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Abstract

The main goal of this study is to obtain a direct theorem for the simultaneous approximation of 3 monotone
functions in Lp by splines in the space Lp. Also, we have illustrated many examples to clarify the validity of our
work.
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1. Introduction and Basic Definitions
A function x: [a, b] = R is said to be k-monotone, k > 1, on [a, b] if and only if for all hoices of k +1 distinct
f(x))

wr(xj)’

points xg, x4, ..., X in [a,b] the inequality x[xg, Xy, ..., xx] > 0, holds, where x[xq, xq, ..., xx] = Zﬂ;o

denotes the kth divided difference of x at x, x4, ..., x4, and w(y) = Hfzo(y - X;).

Note that 1-monotone and 2-monotone functions are just non-decreasing and convex functions, respectively. We
denote the class of all k-monotone functions on [a,b] by A*. If x € C¥[a, b], then x € A¥if and only if
x®(y) >0,y € [a,b].

In recent years the first author has many papers dealing with the degree of approximation of nonnegative, of
monotone and convex functions by algebraic polynomials and splines that are similarly nonnegative, monotone
and convex, the so-called positive, monotone and convex approximation( see [2], [1]). Also, She has papers
dealing with the degree of approximation of functions that change their positivity, monotonicity, or convexity
finitely many times in [-1,1], by polynomials and splines that have the same changes at exactly the same points.
This is the copositive comonotone and coconvex approximation( see [2], [3], [4]). On the other hand, very little
is known on the degree of 3-monotone functions by 3-monotone polynomials and splines. We are aware of only
one paper [5] by Konovalov and Leviatan on the uniform Jackson estimates of 3-monotone functions by 3-
monotone splines. In this paper we will obtain the degree of simultaneous approximation of such function in Lp.
We need a few notations. Let ||. || P > 0, denote the L, quasi norm. The rth symmetric difference of x is given
by

r r—i r . T
AT (x,y, [a, b]) = AL(f, %) = { o (}) o ix(y =5 +in),y £ 5 € [a,b]
0

0. W.
Then the rth usual modulus of smoothness of x € Lp[a,b] is defined by w,.(x,38,[a b])p =
OS%pSHAZ(xr-)”LP[a,b],6 >0
<hs
Theorem1.1: Let x € L?,(I), be 3- monotone function, and m € N, set ¢; = t,,;;a+ i 'm|l|, i =0,1,...,m,
then there exists a 3- monotone quadratic spline o ,, (x;.) with knots t;, i = 1, ..., m — 1 such that
(11)  x"(ti—1) S 0" t) < x"(t), t € (t_p,ty), i =1,..,mand
12)  |xC)- az_m(x;.)“P < cm™3I2w(x", m~1I]), and
! ' 7 - W —
(1.3) ||x (-0 2,m(x;.)”P < ECm HIw(x",m™I])p and
14 x"C) - Unz,m(xi-)”,, < w(x",m HI|)p.
1. Proof of the main result
First let us prove
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Lemma2.1 : Let J=[a,b] and m € N, and set t; = t,,;:a + i~*m, i=0,1,...,m then for every function x such that
x € Lpand x € L>p(J), IX'llp < 2m|J|7* (b — &)/? [max [x(t)| + émlll‘lllx"llp-

Proof: Let t;_y <t < t;, 1 < k < m, by Taylor's formula x(¢) + x'(t)(¢; — t) = x(¢t;) — fttf x"(t)(¢ — 1)dr,
j=k-1, k solving this system of linear equation for x'(t), we obtain x'(t) = (t;, —
te-1) L T (DR (x(g) - [ %" (@)t — D)dD)

Hence

1 1 P
U @1 dD” < ml|7 B (05 ()] ST 1LPAD” + ml I ) | By f7 1" @1t — r)| dt]
and ||lx"||, < 2m|J|7Y(b — a)V/P Orgial)r;lx(ti)l + %ml]l‘lllx"llp. This complets the proof.
The proof of theorem 1.1 o
First observe that (4) follows immediately from () and we do not have to prove it separately , and that with no
loss of generality we may assume that 1=[0,1]. Note that if w(x", k), = 0 for some h > 0, then x is a quadratic
polynomial and there is nothing and there is nothing to prove. thus , we assume that w(x",h)p > 0,0 < h <1,
also if m =1, then we may take the quadratic polynomial %tz, where x"(0) < ¢ < x"(1), thus we assume m>1.
First assume that x(0) = x' (0) = x"(0) .Then x" is nonnegative and non decreasing . . Let c = (cy, ..., ¢y ), and
denote by o, (.; c¢) the quadratic spline defined by
o",(t;c)=ct € (ti_,t),i=1,,...,m
o'5(t;) = [ 0", (r o) drand ay(t; ¢) = [, o'5(r;0) dr t €[0,1]
It follows that o, (.; ¢) is linear in ¢ . Let e = (1,0, ...,0),e® = (0,1, ...,0), ...,e™ = (0,0, ...,1), denote the
usual unit vectors in R™. Then it is easy to see that o', (t; ) = (¢ — t;_1)y — (€ — t)4
0, 0<t<t,
={t—t;i_q, ti<t<tg
m1, t;<t<1
(21) 05(;e®) = (¢ — ti-)} = (E = £)})
0, 0<t<t_,

