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Abstract

In this article, we present the notion of Single-Valued Pentapartitioned Neutrosophic Bi-Topological Space
(SVPNBTYS) as a generalization of Single-Valued Pentapartitioned Neutrosophic Topological Space (SVPNTS)
and Neutrosophic Bi-Topological Space (NBTS). Besides, we study the different types of open set and closed set
namely single-valued pentapartitioned neutrosophic bi-open set (SVPNBOS), single-valued pentapartitioned
neutrosophic bi-closed set (SVPNBCS), single-valued pentapartitioned neutrosophic bi-semi-open set
(SVPNBSOS), single-valued pentapartitioned neutrosophic bi-semi-closed set (SVPNBSCS), single-valued
pentapartitioned neutrosophic bi-pre-open set (SVPNBPOS), single-valued pentapartitioned neutrosophic bi-pre-
closed set (SVPNBPCS), single-valued pentapartitioned neutrosophic bi-b-open set (SVPNBb-OS), single-
valued pentapartitioned neutrosophic bi-b-closed set (SVPNBb-CS), etc. via SVPNBTSs. Besides, we introduce
the notion of pairwise SVPNQOS, pairwise SVPNCS, pairwise SVPNSOS, pairwise SVPNSCS, pairwise
SVPNPOS, pairwise SVPNPCS, pairwise SVPNDb-OS, pairwise SVPNb-CS, and furnish few illustrative
examples on them. Further, we investigate several properties of these classes of sets and prove some interesting
results in the form of propositions, theorems, etc. via SVPNBTSs.

Keywords: SVPNBTS; Bi-open set; Bi-closed set; Bi-semi-open set; Bi-pre-open set; NBTS.

1. Introduction

The notion of Neutrosophic Set (NS) was established by Smarandache [41] as an extension of Fuzzy Set and
Intuitionistic FS. Wang et al. [27] then established the concept of the Single-Valued Neutrosophic Set (SVNS).
Many mathematicians have used the concept of SVNS, Neutrosophy, and its extensions in theoretical work [2, 3,
10-14, 45, 46] as well as practical work [9, 39]. Salama and Alblowi [38] later introduced the concept of
Neutrosophic Topological Space (NTS) in 2012. Iswaraya and Bageerathi [6] proposed the neutrosophic semi-
closed and neutrosophic semi-open set through NTSs in 2016. Later, Arokiarani et al. [1] defined neutrosophic
semi-open functions using NTSs and established some new notions on neutrosophic semi-open sets. Following
that, Dhavaseelan and Jafari [22] used NTSs to establish the concept of generalized neutrosophic closed sets.
Imran et al. [26] used NTSs to investigate the neutrosophic -open set. Rao and Srinivasa [36] established the
concept of neutrosophic pre-open and neutrosophic pre-closed sets using NTSs in 2017. Ebenanjar et al. [24]
introduced the concept of neutrosophic b-open set through NTSs in 2018. Following that, Sreeja and Sarankumar
[42] proposed generalized alpha closed sets using NTSs, while Dhavaseelan et al. [23] investigated neutrosophic
m-continuity with NTSs in 2019. Later, Mohammed Ali Jaffer and Ramesh [31] used NTSs to propose the
neutrosophic generalized pre regular closed set. Following that, Pushpalatha and Nandhini [35] investigated the
concept of generalized closed sets using NTS. Das and Pramanik [15] then established the notion of the
generalized neutrosophic b-open set using NTSs. NTSs were used by Das and Pramanik [16] to introduce the
concepts of neutrosophic -open sets and neutrosophic -continuous functions. Page and Imran [34] investigated
the concept of neutrosophic generalized homomorphism. Das and Tripathy [20] developed the concept of
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neutrosophic simply b-open set through NTSs in 2021. Das et al. [5] then established the notion of separation
axioms through NTSs. Kelly [28] established the concept of bi-topological space for the first time in 1963. Till
now, many researchers around the globe studied the notion of bitopological space and introduced different kinds
of an open set. Tripathy and Sarma [44] investigated the concept of pairwise generalized b-R0 spaces using bi-
topological spaces in 2017. Following that, Ozturk and Ozkan [33] investigated the notion of NBTS in 2019.
Mwechahary and Basumatary [32] then explored NBTS further in 2020. Later, Das and Tripathy [19] used NBTS
to introduce the notion of a pairwise neutrosophic b-open set. Tripathy and Das [43] have investigated the
pairwise neutrosophic b-continuous functions using NBTS. Ganesan and Smarandache [25] introduced the
concept of neutrosophic biminimal -open set in 2021. Mallick and Pramanik [30] have proposed SVPNS as an
extension of NS and SVNS. Until now, numerous scholars throughout the world have used the notion of SVPNS
in both theoretical [4, 8, 40] and practical work [7, 17-18, 29, 37]. Later, Das and Tripathy [21] investigated the
notion of SVPNT and established the concept of SVPNTS. As a result, we were sufficiently motivated to do
research on SVPNBTS to extend the concept of SVPNTS and NBTS.

In this study, we procure the notion of SVPNBTS as a generalization of the SVPNTS and NBTS. Besides, we
introduce different types of open sets and closed sets namely, SVPNBOS, SVPNBCS, SVPNBSOS,
SVPNBSCS, SVPNBPOS, SVPNBPCS, SVPNBb-0OS, SVPNBb-CS, pairwise SVPNOS, pairwise SVPNCS,
pairwise SVPNSOS, pairwise SVPNSCS, pairwise SVPNPOS, pairwise SVPNPCS, pairwise SVPNb-OS,
pairwise SVPNDb-CS, etc. via SVPNBTSs. Further, we investigate several properties of these kinds of sets via
SVPNBTSs.

