-ideal of X, by (T9), (7; o v)(x x y) >
inf{(m; 0 y)(z * (y * 2)), (i ©Y)(y)} = (i © ¥)(0), whence (m; 0 7)(z # y) = (m ©7)(0), by (18). Then
rxy € X(g,v,w)- Finally, (m;01))(x*(y*2)) = (m;0¢)(0) and (m;09)(y) = (m;0%)(0). Since P = (@, T, ¥)
is a neutrosophic UP-ideal of X, by@]) (mio)(x*xy) < supq{(m;ov)(xx(y*z)), (mo)(y)} = (m01)(0),
whence (7; 0 1) (z * y) = (m; 0 1)(0), by (I8). Then x xy € X (¢ v v). Hence X (¢ v vy is a UP-ideal of
X. O

Proposition 3.31. If P = (®, Y, V) is an m-polar neutrosophic strong UP-ideal of X, then X (¢ v vy = {z €
X : ®(z) = 2(0), T(z) =7T(0 ) U(x) = U(0)} is a strong UP-ideal of X.

Proof. Clearly,0 € X (¢ v ). Letx,y, 2z € X suchthat (zxy) * (2% x) € X(¢,v ) andy € X (¢ v v). Then
(mio)((zxy)* (zxx)) = (m;09)(0) and (m; 00)(y) = (m; 0¢)(0). Since P = (®, T, ¥) is a neutrosophic
strong UP-ideal of X, by @0), (m; o )(x) > inf{(m: 0 9)((z * ) * (= * 2)), (s 0 ) (1)} = (m 0 2)(0),
whence (7; 0 p)(x) = (m;09)(0), by (I8). Then z € X(¢ 1 w). Also (m;07)((z*y) * (zxx)) = (m;07)(0)
and (m; o v)(y) = (m; o ~v)(0). Since P = (®,Y, V) is a neutrosophic strong UP-ideal of X, by (20),
(i 0 y)(x) = inf{(m; 0 y)((z * y) * (2 % 2)), (mi 0 ¥)(y)} = (i 0 7)(0), whence (m; 0 7)(x) = (mi ©7)(0),
by (I8). Then = € X (¢ v ). Finally, (m; 09)((z *y) * (zxx)) = (m; 0 1/))(0) and (m; o) (y) = (m; 01)(0).
Since P = (®, T, ¥) is a neutrosophic strong UP-ideal of X, by ([215]) m o) (x) < sup{(m; o ¥)((z x y)

(z*x)), (m o) (y)} = (m; 04)(0), whence (7; 0 1p)(x) = (m; 01)(0), by (I8). Then = € X (4 v w). Hence
X(®,7,v) is a strong UP-ideal of X. O]

Conclusion: This work contributes to the integration of algebraic structures with fuzzy set theory and extends
the application of neutrosophic m-polar fuzzy sets to the realm of UP-algebras. This interdisciplinary approach
offers a more comprehensive understanding of uncertainty and vague information in mathematical modelling
and analysis.
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