[

P

1 2
_ z(t—ti—ﬂ ) tig <t <t

1 -2 -2
Sm+m t—-t) t;<t<1

For c € R™, set

G,(x,t,¢c) =x(t) — a,(t,c), t €[0,1]

Where

(2.2) 85(x,0,¢) = 6,(x,0,c) =0

Now let ¢; = x"(t;), i = 0,1, ..., m it follows that if c = (cq, ...,cp) issothat¢;_; < ¢; < ¢/, i =0,1,..,mthen
(2.3) ||85(x, ...,c)||1D <w("mbH,

We are going to construct the required o, ,, (x;.) in stages step 1 .Let

¢ =(c;, g and ¢ = =i (¢ —ci)el,1<i<m
That is

(cf,erCm) =0
(2.4) ¢t ={(Ch) s Cl1y Clpty i Cl) 1<i<m—1

(s e _(3;;1—1) i=m
The function 85(x, ...,ct), 0 < i <m, are increasing in the weak sense, i.e. non decreasing in [0,t;] and
decreasing in the weak sense i.e non increasing in [0, t;]. (we will continue to use increasing and decreasing in
the weak sense without mentioning the latter), since
85(x,6,¢P) = x"(t) = cj_q = X"(£) = X"(tg_1) = 0, t € (ty_p, t), 1 Sk < i
S(x,t,cP) = x"(t) —cp = x"(t) = x"(t) S 0, t € (tr—, tr), i+ 1<k <1
By (2.2) 8,(x,0,c¢}) =0, 0 <i <m, hence §5(x,.,cl) = 0 and in particular &,(x,., c!) is increasing in [0, t;].
Alsoforall0 <i<m
(2.5) 85 (x, t, ch) = 65 (x, t,c*Y), t € [0,t;]
85 (x, t,ch) = 85 (x, t,c™Y), t € [t;, 1]

1

Let 7,(c) = (f01|62(x, t, c)”ldt)ﬁ = ||6,(x,t,c)|l, Then by the above discussion, 7p(c})) >t;, 1 <i<m. If
7p(c)) < 1, then clearly 8;(x, Tp(cl), cl) = 0, and since 85(x, ..., cl) is decreasing in [t;, 1], it follows that it is
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non negative in [0,7,(c)] and non positive in [tp(c)), 1], i.e, 8,(x,t,cl) is increasing in [0,7p(c!)] and
decreasing in [tp(cl), 1]. Also, it is readily seen that forevery 0 < i <m

8,(x, t,ch) = 8,(x, t,ci™V), t € [0,¢t;]

8,(x, t,ch) < 8,(x, t,c™), t € [t;, 1]

(2.6)

We are ready to begin the construction. If

1 1
8,(x,tp(c™), c™) = §,(x,1,c") < Em‘zw(x",m‘l) < ECm_Zw(x", m™ Y,

Then we take ¢” = (¢1, ..., 6) = ¢™ and set g, (x, ) = 0,(t,¢"), t € [0,1]. Then (1.1) and (1.2) hold, and as
we will see towards the end of the proof, (1.3) will follow other wise

1 1
8,(x,1,c™) = 6,(x, tp(c™), c™) > Em_zw(x”, mp > ECm_Zw(x", m ),
Since 8, (x,.,c?) < 0 then for somei, 0 < i <m — 1, we have
o 1 . .
8, (x,tp(ch),c) < ECm‘Zw(x”, mDp < 8,(x, tp(ct™), cit1)

Denote ¢} = c! — ge'™', e € R. Then

SX(x,t,ct) = 85(x,t,cl) + eof(t,e) 0 <k <, t €[0,1]
Hence for & = ¢/, — ¢}

S, (x, ¢, cé;) = 8,(x, t,c*Y), t € [0,1]

While 8,(x, t, cd) = 8,(x, t,cl), t € [0,1]

By virtue of (1) ,(5) & (6) we conclude that for 0 < ¢ < ¢;.