The remaining part of this article is divided into the following sections:

Preliminaries and definitions are covered in Section 2. This section contains definitions and theorems
pertinent to the main results of this article. Section 3 introduces the concept of single-valued neutrosophic bi-
topology (SVPNBT), SVPNBTS, and provides proofs of various SVPNBTS theorems. Finally, in section 4, we
summarize the work done in this article.

For the purpose of clarity, we will use the following abbreviations throughout this article.

Short Terms
Neutrosophic Set NS
Neutrosophic Topological Space NTS
Neutrosophic Open Set NOS
Neutrosophic Closed Set NCS
Single-Valued Neutrosophic Set SVNS
Single-Valued Pentapartitioned Neutrosophic Set SVPNS
Single-Valued Pentapartitioned Neutrosophic Topological Space SVPNTS
Single-Valued Pentapartitioned Neutrosophic Open Set SVPNOS
Single-Valued Pentapartitioned Neutrosophic Closed Set SVPNCS
Single-Valued Pentapartitioned Neutrosophic Pre-Open Set SVPNPOS
Single-Valued Pentapartitioned Neutrosophic Semi-Open Set SVPNSOS
Single-Valued Pentapartitioned Neutrosophic Pre-Closed Set SVPNPCS
Single-Valued Pentapartitioned Neutrosophic Semi-Closed Set SVPNSCS
Single-Valued Pentapartitioned Neutrosophic Bi-Open Set SVPNBOS
Single-Valued Pentapartitioned Neutrosophic Bi-Closed Set SVPNBCS
Single-Valued Pentapartitioned Neutrosophic Bi-Pre-Open Set SVPNBPOS
Single-Valued Pentapartitioned Neutrosophic Bi-Pre-Closed Set SVPNBPCS
Single-Valued Pentapartitioned Neutrosophic Bi-Semi-Open Set SVPNBSOS
Single-Valued Pentapartitioned Neutrosophic Bi-Semi-Closed Set SVPNBSCS
Single-Valued Pentapartitioned Neutrosophic Bi-b-Open Set SVPNBb-0S
Single-Valued Pentapartitioned Neutrosophic Bi-b-Closed Set SVPNBb-CS

2. Some Relevant Definitions:

In this part, we give some important results that will be very useful in presenting the main results of this
article.

Definition 2.1.[41] Assume that W is a fixed set. Then P, an NS over W is defined as follows:
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P={(a, Te(a), 1e(a), Fe(q)): qeW},

where Tp(q), Ip(q), Fr(q) ([0, 1]) are the truth membership, indeterminacy membership, and falsity membership
values of qeW. So, 0 < Tp(q) + Ip(q) + Fe(q) < 3, for all geW.

Example 2.1. Suppose that W={p, g} is a non-empty set. Then, P={(p, 0.8, 0.5, 0.6), (g, 0.9, 0.5, 0.3)} isan NS
over W, but Q={(p, 0.9, -0.3, 0.2), (q, -0.5, 0.2, -0.3)} is not an NS over W.

Definition 2.2.[41] The null NS (On) and whole NS (1x) over a fixed set W are defined as follows:
On={(q,0,0,1):geW}and In={(q, 1, 0, 0): qeW}.
Clearly, On ¢ P < 1y, for any NS P over W.

Definition 2.3.[38] Suppose that W is a fixed set. Assume that t be a collection of NSs over W satisfies the
following properties:

(I) ON, 1N€’E;
(ii) P, P2et = PinPser;
(iii) {Pi: ieA} c T = UPjeT.

Then, T is called a neutrosophic topology on W, and the pair (W, 1) is called an NTS. If Per, then P is said to
be a NOS and its complement i.e., P is said to be an NCS in (W, 7).

Example 2.2. Suppose that X, Y and Z is three NSs over a fixed set W={p, q} such that X={(p, 0.7, 0.4, 0.6), (q,
0.5, 0.6, 0.4)}, Y={(p, 0.6, 0.4, 0.7), (g, 0.5, 0.7, 0.6)} and Z={(p, 0.5, 0.5, 0.9), (g, 0.4, 0.9, 0.8)}. Then, the
collection T={0n, 1n, X, Y, Z} forms a neutrosophic topology on W.

Example 2.3. Assume that X, Y and Z be three NSs over a fixed set W={p, g} such that X={(p, 0.7, 0.6, 0.9), (q,
0.6, 0.8, 0.8)}, Y={(p, 0.6, 0.4, 0.7), (g, 0.5, 0.7, 0.6)} and Z={(p, 0.5, 0.3, 0.8), (g, 0.4, 0.7, 0.6)}. Then, the
collection T={0n, 1n, X, Y, Z} does not form a neutrosophic topology on W.

Definition 2.4.[33] Suppose that (W, t1) and (W, t2) are any two different NTSs. Then, the triplet (W, 11, t2) is
called an NBTS.

Example 2.4. Suppose that X, Y, Z and Q are four NSs over a fixed set W={p, q} such that:

X={(p, 0.7, 0.4, 0.6), (g, 0.5, 0.6, 0.4)}, Y={(p, 0.6, 0.4, 0.7), (q, 0.5, 0.7, 0.6)}, Z={(p, 0.5, 0.5, 0.9), (q, 0.4, 0.9,
0.8)} and Q={(p, 0.9, 0.1, 0.2), (q, 0.6, 0.8, 0.7)}. Then, the collection 7:={0n, 1n, X, Y} and 72={0n, 1n, Z, Q}
are two different neutrosophic topologies on W. So, the triplet (W, 11, t2) is an NBTS.

