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ABSTRACT

between oc-continuous and PC-continuous functions.

The main aim of this paper is to study a new class of continuous function called an oc-continuous function. For this
aim, the notions of a-open and pre-open sets and ¢r-compact spaces are introduced. We also study the relationship
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1. INTRODUCTION AND PRELIMINARIES

Let (X, 7) be a topological space and let A C X. We denote the
complement of A in X by A€, and the closure and the interior
of A by A and A°, respectively. We recall the following
definitions.

Definition 1.1. Let (X, 1) be a topological space. A subset
A C X is called:

1) a semi-open set [5] if A C A°, and semi-closed if

(A)° CA;

2) a pre-open set [10] if A C (A)°, and pre-closed if
A° CA;

3) an o-open set [13] if A C (F)o, and a-closed if
(A)° C4A;

4) aregular open set if A = (A)°, and regular closed if
A=A°.

The complement of an ¢¢-open (respectively semi-open, pre-
open, regular open) set is called an o-closed (respectively
semi-closed, pre-closed, regular closed) set. The smallest o-
closed (respectively semi-closed, pre-closed, regular closed)
set containing A C X is called the a-closure (respectively
semi-closure, pre-closure, regular closure) of A, and is de-
noted by A% (respectively A°, A”, A%y,

We denote the families of a-open, semi-open, pre-open, and

regular open sets by 7%, 7%, 77, and ¥, respectively. It is
known that

tCct*cC, % =7N1P,
and that T% is a topology on X. An o-open set is precisely a
set that is both semi-open and pre-open [14].

In 1970, Gentry and Hoyle [4] introduced the concept of a
C-continuous function. A function f: X — Y is called C-
continuous if and only if, for each x € X and each open
set V containing f(x) such that V¢ is compact, there ex-
ists an open set U containing x such that f(U) C V. In
1987, Cammeroto and Noiri [3] defined the concept of a
WC-continuous function by replacing compactness in the
definition of C-continuity with weak compactness relative to
Y. A function f: X — Y is called a PC-continuous func-
tion [5] if and only if, for each x € X and each open set V
containing f(x) such that V¢ is P-compact relative to ¥, there
exists an open set U containing x such that f(U) C V.

2. o-COMPACT SPACES

Definition 2.1. A space (X, 7) is said to be an o.-compact
space [9] if every a-open cover of X has a finite subcover.

It is shown in [9] that every ¢-compact space is compact,
but not conversely. It also follows from Definition 2.1 that
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the subspace (A, T/A) is a-compact, where 7/A denotes the
topology induced on A.

Proposition 2.2. A space (X, 7) is o--compact if and only if
(X,7%) is compact.

Definition 2.3. A subset A of a space (X, ) is said to be
o-compact relative to (X, 7) if every cover of A by a-open
sets of (X, 7) has a finite subcover.

Theorem 2.4. A subset A of a space (X, 7) is o-compact
relative to (X, 7) if and only if it is compact in (X, 7%).
Proof. Necessity. Let

A=W,
AEQ

W, € ’L'a/A.

For every A € Q, there exists Vj € 7% such that W = V3 NA.

Since {V), : A € Q} covers A, there exists a finite subset
Qo C Q such that

AcC .
AGQO
Therefore,
A= |J Wy,
AEQ()

and hence A is compact in (X, 7%).
Sufficiency. Let

ACUw, Wwer™
rEQ
Then
A=W nA),  WinAet®/A
AEQ

By compactness, there is a finite subset ¢ C € such that

A= |J WmnA)C | Wy
AGQO AEQO
Thus, A is a-compact relative to (X, 7).

Proposition 2.5. Let A be a subset of a space (X,7). If A is
o-compact relative to (X, 7), then A is a-compact.

Proof. Let

A=UW, W e (/A%

AEQ

It follows from Proposition 2.1 of [8] that

(t/A)* C %/A.

For every A € Q, there exists V) € t% such that W =V, NA.

Since {V) : A € Q} covers A, there is a finite subset Qg C Q
such that

AC U w.
AGQO

Consequently, A = {J; cq, Wi, s0 A is a-compact in (X, 7).
Lemma 2.6 [8]. A space (X,7) is a-compact if and only if
every proper o-closed set of (X, T) is o--compact relative to
(X, 7).
Corollary 2.7. If a space (X, ) is a-compact and A is an
o-closed set of (X, 7), then A is o--compact.

