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Abstract

The objective of this paper is to investigate the innovative concept of complex neutrosophic subbisemiring.
The novelty of the complex neutrosophic subbisemiring lies in its wide range of truth, indeterminacy, and
false function values. It goes beyond the range of [0,1] in the complex plane in contrast to the traditional
range [0, 1]. Therefore, these three functions can be described mathematically using a complex number in the
complex neutrosophic subbisemiring. We develop and analyze the concept of complex interval-valued neutro-
sophic subbisemiring (CIVNSBS). Moreover, we study homomorphic characteristics and important properties
of CIVNSBS. We propose the level sets of CIVNSBS and complex interval valued neutrosophic normal sub-
bisemiring (CIVNNSBS) of bisemirings. Moreover, we introduce (o, 0) CIVNNSBS of bisemiring. Let T be

a complex neutrosophic subset of bisemiring S. Then R= (R¥7 R%, RQ) is a CIVNSBS of § if and only if
all non empty level set R(®:#) is a subbisemiring, where o, 3 € D[0, 1]. Let T be a CIVNSBS of bisemiring S
and V be the strongest complex neutrosophic relation of bisemiring S. Then Y is a CIVNSBS of bisemiring
S if and only if V is a CIVNSBS of § x S. We illustrate that homomorphic images of every CIVNSBS is a
CIVNSBS and homomorphic pre-images of every CIVNSBS is a CIVNSBS. Examples are provided to illus-
trate our results.

Keywords: CIVNSBS, CIVNNSBS, SBS, homomorphism.

1 Introduction

The algebraic structures play an important role in mathematics, with wide ranging applications in theoreti-
cal physics, computer science, control engineering, information science, coding theory, topological spaces,
etc. The study of abstract algebra within the framework of fuzzy system provides sufficient motivation for
researchers to examine various concepts and results from the field of abstract algebra. Classical mathematics
may not always be the solution for practical situations in economics, medical sciences, engineering, social
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sciences, and environmental sciences, which involves various uncertainties, imprecise and incomplete infor-
mation. The rough set theory and fuzzy set theory each approach the issue of vague, imprecise, inconsistent,
and uncertain knowledge from different perspectives. In fuzzy set theory, the object can have a given property
to some extent if it has one of the basic principles. Semiring was investigated by Vandever. Fundamentally, it
generalized distributive lattices and rings. There have been a number of generalizations and modifications of
fuzzy sets theory (FS)!' is one of the most important works. FSs are described by membership grades (MG),
which define them as functions. Real unit intervals are used to measure degrees.

The limitation of classical mathematics that is unable to deal with uncertainties and fuzziness motivated
the introduction of mathematical theory such as probability theory, fuzzy set theory, rough set theory,? vague
set theory,3 interval mathematics® and soft set theory.5 However, these theories were insufficient and have
limitations in dealing with uncertainties. Probability theory can only deal with stochastically stable problems,
which may not apply to many problems in the field of economic, environmental, and social sciences. Interval
mathematics takes calculation errors into account by constructing an interval estimate for the solution that is
useful in many areas, but it is not appropriately adaptable for problems that arise from unreliable, inadequate,
and change of information. On the other hand, the fuzzy set theory introduced by Zadeh! is most appropri-
ate for dealing with uncertainties and vagueness. Membership of an element in a fuzzy set is a single value
between the interval, but in real-life problems, the degree of non-membership may not always be equal to 1
minus the degree of membership as there may be some degree of hesitation. Works on fuzzy set theory are
progressing rapidly and have resulted in the conception of many hybrid fuzzy models. The uncertainties have
led to a variety of uncertain theories, FS,Y intuitionistic FS (IFS),® Pythagorean FS (PFS)” and spherical FS
(SFS).8 An FS consists of sets with grades between 0 and 1; these grades are called MG. Atanassov® discussed
that IFS is classified as MG and the value of non-membership grades (NMG) is not greater than 1. When
using a decision-making approach, the sum of MGs and NMGs can sometimes exceed 1. Using PFS logic,
Yager? developed a generalized MG and NMG logic, which has a value not exceeding 1 and is determined
by the square of the MGs and NMGs. These hypotheses cannot demonstrate the neutral state (neither favor
nor disfavor). Cuong et al? discussed the picture FS used three grade points: positive, neutral, and negative,
with the sum of these three grades not exceeding 1. Furthermore, some applications benefit from it more than
IFS or PFS. It is a generalization of FS and IFS involving three independent models: truth, indeterminacy, and
falsity.

Because this set of information contains many application-related challenges, Smarandache!” devel-
oped neutrosophy to handle unclear and inconsistent information. Recently, there has been a new theory related
to sets and logic called neutrosophic logic. The major difference between FS and IFS comes down to neutral
cognition, which is the subject matter of neurosophy. Smarandache introduced neutrosophic logic:'¥ This
logic determines the extent to which an assertion is true, indeterminate, or false. The NSS set of properties is
divided into truth, indeterminacy, and falsity components that range from [0, 1]. According to philosophers,
a neutrosophic set is a generalization of a classical set, FS, interval-valued FS, etc. Complex fuzzy set is
introduced by "' The membership functions of complex fuzzy sets can take on a broad range of values. As
opposed to a fuzzy membership function with a fixed unit circle, the complex plane’s unit circle extends to
[0, 1]. The complex fuzzy set X is characterized by a membership function ;1 x (x) whose range is not limited
to [0, 1] but extended to the unit circle in the complex plane. Hence, px () is a complex-valued function that
assigns a grade of membership of the form £ x () - €™ (#), where i = v/—1 to any element z in the universe of
discourse. The value of i x (z) is defined by the two variables such as £x (x) and 7x («) and both real-valued
with £x (z) € [0,1]. The concept of fuzzy membership is modified by complex fuzzy set theory by asserting
that, at least in some cases, adding a second dimension to membership expressions is necessary. The basic
concept of fuzziness is not altered by the addition of this dimension. Membership in a complex fuzzy set
remains “as fuzzy” as membership in a traditional fuzzy set. The fuzziness of membership, i.e., the represen-
tation of membership as a value in the range [0, 1] is retained in complex fuzzy sets through the amplitude of
the grade of membership £x (z). Complex fuzzy sets are distinguished by the additional dimension of mem-
bership: 7x (z) which comes with the grade of membership. Golan'® introduced the logic of semirings and
its applications. Hussian et al'? discussed the concept of bisemirings and its extension. Lee!# deals with the
bipolar-valued fuzzy sets and their operations. Fuzzy semirings were discussed by Ahsan et al.>2/ Sen et al 7
introduced the concept of bisemirings. Recently, Palanikumar et al'® discussed the notion of intuitionistic
fuzzy normal subbisemiring of bisemiring. Palanikumar et al'® introduced the concept of bisemiring concept
via the bipolar-valued neutrosophic normal sets. In this paper, the following contributions are made:

1. We define complex interval valued neutrosophic subbisemiring.

2. We define of level set based on CIVNSBS.
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3. The intersection of a every CIVNSBSs is again a CIVNSBS of bisemiring S.

4. Let ¥ _be a CIVNSBS of S and Y be a strongest complex interval valued neutrosophic relation of S.
Then T is a CIVNSBS of bisemiring S if and only if Visa CIVNSBS of S x S.

5. R= (]5?{ 2761 RI 12”6%, Rk .¢1270% ) is a CIVNSBS of S if and only if R(®A) is a subbisemiring
of Sforall e, 5 € ]D)[O 1].

6. The homomorphic image of every CIVNSBS is a CIVNSBS and homomorphic preimage of every
CIVNSBS is a CIVNSBS.

Various aspects of the SBS and CIVNSBS idea will be looked at and findings will be offered. The
article consists of the following five components. In Section ??, you will find an introduction to semirings and
SBS. In Section 2] you will find information on the preparation of semirings and SBS. CIVNSBS presents its
attributes in Section 3} Section 4| deals with the (g, 0)-CIVNNSBS homomorphism is discussed. CIVNSBS
and CIVNNSBS should be evaluated using some numerical examples. Section [3] indicates conclusion and
future direction.

2 Preliminaries

The purpose of this section is to contain as much information about semirings and bisemirings.

Definition 2.1. Let S be the non-empty set with two binary operations “+” and “-” is said to be a semiring,
if it satisfies the following conditions:

1. (§,4) and (S, -) are semigroups
2. vy - (v +ve) = (Vy - vy) + (Vy - ve) and (v, + vy) - Ve = (Vy - V) + (Vg - vg), for all vy, vy, ve € S.

Definition 2.2. 'Y An algebraic structure (S, ®, S, ®) is a bisemiring, if (S, ®,©) and (S, S, ®) are semir-
ings, ie., (S, ®), (S,©) and (S, ®) are semigroups and

1. 2,0 (2, ® 2¢) = (20 © 2y) ® (20 © 2¢)s
2. (2 ® 2¢) © 2y = (20 © 20) B (26 © 20),
3. 20 @ (2 © 2¢) = (20 ® 2y) © (20 ® 2¢),
4 (2,0 2e) Rz = (27, @ 2p) © (2 @ 20), V 2y, 21,26 € S.

Definition 2.3. "3 A non-empty subset T of a bisemiring (S, &, &, ®) is a subbisemiring if 2, & 2, €
T, 2,02, € Tand 2, ® 2, € T forall z,, 2, € T.

