
♦ ISSN: 2995-3162 Vol: 03, No. 01, 2024 ♦ PP. 08–11

Article DOI: https://doi.org/10.54216/PMTCS.030102

FULL LENGTH ARTICLE

On the Anti Fuzzy k-Ideals of Ternary Semi-rings

Murat Ozcek*

Gaziantep University, Department of Mathematics, Gaziantep, Turkey
Email: muratozcek.12@gmail.com

Received: June 13, 2023 Revised: September 27, 2023 Accepted: December 18, 2023 ⋆ Corresponding author

ABSTRACT

In this paper, we introduce the notion of anti fuzzy k-ideal of ternary semi-ring and study some of its elementary
properties through related theorems and proofs, with illustrated examples that explain our work.
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1. INTRODUCTION

The notion of a fuzzy subset of a set was introduced by Zadeh
in 1965 [4]. The notion of a fuzzy subgroup was introduced
by Rosenfeld in 1971 [1]. Fuzzy ideals in a ring were intro-
duced by W. Liu in 1982 [9]. In 1996, Kim and Park studied
fuzzy ideals in semirings [2]. The notion of ternary semir-
ings was introduced by Dutta and Kar in 2003 [8]. In 2007,
Kavikumar and Azme Bin Khamis introduced the notion of
fuzzy ideals in ternary semirings [3]. R. Biswas gave the
notion of anti fuzzy sets in 1990 [5]. The notion of fuzzy k-
ideals in ternary semirings was introduced by Sathinee Malee
and Ronnason Chinram in 2010 [7].

The main purpose of this paper is to introduce the notion of
an anti fuzzy k-ideal of a ternary semiring and study some of
its properties.

1.1 Preliminaries

In this section, we review some basic definitions that will be
used in this paper.

Definition 1.1 ([6]). A nonempty set R, together with a bi-
nary operation called addition and a ternary multiplication,
is said to be a ternary semiring if R is an additive commu-
tative semigroup satisfying the following conditions for all
a,b,c,d,e ∈ R:

(i) (abc)de = a(bcd)e = ab(cde);

(ii) (a+b)cd = acd +bcd;

(iii) a(b+ c)d = abd +acd;

(iv) ab(c+d) = abc+abd.

Definition 1.2 ([6]). Let R be a ternary semiring. If there
exists an element 0 ∈ R such that

0+ x = x and 0xy = x0y = xy0, for all x,y ∈ R,

then 0 is called the zero element, or simply the zero, of the
ternary semiring. In this case, we say that R is a ternary
semiring with zero.

Definition 1.3 ([6]). An additive subsemigroup I of a ternary
semiring R is called a left (respectively, right and lateral) ideal
of R if

s1s2i
(
respectively, is1s2, s1is2

)
∈ I,

for all s1,s2 ∈ R and i ∈ I. If I is both a left and a right ideal
of R, then I is called a two-sided ideal of R. If I is a left, right,
and lateral ideal of R, then I is called an ideal of R.

Definition 1.4 ([4]). A function µ from a nonempty set X to
the interval [0,1] is called a fuzzy subset of X .

Definition 1.5 ([4]). The complement of a fuzzy subset µ of
a set X is denoted by µc and defined as

µ
c(x) = 1−µ(x), ∀x ∈ X .

8

PurePurePure MathematicsMathematicsMathematics fffororor TheoreticalTheoreticalTheoretical ComputerComputerComputer SciencSciencScienceee

© 2024 The Author(s). Published by ASPG. This article is licensed under CC BY 4.0.

https://doi.org/10.54216/PMTCS.030102


Pure Mathematics for Theoretical Computer Science (PMTCS) Vol. 03, No. 01 · 2024

Definition 1.6 ([3]). Let ν and µ be any two fuzzy subsets of
X . Then ν ∩µ and ν ∪µ are fuzzy subsets of X defined by

(ν ∩µ)(x) = min{ν(x),µ(x)},
(ν ∪µ)(x) = max{ν(x),µ(x)}, ∀x ∈ X .