Definition 2.5.[33] Suppose that (W, 11, t2) is an NBTS. Then, an NS P over W is called a pairwise NOS in (W,
11, T2) if there exists a NOS P in (W, t1) and a NOS Pz in (W, t2) such that P=P1UP-.

Definition 2.6. [30] Let W be a universe of discourse. Then P, an SVPNS over W is defined by:

P={(a, Te(a), Cr(q), Gr(q), Ur(a), Fr(q)): qeW},

where Tp(q), Ce(q), Ge(q), Ue(q) and Fe(q) ([0, 1]) are the truth membership, contradiction membership,
ignorance membership, unknown membership and falsity membership values of geW. So, 0 < Tp(q) + Cp(q) +
Ge(q) + Ue(q) + Fe(q) <5, for all geW.

Definition 2.7. [30] The null SVPNS (Oen) and the whole SVPNS (1pn) over a fixed set W are defined as
follows:

Opn=9(q,0,0,1,1,1): geW}and 1p,n={(q, 1, 1, 0, 0, 0): qeW}.

The null SVPNS (0en) and whole SVPNS (1pn) have other seven types of representations. They are given as
follows:

0env=A{(q,0,0,1,1,0): qeW};
0env=A{(q,0,0,1,0,1): qeW};
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Opn=9{(9,0,0,0,1,1): qgeW};
Oen={(g, 0,0, 1,0, 0): qeW};
Opn=9{(9,0,0,0,1,0): qgeW};
Oen={(g, 0,0,0,0,1): geW};
Oen={(g, 0,0, 0,0, 0): qgeW};
1en=4(q,1,1,0,0,1): qeW};
1n=9{(q,1,1,0,1,0):qeW};
1en=4(q,1,1,1,0,0):qeW};
1n=4{(q,1,1,0,1,1): geW};
1n=1{(q,1,1,1,0,61): geW};
1en=9(q,1,1,1,1,0): geW};
1w={(q,1,1,1,1,1): geW};
Throughout this article we shall use Opn={(q, 0,0, 1, 1, 1): geW} and 1pn= {(0, 1, 1, 0, 0, 0): qeW}.

Definition 2.8. [30] Suppose that X={(q, Tx(q), Cx(a), Gx(a), Ux(a), Fx(a)): geW} and Y={(q, Tv(q), Cv(q),
Gv(q), Uv(q), Fv(q)): geW} are two SVPNSs over a non-empty set W. Then, XY if and only if Tx(q)<Tv(q),
Cx(@)<Cx(a), Gx(a)=Gv(a), Ux(q)=Uv(q), Fx(@)=Fv(q), for all geW.

Example 2.5. Assume that W={p, q} be a non-empty set. Let X={(p, 0.5, 0.7, 0.5, 0.6, 0.4), (g, 0.3, 0.4, 0.7, 0.8,
0.7)} and Y={(p, 0.6, 0.8, 0.4, 0.5, 0.4), (g, 0.5, 0.5, 0.3, 0.3, 0.3)} be two SVPNSs over W. Then, XcV.

Definition 2.9. [30] Suppose that X={(q, Tx(q), Cx(q), Gx(q), Ux(q), Fx()): qeW} and Y={(q, Tv(q), Cv(q),
Gv(q), Uv(q), Fv(q)): qeW} are two SVPNSs over a fixed set W. Then, the intersection of X and Y is XnY={(q,

min{Tx(a),Tv(a)}, min{Cx(q),Cv(a)}, max{Gx(a),Gx(a)}, max{Ux(a),Ux(a)}, max{Fx(q).Fx(a)}): aeW}.

Example 2.6. Suppose that W={p, q} is a fixed set. Assume that X={(p, 0.4, 0.6, 0.5, 0.8, 0.5), (g, 0.7, 0.6, 0.5,
0.8,0.7)} and Y={(p, 0.7, 0.7, 0.5, 0.6, 0.6), (g, 0.5, 0.8, 0.4, 0.4, 0.4)} be two SVPNSs over W. Then, XnY={(p,
0.4,0.6,0.5,0.8,0.6), (g, 0.5,0.6,0.5,0.8, 0.7)}.

Definition 2.10. [30] Suppose that X={(q, Tx(q), Cx(q), Gx(q), Ux(q), Fx(q)): geW} and Y={(q, Tv(q), Cv(q),
Gy(q), Uy(q), Fv(q)): geW?} are two SVPNSs over a fixed set W. Then, the union of X and Y is XuY={(q,
max{Tx(a), Tv(q)}, max{Cx(a),Cv(a)}, min{Gx(a),Gx(a)}, min{Ux(a),Ux(a)}, min{Fx(q),Fx(a)}): aeW}.

Example 2.7. Suppose that X and Y are two SVPNSs over a fixed set W as shown in Example 2.6. Then,
XuY={(p, 0.7,0.7, 0.5, 0.6, 0.5), (g, 0.7, 0.8, 0.4, 0.4, 0.4)}.

Definition 2.11.[21] Assume that X={(qg, Tx(q), Cx(q), Gx(q), Ux(q), Fx(q)): geW} be an SVPNS over a fixed set
W. Then, the complement of X i.e., X is defined as follows:

X={(d, 1-Tx(q), 1-Cx(q), 1-Gx(q), 1-Ux(q), 1-Fx(q)): qeW}.

Example 2.8. Assume that X be an SVPNS over W as shown in Example 2.6. Then, the complement of X i.e.,
X={(p, 0.6, 0.4, 0.5,0.2,0.5), (g, 0.3,0.4, 0.5, 0.2, 0.3)}.