(2.7) 85 (x, t, c}) = 85 (x, t,ct) = 85(x, t,cit1), t €0, ;]

85 (x, t,ch) < 85(x, t,cl) < 85(x,t,cith), t € [t;,1]

And

(2.8) 65(x, t, cb) = 65(x, t,ct) = 85(x, t,cit1), t € [0, ;]

8,(x, t,ch) < 8,(x, t,cl) < 8,(x,t,ci*Y), t € [t;, 1]

Note that all the above vectors c!, are admissible, by continue there exists an 0 <& <& such that
850, tp(cl),c) =0

1
(2.9) ([, |85 (x, £, cD)P|de)” = 8,(x, 7p(ch), ) < 5 Cm~?w(x",m™),
Next we show that 8, (x,t, ct) can not be too small in [0,7,(ct)]. To this end, in view (2.8). we only have to
estimate &8, (x,t, c) from below in [t;, p(ct)]. We claim that we only have to obtain an estimate in [t;, tiy].
Indeed, our claim is self-evident if 7, (c!) < t;,,, and we may assume the opposite. Note that
85 (x, t,cl) = 85(x, t,c)em™, t € [t;41,1]
And this in  turn implies that &5(x,.,cl) is decreasing in that interval. Since
85(x,Tp(ch), ck) = 0, it follows that &5 (x, t,cl) = 0 for t € [t;q, Tp(cl)], so that 5, (x, t, c}) is increasing there.
By Taylor's formula and (2.3)

olr
el

(ﬁ&wtgfwo-wﬂaw—a%olm>

85 (x, t,cl) = 8,(x, t;,cl) = 62(x, ti,cH(t —t) + f 5, (x 0,cl)(t —0)do

£ o . P\F
> (|fti52 (x,8,cl)(t — 0)do)| )
— 1 1185Cx,6,cD(E — 0)ds |,
> Zm2|85(x, 0, )|,
2 ;m_ZW(x",m‘l)p ti <t <ty
By (2.7), (2.8), 6,(x, t;, cL) = 0 and 85(x, t;, c}) = 0 hence

(210) min_ &,(x,t,c}) = = Cm2w(x", m™L),
ief0,zp(cl)] 2

Now, 7p(cl) € [t} t;41] Where j > i, if 75(cl) = t;,4. Then we take
c" = (cg, ., Cm) = cland set g, (x, 1) = 0,(t,¢"), t € [0,1]

Then 1.1 and 1.2 holds (the latter in [0, ¢;.,] also by (2.9)

(2.11) x(tj41) — oz m(x, ¢ +1)lCm‘zw(x",m‘z)pand if j<m-1, then

(2.12) x'+2) — 6" (%, 541) = 0
10

Doi: https://doi.org/10.54216/PMTCS.030101
Received: June 19, 2023 Revised: September 18, 2023 Accepted: December 14, 2023



https://doi.org/10.54216/PMTCS.030101

Pure Mathematics For Theoretical Compauter Science (PMTCS) Vol 03, No. 01, PP. 08-14, 2024

Thent; <7, () < tj+1 we need so we fine —tuning, and we continue with step 1, we first note that
(2.13) 85(x, tj,ct) = 0, = 0 forj > i,

we have explain it above , and if j=I then it follows immediately from (2.7) Set c,, = cf —ne/**, n € R.
It follows by 2.1 that 85 (x, ¢, ¢t ;) = 85(x, t;, ), and &, (x, ¢, cg_n) = 8,(x, ¢, cL).

Also, 8,(x, tj41, cg',n) depends continuously on 7.

Ifj =ithenforn =& —¢, Cin? = ¢i+1,
[

And 8,(x, tj41,¢L,)). While 85(x,t, ¢l ) = 85(x,t, cl) t € [t;, tisq]. For all —e < n < nj,cl, are admissible,

and 83 (x, t,ct) < 83(x, t,ck,) < 83(x, t, ci*).