Definition 2.4. "Y' A neutrosophic set v in the universe U is v = {u,u, (u),uZ(u),u! (u)|u € U} where

u, (u), uZ(u) u! (u) represents the TD, ID and FD of v respectively. Consider the mapping u, : U —

[O,l],uf:M—)[O 1,ul :U — 10,1 and 0 < . (v) + L (u) + uf (u) < 3.

Definition 2.5. "V Let v1 = (u, ,ul ,uf ), vo = (u), vl ul ) and v3 = (u],,ul, uf ) be the three

neutrosophic numbers over /. Then

1. v,¢ = <u51,ufl,u;>,
2. vuUuz = <max(u;f2,u1—3)7min(ui,ufz) m1n(u527u1@)>
3. vy Moz = <min(u3—2,u;),max(ufz,ufz) max(uﬁz,u53)>
4. vy 2 vsiffu), > u,, andul, <ul anduf <uf,
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5. vy = w3 iffu), = u,, andul = uZ anduf =uf .
Definition 2.6. ¥ For any neutrosophic set v = {u,u, (u),uZ(u),u! (u)} of U. Then (o, 7)-cut is defined as
{u € Uluy (u) > 0,uf(u) > o,ul, (u) < o}
Definition 2.7. 'Y Let V and Y be two neutrosophic sets of S. Then Cartesian product of V and Y is
defined as V x YV = {uf .y (u,v), 0Ly (u,v),ul, .y (u,v)| for all u,v € S}, where uf,, .y (u,v) =
min{uf, (u), uf ()} ey (u,v) = PO (u,0) = max{ul, (u), u ().

Definition 2.8. A fuzzy subset v of a bisemiring (S, {1, T2, {3) is represents a fuzzy subbisemiring of S if

Uy (U T‘lgs) > min{u, (u), uy(€) }, uy (u T2 €) = min{u, (u), uy(€)}, wy (u T3 €) = min{u, (u), u, ()}, for all
u,e € S.

Definition 2.9. A fuzzy subset v of (S, 11, T2, T3) is represents a normal subbisemiring if u, (u11€) = u, (e 1
),y (w0 T ) = g (& 2 1), g (1t 2) = (e f3 w), Vu,e € S.

Definition 2.10. %' Let (T, +,-, x) and (S, @,0,®) be the bisemirings. Then ¢ : S — S is said to be
homomorphism if it satisfies the following conditions:

L o(u+e) = o(u)@o(e),
2. o(u-¢e) = o(u) o o(e),
3. o(uxe)=po(u)®o(e),Vu,e€S.

3 Complex interval valued neutrosophic subbisemiring

Here S denotes bisemiring unless other stated, R stands for real part and © stands for imaginary part.

Definition 3.1. The complex interval valued neutrosophic set (CIVNS) Y in universal set 0,
T = {<u, RY(u) - €701 REL(y)- e i2r @) Rr( ) .ei2ﬂ®§<u>> we O},

= — —~ o T
where RT( ) = [RY, i), RE (u) = [REE, REV), R (u) = [RE", REY] and R (u) - €70 " RE (u) -

’2”91(1‘ R’L (u) - A A JN DJ0, 1] represents the truth degree, indeterminacy degree and false degree

respectively. For simplicity the symbol <R:'r— , RE., R§> is CIVNS
T= {<u, R (u) - ei%@;(u%%(u) . ei2”@ﬁzr(u),R§ (u) - ei2“@§(u)> Tu € O}.

ST (W) oZ(w)

Definition 3.2. Let T = {u, R (u) - ¢70x" R (u) - 705" R (u) 29" b and @ = {u, R (v)-

J—

. T —= o ST 7 T (@)
279" RI (y) - e2™00 " RE (u) - €270 " } be two CIVNSs of O. Then we define the intersection and
union operation is defined as

() TNQ = {(u,min{}ﬁ( )-et2mOx
ei27r(~)§(u) , Rg (U) . 6i27r@£(u)}> ‘u c O}
(i TUB = { (s, max{ R )08 R (u)-e2700 ) maas{ R (u)- /2705 BB ()28}, min{ L ()
ei2mOL ,RE (u) - eiQ“@sg(u)}> ‘u € O}.

T T( u)} mln{RI( ) z27r9/1m I('u

RT( ) 12w 7}}?12(10 12Oy } max{Rr( )

I(u)

Definition 3.3. For any CIVNS T = {mﬁ(u) . eiQ’T@;(u),}?( ) - ei2mOx RF( ) - iQ’T@g(u)} of a

universal set O. Then (a, 3)-cut is defined as {u € O|RY(u)-e 276" > a, ]/%:Ir( )-e 2re ") 5 > a, RL (u)-
ei27r®/§(\“) < 3}-
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Definition 3.4. The Cartesian product of T and { is defined as TxQ= {R}—XQ (u,v)-e2™Crxa " RL O (u,v)-

6‘2”6559“) R o (u (i2mOh (g ,0)| for all u,v € S}, where T and Q be the CIVNS of O, where

o —

T (u,0) = ”
R’—lr—xﬂ(%v) éQWOTXQ _min{R¥(u)' ZQTF@T“

RT( ) zQw@T(” }

— o ST(w) —~ o SZ(v)
—_— I(u v) T 27O T 12O

T 27O _ Ri(u)e T +RE(v)-e 2
Ry q(u,v) - e = 2

o —

RquXQ(U,U) 1271'@5&“010 — max {;{E(u) . ei2w®§(u))é\g(1j) . eiZw@é(u)}
Definition 3.5. For any complex fuzzy set T of (S, V1, Vo, V3) is said to be a CNSBS of S if it satisfies the
following conditions:
Ry (uvlv) . ei27r@~f(uv11)) > min{RT(u) . eiQW@T(u)’ RT(U) . ei27r@r(v)}
Ry (UVQU) . ei27r@~f(uV2v) > mm{RT(u) . ei27r@*r(u)7 RT(’U) . ei27r®y('u)}
Ry (UVgU) . €i27r@T(uV3v) > mm{RT(u) . e’i27T@T(U)’ RY(U) . eiZW@T(v)}

Vu,veS.

Definition 3.6. For any complex fuzzy set T of (S, V1, Vo, V3) is represents a CNNSBS of S if it satisfies
the following conditions:

Ry (le’U) . 6i27r@r(uvlv) _ RY(UV{U) . eiQWGT(vvlu)

Ry (’LLVQ”U) . ei27‘r@y(quv) — RT(UVQU) . eiQﬂ'@T(UVQu)

Ry (’U,V3U) . ei27‘l’@‘r(UV3’U) — RT(UV3U> . ei27r®T(UV3u)
forall u,v € S.

Definition 3.7. For any CIVNS T of S is said to be a CIVNSBS of S if

é;r(uvlv) . ei?rr(:)?(uvlv) > mln{RT (U) . 12ﬂa(uvlv)’ ﬁ(v) . ei27‘r@(uvlv)}
é;r(uv2,u) . eiQﬂ'a(uVlv) > Inll’l{RT (u) . ez2ﬂ6¥(uvlv)’ ﬁ(v) . eiQﬂéﬁ(uVﬂ))}
}ﬁ(uV;;v) .eiQwéi(uvlv) > mln{R.¥ (u) .€i2ﬂ6§(uvlv)’ ﬁ(v) . ei2n6§(uv1v)}

— = v 12«01 (uvqv) | BT 12101 (uvqv)
R%(uvlv) . £12m0% (uv1v) > Ry (u)-e +R (v)-e

OR

Ez(u)‘ezQﬂ(—)%(uVlv)_’_Ez(v)'ei2ﬂ'(—)§.(uvlv)
2

é’\Ir(uv2,U) . 6i27ra(uvlv) >
OR

E(u).ei?né;(uV1U)+E§(U)_ei21(—;§\r(uvlv)

R%(UVB,U) . ei?ﬂ@%(uvlv) > 5

%(uvw) . ¢i2mOk (uv1v) max{]%(u) . ei?frét(uvlv)’ %(v) , 6i27r6§(uv1v)}
R (uVgv) - €270k (4910) < mae{ Bl (u) ¢i270h (u710) R (1) . ¢i2rOf (u710))
R/g(uVSU) . 127T®'L (uV1v) maX{RT (’U,) . ei27ré_.f;(uV1’u)7 é\g(v) . eiQTréTT(uVu))}

for all u,v € S.

Example 3.8. Consider the bisemiring S = {v, v, 1, £} with the Cayley table:

Vi|lv|lv|in]|é& Vo lv|v|nl|é& Vs |lov|lviin|é

v |v|v|v|wv v v |v|n|€ v |v|v|v|ow

v |vi|ivi|iv|v v |v|iv|E|E v |v|iv|in|é€

nlvjlvininiln | n{&{n|&|ln |&]&]&]&

e (vivinlellelelelele|[€lelelele
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w = v

w = v

w =7

w =&

Ry (w)

[0.8¢127(0.65) o 9027 (0.75)]

[0.7¢i27(0.55) o g.i27(0.65)]

[0.4¢827(0.25) o 5.i27(0.35)]

[0.6¢i27(0.45) g 7.i27(0.55)]

RE (w)

[0.5¢127(0.35) " gi2m(0.45)]

[0.46127(0.25) ¢ 5,i27(0.35))

[0.2¢27(0.15) g 5,127 (0.25),

[0.3¢127(0.15) g 4127 (0.25),

RE (w)

[0.6¢727(0.45) o 7.i27(0.55)]

(072705 .5727(0.0)

[0.90727(0.75) o g¢i27(0.65))

[0.85¢727(0.7) .92 (0.75))

Hence, Y is a CIVNSBS of S.