Proof. This is an immediate consequence of Lemma 2.6 and

Proposition 2.5. By Corollary 2.7, the assumption “open” in
part (a) of the following corollary is superfluous.

Corollary 2.8 [9]. Let (X, ) be an a-compact space and let
A be a subset of (X, 7). Then:

a) if A is open and a-closed in (X, ), then it is -
compact;

b) if A is a-closed in (X, 7), then it is compact.

3. ac-CONTINUOUS FUNCTIONS

Definition 3.1. A function f: X — Y is called an ac-
continuous function if and only if, for each x € X and each
open set V containing f(x) such that V¢ is o.-compact rela-
tive to Y, there exists an open set U containing x such that
fu)cv.

Theorem 3.2. For a function f: (X,7) —
ing statements are equivalent:

(Y,7'), the follow-

1) fis an ac-continuous function;

2) if V is open in Y and V¢ is a.-compact relative to Y,
then f~!(V) is open in X;

3) if F is closed in Y and a-compact relative to Y, then
f~Y(F) is closed in X.
Proof. (1) = (2). Let V be an open set of Y such that V¢ is

a-compact relative to Y. If x € f~1(V), then f(x) € V, and
there exists an open set U of X such that f(U) C V. Thus,

xeUcCfi(v),

and f~1(V)is open in (X, 7).
(2) = (3). Let F be closed and a-compact relative to Y.
Then F€ is open and (F¢)¢ = F is o--compact relative to Y.
Hence f~!(F¢) is open, so f~!(F) is closed.
(3) = (1). Let x € X, and let V be an open set containing
f(x) such that V¢ is a-compact relative to Y. Then f~1(V¢)
is closed in X. Hence U = f~!(V) is an open set containing
xand f(U) C V. Therefore, f is ctc-continuous.
Proposition 3.3. If A C X is P-compact relative to X, then it
is ar-compact relative to X.
Proof. Let
AC Wy,
AeQ
where every W), is a-open. Each W), is pre-open. Since A is
P-compact relative to X, there is a finite subset Qy C Q such
that
AC [ W,
)LGQO
Therefore, A is o-compact relative to X.

Proposition 3.4. If A| and A, are o.-compact relative to X,
then A| UA; is a-compact relative to X.
Proof. Let
AlUA C [ Wy,
AeQ
where every W), is a-open. For i = 1,2, there exists a finite
subset ©; C Q such that

AC | wa
/’LEQZ‘
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It follows that

A1UA; C

U w.

AEQUQ,

Thus, A; UA> is oi-compact relative to X.

Let (X, 7) be a topological space. Proposition 3.4 shows that
the family of open sets whose complements are q-compact
relative to X can be used as a base for a topology Tg.. Sim-
ilarly, the family of open sets whose complements are P-
compact relative to X can be used as a base for a topology
Tpc; those whose complements are compact relative to X give
a topology 7.; those whose complements are almost compact
relative to X give a topology 74; and those whose comple-
ments are weakly compact relative to X give a topology Twc.

Remark 3.5. For a space X, we have
Tac CTc C T CTp CTwec C 7T. (1)

Definition 3.6. A function f: (X, 7) — (Y, 7) is said to be:

1) an a-continuous function [12] if f~'(V) is a-open
in X for every open set V inY;

2) aweakly o-continuous function if, for each x € X and
each open set V in Y such that f(x) € V, there exists
an a-open set U containing x such that f(U) C V.

Theorem 3.7. A function f: (X,7) — (¥, 1T,,) is continuous
if and only if f: (X,7) — (¥, 7T),.) is a--continuous.

Proof. Necessity. Let V be open in Y. Since f: (X, 1) —
(Y,1},) is continuous, f~!(V) is open in X and hence is a-
open in X. Therefore, f : (X,7) — (Y, 1T,,) is a-continuous.
Sufficiency. Let V be open in Y. Then V¢ is o--compact rela-
tive to Y. By Theorem 3.2, f~! (V) is open in X. Therefore,
f:(X,7) = (¥,1),) is continuous.

Theorem 3.8. A function f: (X,7) — (Y,7},.) is Qc-
continuous if and only if f: (X,7) — (¥, T,,) is continuous.
Proof. Necessity. Let V be open in Y. Then V¢ is ¢ot-compact
relative to Y. By Theorem 3.2, f~!(V) is open in X. Thus,
f:(X,7) = (¥,7),) is continuous.

