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Abstract

The current work offers a new concept of sets and called fuzzy neutrosophic Beta™-closed sets in fuzzy
neutrosophic topology. In fact, the research is an extended form of a research conducted by F. M. Mohammed et.al.
[1-7]. It explores a number of noteworthy examples to shed the light on the new characteristics and attributes of
these recently formed conceptions, as well as some associated interactions between them.
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1.Introduction

The fuzzy concept has invaded almost all branches of mathematics since the definition of the concept by Zadeh [8].
The applications of fuzzy sets has been presents in many fields such as the theory of fuzzy topological spaces which
was studied and developed by Chang [9]. Since then various concepts in general topology have been generalized?
(what do you mean? Rephrase) to Chang’s fuzzy topological spaces. On the other hand, as a generalization of fuzzy
topological spaces developed in many directions by the concept of neutrosophic sets where the term of neutrosophic
set was defined with membership, hon-membership and indeterminacy degrees by Smarandche [10] and topological
spaces of neutrosophic sets by A. Salama et.al.[11]. After that a survey article of the developed areas of fuzzy
neutrtrosophic topological spaces has been published by Arockiarani [12].

Additionally, the study has been conducted in other fruitful research areas (See for example, [1-7] and [13-15])
when they studied various notions in fuzzy neutrosophic topological space.

Hence, the aim of this paper is to introduce and study the concept of P“m-closed sets in the case of fuzzy
neutrosophic. Several new characteristics and instances based on this specified idea have been addressed.

2. Basic definitions and terminologies

Definition 2.1 [15]: Let X be a non-empty fixed set. The fuzzy neutrosophic set (FNS), Sy is an object having the
form Sy={< X, ps,(X), g5, (X), vs, (X) > X € Xy } where the functions ug,, ds,, vs,: Xy — [0, 1] denote the
degree of membership function (namely us, (x)), the degree of indeterminacy function (namely o, (x )) and the
degree of non-membership function (namely v, (X ) ) respectively of each element x€ Xy to the set Sy and 0
< sy (X)+as, (X)+vs, (X)< 3, for each x€ Xy .

Remark 2.2 [15]: FNS Sy={< X, ps,(X), 05, (X), vs,, (X) >: X € Xy } can be identified
to an ordered triple < X, ug,;, 0s,, vs, > in [0, 1] on Xy .

Lemma 2.3 [15]: Let Xy be a non-empty set and the FNSs Ay and By be in the form:
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Sn={< X, sy (X), 05y, (X), Vs, () > X € Xy Fand Bu = £< X, upn(¥), opn(x), vpn(X) >: X € Xy } on Xy .
Then,

i. Sy C B iff 115, (%) < pan(X), s,y (X) < opn(X) and vs, (x) > vpn(x) for all x € Xy,

ii. Sy =Pniff Sy S By and B S Sy,

i, 1n-Sy = {< X, vg, (X), 105, (X), fs, (X)>: XE Xy },

V. Sy U B = {< X, Max(us,, (X), ppn(x)), Max(as, (x), apn(x)), Min(vs, (x), vpn(x)) >: X€ Xy },

V. Sy N B = {< X, Min(us,, (X), upn(X)), Min(ag,, (X), apn(x)), Max(vs, (X), vpn(x)) >: X€ Xy },
Vvi.0n=<x,0,0,1>andlvn=<x,1,1,0>.

Definition 2.4 [15]: Fuzzy neutrosophic topology (FNT) on a non-empty set X, is a family t of fuzzy
neutrosophic subsets in X, satisfying the following axioms.

i. On, INE Ty,
il. Sy, N Sy, € Ty for any Ani, An2E Ty,
iii. U Sv,€Tn, V {SNj: JEJ}C 1y,

The pair (X, Ty) is called fuzzy neutrosophic topological space (FNTS). Every elements of t are called fuzzy
neutrosophic-open sets (FN-open set). The complement of FN-open set in the FNTS (X, Ty) is called fuzzy
neutrosophic -closed set (FN-closed set).