Theorem 3.9. The intersection of a every CIVNSBSs is again a CIVNSBS of S.

Proof. Let {V; : i € I'} be the family of CIVNSBSs of S and T = ("|V;. Let u,v € S.

iel

Now,
Ry (uvyv) - 2O (Viv) — inf R, (uvv) - 27Ox (u¥1v)
1€ B
> inf min{R), (u) - 27O Ry, (v) - 27O (7100}
1€ g i
= min {inf R, (u) - 2077 inf BT (v) - 20707200}
icel v icl i
— min{]ﬁ(u) . £i270F (uv1v) fﬁ(v) . P2TOT (i)
Similarly,
}E}(uvw) . ei%?f(“v“’) > min{]j}(u) . eiQw?E(uvlv)7 Iﬁ(v) .ei27r?£(uv11;)}’
R¥ (uV3v) - 12707 (uV1v) > min{R%(u) ,ei2w®;(uv1v)7 R?(v) .ei27r®¥(uvlv)}'
Now,
%(UVlU) . e’iZﬂ'é?(uvlv) —inf Eg(UVfU) . eiZﬂ'é?(uvlv)
iel i
E‘Ij\(u) . 612ﬂ6§(uv1’0) 4 E%}\(U) . €i2w6§(uv1v)
> inf i i
iel 9
inf E%,\(u) : (27T (uT10) 4 inf E\I;\(U) . ¢1270F (uv10)
_ el v iel i
B 2
B %(U) . ei27r@¥(uV17J) + R/%(’U) . 6i27r@“§(uvlv)
- 2
Similarly,
-~ 9 OL RZ i200Z (uvyv) | BT i270L (uvyv)
R%“(UVQU) . ¢270F (uv1v) > RE(u)-e x(uv ;—R%.(v).e 7 (uv1 and

R%«(UV:),’U) . eiQﬂ'Q%(uvlv) >
Now,

%(uvlv) . 6i27r®§ (uvyv)
Similarly,

ﬁ(u)_eﬂwég(uvl'u)+1/2_§(v)_61'27ré—%.(uvlv)

2

= sup R]F;,(’Ulvl’l)) . 62271'@T(UV17J)
i€l ’

sup maX{EE(u) . ei27r6§(uvlv), EE(U) . ei27r6§(uvlv)}
il ‘ ¢

N

max {Sup Rg (u) . elQﬂ'@—r (UV1’U)’ Sup RC (,U) . 67,271'@-1- (uV1U)}
iel ' iel ‘

max{R@(u) ) 6i27r@§(uvlv)’ Rff(v) ) 6i2w@§(uv1v)}

lfi;(uvzv) . ei27r?§(uvlv) < maX{IElFf(U) _eiQﬂ'?E(uvlv)7 ]/%g(v) . ei2ﬂ?§(uvlv)},and
Ré‘ (“VASSU) . ei27r@§ (uviv) < maX{Ré (U) . €i2ﬂ®§ (uvlv)7 Ré‘ (’U) . eiZﬂ@@(uvlv)}‘
Thus, T is a CIVNSBS of S.

Since, the union of two CIVNSBSs is not a CIVNSBS of S.

https://doi.org/10.54216/IJNS.230409

122

Received: June 06, 2023 Revised: Jan 15, 2024 Accepted: March 05, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 04, PP. 117-135, 2024

Theorem 3.10. If Y and Q) be the CIVNSBSs of 81 and S5 respectively, then T x Qis a CIVNSBS of §1 X So.

Proof. Let uy,us € S and vy, v2 € Sy. Then (ug,v1) and (uz, v2) are in S; X Sa. Now

Ry ol(ur,v1)Vi(ug, v2)] - e

= R:'r—m(ulvluQ,vlvlvg) - e
min{ R} (u1 Viug) - €201 (1 7142) R (4, 7,0y) - 72700 (1 71v2)}

min{min{ Ry (uy) - eiQ”@?Tf(“l), Ry (us) - eiQﬂ@ﬁTf(“?)}, min{ R}, (v1) - ei%@:f(”l), R{ (v2) - ei2”9¥(“2)}}

min{min{ B (ur) - 27O% 1), RE (01) - 2050}, min{ RE (us) - €270 (42), RE () - 27072}

i27r(~):fr <@ (u2,v2) }

2O o [(u1,v1) V1 (uz,v2)]

i2w®¥xg(u1v1u2,vlvlv2)

Y

—
127r(~)TXQ(u1,v1

—_—
min{R}_XQ(ul,vl) e RTXQ(U2702) e

-

Also R¥XQ[(U1,U1)V2(U2,’02)] . i2mO1  ol(u1,01) V2 (uz,v2)]

BT 2767 __[(u1,01)] BT 2707 __ [(u,v2)]
> min{ Ry, o(ui,v1) - e TxelVUL R o (ug, v2)e rxolivz,v2)l}

—

and Ry ¢ [(u1,v1)Vs(ug,v2)] - €

BT 2707 [(u1,01)] BT 2707 [(uz,v2)]
> min{ Ry, o(ui,vi) - e xR o (U2, v2) - € rxollt2,v2)l}

i27r@.¥>< ol(w1,v1)V3(uz,v2)]

Now,
R/'Ir;l[(ulv Ul)vl(ug, ’Ug)] . eiQﬂQ/%‘\xQ[(ul’Ul)Vl(uz,vz)]
= R/%:;)(ulvlu27 UlVl’UQ) . eiQW@/qzr;z(ulvwz,vlva)
_ }%(ulvluQ) . ei2ﬂ9/§;1(u1V1u2) + ]%(’Ulvﬂb) . ei27‘r®/¥_x\ﬂ(v1vlv2)
- 2
> 1 érzr(ul) - e?2mOF (1) 4 1%(“2) - £i2mOF (u2) N 1%(111) . ei2mO% (v1) 1%(112) . 127O% (v2)
= 35 5 !
[ B R | R (w) R R (us) R ) 4 RE(ny) R
= 5 . .
= % _@2 (uh Ul) ZQTI'@’I‘xQ(U17U1) + EI‘:Z(UQ? ’1}2) eiQW@/—Tr:Z (uz,v2)
Also

= 276 o [(u1,01) Vs (us, 1 276 _ (u1, =
RZ (w1, v1)Va(ug, vg)] - 2 OTxallmvn)Valuzva)l 5 1 [RTXQ(uhm) 2r0xxalur) 4 RT o (uz,v2)-
l27r®‘r><52(u27v2):|

and

o — o —

27 OL 01) V3 (us, 1 270Z o (u1, =
RE (w1, 01) Vs (ug, vg)] -2 xalluav) Valuzva)] §[R%‘XQ(U17U1)'€Z TOrxa(t ) L RE  (ug,v2)-
elQﬂGTxSZ (u27v2):| .

Now,

o —

Rgxﬂ[(ulv v1)V1(ug,v2)] - 2O xallu )71 (uz02)]

= Rh o(u1V1uz, v17100) - €271 (1,01 1v2)

—

= max{ R (1 V1us) - ¢ Omalt 71 RE (5,9105) - ¢270xn(va 102}
< max{maux{l‘iff (uq) - ei2”@§(“1), R§ (usg) - ei2“@§(“2)}, maX{Rg (v1) - ei%eg(”l), Rg (v2) - eiZ”@g(W)}}
— max{max{RQ(ul) . ei27r®§(u1) RF(U ) X eiZ‘fr@';2 (Ul)},maX{RQ(UQ) . ei27r®§(u2)7R6(v2) . ei27r®g(v2)}}

—_ /\ A —_—
= max{RéXQ(ul,vl) 27O <o (u1,01) RYXQ(U2,U2) 612#6¥xﬂ(u2’1}2)}
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Also Rgxﬁ[(uh v1)Va(uz,v2)] - e xal(u101)Valuzv2)]

of 2707 (ur1) PF 2m0T
<max{Ry q(ur,vr) - "o rxe U R (U, v2) - €T Tx2 (ug, v2) },

R§><Q [(u1,v1)V3(uz,v2)] - e xal(urv1)Valuz.v2)]

< max{ Ry o (ur,v1) 'ei%@;m(ul’m)’Rng(UQ, vg) - 2Ot xa(uzv2) )
Thus, T x €2 is a CIVNSBS of S.

Corollary 3.11. Iff\l, ﬁ, e ﬁ be the finite collection of CIVNSBSs of 581,83, ..., Sy, respectively. Then
T x Yo X ... x T, isa CIVNSBS of S1 X S X ... X S,

Definition 3.12. Let Y C S, the strongest CIVN relation on § is
R;}T (U, U) . ei?ﬂ"@g (u,v) — mm{R:rr (’LL) . ei27r6¥ (u), R¥ (’U) . ei27r@¥ (U)}

E?(u).eiZﬂ'e%(u)_‘rﬁ(v).ei27r(—)%(U)
2

]_/z:I}(u’,U) . ei27ré%(u,v) _
Rg(u,v) . i270L (uw) _ mam{Rg(u) . ei27r@§(u)7 R§ (v) - ei27r®§(v)}

Theorem 3.13. Let Y be a CIVNSBS of S and V be  a strongest complex interval valued neutrosophic relation
of S. Then Y is a CIVNSBS of S x S if and only if V is a CIVNSBS of § x S.