Definition 2.12.[21] Suppose that W is a non-empty set. Then, a family T of SVPNSs over W is said to be an
SVPNT on W, if the following axioms hold:

(i) Opn, 1pn €T;
(II) Pl, Pz €T = Plﬂpz €T,

(iiii) {Pi: ieA} eT = UPjer.
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Then, the pair (W, ) is said to be an SVPNTS. Each member of t is said to be an SVPNOS. If Pet, then P¢is
said to be an SVPNCS.

Example 2.9. Assume that X, Y and Z be three SVPNSs over a fixed set W={p, q} such that:
X={(p, 0.4, 0.5, 0.6,0.7,0.8), (9, 0.8, 0.6, 0.5, 0.5, 0.4)};

Y={(p, 0.6, 0.6, 0.5, 0.4, 0.4), (g, 0.9, 0.8, 0.4, 0.2, 0.3)};

and Z={(p, 0.8, 0.7, 0.4, 0.3, 0.2), (g, 0.9, 0.9, 0.2, 0.2, 0.2)}.

Then, the family 7={0pn, 1pn, X, Y, Z} forms an SVPNT on W. Therefore, (W, t) is an SVPNTS.

3. Single-Valued Pentapartitioned Neutrosophic Bi-Topological Space:

In this section, we define SVPNBTS as a generalization of SVPNTS and NBTS. Furthermore, we
investigate the various kinds of an open and closed set, such as SVPNBOS, SVPNBCS, SVPNBSOS,
SVPNBSCS, SVPNBPOS, SVPNBPCS, etc, using SVPNBTSs. Furthermore, we establish several intriguing
findings using SVPNBTSs in the form of propositions, and theorems.

Definition 3.1. Suppose that (W, t1) and (W, 12) are any two different SVPNTSs. Then, the structure (W, 11, t2) is
called an SVPNBTS.

Example 3.1. Assume that W={u, v, w} be a fixed set. Suppose that X1, Xz, Y1, Y2, and Y3 be five SVPNSs over
W such that:

X1={(u, 0.8, 0.5, 0.3,0.4,0.7), (v, 0.5, 0.6, 0.6, 0.7, 0.6), (w, 0.2, 0.5, 0.4, 0.5, 0.3)};
X2={(u, 0.7,0.3, 0.6, 0.4, 0.8), (v, 0.4, 0.4, 0.8, 0.8, 0.9), (, 0.1, 0.4, 0.5, 0.6, 0.4)};
Y,={(u, 0.8, 0.7, 0.3, 0.8, 0.6), (v, 0.5, 0.7, 0.6, 0.6, 0.8), (W, 0.3, 0.4, 0.6, 0.6, 0.2)};
Y,={(u, 1.0, 0.8, 0.2, 0.5, 0.5), (v, 0.8, 0.8, 0.5, 0.6, 0.8), (w, 0.6, 0.5, 0.2, 0.5, 0.1)};
and Ys={(u, 1.0, 1.0, 0.5, 0.4, 0.3), (v, 1.0, 0.9, 0.3, 0.6, 0.8), (w, 0.9, 0.7, 0.1, 0.5, 0.0)}.

Then, clearly t1={0pn, 1pn, X1, X2} and t2={0pn, 1pn, Y1, Y2, Y3} are two different SVPNTs on W. Therefore, the
structure (W, 11, t2) is an SVPNBTS.

Definition 3.2. Suppose that (W, 11, 12) is an SVPNBTS. Then R, an SVPNS over W is called an SVPNBOS if
Retiut2. An SVPNS N is called an SVPNBCS if and only if N¢is an SVPNBOS in the SVPNBTS (W, t1, 12).

Example 3.2. Let us consider an SVPNBTS (W, 11, 12) as shown in Example 3.1. Then, Opn, 1pn, X1, X2, Y1, Y2
and Yz are SVPNBOSs in (W, T1, ’Cz). Similarly, (OPN)C: 1pN, (1PN)C:OPN, X1°:{(u,0.8, 0.5, 0.7, 0.6, 0.3), (V, 0.5,
0.4,0.4,0.3,0.4), (w,0.8,0.5,0.6, 0.5, 0.7)}, X2*={(u, 0.3, 0.7, 0.4, 0.6, 0.2), (v, 0.6, 0.6, 0.2, 0.2, 0.1), (w, 0.9,
0.6,0.5,0.4,0.6)}, Y1*={(u, 0.2,0.3,0.7,0.2,0.4), (v, 0.5,0.3,0.4, 0.4, 0.2), (w, 0.7, 0.6, 0.4, 0.4, 0.8)}, Y2={(u,
0.0,0.2,0.8,0.5,0.5), (v,0.2,0.2,0.5,0.4,0.2), (w, 0.4, 0.5, 0.8, 0.5, 0.9)} and Ys*={(u, 0.0, 0.0, 0.5, 0.6, 0.7),
(v,0.0,0.1,0.7,0.4,0.2), (w, 0.1, 0.3,0.9, 0.5, 1.0)} are SVPNBCSs in (W, 11, 12).

Remark 3.1. The family of all SVPNBOSs and SVPNBCSs in (W, 131, t2) are denoted by SVPNBO(W) and
SVPNBC(W) respectively.

Proposition 3.1. Every SVPNOS in (W, ), i =1, 2 is an SVPNBOS in (W, 13, 12).

Proof. Suppose that R is an SVPNOS in (W, ), i = 1, 2. Therefore, Rei, i = 1, 2. This implies, Re U;cq1 23 T
Hence, R is an SVPNBOS in (W, 131, 12). Therefore, every SVPNOS in (W, 1), i =1, 2 isan SVPNBOS in (W, 1,
’Ez).