Definition 2.5 [15]: Let (X, Ty) is FNTS and Sy={< X, pis, (X), 05, (X), Vs, (X) > XE Xy } is FNS in X . Then
the fuzzy neutrosophic -closure (FNcl) and the fuzzy neutrosophic -interior (FNint) of A are defined by:

FNcl(Sy) =N {Bn: Pn is FN-closed set in X, and Sy < Bn},

FNint (Sy) = U {Bn: Pn is FN-open set in X and Pn S Sy}

Now, the FNcl(Sy) is FN-closed set and FNint(Sy) is FN-open set in X, .

Further,

i. Sy is FN-closed set in X, iff FNcl(Sy) = Sy,

ii. Sy is FN-open set in X, iff FNint(Sy) = Sy.

Proposition 2.6 [6]: Let (Xy,ty)is FNTS and Sy, Bn are FNSs in X, . Then the following properties hold:
i. FNint(Sy) € Sy and Sy € FNcl(Sy),

ii. Sy < Bn=> FNint(Sy) < FNint(Bn) and Sy Spn = FNcl(Sy) < FNcl(Bn),

iii. FNint(FNint(Sy)) = FNint(Sy) and FNcl(FNcl(Sy)) = FNcl(Sy),

iv. FNint(Sy N Bn) = FNint(Sy) N FNint(Bn) and FNcl(Sy U Bn) = FNcl(Sy) U FNcl (Bn),

v. FNint(1nx) = 1y and FNcl(Ow) = On.
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Definition 2.7 [7]: FNS Sy in FNTS (X, , Ty) is called:

i. Fuzzy neutrosophic semi-closed set (FNS-closed set) if FNint(FNcl(Sy)) S Sy.

ii. Fuzzy neutrosophic pre-closed set ( FNP-closed set) if FNcI(FNint(Sy)) € Sy.

iii. Fuzzy neutrosophic a-closed set ( FNa-closed set) if FNclI(FNint(FNcl(Sy)))<S Sy -

v. Fuzzy neutrosophic S-closed set ( FN g -closed set ) if FNint(FNcl (FNint (Sy)))< Sy.

The complement of Fuzzy neutrosophic semi-closed set is Fuzzy neutrosophic semi-open set, Fuzzy neutrosophic
pre-closed set is Fuzzy neutrosophic pre-open set , Fuzzy neutrosophic a-closed set is, Fuzzy neutrosophic a-open

set and Fuzzy neutrosophic S-closed set is Fuzzy neutrosophic [-open set respectively.

3. Fuzzy Neutrosophic Beta™"™-Closed Sets in Fuzzy Neutrosophic Topological Spaces.

Definition 3.1: Let (Xy, 7y) be FNTS for each Sy, My € Xy . A fuzzy set Sy is called fuzzy neutrosophic f™-

closed set (FN g™-closed set ). If FNcl (FNint ( Sy)) €S My where Sy S My andM), is an FNB-open set in X .
A Sy is called an fuzzy neutrosophic ™ open (FNB™-open set) if and only if 1,- Sy is an FNS™-closed set.

Example 3.2: Let X, = {x} define FNSs wyand &y, in X as follows:

wy =<X,0.2,0.5,0.4>and §y=<x, 0.1,0.2, 0.4 >,

The family, 7, = {On, In, Wy, 6y } be FNT.

Now if, Sy =<x,0.3,0.7, 0.6 >and My =<x, 0.5,0.9, 0.3> where,

My is FNS-open set such that, Sy € Mn. Then, FNInt (Sn) = 0y and FNCI(FNInt (Sn)) = Oy.
That is, FNCI(FNInt (Sx)) € M. Since, < x, 0,0,1> S <x, 0.5,0.9, 0.3>.

Therefore, Sy is FNB"™-closed set.

Theorem 3.3 : Let (Xy,7y) be FNTS and Sy is FNS™-open set in Xy if and only if SS is FNS™-closed set.

Proof : Let Sn be an FNB™-open set such that My, < S, where My, is an FNS-closed set .
That means, 1y- Sn < 15- My Where (1y- My ) is an FNS-open set.

Now , if 1,-Snisan FNB-closed set, so FNInt (FNCI(FNInt (1y-Sn) < (1y- Mn)

That is 1y—(1y- Mn) = My < 1y- FNInt (FNCI (1y- Sx) , FNCI(FNInt ( Sn) € M.
Therefor Sy is FNB™-closed set.