It follows from (2.7) and (2.8) that 7,(c)) < 7p(c}) hence t; < tp(c) < t;4, since 85(x, tp(cl),cl) = 0 and
8,(x,.,ch), is decreasing in [t;, t;41], We see that §5(x, t;41, cl) < 0. On the other hand &85 (x, t;,1,c/*1) > 0. By

continuity there exists —e < n < n; such that
(2.14) 85(x, tiyy,cty) =0
Otherwise j > i. then forany n € R, 8,(x,t, cl ;) = 8,(x, t,cb) and 8,(x,t,c],)) = 8,(x,t,cH) 0 < t < ;.
Recall that 6, (x, ., c.) is decreasing in [t;1,1]
So that in particular &3 (x, tj,1,¢/,) < 83(x, i1, ct) < 85(x, Tp(ch), ch)
On the other hand for n; = ¢j,; — ¢j, it follows by (2.1)and (2.4) that
5, (x, t, C;.nj-) = 8,(x,t,c) + (¢fyq — ¢ )03 (t,)
=x"(t) = ¢p1 + G+ ¢
=x"(t) — ¢
>0 ti < t<tj
83(x ¢, cg,ng‘) = 85(x,t,c)) + 1j oz (t, /1)

Is increasing in t € [t;, tj,4]. by virtue of (2.13) we conclude that &, (x, t, cg,n{) > 0. Therefore there exists 0 <

n < n; such that
(2.15) 8,(x, tj41,cty) =0
And cL, is admissible. Evidently &,(x,t,cL,) = 8,(x,t,c)) t € [0,t;]
Thus we only have to estimate &,(x,.,cl,), t; <t <t
To this end
8;(xt,cly) = 85, t,cl) + 1 0yt €/41)

iy A . 1 2
< 6,(x, tp(cg), c2) +1j E(t — tj)

1
<-m72Cw(x",m Y, + ECm'ZW(x", m™

N =

=m 2w(x",m™1)
And by taylor's formula _
8, (x ¢, cé‘n) = 8,(x,t,cl) +no,(t,el™h)
t T
> 6,00, (e,c) + S, tp (D, (e =)+ [ [ 8 e0,chde do
Tpl(Cé) (cd)
. . . .2
= 62(36', Tp(Cé), Cé) - ||2 62(96', " Cé)”P E |t - TP(C;S)|

1, ) 1 )
> om Cw(x",m™ 1, +5Cm Zwx",m)p =0

Here we have applied (2.9) and the fact that 85 (x, Tp(cl),cl) = 0

In particular we have

(2.18) 0 < 68,(x, tm,j“,cg‘n) <m2Cw(x",m™1)

And combining with 2.9 and 2.10 we obtain that

i 1
min 8,(x,t,cl. ) = -m 2Cw(x", m™1),
t€[0,t44] 2( 5"7) 2 ( )

. . 1
(fgt’_1|82(x, t, cé,n)|P dt)P < m~2Cw(x",m™1),
Now let ¢ =(cj,..,Cp) = cg_,, which, as we know, is  admissible, and
Om(x,t) = 05(t,¢"), t € [0,1]
Then (1.1) and (1.2) hold the latter in [0, ¢;,,], and by virtue of (2.11) and (2.12)and (1.15) and (1,18)
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x(tj+1) - Uz,m(tj+1'CA) =0,
And
(219) 0 < (tj41) — om(tjr1,¢") <M 2Cw(x",m™1)
We conclude step 1 by designating j; = 1 + . if j; <1, the ¢;, < 1, and we proceed to step 2, which is almost a
mirror image of step 1.
Step 2. Write t; =t; +ii=0,1,..,m— j;, and let @ = (cq» c]1
AT A 0 . % % .
Cs © = C*( ) + Zi:l(cjlﬂ - Cj1+l—1) eUr*h
(cq, ...,cjl,cj*l, v, Cm—g)  ,i=0
= (Cl/\' e CJ'A1’ Cf*1+1’ e Cf*1+1' Cf*1+1’

N

A * * . .
(€1) e Gy Gyt s C) =M — 3

Gy s Cmeg), fOr 1 < i <m—jj, set

""C‘;";'l—l) ,1SiSm—j1—1

note that

(2.20) ¢, ™D =

By virtue of (2.12) and ( 2.15) we have

2.21) o5(x, tp,c.P) =0, 1<i<m—j

and it is readily seen that o, (x,.,c,?), 1 <i<m—j, —1 is decreasing in [to,t;] and increasing in [t;, 1],
since 8,(x,t,¢,?) = x"(6) — ¢/ = %"(1) = X" () S0, t € (t_y, ), 1 <k <i+1, and & (x,t,c.?) =
X"(t) = ¢ pk—1 = X"(€) = x"(tg-1) =0, t € (tg—1,tp),i+1<k<m-—j;, so by (221) , in particular,