Proof. Suppose T is a CIVNSBS of S x S and V be the strongest complex interval valued neutrosophic
relation of S.
For any u = (u1, us),v = (v1,v2) € S X S. Now,

R;E (lev) . 6i27r®;,r(uvlv) — R;—[((Ul,Ug)vl(’Ul,’Ug)] . ei27r(~);[((ul,ug)vl(vl,vg)]
R, (u1 V11, u2V10) -
min{RY (1, Vyv1) - €277 (17100 R (457, 0y) - /2701 (u271v2)}
min {min{ B (uy) - €707 ), R (vy) - 27OF (00,

min{RY (uz) - €271 (42 RT (v5) - 2707 (2)}}
min{min{ R (uy) - €707 (“1) RT (uy) - 2707 (#2)},
min{ R (v;) - 12Oy (v1) RE(vs) - 20T (1)1

= mln{é‘i—(u17 UQ) : 67;27763(”17'”2)’ E\E(’Uly 'UQ) ° ei2776§(7}1,v2)}

= mln{é;r(u) . eiQ’T@E(U)’ é;\)r(v) . ei2ﬂ@;}r(v)}

6i2ﬂ—®‘T’ (u1V1v1,u2V102)

Y

Also R, (uVav) - ei2mOy (uvav) > min{ Ry, (u) - €i2mOy (u), R) (v) - €i2mOy (v)}
R;}I’ (uygv) . eiZ'n'@;'; (uvi) > mm{R;';(u) . eiQTK‘@E (u),R;}T(,U) . ei27r@\-'; (v)}
Now, R (uv,v) - e/270% (4v1v)

—~

= R%[((uh u2)V1(v1,v2)] - 2m O ((u1,u2) V1 (v1,02)]

)

0 OL
—_ R\I}<ulv1v1’u2vlvz) . ezZWGV(ulvlvl,uzvlvg)

_ R%(ulvlvl) . ei27r®§.(ulvlv1) + R%(mvlvg) . eiQﬂ—G% (UQvlvg)
2
é'\%‘(ul) . ei27r®%(u1) + %(01) X ei27r@¥('u1) N é’%‘(“&) X ei2ﬂ'®§(u2) + R/%«(Ug) . ei27’l’®%(’l}2)‘|
2 2

2,

| —

—_

]/%\%(ul) . eiQwé%(ul) + EET(UQ) . 67;2#6?(71,2) N f/f\%(vl) . eiQr@?(v\l) + ]%(02) . ei2w6§(v2)‘|
2 2

— o~

90 OZL 0O
R%,(uh ug) - i2mOy (u1,u2) R\I,(vh vg) - 1270y (v1,v2)

2
%(u) . ei??r@/\z:(;) 4 ]/%:Z/(’U) . 61’271'6%(11,)

2
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— = DI (). i27r(—)7(\u) I (1), i27rf;i<'u)
Also R%;(UVQ’U) . 6227T@‘1;(uv2’0) > Ry (u)-e v ;‘Rv(v) e v

- = =T 7:27r(—)/1—(:) ST i27r(;i(v)
and RI(UV3’U) ) ZQNG\I)(quv) > RE (u)-e VW4 RE (v)-e v

Slmllarly, }E\ (uvlv) (270 (u71v) < max{]?( ) - "2”@%', I%/(v\) : eizﬂ@/\c(\“)},
Rg(qu) i276], (uv2v) < maX{RF(u) ZQ’T@F(") RF(U) ~ei2”®\€(“)} and
Rg(uV;ﬂ}) 7,271'@ (uv3v) < maX{RF(u) 82271'9 (u) RF(’U) _ei2w®\lj(v}.
Therefore, Vis a CIVNSBS of § x .
Conversely, suppose that V is a CIVNSBS of S x S. Let u = (u1,uz),v = (v1,v2) € S X S. Now,

. />F iQW@Tﬂ’U /}F i27r(~)-rﬂv
mln{RT(ulvlvl)-e (U171 1),RT(’LL2V1’UQ)'€ (4271 2)}
i2w®$(ulvlv1,ugvlv2)

= R;(Ulvlvl,t@leQ) - e

— R;[(Uh?@)vl(vl,w)] . 1270 [(u1,u2) V1 (v1,v2)]

I
=)

E(UVW) . eiQWGETﬁU)
> min{]ﬁ(u) . ei?fr@T;(u)7 }ﬁ(v) . ez‘zﬂeg(y)}
= min{é\g(uh UQ)} . eiQT"@gmz)}’ é;\)r(vh UZ) . el’27\'6§(1}171}2)}

= min{min{]ﬁ(ul) /2707 (u1) fﬁ(uz) /27O (u2) ) min{ﬁ(%) 20T (), fﬁ(w) - 2707 (v2) 1

If RT(ulvlvl) . ei2mOr (mViv1) RT(Ugvlvg) - €270 (u2V1v2) | thep Ry(u1) - 2701 (u1) Ry (usg) -
zQ'n’OT(ug) and RT(’Ul) . 1271'();(1)1) < RT(UQ) . i27r(~)T(v2) We get R?(U1V1U1) . ei27r(~):fr(ulvlv1) >
mm{RT (uy) - 12707 (u1) RT( 1) ZQTFG)ﬁTr(Ul)}»lcor allug, vy € S, and

mln{RT(ngvl) 1271'@ +(u1Vavr) RT(’LLQVQ’UQ) z27r@:(12V2v2)}>m1n{mln{RT( ) i2ﬂ-@¥(u1),R»}—(U2)'
zQ‘rr@T(uz)} mln{RT( L\ﬂ‘rr@—r(vl) RT( ) i2mO 1 ( Ug)}/}-\ N -

If RT(u1V21)1) i2mOr (u1Vav1) RT(U2V2v2) 12701 (u22v2)  thep RY(u1Vavy) - ¢i2mOr (11 V2u1) >
mm{RT( ) 7,271’6)-r (u1) RT( ) Z27‘I’@T(’U1)}.

min@?(m ngl)'fﬂ@ (ulvwi\, R}—(Iﬁvgvz) iQﬂeT(uﬂavZ)} > min{min{R¥(ul)'eizﬁeyul), Ry (uz)-
ei27r(~)¥(u2)}’min{RT(,U1) i27r(—)7(v1) RT( ) 127TOT vz)}}

If ]ﬁ(mVM)l) : Z%@;(ulvs‘”l) < RT(U2V302) : 22‘"@;(“2%”2) then RT(U1V3U1) - 2O (1 Van) >

min{R¥(ul). 2707 (u1) RT( 1) - eerr@Tr(vl)}'
Now,

- ; i ol = : Z(uzvyiva)
R%(ulvlvl) . ezQWG)T(ulvlvl) + R%(UQVﬂ)Q) . ez27r®T :|

o~

DN | =
L

—
i270F, (u1 V1v1,u2V1v2)

R%(ulvlvl, UQvva) - €
RA]I, 270 [(u1,u2) V1 (v1,03)]

[(u1,u2)Vi(v1,v2)] e

R R

(uvlv) . iQTF@‘I)m'U)

(0 =
V(u) . zzne 4 R‘I}(v) . zzﬂ@I(v)
2

o~ — o~

R]I) (Ul, ’u,2) . 1270 (u1,u2) + R\I; (U17 'U2> . 12705,
2
 1[RE(uy) - 2705 () 4 R (uy) - i270% (v2) | Fa(w)  27OE () 4 RE (yy) - (27O (2)
T2 2 !

WV

If RE(uyvyvy) - ’QWGT(“N”“) R%(Ugvl’l]g) - 12707 (u2V1v2) | hen RL(wq) - ei2mO% (u1) RZ(us) -

ei27r@§(u2) and R% (Ul) 7,27r(-—)1 (v1) < R ( ) . 622#@%(1}2)_
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_ — ST — N o
- . T RZ (u ~e7’27r@’1”(“'1) RZ (v .6127r(—).r (v1)
We get R%"(Ulvlvl) . 6227\'@T(ulvlv1) > T (u1) ‘2"‘ A (v1)

- _ == _ =
L. — . T RZ . 7,27r(—).r(u1) RZ ) sz(—)T(vl)
Similarly, RZ (u; Vovy) - €277 (u17201) > lw)-e +Ry(u)-e

'i27r6% (v1)

and é?f(Mng) 'eiz’reﬁzf(/"l\“”l) = E(ul)'eme%(ul);ﬁ(vl).e
Similarly to prove that

max{R (u1Viv1)-e 27Ok (ur101) RF(UQVWQ) i%er(mvm)} < maX{max{Ré(u1)~ei2”@§(“1),Rg(uQ)
2271'@ (uz)} max{RF(vl) 127r@r(v1) RF( 2) e i2r0h vz)}} B N