Conversely: Assume My < FNCI (FNInt (Sn) , My < Sy where My, is an FNS-closed set .
That mean 1,- Sn < 1,- My Where (1,- My ) is an FNS-open set.

And 1y- My < SnS0 1y- My < FNCI (FNInt (Sn)

15- FNCI (FNInt (Sn) < My then FNInt (FNCI (14- Sn) < My

1y- Snisan FNB™-closed set.Therefor Sy is FNS™-open set.
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Proposition 3.4: For any FNS, the following statements satisfy:
i- Every FN-open set is FNS-open set,

ii- Every FN-closed set is FNB™-closed set,

iii- Every FNS-closed set is FNS™-closed set,

iv-  Every FNP-closed set is FNS™-closed set,

v-  Every FNB™-closed set is FNP-closed set,
vi- Every FNa-closed set is FNS™-closed set,

Proof: i- Let Sy={< X, ps, (X), g5, (X), vs, (X) >: XE Xy} be FN-open set in FNTS (Xy, Ty).Then, by definition 2.5
(ii). We have, Sy = FNint(Sy)...... ().

And, by proposition 2.7 (i). We get, Sy S FNcl(Sy).

But, Sy S FNInt(FNCI(Sy)). Then, FNCI(Sy) € FNCI(FNInt(FNCI(Sy))).

Therefore, by (1). We get, Sy < FNCI (FNInt (FNCI(Sy))). Hence, Sy is FNB-open set in (Xy, 7).

ii- Let Sy be FN-closed set in FNTS (X, 7). Then, by definition 2.6 (i). We have, Sy=FNcl(Sy)...... a*.
And, by Proposition 2.7 (i). We get, Sy € FNCI(Sy) ...... (2%).

But, FNCI(FNInt (Sy)) € FNcl(Sy).Then, by (1*). We get, FNCI(FNInt (Sy)) € Sy.

Now, let M), be FN-open set such that, Sy, < M.

By Proposition 3.4 (i) If, My is FN-open set. Then, My will be FNS-open set in ( Xy, Ty).

Then, FNCI(FNInt (Sy))< Sy < My. Therefore, FNCI(FNInt (Sy))< My Hence, Sy is FNS™-closed set.
iii- Let Sy be FNS-closed set in FNTS (X, ty). Then, FNInt (FNCI(Sy)) € Sy.

Now, let M), be FN-open set such that, Sy, © M so by, Proposition 3.4 (i). If, My, is FN-open set. Then,
M,y will be FNB-open set.That is, FNCI(FNInt (Sy)) € SyE M.

Therefore, FNCI(FNInt (Sy)) € My. Hence, Sy is FNS™-closed set in (Xy, Ty).

iv- Let S, be FNP-closed set in FNTS (Xy, Ty). Then, FNCI(FNInt (Sy)) < Sy.

Now, suppose My, is FN-open set such that, Sy, © My.So by, Proposition 3.4 (i). If, My, is FN-open set.
Then, is FNS-open set. So, FNCI(FNInt (Sy)) € Sy S Mn. Therefore, FNCI(FNInt (Sy)) € My.

Hence, Sy is FNS™-closed set in (Xy, Ty).

v- Let Sy be FNB-closed set in FNTS (Xy, Ty). Then, FNCI(FNInt (Sy)) € My.Now, let My is FN-open set such
that, Sy S My.So by, Proposition 3.4 (i). If, My is FN-open set. Then, is FNS-open set.

But, FNCI(FNInt (Sy)) € Sy < Mn. Therefore, FNCI(FNInt (Sy)) € Sy. Hence, Sy is FNP-closed set.
vi- Let Sy be FNa-closed set in FNTS (Xy, 7y). Then, ENcl(FNint(FNcl(Sy))) S Sy.

Now, let M), be FN-open set such that, Sy, € M.

So by Proposition 3.4.(i) If, My is FN-open set. Then, is FNS-open set.
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Then, FNcl (FNint (Sy)) € FNcl(FNint(FNcl(Sy))) € Sy € M.