Definition 1.7 ([3]). A fuzzy subsemigroup µ of a ternary
semiring R is called a fuzzy ideal of R if the function µ : R →
[0,1] satisfies the following conditions for all x,y,z ∈ R:

(i) µ(x+ y)≥ min{µ(x),µ(y)};

(ii) µ(xyz)≥ µ(z);

(iii) µ(xyz)≥ µ(x);

(iv) µ(xyz)≥ µ(y).

A fuzzy set µ satisfying conditions (i) and (ii) is called a
fuzzy left ideal of R. If it satisfies (i) and (iii), then it is called
a fuzzy right ideal of R. If it satisfies (i) and (iv), then it is
called a fuzzy lateral ideal of R. If µ is a fuzzy left ideal,
fuzzy right ideal, and fuzzy lateral ideal, then it is called a
fuzzy ideal of the ternary semiring R.

Definition 1.8 ([7]). A fuzzy ideal µ of a ternary semiring R
is said to be a fuzzy k-ideal of R if

µ(x)≥ min{µ(x+ y),µ(y)}, ∀x,y ∈ R.

Definition 1.9 ([7]). Let S and R be two ternary semirings.
A mapping f : S → R is said to be a homomorphism if

f (x+ y) = f (x)+ f (y),

f (xyz) = f (x) f (y) f (z), ∀x,y,z ∈ S.

If S and R are ternary semirings with zero 0, then f (0) = 0.

Definition 1.10 ([7]). Let f : S → R be a homomorphism of
ternary semirings and let µ be a fuzzy subset of S. We define
a fuzzy subset f (µ) of R by

f (µ)(y) =

 sup
x∈ f−1(y)

µ(x), f−1(y) ̸=∅,

0, otherwise.

We call f (µ) the image of µ under f .

Definition 1.11 ([7]). Let R1 and R2 be two ternary semirings
and let f be a function from R1 into R2. If µ is a fuzzy subset
of R2, then the preimage of µ under f is a fuzzy subset of R1
defined by

f−1(µ)(x) = µ
(

f (x)
)
, ∀x ∈ R1.

Definition 1.12 ([9]). Let φ : R1 → R2 be any function. An
anti fuzzy ideal µ of R1 is called φ -invariant if φ(x) = φ(y)
implies µ(x) = µ(y), where x,y ∈ R1.

2. THE MAIN RESULTS

Definition 2.1. A fuzzy subset µ of a ternary semiring R is
said to be an anti fuzzy left (respectively, right and lateral)
ideal of R if, for all x,y,z ∈ R,

1. µ(x+ y)≤ max{µ(x),µ(y)};

2. µ(xyz)≤ µ(z) for a left ideal, µ(xyz)≤ µ(x) for a right
ideal, and µ(xyz)≤ µ(y) for a lateral ideal.

The fuzzy subset µ is an anti fuzzy ideal of R if it is an anti
fuzzy left ideal, an anti fuzzy right ideal, and an anti fuzzy
lateral ideal of R.

Definition 2.2. An anti fuzzy ideal µ of a ternary semiring R
is said to be an anti fuzzy k-ideal of R if

µ(x)≤ max{µ(x+ y),µ(y)}, ∀x,y ∈ R.

Example 2.3. Let R be the set of nonpositive integers with
zero. Then R is a ternary semiring with the usual addition and
ternary multiplication. Let µ be a fuzzy subset of R defined
by

µ(x) =

{
0, if x is even or x = 0,
1, if x is odd.

Then µ is an anti fuzzy k-ideal of R.

Proposition 2.4. Let R be a ternary semiring and let µ be a
fuzzy subset of R. Then µ is an anti fuzzy k-ideal of R if and
only if µc is a fuzzy k-ideal of R.