IfR (Ulvlvl) . z27r@ (ulvlvl) RF(Ugvlvg) z27r® (ugvlvg) then RF( ) . 6i27r@§(u1) > R?(UQ) .
2271'@ T (uz2) and RF (Ul) 7,27r®r (v1) RF( ) 2wk (v2)
We get RT(Ulvlvl) ¢12mO% (11 V1v1) max{Rff (uq) - 6227‘—65(“1), R (vy) - ei2"@§(”1)}.
maX{RY(u1V201) z27rO§(u1v2v1) RF (UQVQUQ) i2ﬂ@r(u2v2v2)}

< max{max{RT( e 7,27TOF(u1) Rf( 5) - 1271'@ ’U,g)} max{RT( e 12704 (v1) Rf (v2) .6i27r(—)§}}

If RT(ulvzvl) . 6227TO§(U1V2’U1) RT(’(E_ZZUQ) . 227TO§(u2V2712) then RT(ulvzvl) . ei27r(~)§(u1V2v1) <
maX{RfT(ul) ’LZTrOF(ul) Rf( K i27'r(~)§(v1)}

maX{RT(u1V3vl) i276% (w1 V1) RF (U2V3U2) l2ﬂ9r(u2v3v2)} < maX{maX{R§(Ul)'ei%eé("l)vR&(UQ)'
'L27|'@T(’IJ.2)} max{Rf( ) zQﬂ@F(vl) Rf( ) 7.271'@ 'Uz)}}

If RT(/U\1VSU1) . 127r@¥(u1V3U1) > RT(’UQV?,’UQ) ZQﬂ'@?(qugUz) then RT(UIVSUI) 12ﬂ®¥(u1V3U1) <
maX{R?(ul) Z27‘r®F(u1) RF( ) zZﬂ@?(vl)}

Therefore, Y is a CIVNSBS of S.

Theorem 3.14. Suppose that/’?j a subset of S. Then R = (]ifrr . gi2mOr éjlr . eizﬂé?, R ei%@g) is a
CIVNSBS of S if and only if R(*5) is a subbisemiring of S for all o, 3 € DI0, 1].

Proof. Assume that R is a CIVNSBS of S. For each o, 3 € D[0, 1] and U1, Up € R(@5). Now, RT(ul)
z27r® ( 1) > a, RT(UQ) L27\'@ ( 2) 2 o and RI(U1> z27r@ ( 1) > a, RI(U2) 127r® ( 2) > « and
R@(ul)-eﬂ”@ (u1) < ﬂ,RT( 9)-€ i2r6l; T (uz) < 3. Now, RT(U1V1U2) 12”9¥(u1v1u2)>min{R¥(u1)

o ST _— BT i2r0% =y izn0L
i2mO] (ul),R¥(u2)~812”®T (us)} > avand RI T (uyVyus)-e i2r0L (u1v1u2) > R (u1)-e T(Ul);R T (u2)-e"*™OT (us)

> et — g and ;E:Ff(ulvluQ)~ i2r 0 T (u1Viug) < max{RF(ul) i2r©h T (u1), RF(ug) 12Ok (’LLQ)} < B.
This implies that 11 Vus € ReB). Similarly, w3 Vous € R(@5) and U1 Valy € R(eB). Hence, R@5) is a
subbisemiring of S, for all a, § € DI0, 1].

Conversely, assume that Jm is a subbisemiring of S and o, 8 € D[0,1]. Suppose if there exist
wr,up € S such that R (uyV1us) - €277 (11 Vyuz) < min{ R (ur) - ¢2707 (uy), Ry (ug) - €2707 (us)},

— i2reZL i2reL —
RI (U1V1U2) i2r0% (U1V1U2) < T(ul) e T(ul);R Z(uz)-e T (uz) and RF (U1V1U2) 12O (’UJ1V1’UJ2) >

max{RF( ) 12“@r( 1), RF( ) i2r6l T (uz)}. Fora, 8 € D0, 1] suchthatR?(ulvlug)'eiz”@lTr (u1Vyiug) <
o < min{ Ry (u1) - €270% (uy), R (uz) - €27O7F (up)} and RE (u; Viuz) - €270F (u1V1u2) < a

T i2n6Z T i2n6L — L
< RZ.(u1)-e T(Ul);R%(”?)'e Y(u2) g Rf (u1V1us) - ei2mek (u1Viuz) > B

> max{ RL (u1) €270 (uy), BL (uz)-¢270% (uy)}. Thus, w1, ug € RO, butuy Vyup ¢ R, This con-
tradicts, R(®) is a SBS of S. ThereforeRT(ulvluQ) 2761 T (u1 Vyug) >m1n{RT(u1) 227r6T( ),RT(UQ)

rea i2neZ I P27 -y
ezzﬂeg(uﬂ}’ RT(U1V1u2) . 6127\-@ (U1V1u2) > RZ (u1)-e T(u1);R Z (uz)-€" T(Uz) and R?(U1V1U2) .

ei2mO% (U1V1U2’)_§ maX{RfT/(\ul) lZWOF(ul) R'L (us) - iQ“@WFr (u2)}. Similarly, V5 and V3 cases. Hence

R = (R} - ¢ RL.c2m0% RE . 270k ) is a CIVNSBS of S.

Definition 3.15. Let (S1, 1, Do, @3) and (Sq,0;, 0y, O3) be any two b1sem1r1ngs The mapplng H 81 —
S, and T be any CIVNSBS in S;, V be any CIVNSBS in H(S;) = S. If Ry - 12707 — [RT ¢i27OT RI
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2% R e i2r0l, ] is a CIVNS in Sy, then Ry is a CIVNS in Sy, defined by

- i2n07T sup R¥(u) . 27OF (u) if ue H v
Ry, (v)-e T = )
0 otherwise

I:B\I(v) ) eizﬂ@(u) _ Jsup RZ(u) - €2 % (u) if ue H!
v 0 otherwise
- — e TF iorok . _
AL (v) - €270 () — § Wf By (u) - €270 (u) if we H™lo
1 otherwise
forallu € §; and v € Sy is represents the i image of RT under H.
Similarly, If Ry - €270 = [RT ¢i2mOF RI (12703 RF ¢i270%, V] is a CIVNS in S, then CIVNS Ry =
H o Ry, in Sy [ie, the CIVNS defined by Ry (u) - ’2”®T(“) = Ry(H(u)) - €207 (H(®)] g represents the
preimage of Ry, under H.

Theorem 3.16. The homomorphic image of every CIVNSBS is a CIVNSBS.

Proof. The mapping H : S; — Sy be any homomorphism. Now, H (u@1v) = H(u)0; H(v), H(u@v) =
H(uw)OzH (v) and H(u@sv) = H(u)dsH (v) for all u,v € S;. Let V = H(Y), T is any CIVNSBS of
Si. Let H(u), Hv) € Sy. Letu € uH ' (H(u)) and v € H~'(H(v)) be such that R (u) - ¢2707 () =

sup Ry (u) - #2701 (u) gnd ]ﬁ(v) 201 (v) = sup Iﬁ(u) - 2701 (W) Now,
w€H~1(H(u)) u€H~1(H(v))
Ry (H(u)0 H () - 2707 HOOBHE) =y R 27070
u/EH_l(H(u)DlH('U))
= sup ]ﬁ(u,) . 12701 (u)

o €eH-1(H(u@1v)
= é;r(ugl,u) . 6i2ﬂ@(u21v)
> min{ﬁ(u)  ei2™07 () ﬁ(v) 2701 ()
= mln{é?rH(u) . 6i27r@$H(u)’ ﬁ—H(’U) . eiZﬂ@EH(v)}.

Thus, @(H(u)mlH(v)) . 1277@T(H(u)DlH(u)) > mln{RTH( ) . zQTr@TH(u) RTH( ) . iQwQH(v)}’
Similarly, R;(H(U)DQH( )) - 12W@T(H(u)DQH(U) > mln{RTH( ) - zzﬂeT H(u) RTH( ) ei2w®$H(v)}
and _ - __ — _
R;)F(H(’U,)D?,H(U)) . 61;271'@;;(H(U)D3H('U)) > mln{REH(u) . ei2w@$i{\(u)7R$H(v) . ei27r®\—5H(v)}'

Letu € H'(H(u)) and v € H~!(H(v)) be such that I/%Tzr(u) - €270y (v) — Hslll(pH( ) 1%(“) - i2mOy ()
ueH ™~ u

and ]/%tzr(v)  i2rO5(v) — sup ]/%tzr(u) - i2mOL H(u), Now,
u€H =1 (H(v))
%(H(U)DlH(v)) . i2mO% (H(w)Dh H(v)) _ sup J:E;Zf(u/) ) ez‘zw@%(u/)
uw €H-1(H(u)O1 H(v))
= sup é,\:zx’-.(u,) . eiQﬂ'é%(u/)

u €H—1(H(uDv)
— R/%«(’U,le) . eiQﬂ'g)?(uzlv)
o ]E{:If(u) . ei2mOF (u) | }%(v) . ¢127O% (v)
- 2
_ RLH(u)-&2™O%HW) 4 RLH (v) - €270V H ()
— - .