Sufficiency. Let x € X, and let V be an open set containing
f(x) such that V¢ is @-compact relative to Y. Then f~!(V)
is an open set in X containing x. Let U = f~!(V); then
f(U) C V. Therefore, f: (X,7) — (Y, T,,) is ac-continuous.
Corollary 3.9. A function f : (X,7) — (Y,7,,) is
oc-continuous if and only if f: (X,7) — (¥,7,,.) is o-
continuous.

Proof. This follows immediately from Theorems 3.7 and 3.8.
Theorem 3.10. If f: (X,7) — (Y, 7)) is ctc-continuous,
then f: (X,7) — (Y, 1),.) is weakly a-continuous.

Proof. Letx € X, and let V be an open set in ¥ containing f(x).
Then V¢ is oi-compact relative to Y. Since f is a.c-continuous,
there exists an open set U containing x such that

fluycvcv.

Therefore, f: (X, 1) — (Y, 1) is weakly o-continuous.
Theorem 3.11. Let (X,7) and (¥,7') be two topologi-
cal spaces. If f: (X,7) — (¥,7') is ot-continuous, then
f:(X,7) = (¥,7') is PC-continuous.

Proof. Letx € X, and let V be an open set containing f(x) such
that V¢ is P-compact relative to Y. By Proposition 3.3, V¢ is
a-compact relative to Y. Since f : X — Y is oic-continuous,
there exists an open set U containing x such that f(U) C V.
Therefore, f : X — Y is PC-continuous.

Theorem 3.12. If f: (X,7) — (¥, 7’) is otc-continuous and
A is a subset of X, then the restriction

f‘AZA—>Y

is ac-continuous.

Theorem 3.13. If f: (X,7) — (¥,7’) is continuous and
g:(Y,7') = (Z,0) is ac-continuous, then the composition

gof:X—Z7
is ac-continuous.

REFERENCES

[1] D. Anderijevic, “Some property of the topology a-set,”
Math. Vesnik, vol. 36, pp. 1-10, 1984.

[2] R. H. Atia, S. N. El-Deeb, and A. S. Mashhour, “o-
compactness and -homeomorphism.”

[3] E. Cammaroto and T. Noiri, “On WC-continuous func-
tions,” J. Korean Math. Soc., vol. 24, no. 1, pp. 11-19,
1987.

[4] K. R. Gentry and H. B. Hoyle, III, “C-continuous func-
tions,” Yokohama Math. J., vol. 18, pp. 71-76, 1970.

[5] J. M. Hadi, K. M. Sajda, and T. Neeran, “PC-continuous
functions,” Babylon J., vol. 9, no. 3, pp. 676-680, 2004.

[6] N. Levine, “A decomposition of continuity in topologi-
cal spaces,” Amer. Math. Monthly, vol. 68, pp. 44-46,
1961.

[7] N. Levine, “Semi-open sets and semi-continuity in topo-
logical spaces,” Amer. Math. Monthly, vol. 70, pp. 36—
41, 1963.

[8] G. Lofaro, “Su alcune proprieta degli insiemi a-aperti,”
Atti Sem. Mat. Fis. Univ. Modena, vol. 29, pp. 242-252,
1980.

[9] S. N. Maheshwari and S. S. Thakur, “On «-irresolute
mappings,” Tamkang J. Math., vol. 11, pp. 209-214,
1980.

[10] S. N. Maheshwari and S. S. Thakur, “On a-compact
spaces,” Bull. Inst. Math. Acad. Sinica, vol. 13, pp. 341—
347, 1985.

[11] A.S. Mashhour, M. E. El-Monsef, and S. N. El-Deeb,
“On precontinuous and weak precontinuous mappings,”
Proc. Math. Phys. Soc. Egypt, vol. 53, pp. 47-53, 1982.

[12] A. S. Mashhour, I. A. Hasanin, and S. N. El-Deeb, “o-
continuous and a-open mappings,” Acta Math. Hung.,
vol. 41, pp. 213-218, 1983.

[13] O. Njastad, “On some classes of nearly open sets,” Pa-
cific J. Math., vol. 15, pp. 961-970, 1965.

14



Pure Mathematics for Theoretical Computer Science (PMTCS) Vol. 03, No. 01 - 2024

[14] I. L. Reilly and M. K. Vamanamurthy, “Connectedness
and strong semi-continuity,” Casopis Pest. Math., vol.
109, pp. 261-265, 1984.

15



	main - 2026-08-31T163738.472
	Introduction and Preliminaries
	alpha-Compact Spaces
	alpha-c-Continuous Functions