Proposition 3.2. Every SVPNCS in (W, t;), i =1, 2 isan SVPNBCS in (W, 11, 12).
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Proof. Let R be an SVPNCS in (W, ), i =1, 2. So R®is an SVPNOS in (W, tj) , i = 1, 2. Therefore, R°e7;, i = 1,
2. This implies, R°e U;c 4,23 7;- This implies, R®is an SVPNBOS in (W, 11, 12). Therefore, R is an SVPNBCS in
(W, 11, 12). Hence, every SVPNCS in (W, tj), i =1, 2 isan SVPNBCS in (W, 11, 12).

Remark 3.2. In an SVPNBTS (W, 11, t2), the union of two SBPNBOSs may not be an SVPNBOS. This follows
from the following example.

Example 3.3. Consider the SVPNBTS (W, 131, t2) which has been shown in Example 3.1. Then, clearly X, and Y
are two SVPNBQOSs in (W, 11, 12). But their union XouY1={(u, 0.8, 0.7, 0.3, 0.4, 0.6), (v, 0.5, 0.7, 0.6, 0.6, 0.8),
(w, 0.3,0.4,0.5,0.6,0.2)} is not an SVPNBOS in (W, 11, 12), because XaUY1¢U;cq 23 Ti- Hence, the union of
two SVPNBOSs may not be an SVPNBOS.

Remark 3.3. In an SVPNBTS (W, 11, 12), the intersection of two SVPNBOSs may not be an SVPNBOS. This
follows from the following example.

Example 3.4. Consider the SVPNBTS (W, 11, 12) which has been shown in Example 3.1. Then, clearly X; and Y;
are two SVPNBOSs in (W, t1, 12). But their intersection XinY2={(u, 0.8, 0.5, 0.3, 0.5, 0.7), (v, 0.5, 0.6, 0.6, 0.7,
0.8), (w, 0.2,0.5, 0.4, 0.5, 0.3)} is not an SVPNBOS, because XinY2¢ U;cq1 23 Ti- Hence, the intersection of two
SVPNBOSs may not be an SVPNBOS.

Definition 3.3. In an SVPNBTS (W, t1, 12), an SVPNS G over W is called an SVPNBSOS if G is an SVPNSOS
in at least one of two SVPNTSs (W, t1) and (W, 12).

Example 3.5. Consider the SVPNBTS (W, 131, t2) which is shown in Example 3.1. Then, M={(u, 0.9, 0.6, 0.2,
0.4,0.5), (v, 0.6,0.6,0.4,0.5, 0.4), (w, 0.4, 0.5, 0.4, 0.3, 0.2)} is an SVPNBSOS in (W, 11, 12), because M is an
SVPNSOS in (W, 11).

Definition 3.4. In an SVPNBTS (W, 11, 12), an SVPNS G over W is called an SVPNBPOS if G is an SVPNPOS
in at least one of two SVPNTSs (W, t1) and (W, 12).

Example 3.6. Consider the SVPNBTS (W, 11, t2) Which is shown in Example 3.1. Then, Q={(u, 1.0, 0.7, 0.1,
0.3,0.4), (v,0.7,0.7 0.3, 0.4, 0.3), (w, 0.5, 0.6, 0.3, 0.2, 0.1)} is an SVPNBPOS (W, 131, 12), because Q is an
SVPNPOS in (W, 11).

Definition 3.5. In an SVPNBTS (W, t1, 12), an SVPNS G over W is called an SVPNBb-0S if G is an SVPNb-OS
in at least one of two SVPNTSs (W, t1) and (W, 12).

Example 3.7. Consider the SVPNBTS (W, 131, t2) which is shown in Example 3.1. Then, P={(u, 1.0, 0.8, 0.0,
0.2,0.3), (v,0.8,0.8,0.2,0.30.2), (w, 0.6, 0.7, 0.2, 0.1, 0.0)} is an SVPNBb-OS in (W, 71, 12), because P is an
SVPNb-OS in(W, t1).

Remark 3.4. Suppose that (W, t1, 12) is an SVPNBTS. Assume that t1 2= 111Ut2. Then, 112 may not be an
SVPNT on W in general. This follows from the following example.

Example 3.8. Consider the SVPNBTS (W, 11, t2) which is shown in Example 3.1. Clearly, Xz, Y1 € 112, but their
intersection XoNY1 & t1,2. Hence, 112 does not form a SVPNT on W.

Definition 3.6. Assume that (W, 11, 12) be an SVPNBTS. Then R, an SVPNS over W is called an pairwise
SVPNOS in (W, 11, 12) if and only if there exist SVPNOSs R: in 11 and Rz in 12 such that R = RyUR..

Example 3.9. Consider the SVPNBTS (W, 131, t2) as shown in Example 3.1. Then, R={(u, 0.8, 0.7, 0.3, 0.4, 0.6),
(v,0.5,0.7, 0.6, 0.6, 0.6), (w, 0.3, 0.5, 0.4, 0.5, 0.2)} is a pairwise SVPNOS, since there exist SVPNOSs X; in 11
and Y1 in tz2such that R= X;UY;.

Remark 3.5. In an SVPNBTS (W, t1, 12), an SVPNS G is called a pairwise SVPNCS if and only if G is a
pairwise SVPNOS in (W, t1, 12).

Theorem 3.1. Let (W, t1, 72) be an SVPNBTS.
(i) The null SVPNS (0pn) and the whole SVPNS (1pn) are always a pairwise SVPNOS in (W, 11, 12);
(i) Every SVPNOS in (W, 1) and (W, t2) are pairwise SVPNOS in (W, 11, 12);
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(iii) Every SVPNCS in (W, t1) and (W, t2) are pairwise SVPNCS in (W, 11, 12).