— = 3 i270Z H(uw) , BT 276 H(v)
Thus, RL(H (u)0 H(v)) - 2705 H@DH@) > REH(u)-mOvH ;rR\I,H(v)e 2mOHH '

I/%zH(u) 'eiQWG]I} H(u) +E€H(U)'€i2"®\1) H(v)
2

and

Similarly, RE(H (u)(oH (v)) - ¢27O% (HOHE) >
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ei27r(—)\1) H(u) +}/%%H(1;) .eiZTr(—)‘I}H(v)

%(H(U)DgH(v)y 12707 (H(u)O3H(v)) ~ BpH(w):

= 2
Let H(u),H(v) € Sa. Let u € H=(H(u)) and v € H~1(H(v)) be such thalt_\Ré(u) - 2Ok (u) =
: oF L 2wk (u) - L pi2wel (v) _ : oF . 270k (u)
werr My Tx (W) - T and Ry (v) - B = Iy Tox () - €T Now,
]%(H(u)DlH(v)) . eiQﬂ'@\C(H(u)DlH(v)) — inf }%(U/) ) 61'27195(”/)

w €H—1(H (uw)O1 H(v))

= inf R (u)- €270 ()
uw EH-1(H(ud1v)

— R§~ (U@lv) . ei?ﬂ"@g (u@1v)
oF 7 71'?? u oF i 71—? v
< max{ R (u) - € 0% ( ),Ré(v) . ei2mO% ( )}

= max{R}, H(u) - 2"V T REH (v) - 27OV H ()},

Thus, R (H(u)0y H (v)) - €275 HDH®) < max({ R, H(u)-e 20} H(w) RL LH(v) - 72ﬂ@FH<v>}
Similarly, R} (H (u) 02 H(v)) - ¢ 270 (WO H () ¢ max{Rf H(u) - e 8 ) (RLH(v) - e2mOLH )
ind @(H(U)D;;H(v)) ZQWGF(H(“)DlH(”)) <max{RFH( ) 12”@”{(” RFH( )-e i2rel, vH®) Thus,
V is a CIVNSBS of Ss.

Theorem 3.17. The homomorphic preimage of every CIVNSBS is a CIVNSBS.

Proof. The mapping H : S — S; be a homomorphism. Now, H(u@1v) = H(u )D H(v), H(u@sv) =

H(u)O2H (v) and H(u@3v) = H(u)OsH (v) for all u,v € ). LetV = H(Y), V is a CIVNSBS of S,.

Let u,v € S1. Now, R} (u@1v) - 2705 (210) = RT(H (u@v)) - 2703 (H210) = R (H (u) 0y H(v)) -

227rOT(H(u)|:|1H(u)) - . L

>m1n{RTH( ) zQﬂ'@TH (u) RTH( )- iQTr@‘T;H(v)} :min{RT( )- 12707 () RT( )-e z?ﬂ'@T v)} Thus,

RT(uglv) i2n01 + (ud1v) >mln{RT( ) 6i27ré§(u)7é;|'( ) 7,271'@ 71)} Now, RI(uglv) 1271—@I(u®1v) _
’2"OIH(“)+RIH(U) mnoZH(v)

]/?:I)(H(U,@l’u))eﬂ‘"@\zf(ugw) — R‘I)(H(u)DlH(U))-eiQﬂ'@\If(ug“’) > RZ v H(u)-e : —

E(u)'eiQWé—% (u) +ﬁ(v).ei2wé—§. (v) ?(u)~€i27r6'r (u) +ﬁ(v).ei2ﬂ®§ (v)

. Thus, I:B;(uglv) ¢i27O% (u21v) > B St . Now,
fi(ugw). 20k (uz1v) _ él\f( H(u@v))-e 1277@F(H(u£2!1v)) _RF( (u )DlH( )) #2704, (H(w)O1H (v)) <
max{RFH( ) . z27r@rH(u) RFH( ) . zQﬂ'@rH(v } — max{RF( ) . z27r@r(u) R?(’U) . 6i27r@§(v)}. Thus,
R—r(ug U) 1271’@ T+ (u@1v) < max{RF( ) 'LQﬂ'@r (u) RF( ) l271'@ v)}

Theorem 3.18. If H : S1 — S is a homomorphism, then H(T(a_ﬂ)) is a subbisemiring of CIVNSBS % of Ss.

Proof. The mapping H : Sy — S; be a homomorphism. Now, H(u@v) = H(uA)DlH(v)7H(u®2v) =
H(u)O2H (v) and H(uﬁgv) — H(u)O3H(v) for all u,v € Sy. Let V = H(Y), T is a CIVNSBS of S;.
By Theorem | V is a CIVNSBS of So. Let @ be any subblsemmng of T. Suppose that u,v €
m Then u@1v, u@5v and udsv € T(a 5. Now, R (H (u ) - e 276 (H(w) — RT( ). e2mOT (W) >
0, Ry (H(v)) - 2705 () = RE(0) - 2707C) > o Thus, Ry, (H (1)1 H (v)) - 2765 (HEODHE) >
R (u210) - 20100 > 0 Now, I (H(w) - O30 = 1T (u) - 27050 3 o F(H() -
z27r@I(H (v)) — RI( ) e2mO% (v) > > «. Thus, RI( ( )|:|1H( )) zzwef(H(u)DlH(v)) > RI(UJ@ﬂ)) .
zQw@T(uzlv) > a. Now, R (H (u)). zQTr@F(H (u)) _ RF( )-e 127T®F (v) < @RF( (v ))_eﬂﬂ'@‘r(H(v)) _
RL(v) - €275 ®) < B Thus, R (H(u)0; H(v)) - 2700 H@MHE) < RE (ugs,v) - 2705 o) <
for all H(u), H(v) € Sy. Similarly other operations, H (T/(;\ﬁ)) is a subbisemiring of CIVNSBS V of S,.

b}

Theorem 3.19. If H : 1 — Sy is any homomorphism, then T/(a\ﬂ) is a subbisemiring of CIVNSBS T of S1.
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Proof. The mapping H : §; — S; be any homomorphism. We have H (u@qv)
H(uw)OsH (v) for all u,v € &;.

H(u)OzH (v) and H(u@3v) = H(u v
. By Theorem 3.17‘ T is a CIVNSBS of ;.

of 82

= H( )D1H( ) H(uﬁgv)
Let V = H(T) VY is a CIVNSBS
Let H(Y (4,p5)) be a subbisemiring of V. Suppose

that H(u), H(v) € H(T(Q,B)). Now, H(u@lv) H(U@gl}) and H(uzgv) € H(m) Now, Iﬁ(u)

12107 (u) — ﬁl’( H(u)) -
]j;“rr(uglv) 'LZTr(-—)T(uzlv) > IHIH{RT( ) -
RI( ( )) sz@I(H(u)) > RZ( )

ﬁ,RF( ) i27r@f (v) _é\F( ( )) 127\'@ L (H(v)) < 6 Thus, RF(uglv) 1271'@ L (u@yv)
’L27I'@" (H(w)O1 H (v)) < maX{RF( ) .

i27r®T(H( ) > RT( ) -

22‘11'(9:'{f (v)

— RL(H

1271'@‘L (u) RF( ) .

operations, T/(a\g) is a subbisemiring of CIVNSBS T of S1.

4 (o,

In this section (o,

o) CIVNSBS

o) € D[0,1] and 0 <

o<o< 1.

ei?ﬂ@T(v

z27r®T(u ﬁr( )

RT( (v) e

(v) - e

Definition 4.1. Let Y be a CIVN subset of S is called a (o, ) CIVNSBS of S if

max{]a—(uv
max{}ﬁ(uv
Inax{l/%?r—(uv

10) -
20) -

30) - €

for all u,v € S.

ZQﬂOT(uvll))

>
z27r®T(uV211) } >
, 0} =

ZQTK‘@T (uv3v)

max{RI(uvlv
maX{RT(UVQU 0} > min

maX{RI (uvsv), 0

, 0}
m{RT (u) -

R
mm

OR
RZ

OR

InlIl

{re
(e
{

Example 4.2. By the Example[3.8]

1n{RT (u) - e

RE (w)+RE (v) (u)+RI (v)

zQﬂ'@T(u) RT(’U)'

’LQTK‘@T (u) RT(’U) .

’U ~
)

’U ~

Q

“q
——

5}

z27r@T(v } > «a. Now, RI( )

27O, (H(v)) > . Thus,
eiQWé_?(U) =

2705 (H() > o. Thus, R (uzv) -

BI (1)) ,i270% (u) | BT 'i27r(—;f('u) s
2271'@1 (uZiv) > Ry (u)-e x +R (v)-e x > a. Now, RF( ) 1271'@ RF( ( )) ’LQ’TT@C(H(’U,)) <

= RY(H ()0, H ()

ei2m0k *()} < B, forall u,v € S;. Similarly other

m{RT( ) .6127rOT( u) RT( ) '6i27r@)/:fr—(\v)7a.‘}
eiZﬂ'@)) )

ei27r@¥ (v)’ a}

w = v w = v w =7 w =€
R (w) (0.65¢127(05) ¢ 75012m(0.6)) [0.55¢827(0-4)  650i27(0.5)] [0.25¢827(0-1) ¢ 350i27(0.2)) [0.45¢127(0.3) ¢ 55012m(0.4))
RZ (w) (0.35¢127(0.2) ¢ 45.i2m(0.3)) [0.25¢i27(0.1) g 35.i27(0.2)] [0.1£727(0.1) g 15¢i27(0.1)) [0.15¢i27(0.1) ¢ 250i27(0.1))
Rff(m) [(0.45¢727(0.3) ¢ 550i2m(0.4)) [0.55¢827(0.4) ¢ g50i27(0.45)) [0.75¢i27(0.6) ¢ gci2m(0.8)) [(0.7¢327(0.55) ¢ 750i2m(0.75)]

Clearly T is a ([0.2¢0-057¢ 0.3¢0-1577] [0.5¢0-357% ().6¢0-4571]) CIVNSBS of S.

