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ABSTRACT

In this paper, we introduce the notion of anti fuzzy k-ideal of ternary semi-ring and study some of its elementary
properties through related theorems and proofs, with illustrated examples that explain our work.
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1. INTRODUCTION

The notion of a fuzzy subset of a set was introduced by Zadeh
in 1965 [4]. The notion of a fuzzy subgroup was introduced
by Rosenfeld in 1971 [1]. Fuzzy ideals in a ring were intro-
duced by W. Liu in 1982 [9]. In 1996, Kim and Park studied
fuzzy ideals in semirings [2]. The notion of ternary semir-
ings was introduced by Dutta and Kar in 2003 [8]. In 2007,
Kavikumar and Azme Bin Khamis introduced the notion of
fuzzy ideals in ternary semirings [3]. R. Biswas gave the
notion of anti fuzzy sets in 1990 [5]. The notion of fuzzy k-
ideals in ternary semirings was introduced by Sathinee Malee
and Ronnason Chinram in 2010 [7].

The main purpose of this paper is to introduce the notion of
an anti fuzzy k-ideal of a ternary semiring and study some of
its properties.

1.1 Preliminaries

In this section, we review some basic definitions that will be
used in this paper.

Definition 1.1 ([6]). A nonempty set R, together with a bi-
nary operation called addition and a ternary multiplication,
is said to be a ternary semiring if R is an additive commu-
tative semigroup satisfying the following conditions for all
a,b,c,d,e € R:

(1) (abc)de = a(bed)e = ab(cde);

(ii) (a+b)cd = acd + bed;
(iii) a(b+c)d = abd + acd;
(iv) ab(c+d) = abc+ abd.

Definition 1.2 ([6]). Let R be a ternary semiring. If there
exists an element O € R such that

O+x=x and Oxy=x0y=xy0, for all x,y € R,
then O is called the zero element, or simply the zero, of the
ternary semiring. In this case, we say that R is a ternary
semiring with zero.

Definition 1.3 ([6]). An additive subsemigroup 7 of a ternary
semiring R is called a left (respectively, right and lateral) ideal
of R if

s152i (respectively, isi sz, siis2) €1,

for all sy,so € Rand i € I. If  is both a left and a right ideal
of R, then [ is called a two-sided ideal of R. If [ is a left, right,
and lateral ideal of R, then I is called an ideal of R.

Definition 1.4 ([4]). A function y from a nonempty set X to
the interval [0, 1] is called a fuzzy subset of X.

Definition 1.5 ([4]). The complement of a fuzzy subset u of
a set X is denoted by p¢ and defined as

VxeX.
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Definition 1.6 ([3]). Let v and u be any two fuzzy subsets of
X. Then vNu and vU u are fuzzy subsets of X defined by

(vOu)(x) = min{v(x), t(x)},

(vup)(x) = max{v(x),u(x)}, Vx e X.

Definition 1.7 ([3]). A fuzzy subsemigroup u of a ternary
semiring R is called a fuzzy ideal of R if the function u : R —
[0,1] satisfies the following conditions for all x,y,z € R:

(@) plet+y) > min{p(x), p(y)};

(i) p(xyz) > u(z);

(iii) p(xyz) > p(x);

(V) pxyz) > p(y).
A fuzzy set u satisfying conditions (i) and (ii) is called a
fuzzy left ideal of R. If it satisfies (i) and (iii), then it is called
a fuzzy right ideal of R. If it satisfies (i) and (iv), then it is
called a fuzzy lateral ideal of R. If u is a fuzzy left ideal,

fuzzy right ideal, and fuzzy lateral ideal, then it is called a
fuzzy ideal of the ternary semiring R.

Definition 1.8 ([7]). A fuzzy ideal u of a ternary semiring R
is said to be a fuzzy k-ideal of R if

p(x) = minf{u(x+y),u(y)},  Vry€eR.

Definition 1.9 ([7]). Let S and R be two ternary semirings.
A mapping f : S — R is said to be a homomorphism if

fx+y) = f(x)+f(y),
fyz) = f(x) f(9)f(2),

If S and R are ternary semirings with zero 0, then f(0) = 0.

Vx,y,z € S.

Definition 1.10 ([7]). Let f: S — R be a homomorphism of
ternary semirings and let  be a fuzzy subset of S. We define
a fuzzy subset f(u) of R by

sup u(x), f'(y)#o,
xef~1(y)
0, otherwise.

f)(y) =

We call f(u) the image of u under f.