Proof. (i) We can write the null SVPNS (0pn) as Opy =MUN, where M=0pn, N=0pyn are SVPNOSs in (W, 11) and
(W, t2) respectively. Hence, Opy is a pairwise SVPNOS in (W, 11, T2).

Similarly, we can write the whole SVPNS (1pn) as 1pn =MUN, where M=1py, N=1py are SVPNOSs in (W, t1)
and (W, t2) respectively. Hence, 1py is a pairwise SVPNOS in (W, 11, 12).

(ii) Let Q be an SVPNOS in (W, t1). Now, we can write Q=QuU0pn. Therefore, there exist SVPNOSs Q in (W, 11)
and Opy in (W, 12) such that Q=QuO0pn. Hence, Q is a pairwise SVPNOS in (W, 11, 12).

Let Q be an SVPNOS in (W, t2). Now, we can write Q=0pnuQ. Therefore, there exist SVPNOSs Opy in (W, t1)
and Q in (W, t2) respectively such that Q=0pnQ. Hence, Q is a pairwise SVPNOS in (W, 11, 12).

(iii) Suppose that Q be an SVPNCS in (W, 11). So Q° is an SVPNOS in (W, 11). By the second part of this
theorem, Q¢ is a pairwise SVPNOS in (W, 11, 12). Hence, Q is a pairwise SVPNCS in (W, t1, 12).

Suppose that Q be an SVPNCS in (W, 12). So Q°is an SVPNOS in (W, t2). By the second part of this theorem,
Q¢ is a pairwise SVPNOS in (W, 11, 12). Hence, Q is a pairwise SVPNCS in (W, 11, 12).

Theorem 3.2. In an SVPNBTS (W, 11, 12), the union of two pairwise SVPNOSs is also a pairwise SVPNOS.

Proof. Suppose that X and Y are two pairwise SVPNOSs in an SVPNBTS (W, 11, 12). So there exist SVPNOSs
X1, Y1 in (W, 11), and Xz, Yz in (W, 12), such that X=X;UXz and Y=Y1UY2. Now,
XUY=(X1uX2)U(Y1uY2)=(X1UY1)U(X2uY2). Since X; and Yi are SVPNOSs in (W, t1), so X1UY1 is an SVPNOS
in (W, 11). Further, since Xz and Y are SVPNOSs in (W, 12), s0 X2UY2 is an SVPNOS in (W, t2). Therefore, XUY
is a pairwise SVPNOS in (W, t1, 12).

Remark 3.6. In an SVPNBTS (W, 11, 12), the intersection of any two pairwise SVPNOSs may not be a pairwise
SVPNOS. This follows from the following example.

Example 3.10. Consider the SVPNBTS (W, 11, 12) as shown in Example 3.1. Then, P={(u, 1.0, 0.8, 0.2, 0.4,
0.5), (v, 0.8, 0.8, 0.5, 0.6, 0.8), (w, 0.6, 0.5, 0.2, 0.5, 0.1)} and R={(u, 0.8, 0.7, 0.3, 0.4, 0.6), (v, 0.5, 0.7, 0.6, 0.6,
0.6), (w, 0.3, 0.5, 0.4, 0.5, 0.2)} are two pairwise SVPNOSs in (W, t1, 12), but their intersection PnR={(u, 0.8,
0.7,0.3,0.4,0.6), (v, 0.5,0.7,0.6, 0.6, 0.8), (w, 0.3, 0.5, 0.4, 0.5, 0.2)} is not a pairwise SVPNOS in (W, 11, 12).

Definition 3.7. Assume that (W, t1, t2) be an SVPNBTS. Then Q, an SVPNS over W is called a pairwise
SVPNSOS in (W, 11, t2) if and only if there exists SVPNSOSs Q; in (W, t1) and Q; in (W, t2) such that
Q=Q1Qz.

Example 3.11. Let us consider the SVPNBTS (W, t1, 12) as shown in Example 3.1. Then, M = {(u, 0.9, 0.6, 0.2,
0.4, 0.5), (v, 0.6, 0.6, 0.4, 0.5, 0.4), (w, 0.4, 0.5, 0.4, 0.3, 0.2)} is an SVPNSOS in (W, 71) and N = {(u, 1.0, 1.0,
0.5, 0.3, 0.2), (v, 1.0, 1.0, 0.3, 0.6, 0.3), (w, 1.0, 1.0, 0.1, 0.5, 0.0)} is an SVPNSOS in (W, t2). Therefore, Z =
MON = {(u, 1.0, 1.0, 0.2, 0.3, 0.2), (v, 1.0, 1.0, 0.3, 0.5, 0.4), (w, 1.0, 1.0, 0.1, 0.3, 0.0)} is a pairwise SVPNSOS
in (W, T1, ‘Cz).

Theorem 3.3. Inan SVPNBTS (W, 11, 12), every SVPNBSOS is also a pairwise SVPNSOS.

Proof. Suppose that X is an SVPNBSOS in an SVPNBTS (W, 11, 12). S0, X must be an SVPNSOS in at least one
of the SVPNTS (W, t1), (W, 12). So, there will be three cases.

Case-1: X is an SVPNSOS in (W, 11);
Case-2: X is an SVPNSOS in (W, 12);
Case-4: X is an SVPNSOS in both (W, 1) and (W, 12).

In case-1, we can express, X=XU0pn, that is X is the union of SVPNSOSs X (in (W, t1)) and Opn (in (W, 12)).
Therefore, X is a pairwise SVPNSOS in (W, 11, 12).

In case-2, we can express, X = OyuX, that is X is the union of SVPNSOSs 0py (in (W, 11)) and X (in (W, 12)).
Therefore, X is a pairwise SVPNSOS in (W, t1, 12).
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In case-3, we can express, X=XuUX, that is X is the union of SVPNSOSs X (in (W, 11)) and X (in (W, 12)).
Therefore, X is a pairwise SVPNSOS in (W, t1, 12).