Therefore, FNcl (FNint (Sy)) S My. Hence, Sy is FNS™-closed set in (Xy, Ty)-

Remark 3.5:The convers of Proposition 3.4 is not true in general as shown by the following example:
Example 3.6: i- Let X = {x} define the FNSs by wy=<x, 0.7, 0.6, 0.5 > in X,,.
And the family, 7y = {On, 1n, wy} is FNT. Now if, Sy = <X, 0.8, 0.6, 0.5 >.

Then, FNCI(Sy) = 1n, FNInt (FNCI(Sn)) = 1n and

FNCI (FNInt (FNCI(Sn))) =1n. S0, Sn € FNCI (FNInt (FNCI(Sw))).

Hence, Sy is FNB-open set. But, not FN-open set.

ii-Take, Example 3.2. Then, Snis FNS™-closed set but, not FN-closed set.

iii- Let Xy ={a, b, c} define FNSs A, and &,in X as follows:

Ayv= <X, a(0.05, 0.25, 0.75), b(0.25, 0.3, 0.2) , ¢( 0.05, 0.07, 0.25)>, and

8y =<x,a(0.25,0.3,0.3), b(0.4, 0.4,0.1) , ¢( 0.1, 0.1, 0.2)>.

And the family, 7, = {On, In, Ay, Sy} is FNT.

Such that, 1n-ty = {1n, On, < X, a(0.75, 0.75, 0.05) b(0.2, 0.7, 0.25) , ¢(0.25, 0.93, 0.05) > , < x, a(0.3, 0.7 ,0.25)
b(0.1, 0.6, 0.4) , ¢( 0.2, 0.9, 0.1)> }.

Now if, Sy = < X, a(0.05, 0.35, 0.70), b(0.2, 0.4, 0.15) , ¢( 0.2, 0.1, 0)> and

Mn =<x, a(0.5,0.4,0.3), b(0.3, 0.5, 0.1) , ¢( 0.3, 0.4, 0) > where, My is FNS-open set such that,
Sn S M. Then, FNInt (Sy) = On and FNCI(FNInt (On)) = O

Since, FNCI(FNInt (Sy)) € My. Hence, Sn is FNB™-closed set.

But,FNInt (Sn) =1y, FNInt (FNCI (1n)) = 1,

Therefore, FNInt (FNCI (Sn)) € Sn. Hence, Sy is not FNS-closed set.

iv- Let Xy = {x} define FNSs A and &,in X, as follows:

Ay=<x,0.05,0.5,0.8> and 6, =<x,0.4, 0.5, 0.2>.

And the family, Ty = {On, In, Ay, 85} iS FNT.

Now if, Sy =< x, 0.2, 0.5,0.3> and My = < X, 0.3, 0.5, 0.1 > where, My is FNS-open set such that, Sy € My.Then,
FNInt (Sn) = On and FNCI(FNInt (On)) = On

Therefore, FNCI(FNInt (Sy)) S M.
Hence, Sn is FNB™-closed set. But, FNInt (Sn) =1y, FNInt (FNCI (1)) = 1y .
Therefore, FNInt (FNCI (Sn)) € Sn. Hence, Sy is not FNa-closed set.

Proposition 3. 7:If Sy is FNS™-closed set and Sy S v © FNCI(FNInt (Sn)). Then nn is FNS™-closed set.
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Proof: Let Sy be FNS™-closed set such that, Sy € nn © FNCI(FNInt (Sn)).
Now, let My be FNB-open set such that, nn © Mn. Since, Sy is FNS™-closed set.
Then we have, FNCI(FNInt (Sn))S My, where Sy, € M.
Since, A € nn and nn € FNCI(FNInt (Sn))we get,
FNCI(FNInt (nn)) € (FNcI(FNint(FNcl(A))) S FNCI(FNInt (Sx))S M.
Therefore, FNCI(FNInt (1n))S Mn. Hence, nn is FNS™-closed set in (Xy, Ty).
Proposition 3. 8: The intersection of two FNB™-closed sets is also FNS™-closed set.
Proof: Let Sy and Pn be FNS-closed sets on FNTS (Xy, Ty)-
Then, FNCI(FNInt(Sy)) € Sy....... ().
And, FNCI(FNInt(Bn)) S Bw........ Q).
Consider Sy N By 2 FNCI(FNInt(Sy)) N FNCI(FNInt(Bn))
= FNCI (FNInt (Sy) N FNInt(Bn)) 2 FNCI(ENInt (Sy N Bn)).