Definition 1.11 ([7]). Let R; and R, be two ternary semirings
and let f be a function from R into R;. If u is a fuzzy subset
of R,, then the preimage of u under f is a fuzzy subset of R;
defined by
) =u(f®),  VxeR:.

Definition 1.12 ([9]). Let ¢ : R — R, be any function. An
anti fuzzy ideal p of R, is called ¢-invariant if ¢ (x) = ¢ (y)
implies 1 (x) = u(y), where x,y € R;.

2. THE MAIN RESULTS

Definition 2.1. A fuzzy subset i of a ternary semiring R is
said to be an anti fuzzy left (respectively, right and lateral)
ideal of R if, for all x,y,z € R,

Lop(x+y) <max{u(x),u(y)};

2. u(xyz) < pu(z) for aleft ideal, u(xyz) < p(x) for aright
ideal, and p(xyz) < u(y) for a lateral ideal.

The fuzzy subset u is an anti fuzzy ideal of R if it is an anti
fuzzy left ideal, an anti fuzzy right ideal, and an anti fuzzy
lateral ideal of R.

Definition 2.2. An anti fuzzy ideal u of a ternary semiring R
is said to be an anti fuzzy k-ideal of R if

px) <max{u(x+y),u(y)},  Vx,y€R.

Example 2.3. Let R be the set of nonpositive integers with
zero. Then R is a ternary semiring with the usual addition and
ternary multiplication. Let it be a fuzzy subset of R defined

by
() = {?

Then u is an anti fuzzy k-ideal of R.

if xis even or x =0,
if x is odd.

Proposition 2.4. Let R be a ternary semiring and let |l be a
fuzzy subset of R. Then U is an anti fuzzy k-ideal of R if and
only if U¢ is a fuzzy k-ideal of R.

Proof. Suppose that u is an anti fuzzy k-ideal of R. For
X,¥,z € R, we have

pe(x+y) =1-p(x+y)
> 1 —max{u(x),u(y)}
=min{l — p(x),1—p(y)}
= min{p*(x),u(y)},

and, since U is an anti fuzzy left ideal of R,

e (xyz) = 1= paxyz)
> 1—p(z) = p(2).

Hence, u€ is a fuzzy left ideal of R. Similarly,

p(xyz) = 1—p(xyz) > 1—p(x) = u(x),
p(xyz) = 1—u(xyz) > 1—u(y) = u(y),

so u¢ is also a fuzzy right and lateral ideal of R. Thus, u¢ is
a fuzzy ideal of R. Moreover,

pe(x) =1-p(x)
> 1—max{p(x+y),u(y)}
=min{l —p(x+y),1 —p(y)}
= min{u“(x+y), . (y)}-

Hence, 1€ is a fuzzy k-ideal of R.

Conversely, let u¢ be a fuzzy k-ideal of R. For x,y,z € R, we
have

px+y) =1-p(x+y)
< 1—min{p(x), u“(y)}
= max{pu(x), u(y)},
p(xyz) = 1—p(xyz)
<1—p(z) = p(2).

Hence, u is an anti fuzzy left ideal of R. Similarly, u is an
anti fuzzy right and lateral ideal of R, and therefore an anti
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fuzzy ideal of R. Finally,

(x) =1—p(x)
< T—min{p(x+y),u(y)}
= max{p(x+y), n(y)}-
Thus, u is an anti fuzzy k-ideal of R. 0

Proposition 2.5. Let u and v be anti fuzzy k-ideals of a
ternary semiring R. Then WUV is also an anti fuzzy k-ideal
of R.

Proof. Let x,y,z € R. Then

=max{U(x+y),v(x+y)}
< max{max{ﬂ(x)a#(}’)}
(

max{

(HUV)(x+Y)

<

= max{max{p(x
max {1 (
= max{(uUV)(x),
(mUv)(

gt

<
—

)
—
nad

and

(U V) (xyz) = max{p(xyz), v(xyz)}
< max{p(z),v(z)} = (LUV)(2).
Hence, p U v is an anti fuzzy left ideal of R. Similarly, it is

an anti fuzzy right and lateral ideal of R, and therefore an anti
fuzzy ideal of R.

Since  and v are anti fuzzy k-ideals,

p(x) < max{p(x+y), u(y)},
v(x) < max{v(x+y),v(y)}.