Proof. Suppose that µ is an anti fuzzy k-ideal of R. For
x,y,z ∈ R, we have

µ
c(x+ y) = 1−µ(x+ y)

≥ 1−max{µ(x),µ(y)}
= min{1−µ(x),1−µ(y)}
= min{µ

c(x),µc(y)},

and, since µ is an anti fuzzy left ideal of R,

µ
c(xyz) = 1−µ(xyz)

≥ 1−µ(z) = µ
c(z).

Hence, µc is a fuzzy left ideal of R. Similarly,

µ
c(xyz) = 1−µ(xyz)≥ 1−µ(x) = µ

c(x),

µ
c(xyz) = 1−µ(xyz)≥ 1−µ(y) = µ

c(y),

so µc is also a fuzzy right and lateral ideal of R. Thus, µc is
a fuzzy ideal of R. Moreover,

µ
c(x) = 1−µ(x)

≥ 1−max{µ(x+ y),µ(y)}
= min{1−µ(x+ y),1−µ(y)}
= min{µ

c(x+ y),µc(y)}.

Hence, µc is a fuzzy k-ideal of R.

Conversely, let µc be a fuzzy k-ideal of R. For x,y,z ∈ R, we
have

µ(x+ y) = 1−µ
c(x+ y)

≤ 1−min{µ
c(x),µc(y)}

= max{µ(x),µ(y)},
µ(xyz) = 1−µ

c(xyz)

≤ 1−µ
c(z) = µ(z).

Hence, µ is an anti fuzzy left ideal of R. Similarly, µ is an
anti fuzzy right and lateral ideal of R, and therefore an anti
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fuzzy ideal of R. Finally,

µ(x) = 1−µ
c(x)

≤ 1−min{µ
c(x+ y),µc(y)}

= max{µ(x+ y),µ(y)}.

Thus, µ is an anti fuzzy k-ideal of R.

Proposition 2.5. Let µ and ν be anti fuzzy k-ideals of a
ternary semiring R. Then µ ∪ν is also an anti fuzzy k-ideal
of R.

Proof. Let x,y,z ∈ R. Then

(µ ∪ν)(x+ y) = max{µ(x+ y),ν(x+ y)}
≤ max

{
max{µ(x),µ(y)},

max{ν(x),ν(y)}
}

= max
{

max{µ(x),ν(x)},
max{µ(y),ν(y)}

}
= max

{
(µ ∪ν)(x),

(µ ∪ν)(y)
}
,

and

(µ ∪ν)(xyz) = max{µ(xyz),ν(xyz)}
≤ max{µ(z),ν(z)}= (µ ∪ν)(z).

Hence, µ ∪ν is an anti fuzzy left ideal of R. Similarly, it is
an anti fuzzy right and lateral ideal of R, and therefore an anti
fuzzy ideal of R.

Since µ and ν are anti fuzzy k-ideals,

µ(x)≤ max{µ(x+ y),µ(y)},
ν(x)≤ max{ν(x+ y),ν(y)}.

Consequently,

(µ ∪ν)(x) = max{µ(x),ν(x)}
≤ max

{
max{µ(x+ y),µ(y)},

max{ν(x+ y),ν(y)}
}

= max
{

max{µ(x+ y),ν(x+ y)},
max{µ(y),ν(y)}

}
= max

{
(µ ∪ν)(x+ y),

(µ ∪ν)(y)
}
.

Therefore, µ ∪ν is an anti fuzzy k-ideal of R.

Theorem 2.6. Let f : R1 → R2 be an onto homomorphism of
ternary semirings R1 and R2. If µ is an anti fuzzy k-ideal of
R2, then f−1(µ) is an anti fuzzy k-ideal of R1.

Proof. Let x,y,z ∈ R1. Since µ is an anti fuzzy k-ideal of R2

and f is a homomorphism,

f−1(µ)(x+ y) = µ
(

f (x+ y)
)

= µ
(

f (x)+ f (y)
)

≤ max{µ( f (x)),µ( f (y))}
= max{ f−1(µ)(x), f−1(µ)(y)},

and

f−1(µ)(xyz) = µ
(

f (xyz)
)

≤ µ( f (z)) = f−1(µ)(z).