Hence, every SVPNBSOS is a pairwise SVPNSOS in (W, 11, 12).

Definition 3.8. Assume that (W, 11, 12) be an SVPNBTS. Then Q, an SVPNS over W is called a pairwise
SVPNPOS in (W, 11, 12) if and only if there exists SVPNPOSs Q; in (W, t1) and Q2 in (W, t2) such that

Q=Q:1uQx.

Example 3.12. Suppose that (W, 1, 12) is an SVPNBTS as shown in Example 3.1. Then, L = {(u, 1.0, 0.7, 0.1,
0.3,0.4), (v, 0.7,0.7, 0.3, 0.4, 0.3), (w, 0.5, 0.6, 0.3, 0.2, 0.1)} is an SVPNPOS in (W, 71) and K = {(u, 0.8, 0.7,
0.5,0.2,0.5), (v, 0.7, 0.8, 0.2, 0.5, 0.6), (w, 0.8, 0.8, 0.2, 0.1, 0.1)} is an SVPNPOS in (W, 7). Therefore, S =
LUK ={(u, 1.0,0.7,0.1, 0.2, 0.4), (v, 0.7, 0.8, 0.2, 0.4, 0.3), (w, 0.8, 0.8, 0.2, 0.1, 0.1)} is a pairwise SVPNPOS
in (W, T1, ’Ez).

Theorem 3.4. In an SVPNBTS (W, 11, 12), every SVPNBPOS is also a pairwise SVPNPOS.

Proof. Suppose that X be an SVPNBPOS in an SVPNBTS (W, 131, 12). S0, X must be an SVPNPOS in at least
one of the SVPNTS (W, 11), (W, 12). So, there will be three cases.

Case-1: X is an SVPNPOS in (W, t1);
Case-2: X is an SVPNPOS in (W, 12);
Case-4: X is an SVPNPOS in both (W, 1) and (W, 12).

In case-1, we can express, X=XU0py, that is X is the union of SVPNPOSs X (in (W, t1)) and Opn (in (W, 12)).
Therefore, X is a pairwise SVPNPOS in (W, 11, 12).

In case-2, we can express, X = OpnUX, that is X is the union of SVPNPOSs Opy (in (W, 1)) and X (in (W, t2)).
Therefore, X is a pairwise SVPNPOS in (W, 11, 2).

In case-3, we can express, X=XuUX, that is X is the union of SVPNPOSs X (in (W, t1)) and X (in (W, t2)).
Therefore, X is a pairwise SVPNPOS in (W, 11, 12).

Hence, every SVPNBPOS is a pairwise SVPNPOS in (W, 11, 12).

Definition 3.9. Let (W, 11, 12) be an SVPNBTS. Then Q, an SVPNS over W is called a pairwise SVPNb-OS in
(W, 11, 72) if and only if there exists SVPNb-OSs Q1 in (W, t1) and Q2 in (W, t2) such that Q=Q1LQo.

Example 3.13. Suppose that (W, 11, 12) is an SVPNBTS as shown in Example 3.1. Then, M = {(u, 0.9, 0.6, 0.2,
0.4,0.5), (v, 0.6,0.6, 0.4, 0.5, 0.4), (w, 0.4, 0.5,0.4, 0.3, 0.2)} is an SVPNb-OS in (W, 71) and

K={(,0.8,0.7,05,0.2,0.5), (v,0.7,0.8,0.2,0.5, 0.6), (w, 0.8, 0.8, 0.2, 0.1, 0.1)} is an SVPNb-OS in (W, 7).
Therefore, Y = MUK = {(u, 0.9, 0.7, 0.2, 0.2, 0.5), (v, 0.7, 0.8, 0.2, 0.5, 0.4), (w, 0.8, 0.8,0.2,0.1, 0.1)} isa
pairwise SVPNDb-OS in (W, 11, 12).

Theorem 3.5. In an SVPNBTS (W, 131, 12), every SVPNBb-OS is also a pairwise SVPNb-OS.

Proof. Suppose that X be an SVPNBb-OS in an SVPNBTS (W, 11, 12). So, X must be an SVPNb-OS in at least
one of the SVPNTS (W, t1), (W, 12). So, there will be three cases.

Case-1: X is an SVPNBb-OS in (W, 11);
Case-2: X is an SVPNBb-OS in (W, 12);
Case-4: X is an SVPNBDb-OS in both (W, t1) and (W, 12);

In case-1, we can express, X=XU0pn, that is X is the union of SVPNBb-0Ss X (in (W, 1)) and Opn (in (W, 12)).
Therefore, X is a pairwise SVPNb-OS in (W, 11, 12).

In case-2, we can express, X = OpnUX, that is X is the union of SVPNBb-OSs Opy (in (W, 1)) and X (in (W, 12)).
Therefore, X is a pairwise SVPNb-OS in (W, t1, 12).
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In case-3, we can express, X=XuUX, that is X is the union of SVPNBb-0Ss X (in (W, 11)) and X (in (W, 12)).
Therefore, X is a pairwise SVPNb-OS in (W, 11, 12).

Hence, every SVPNBb-OS is a pairwise SVPNb-OS.

Definition 3.10. Suppose that (W, 11, t2) is an SVPNBTS. Assume that X be an SVPNS over W. Then, the
pairwise single-valued pentapartitioned neutrosophic interior (P-Pin) and pairwise single-valued pentapartitioned
neutrosophic closure (P-Pg) of X is defined as follows:

P-Pine(X) = U{Y: Y is a pairwise SVPNOS and YcX},
and P-Py(X) = n{Y: Y is a pairwise SVPNCS and XcY}.