Therefore, FNCI(FNInt (Sy N Bn)) € Sy N Pn.
Now, let M), be FN-open set such that, Sy, N Bn © My. So by Proposition 2.1.4. If, My, is FN-open set.
Then, My is FNB-open set. Then, FNCI(FNInt (Sy N pBn)) € Sy N Pn E M.

So, FNCI(FNInt (Sy N Bn)) € My. Hence, Sy N Bn is FNB™-closed set in (X, Ty)-

Remark 3.9:The union of two FNS™-closed sets not necessary to be FNB™- closed set as shown by the following
example:

Example 3.10: Let X, = {x} define FNSs Ay , 65 ,9y and d, in X as follows:
Ay=<x,0.05,0.5,0.8> and 8y = <x, 0.4, 0.5, 0.2> and the family, ty,= {Ox, In, Ay, Sy} is FNT.
Now if, Sy, =<x,0.2,0.5,0.3>and My, =<x, 0.3, 0.5, 0.1 > where, My is FN-open set such that,
Sy, S My, .Then, FNInt (Sy,) = Ox and FNCI(FNInt (Ox)) = On

Therefore, FNCI(FNInt (Sy,)) & My, . That is, Sy, is FNB"™-closed set.

9y=<x%,0.3,0.1,0.6> and dy =<x,0.1, 0,0.8>.

The family, ty, = {On, In, Oy, Oy} is FNT.

Such that, In-ty, = {In, On, <X,0.6,0.9,0.3>,<x,0.8,1,0.1> }.

Now if, Sy,= <X, 0.4,0.5,0.7> and My,= <X, 0.9, 0.5, 0.5 > where, My, is FNB-open set such that,
Sn,E My, .Then, FNInt (Sy,) = On and FNCI(FNInt (On)) = On

Therefore, FNCI(FNInt (Sy,)) € My,. Hence, Sy, is FNS™-closed set. But Sy, U Sy, is not FNS™-closed set .

Definition 3.11: Let (X, Ty) be FNTS and Sybe FNS in X,. Then, the fuzzy neutrosophic f™-closure
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(FNB™cl) and the fuzzy neutrosophic g™-interior (FNS™int) of Sy are defined by:
i. FNB™cl(Sn) = N {Bn: Bwv is FNS™-closed set in X, and Sn S Bn},

ii. FNB™int(Sn) = U {Bn: Bv is FNS™-open set in X, and By S Sn }-

Theorem 3.12: Let (X, Ty) be FNTS and Sy, Bn are FNSs in Xy. Then, the following properties hold:
i. FNS™cl(On) = On and FNB™-cl (1n) =1n,

ii. Sy € FNB™-cl(Sy),

iii. If, Sy € Bn. Then, FNB™cl(Sy) S FNB™cl(Bn),

iv. Sy is FNB™-closed set in Xy iff FNB™cl (Sy) = Sy,

v. FNB™cl(Sy) = FNB™cl(FNB™cl(Sy))-

Proof: i. By, definition 3.11 (i). We have,

FNB™cl(0n) = N {Bn: Pv is FNB™-closed set in X and Ov S Bn} = On.

And, FNB™cl(1n) = N {Bn: B is FNB™-closed set in X, and 1v S B} =1n.

ii. An € N {Bn: Py is FNB™-closed set in Xy and An S By } = FNS™cl ().

iii. Suppose that Sy < Bw. Then,

N {Bn: Pn is FNB™-closed set in X, and Sy < Bn} S N {nn: 1 is FNB™-closed set in Xy and By S nn}-

Therefore, FNS™cl(Sy) € FNa™cl(Bn).

iv. If, Sy is FNS™-closed set. Then,

FNB™cl (Sy) = N {Bn: Pnv is FNS™-closed set in X and Sy S Bn}.

And, by (ii). We get, Sy € FNB™cl (Sy) but, Sy is necessarily to be the smallest set.