Hence, f−1(µ) is an anti fuzzy left ideal of R1. Similarly, it
is an anti fuzzy right and lateral ideal of R1, and therefore an
anti fuzzy ideal of R1. Also,

f−1(µ)(x) = µ( f (x))

≤ max{µ( f (x)+ f (y)),µ( f (y))}
= max{µ( f (x+ y)),µ( f (y))}
= max{ f−1(µ)(x+ y), f−1(µ)(y)}.

Thus, f−1(µ) is an anti fuzzy k-ideal of R1.

Lemma 2.7 ([7]). Let R1 and R2 be two ternary semirings
and let φ : R1 → R2 be a homomorphism. Let µ be a φ -
invariant anti fuzzy ideal of R1. If x ∈ R2 and x = φ(a) for
some a ∈ R1, then φ(µ)(x) = µ(a).

Proof. If r ∈ φ−1(x), then φ(r) = x = φ(a). Since µ is φ -
invariant, µ(r) = µ(a). Therefore, by Definition 1.10,

φ(µ)(x) = sup
r∈φ−1(x)

µ(r) = µ(a).

Theorem 2.8. Let φ : R1 → R2 be an onto homomorphism of
ternary semirings R1 and R2. If µ is a φ -invariant anti fuzzy
k-ideal of R1, then φ(µ) is an anti fuzzy k-ideal of R2.

Proof. Let x,y,z ∈ R2. Since φ is surjective, there exist
a,b,c ∈ R1 such that

φ(a) = x, φ(b) = y, φ(c) = z.

Because φ is a homomorphism,

x+ y = φ(a+b), xyz = φ(abc).

By Lemma 2.7,

φ(µ)(x+ y) = µ(a+b)

≤ max{µ(a),µ(b)}
= max{φ(µ)(x),φ(µ)(y)},

φ(µ)(xyz) = µ(abc)≤ µ(c) = φ(µ)(z).

Hence, φ(µ) is an anti fuzzy left ideal of R2. Similarly, it is
an anti fuzzy right and lateral ideal of R2, and therefore an
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anti fuzzy ideal of R2. Furthermore,

φ(µ)(x) = µ(a)

≤ max{µ(a+b),µ(b)}
= max{φ(µ)(x+ y),φ(µ)(y)}.

Thus, φ(µ) is an anti fuzzy k-ideal of R2.

Definition 2.9. An anti fuzzy k-ideal µ of a ternary semiring
R is said to be normal if µ(0) = 1.

Theorem 2.10. Let µ be an anti fuzzy k-ideal of a ternary
semiring R, and let µ∗ be the fuzzy subset of R defined by

µ
∗(x) = µ(x)+1−µ(0), ∀x ∈ R.

Then µ∗ is a normal anti fuzzy k-ideal of R.

Proof. Let x,y,z ∈ R. Since µ is an anti fuzzy k-ideal,

µ
∗(x+ y) = µ(x+ y)+1−µ(0)

≤ max{µ(x),µ(y)}+1−µ(0)

= max{µ
∗(x),µ∗(y)},

and

µ
∗(xyz) = µ(xyz)+1−µ(0)

≤ µ(z)+1−µ(0) = µ
∗(z).

Hence, µ∗ is an anti fuzzy left ideal of R. Similarly, it is an
anti fuzzy right and lateral ideal of R, and therefore an anti
fuzzy ideal of R. Moreover,

µ
∗(x) = µ(x)+1−µ(0)

≤ max{µ(x+ y),µ(y)}+1−µ(0)

= max{µ
∗(x+ y),µ∗(y)}.

Thus, µ∗ is an anti fuzzy k-ideal of R. Finally,

µ
∗(0) = µ(0)+1−µ(0) = 1,

so µ∗ is normal.
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