Consequently,

(LUV)(x) = max{p(x), v(x)}
< max{max{p(x+y), I~L()’)}7
max{v(x+y),v(y)}}
:max{max{,u(x-l-y) (x+)’)}7
max{u(y), v(y)}}
= max{(LUV (x+y),
(LUV)()}-

Therefore, 4 UV is an anti fuzzy k-ideal of R. O

Theorem 2.6. Let f : Ry — R be an onto homomorphism of
ternary semirings Ry and Ry. If L is an anti fuzzy k-ideal of
Ry, then f~1 () is an anti fuzzy k-ideal of R;.

Proof. Let x,y,z € Ry. Since U is an anti fuzzy k-ideal of R,

and f is a homomorphism,

F ey =u(r x+y)
=1 (f(x)+1())
<max{,u( (), u(f(y)}

=max{f~' (1) (x).f~ (1))},

and
7)) (xyz) = p(f (xv2))
<u(f(2) = (1))
Hence, f~!(u) is an anti fuzzy left ideal of R;. Similarly, it

is an anti fuzzy right and lateral ideal of Ry, and therefore an
anti fuzzy ideal of R;. Also,

S ) (x) = u(f(x)
< max{u(f(x)+f(), w(f(¥)}
= max{p(f(x+y)),u(f()}
= max{f (1) (x+y), £ (u)(»)}-

Thus, f~!(u) is an anti fuzzy k-ideal of R. O

Lemma 2.7 ([7]). Let R and R, be two ternary semirings
and let ¢ : Ry — Ry be a homomorphism. Let UL be a ¢-
invariant anti fuzzy ideal of Ry. If x € Ry and x = §(a) for
some a € Ry, then ¢(1)(x) = p(a).

Proof. If re ¢~
invariant, ((r) =

¢(u)(x) =

!(x), then ¢(r) = x = ¢(a). Since U is ¢-
W (a). Therefore, by Definition 1.10,

sup  pi(r) = p(a).

re¢=1(x)
O

Theorem 2.8. Let ¢ : Ry — Ry be an onto homomorphism of
ternary semirings Ry and R,. If | is a ¢-invariant anti fuzzy
k-ideal of Ry, then ¢ (W) is an anti fuzzy k-ideal of R;.

Proof. Let x,y,z € R».
a,b,c € Ry such that

Since ¢ is surjective, there exist

Pla)=x, 9(b)=y  #c)==z
Because ¢ is a homomorphism,
x+y=¢(a+b), xyz = ¢(abc).
By Lemma 2.7,
O(u)(x+y) = p(a+b)
< max{p(a),u(b)}
= max{¢(u)(x), (1) (»)},
¢ (1) (xyz) = w(abe) < p(c) = ¢(1)(2)-

Hence, ¢(u) is an anti fuzzy left ideal of R,. Similarly, it is
an anti fuzzy right and lateral ideal of R,, and therefore an
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anti fuzzy ideal of R;. Furthermore,

¢ (u)(x) = pu(a)
<max{p(a+b),u(b)}
=max{o(u)(x+y),0(n)»)}

Thus, ¢(u) is an anti fuzzy k-ideal of R;. O

Definition 2.9. An anti fuzzy k-ideal u of a ternary semiring
R is said to be normal if p(0) = 1.

Theorem 2.10. Let u be an anti fuzzy k-ideal of a ternary
semiring R, and let 1™ be the fuzzy subset of R defined by

wi(x)=p(x)+1—p(0), Vx € R.

Then U* is a normal anti fuzzy k-ideal of R.

Proof. Let x,y,z € R. Since U is an anti fuzzy k-ideal,

pr(x+y)=px+y)+1-p(0)
< max{f(x),u(y)}+1-n(0)
=max{u*(x),u*(y)},

and

p (xyz) = p(xyz) +1—p(0)
< u(z)+1-p(0) =p*(2).

Hence, u* is an anti fuzzy left ideal of R. Similarly, it is an
anti fuzzy right and lateral ideal of R, and therefore an anti
fuzzy ideal of R. Moreover,

wi(x)=pulx)+1—pu(0)
< max{p(x+y),u(y)}+1—u(0)
= max{u*(x+y),ll*(Y)}-

Thus, u* is an anti fuzzy k-ideal of R. Finally,

p*(0) =p(0)+1—p(0) =1,

so i* is normal. O
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