Thus, Sy =N {Pn: Pn is FNB™-closed set in Xyand Sy S Bn}.Therefore, Sy= FNB™cl (Sy).

Conversely; assume that Sy= FNB™cl (Sy) by using definition 3.11 (i). We get, Sy is FNS™-closed set.

v. By, (iv). We get, Sy = FNB™cl (Sy). Then, FNS™cl (Sy) = FNS™cl(FNS™cl(Sy)).

Theorem 3.13: Let (X, Ty) is FNTS and Sy, Bn are FNSs in X,,. Then, the following properties hold:
i. ENS™int(On) = On and ENA™int (1n) =1w,

ii. FNB™int(Sy) S Sy,

iii. If, Sy S Pn. Then, FNB™int(Sy) S FNA™int(Bn),

iv. Sy is FNB™-open in X, iff Sy, = FNS™int (Sy),

v. FNB™int(Sy) = FNB™int(FNB™int(Sy))-

Proof: i. By, Definition 3.11

(iif). We have, FNB™int(On) = U {Bn: B~ is FNS™-open set in X and By S On} = On.
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And, FNS™int(1n) = U {Bn: Bn is FNS™-open set in Xy and By S 1n} =1n.
ii. Follows from definition 3.11 (ii).

iii. FNB™int(Sy) = U {Bw~: P~ is FNS™-open set in Xy and B S Sy}

Since, Sy S Bn. Then, U {Bn: Pnv is FNS™-open set in Xy and v S Sy} S U {nn: nn is FNB™-open set in Xy and

C Bn}.

Therefore, FNS™int(Sy) S FNB™int(Bn).

iv. Suppose that Sy is FNS™-open set in Xy.

Then, Sy € FNB™Int(Sy) ...... (D).

By using (ii). We get, FNB™int(Sy) € Sy...... 2).

From (1) and (2) we have, S, = FNS™int (Sy). Conversely; assume that S,, = FNS™int (Sy) by using
definition 3.11 (ii). We get, Sy is FNS™-open set in Xy.

v. By, (iv). We get, Sy = FNB™int(Sy). Then, FNS™Int(Sy) = FNS™int(FNS™Int(Sy)).

Theorem 3.14: Let (X, Ty) be FNTS. Then, for any fuzzy neutrosophic subsets Sy of Xy, so we get:
i. In- (FNB™int(Sy)) = FNB™cl(In-Sy),

ii. In- (FNB™cl(Sy)) = FNB™int(1n-Sy).

Proof: i. FENS™int(Sy) = U {Bn: B~ is FNS™-o0pen set in X and By S Sy }-

By the complement we have, 1n- (FNS™int(Sy)) = 1n- (U {Bn: Bn is FNS™-open set in X and v S Sy }).
So, In- (FNB™int(Sy)) = N {(In-Bn): (In-Pn) is FNB™-closed set in Xy

and (In-Sy) < (In-Bn)}. Now, replacing (1n-Bw) by nn we have,

In- (FNB™int(Sy)) = N {nn: nn is FNS™-closed set in Xy and (In-Sy) S nn} = FNS™cl(In-Sy)

ii. ENS™cl(Sy) =N {Bn: Bn is FN p™-closed set in X and Sy S B }.By the complement we have,
In- (FNB™cl(Sy)) = In- (N {Bn: Pn is FNS™-closed set in Xy and Sy < Bw}).

So, In- (FNB™cl(Sy)) = U {(In-Bn): (In-Pn) is FNB™-0pen set in X and (In-Pn) S (In- Sy)}-

Again replacing (1n-Bn) by nn we have,

In- (FNB™cI(Sy)) = U {nn: nn is FNB™-open set in X and nn S (In- Sy) } = FNB™int(In-Sy).

Remark 3.15: The relationship between different sets in FNTS (X, ty) can be shown in the next diagram. But, the

convers is not true in general.
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Figure 1: FNBeta™-closed sets
4. Conclusion

In the course of study, a new terminology with respect to the theory of fuzzy neutrosophic sets has been defined,
which is called called fuzzy neutrosophic Betam- closed. The study has proposed some essential characteristics and
attributes of this recently established concept. Some relations between the defined model with other sets based of
fuzzy neutrosophic topological spaces has been clarified.
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