It is clearly observed that P-Pin(X) is the largest pairwise SVPNOS which is contained in X and P-P(X) is the
smallest pairwise SVPNCS which contains X.

Theorem 3.6. Suppose that (W, 11, 12) is an SVPNBTS. Assume that X and Y be two SVPNSs over W. Then, the
following holds:

(1) P-Pint(X) = X;

(i) XY = P-Pin(X)=P-Pim(Y);

(iii) If X is a pairwise SVPNOS, then P-Pin(X)=X;
(iv) P-Pint(On)=0n and P-Pine(1n)=1n.

Proof. (i) From the Definition 3.10., we have P-Pix(X) = U{B: B is a pairwise SVPNOS and Bc<X}. Since BcX,
so U{B: B is a pairwise SVPNOS and BcX} < X. Therefore, P-Pin(X)cX.

(i) Assume that X and Y be two SVPNSs over W such that XcY. Then,
P-Pint(X)

= U{B: B is a pairwise SVPNOS and BcX}

< U{B: B is a pairwise SVPNOS and BcY} [since XcY]

= P-Pin(Y)

= P-Pin(X) < P-Pim(Y).

Therefore, XY = P-Pin(X)<P-Pin(Y).

(iii) Assume that X be a pairwise SVPNOS in an SVPNBTS (W, 11, t2). Now, P-Pin(X) = U{B: B is a pairwise
SVPNOS and BcX}. Since X is a pairwise SVPNOS in (W, 11, 12), S0 X is the largest pairwise SVPNOS in (W,
11, T2), Which is contained in X. Hence WU{B: B is a pairwise SVPNOS and BcX} = X. Therefore, P-Pin(X) = X.

(iv) It is known that, both Opy and 1pn are pairwise SVPNOSs in (W, 11, 12), so by the third part of this theorem,
we have P-Pint(0pn) = Opn, P-Pint(1pn) = 1pn.

Theorem 3.7. Suppose that (W, 11, 12) is an SVPNBTS. Let X and Y be two SVPNSs over W. Then,
(i) X < P-Pa(X);

(i) X € Y = P-Pu(X) = P-Pu(Y);

(iii) X is a pairwise SVPNCS iff P-P(X) = X;

(iv) P-Pi(Opn) = Opn and P-Pei(1pn) = 1pn.

Proof. (i) From the Definition 3.10, we see that P-P¢(X) = n{B: B is a pairwise SVPNCS and XcB}. Since each
XcB, so X < n{B: B is a pairwise SVPNCS and XcB}. Therefore, X < P-P¢(X).

(ii) Suppose that X and Y be two SVPNSs over W such that XcY. Then,
P-P(X)
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= n{B: B is a pairwise SVPNCS and XcB}

< n{B: B is a pairwise SVPNCS and YcB} [since XcY]
= P-Pu(Y).

Therefore, XcY = P-Po(X)cP-Pu(Y).

(iii) Suppose that X be a pairwise SVPNCS in (W, 11, t2). Now, P-Pq(X) = n{B: B is a pairwise SVPNCS and
XcB}. Since X is a pairwise SVPNCS in (W, 11, 12), 50 X is the smallest pairwise SVPNCS in (W, 11, 12), which
contains X. Therefore, N{B: B is a pairwise SVPNCS and XcB} = X. Therefore, P-Pa(X) = X.

(iv) It is known that, both the SVPNSs Opn and 1py are pairwise SVPNCSs in (W, t1, 12). So, by the third part of
this theorem, we have P-P¢(Opn) = Opn, P-Pci(1pn) = 1pn.

Theorem 3.8. Suppose that (W, 11, T2) is an SVPNBTS. Then, for any SVPNS X, 7i-Pint(X) = P-Pint(X).

Proof. Suppose that (W, t1, 12) is an SVPNBTS, and X be an SVPNS over W. Now, Ti-Pin(X) = U{Y: Y is an
SVPNOS in (W, i) and YcX}, i=1, 2. Since Y is an SVPNOS in (W, i), so by second part of Theorem 3.1., Y isa
pairwise SVPNOS in (W, t1, 12).

Therefore, ti-Pin(X)

=uU{Y: Yisan SVPNOS in (W, 1) and YcX}

= U{Y: Y is a pairwise SVPNOS in (W, 11, 12), and Y&X}

= P-Pin(X).

Hence, in an SVPNBTS (W, 11, 12), Ti-Pint(X) = P-Pint(X) for any SVPNS X over W.

Theorem 3.9. Suppose that (W, 11, 12) is an SVPNBTS. Then, for any SVPNS X, ti-Pa(X) < P-Pa(X).

Proof. Assume that X be an SVPNS over W, and (W, 11, 12) be an SVPNBTS. Now, ti-Pa(X) = n{Y: Y is an
SVPNCS in (W, 1;) and XcY}. Since Y is an SVPNCS in (W, 1), so by third part of Theorem 3.1., Y is a pairwise
SVPNCS in (W, 11, 12).

Therefore, 1i-Pa(X)

=n{Y:Yisan SVPNCS in (W, tj) and XcY}

=n{Y: Y isa pairwise SVPNCS in (W, 11, 12) and XcY}

= P-Pu(X).

Hence, ti-Pa(X) = P-Pq(X), for any SVPNS X in (W, 11, 12).
4. Conclusions

In this study, we establish the notion SVPNBTS as a generalization of SVPNTS and NBTS. Also, we present
some of their basic properties. By defining SVPNBT and SVPNBTS, we present some well-described examples
and establish some interesting results in the form of the theorem, remark, etc. via SVPNBTSs.
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