Theorem 4.3. The intersection of every (o,0) CIVNSBSs is a (p,
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Proof. Let {V; : i € I} be a family of (9,0) CIVNSBSs of S and T = ﬂﬁ Letu,v € S. Now,
icl

max{R}(uVqv) - ei2”@¥(“vlv),§} inf max{RT (uvyv) - 12ﬂ®§i(uv1u)’§}
iel

ilgf mll’l{RT ( ) . ei27r@vi (u)7 EE(U) . ei27r@$i (v)7 6_\}

. 27O (W) . o 2707, (v) ~
= min { inf RT_ (u) - €' v, (W inf RT (v) - €' o, () &
iel Vi Yier Y ’

= min{ﬁ(u) . 61'2776}(@7 ﬁ(v) . ei?ﬂ@&.r(v)’a_\}
Similarly, max{ R (u720) - €707 0720 3} > min{ R} (u) - 271 (), R} (v) - €207 ("), 5} and

max{]ﬁ(uV;»,v) .20y (uVsv) GY > mln{R (u) - 2701 () Iﬁ(v) €279 () 51, Now,

max{R%(uVlv)~ei2”®%(“v1”),g} 1nf maX{R (uv1v) - i%@\za(“vl”),@}

{E{:(u) . 12705, i }/%]I,\?(v) . 1270%, (v) }

> inf min

o
icl 2 ’

i€l Vi icl Vi -~
, 0

2

inf RI (u)-e 263, (“) + inf RI (v )~ei2”@\z}i(“)
= min { }

RZ (0) - 2795 (W) o RZ (1) . ¢i270% () R
_mm{ e CAOR 5

and

L. - o T o = . E? '7‘,277(—)@) E? .1',27r(—)/%.—(7) .
Similarly, max{ RZ (uVqv) - €277 (4¥2v) 51 > mm{ x(we T r(v)e ,g}

3w 5Z (o
RI i270% (u) RI i2n0L (v)
{ (u)-e + (v)-e ol Now,

max{ R (uv3v) - €270% (4¥sv) 51 > min

— . = e . F/\
min{ RL (uviv) - 612“94(““”), 0} = sup min{R{;i (uvqv) - €2V (uv1v), o}

icl
o T e —
< sup maX{RF (u) - £1270%, (u))R‘F;. (v) - 012703, (v) 5)
el i
— o e
= max {sup R (u) - 2OV (W sup RF( ) - el%@@(v)’a}
iel ‘ il

= max{f/ié(u) . ei2”@/§(\“), Ig\g(v) . ei2”®/§(\“), o}
Slmllarly, m1n{R~r (quv) ZzﬂeF(W?” , 0} < max{RL(u) - 1270k (u) RL(v) - €276 (v) 5} and
mm{RT(qu,v) ’2”®T(“V3”) , 0} < maX{RF( ) - ei2mOk (u) RL(v) - eizﬂ@g(v),ﬁ}. Hence T is a (o, 0)
CIVNSBS of S.
Theorem 4.4. If T and Q are any two (g,0) CIVNSBSs of 81 and Sy respectively, then TxQisa (0,0)
CIVNSBS of §1 x So.

Proof. Let Y and ) be two (0,0) CIVNSBSs of S; and S, respectively. Let uy,us € Sy and vy,vy € So.
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Then (uy,v1) and (uz,v) are in S; x Sa. Now

— . T[(ul’m(uzﬂg)]
m liT 27O R
aX{ TxQ[(ulavl)V1(UQ702)] -e TxQ 79}
= m i F(uyVyug,vq71v2)
RT v 270 N
ax{ Txﬂ(ul 111,2,’01V1U2) . ™1 xa ,Q}

o o T(w1v1ua) = ool (01viva)
= min<{ max{Ry(u1Viuz) L i2mOy T , 0}, max{ R} (v1V1v2) . ei2mOg T ,Q}}

—

—~ = —~ == R L~ ) Tulo1),0) o o (W)
> min { min{ R} (ur) - ¢?7OF ), B (us) - 27074, 5} min{ R (vr) - 02708 BT (1) - 270h " 5]

)

. o T — o o F (w0 LT 5 OT —= o oF ()
{mln{R?(ul) . 612ﬂ6¥(u1)7Rg(U1) . ezQﬂQT },mln{R¥(u2) . el?ﬂ@;(ﬂ&)’R;g(,UQ) . ezQﬂ@g }},O’}
—_—

gl (v~
) . 612“9T Sry

T i271'@lL (u,0) ug,v ~
?RTXSZ(U’?’DQ)'G i (2 2)»0

T ; Tl(ug,91) V2 (ug,v2)] %
Also max {R¥XQ[(ul7vl)v2(U2,’U2)] . ezQW@TX;‘ZI v1)V2(ug,vg 7 } >

- . T(ug,v) ——— ; T(ug,v2)
. T 27O T 27O ~
mln{RTXQ(ul,v1)~e x2 Ry o(ug,vg) - €T Tx0 ,0} and
—

>

) Tl(u1,91) V3 (ug,v9)]
6227‘—@TX91 1) V3 (uz,v2 ,/Q\}

maX{R?XQ[(ul,Ul)VB(U%W)] :

— o T v) —— oo (uv)
. T 270 T 27O -~
mln{RTXQ(uhvl)-e xRy o(u2,v9) - € TxQ ,U}.

5 oLl(u o1) V1 (ug,v9)] R
Now, maX{R%xg[(ulvvl)vl(umvz)]-elhorxnl v ,Q}

. —
aX{ i2ﬂ@§(;glvlu2vvlvlvz)],,\}

RI 270 (w1) 4 pI 0270 (ug)
min{ Flur)-e x + R%(uz) - € ¥ 8}

Y
.
=

T
T
lmax {R% (U1V1U2) . ei271'@§XQ(u1V1u2)7 @\} + max {Rg(vlvlvz) i ei2ﬂ®%XQ(U1V1U2)7 /Q\}

2

1 [ RE(uy) - €270F (w) 4 }/%(m) . ¢i27O% (v1) ) 1%(1@) . ¢i2mO% (u2) ]f%(w) R
- o
2 2 2 ’

RZ L 2mO% . o (u1,v1) }?\ L 12mO% . o (ug,v2)
Txﬂ(uhvl) e * + TXQ(U27U2) € x

2 i

{R%z(vl) . ei27r@§jn\(”1) + J/%;Iz(vz) . ei2w®§jﬂ\(u2) ,\}
,0

Also max {R%XQ[(ul, v1)Va(ug, va)] - eiQ”@erxn[(“hvl)Vz(Umvz)]7 5}

=7 270L  (ug v =z i270Z | (ug,v
RZ _(u1,v1)-e ¥yl 1)+R%XQ(U2,'D2)‘€ Fxo(u2,v2)

> min 3 ,0 ¢ and

max {R%*XQ[(Ul’Ul)V:;(uQ,vg)] . £i270F q(ur,v1) Vs (uz,v2)] E}

—

>
= 270 (uy,01) | 5T i270L  (un,v2)
. R (u1,v1) € TxQ +R (u2,v2) € TxQ —~
min TxQ TxQ

2 0
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Similarly, min {R@XQ[(ul, 01) V1 (uz, v9)], @}

= min {R?XQ(ulvlug,vlvlug), §}

= max  min{ R (u1Viuz), 0}, min{ R, (v1V1v2), @}}

{max{ R (un) - 2700, B (1)}, max{ RL (uz) - €279 =), R, (12)}},5}

R?xﬂ(ulvvl)v Rgxﬂ(u%"@)aa}

|

Also min {RQXQ[(ul, 01)Va(un, v2)] - €27 rxal(u,01) 92 (uz02)] 5}

of 270 of 270l o (uz
gmax{R@m(uhvl) 2Ok a1, BL (s, ) - €7 ”Q(u2’v2)’a}’

z'27r@)T wal(u1,v1)V3(uz,v2)] ,\}

min{R@XQ[(ul,vl)Vg(uz,vz)] e )0

—

< max{ RE . (ug,v )-ei%@gm(ul’vl) ]?\(u v )-eizﬂ@gm(“z’”ﬂ o
B TxlU1, V1 s Ly (U2, U2 ) .

Hence T x Qisa (0,0) CIVNSBS s of S.

Corollary 4.5. If Y1,Ys,..., Y, are the family of (9,0) CIVNSBSs of S1,8a, ..., Sy respectively. Then
Ty X YTo X ...x YTyisa(o,0) CIVNSBS of S1 X S X ... X Sp,.

Definition 4.6. Let T be a CIVNS subset of S, the strongest (o, )CIVN relation on S. We define the (g, o)
complex interval valued neutrosophic relation T on V is given by
max{R;}r (U, ’U) . 6i27r(—)¥ (u,v), @\} — HllIl{R¥ (u) . z27rOT(u) RT (’U) . 6i27r@¥ (v)7 b,\}
max{%(u,v) . eiQTrG)Ir(u,v), /g\} — min{é%(u) . i27r®T (u) RI (U> .ei2w®¥(v),a}
min{RC (u,v) - ei?ﬂ'@.}r(u,v)’ o} = max{R? (u) - zQﬂ'@T(u RF (v) - 6i27r®¥(v)75}

Theorem 4.7. Let Y be a (0,0) CIVNSBS of S and V be the strongest (0,0 )CIVN relation of S. Then Tisa
(0,0) CIVNSBS of S if and only ifVisa (0,0) CIVNSBS of S x S.

The proof follows from Theorem [3.13]
Theorem 4.8. The homomorphic image of every (o,0) CIVNSBS is a (o, 0) CIVNSBS.

Proof. Let H : S; — S3 be any homomorphism. Now, H (u@1v) = H(u)01 H (v), H(u@ov) = H(u)OH (v)
and H(u@sv) = H(u)OsH(v) for all u,v € §;. Let V = H(Y), 'I' is any (p, ) CIVNSBS of S;.
Let H(u),H(v) € S;. Letu € H Y (H(u)) and v € H-Y(H (v)) be such that RT( ) . ei2mOr(u) —

sup R¥ (’LL) . ZQTI'@T(’LL) and RT( ) 2701 (v) — sup RT( ) zQﬂ@T(u) Now,
weH 1 (H(u)) uw€H~1(H (v))
max [ﬁ(H(U)DlH(U)) . ei27r®§(H(u)D1H(v)) ,/Q\} — max sup ]/%;[(u’) . eiQﬂ-@Tf(u/) .0
| v €H—1(H (uw)O; H(v))

= max sup R;(ul) . ei2mOx (u) , 0
L w' €H-1(H(ud1v)

= max Iﬁ— (uziv) - 61‘27@;@@)7 @]
> min {E}'(u) . 1271'@ RT( ) . 6i2ﬂ—®¥(v),8’}

n {@H(u) . eiQW@gH(“), R;H(v) . eiQ”@\T’/IF“), 8}.
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o~

Thus, max [@(H(U)DlH(v)).6i27r(—)$(HmH(v)) ,5} > min {REH(U),SQWG);F/I}\(U), @H(v>,ei2ﬂ@fh\(v)’ 3}.
Similarly, max [RA]I (H(uw)OoH (v)) - 2700 D H () ,@} > min {@H(u) e2mOVHW R H(v) -
¢2mOGH (), 3} and

max [RAg (H ()3 H (v))-¢/27O% (H{) D3 H (@) ,5} > min {@H(u)-ei%@f%x @H(v)-ei%@fﬁv),a}.

Let H(u), H(v) € S, Letu € H'(H(u)) and v € H'(H(v)) be such that R (u) - 2705 =

sup RZ (u) - €293 (W) and }Erzr(v) - e2mO% (v) = sup éjzr(u) - 12m0% (1) Now,
weH~1(H(u)) weH-1(H(v))
max [}}:I;(H(u)mlH(v)) . 12705 (H(w)L1 H (v)) ,@\} = max sup I/%:If(u/) . e2mOT () ,0
_1L/€H*1(H(u)|:|1H(v))

= max sup R% (u') - 2Ot () 5
L u' €H~1(H(ud1v)

= max | RL (u@v) - ei2”®§(“g1”)7§}

- 276 (u) o I 276Z (v)
Zmin{R?If(u)'GQ ox );R%?(v%62 ot )73}
. ]%TI;H(U) . ¢i27OF H(u) i é:I}H(,U) . (i2mOT H(v) R
:mln{ 5 ,O’}

%H(u).eiZWG\I}H(u)+E€H(v)_ei2w9%H(v) 8—}
)

ThUS, max [%(H(U)EHH(’U))6127"9\12(]{(")‘:’1 H(U)) R §:| > mln {

Similarly, max [%(H(U)DQH(U)).ei%@%(H(u)DzH(v)) ,@} > min{
and

max [%(H(U)Dg,H(’U)) . ei%@\I)(H('/“)\DE‘H(“)) ,@} > min{

E%H(u).ei21r@\1}H(u)+1/?€H(v)_ei27r9‘I}H('u) A}
o
2 )

ﬁH(u)_eiZ'ﬁ@\I;/I—{Tu) +§%H(v).ei2we\f}/1—1\(v> 5’}
2 )

Letu € H™'(H(u)) and v € H~'(H(v)) be such that R% (u) - €795 = inf Rk (u)-€270r ()
uw€H~(H (u))

and RL (v) - 270k (v) — inf RE (u) - ¢i270k (), Now,
Y (v) A

—

min [RC (H(u)O1H (v)) . 1270, (H (u)01 H (v)) 75} — min /eHaJ}}f)D . ))RF (W) - oi2mOk (u') 0
u w)ldy v

| I——

. _ P Sy N
= min inf Rl(u) - e?mOx ) 5
w €H-1(H(u@1v)

. [5F 270! (u@yv) ~
= min | RY (u@,v) - €270 (v21v), g}
— ST 3 ST
< max {R§ (u) . 61277@T(u), R§ (1}) . 61271'@.1.(1))’ O’}

= max {RCH(u) . ei2ﬂ@1€H(“), RLH(v) - eiQ’r@\F;H(”), 8}.

Thus, min [J%A@(H(u)mlH(u)).ei2W®€ (H (w1 H(v) ,5] < max {]%H(u)@ﬁ“@ﬁ\("),}%H(v)eﬁ”@\rzh’ (), a}.
Similarly, min {]% (H(uw)O2H (v)) - ei%@\r/(HmH(”)) ,@} < max {]%\CH(U) . eiQ’T@\ri/Hu),é\CH(v) .

¢i2n L H(v), 7} and min [, (H (u) T H (v))-7270% (H () 0: H(v)) 8] < max R H(u)¢2 b 7 REH(v).
eiQW@m”), 8}. Hence V is a (o, o) CIVNSBS of S,.

Theorem 4.9. The homomorphic pre-image of every (o, 0) CIVNSBS is a (o, ) CIVNSBS.

Proof. Let H : S; — Sz be a homomrphism. Now, H(u@v) = H(u)01H(v), H(u@2v) = H(u)OH (v)

~

and H(u@sv) = H(u)OsH (v) for all u,v € ;. Let V = H(’/I\"), where V is any (g, 0) CIVNSBS of Ss.
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Let u,v € S;. Then max{ﬁ(u@lv) . ¢i2rO7 (1210) ,0F = max{Rv( (u@lv)) . 27O (H(u21v)) )0} =
e (H () Oy HE(0) <205 HCOT A0, 3} min{ ) H () <050, ) H (0270770, 5} =
min{ R (u ) e 2767 (u) RT() e 2767 (v) 5} Thus, max{ R} (uzv) - ¢270TZ10) 51 > min{RE(u) -
’QWOT(“) R¥( ) - ’2“O¥(“ ,0}. Now, maX{RI(uglv) 12“0%(“‘31”),9}

= max{RE(H (uzv))-e i2r 6% (H(a211) 5} = max{ RL(H (u)0y H(v))-e?mOFH@am) 51 > > min{ R H(u)-
e"QWG%\("),]/{:I,H(v)-eﬂ”@g/H\(“),/a\} zmin{]%( )-e iQ’T@/I(\") }/%}( )-e i270Z (1) ,0}. Thus, max{RT(uglv)
"2”@§@E“) 0} > min{}/%}( ) i2”9/1zr(\“) I/%E( ) 12”9§(“) ,0}. Now, mln{RT(uglv) 20 (“g“’),g}

= min{ R, (H(uz0))e204 (10210 5} = min{ R, (H (u) 0, H(v))-e2705 00T 00D 5} < max{ R H ()
‘2”9} H(u) RFH( )-e 12”@ Hv) 51 = maX{Rr( )- 12”@;\”) Rr( ) i2”@),3}. Thus, min{é\g(uglv)-

e‘Q”GT(“gl“), 0} < maX{Rr( )-e i2n6 () Rr( ) - ﬂweﬁf(“),a}. Hence T is a (o, o) CIVNSBS of S;.

5 Conclusion and future direction

This paper presents a new type of neutrosophic subbisemiring. By describing three grades in terms of a
complex number, the complex neutrosophic subbisemiring presents a novel approach to the concept of three
grades. By transforming three grades into a two-dimensional parameter, a complex form of three grades
represents a paradigm shift. In order to understand complex neutrosophic subbisemiring, we first considered
the basic set theoretic operations of complement, union, and intersection. As a result, set theory operations
were introduced. We defined complex interval valued neutrosophic subbisemiring. We developed the concepts
of level sets of CIVNSBS, CIVNNSBS and CIVNSBS. We introduced an approach for (9, o) CIVNSBS and
CIVNNSBS over bisemiring. Our goal is to apply the (Q-fuzzy set and anti ()-fuzzy set to bisemiring. It is also
attempted to investigate the properties of various transformations. We are attempting to process images and
signals as well as analyze data, so it makes sense to use F-transforms as a way to increase the application of
new fuzzy structures. Therefore, in the future, we should think about the applications of cubic subbisemiring,
soft set CIVNSBS and soft set CIVNNSBS.
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