85(x,.,c.) is nonnegative in [t;, 1], so that &,(x,.,c, ) is increasing and by (2.18), nonnegative there, and
8,(x,., ¢,V is non positive in [t;, 1], so that &,(x, ., c. ™ /v is decreasing there. We proceed as in step 1,

except that for an admissible ¢ € R™,
we denote 7,,;,,(c) = (follé'2 (x, 1, C)|Pd‘[)% = t£r<1itr<11 8,(x,t,¢)
note that T, (¢, ) = t;, i = 0,1,...,m — jy, thus if
8, (x, Tmin(c:(m_h)),c:(m_jl)) =6,(x1, c:(m_jl)) > %Cm‘zw(x", m
Then we put ¢ = (¢, ..., ) = . ™7 and set Oym(x;t) = 0,(t; €), t € [0,1]
In view of 2.20 ,(1.1) and (1.2) are satisfied and step 2 is complete. otherwise
8, (x, TP(C:(m_jl)), c:(m_h)) < ;Cm'zw(x",m'l),;

While as has been mentioned, 52(x,.,c:(0)) is nonnegative in [t;, 1]. Hence forsome 0 < i <m — j;

Sz(x, Tp(cf(i)), c:(i)) > %m‘zw(x", m 1, > Sz(x, Tp(c:(iﬂ)), c:(i))
Repeating the considerations of step 1 in mirror image which we only out line below (leaving the details to the
reader), there exists ¢; ;1 — ¢ 4141 < € < 0, so the c;(i)is admissible and
(2.22) &,(x, TP(C:(i)), C:(i)) = _71m'2CW(x", m ),
As before &,(x,.,c, ) is decreasing in the interval [t;,7,( c.”)], and in order to estimate it from above in
[t rp( c;(i))], it suffices to estimate it in [t;, t;;,].To this end we have by Taylor's formula
85(x,t,¢.7) = 8,(x,t1, V) + 85 (3,10, €. V) (¢ = ) + [ [ 62 (x,8, V) dlr o
< 8 (xt, V) + [[62Cx, .. ¢,
< cmPw(x",m Y, + %m‘sz(x",m‘l)p
= zm_ZCW(x", m™Hp
where we have applied (2.19), and the fact §5(x, t;, c;(i)) for later reference we conclude that
(2.23) (182 £, 2 D) de)? < Zm2cw(x,m ),
Now
Tmin(C;(i)) € [tj, tj+1],i <j<m-—j, Tmin(cs(i)) =ty
Then we take ¢ = (&4, ..., Cp) = c;(i), and set g, , (x; t) = 0,(¢t; €), t € [0,1]
_?Im'zcw(x", m ) <x(t) —o,(t;6) < %m'sz(x",m'l)P, 0<t<tpy
And (2.24) x(tj41) — 02(tj41;€) = ;m'sz(x",m'l)P
Furthermore x'(4+1) — g3 (£;,1;¢) = 0

12
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And step 1 is complete. If on the other hand rmm(cA(i)) < tj;1, then we again need some fine — tuning and we
continue W|th step 2. Just as in step 1. We find an ¢; ,; — ¢j 4 j4+1 —€ =1 = —¢g so that ¢, U) is admissible and
83(x, tj41,C = 0 Compare with 2.14 & 2.15 again
8,(x.t,c (’)) 8,(x,t,c. D), t € [to, 1]
So it suffices to estimate 8,(x, ., ¢ (”) in t € [tj, t;4,]). To this end compare eith (2.16) & (2.17) we obtain by
(2.22)
8, (x t, cA(j)) = 8,(x,t,c, D) + noy(t, elti*)
> 8, (%, Tmin (ce (l)) ¢ (L)) +(Gy4j ~ Cyejen)
> ;m‘ZCW(x",m‘l)P + 7m‘2Cw(x", m ),
=m 2Cw(x",m™ 1),
8 (xt,c (l)) < &,(x, rmm(c ", cA(l)) +85(%, Tmin (¢, ), c.?)
(t = Tmin(c: D)) + f f 8 (x,8,c,)dr de
tmin(€2?) Tmin{c. )
< 6,6, tmin(ceD), 2 D) + (| S 63 (x,., 2 D) dbae| 7

NG NG 1 " NG ACN 2
< 52(x, Tmin(cg(l)), cs(l)) + > ||62(x,.,cg(l))||P(t - Tmin(cgm)

And

85(%, tj1, e (L) =0

Here we have used the fact 5 (x, Tyin(c. ?), c,P) = 0
(2.26) —m 2Cw(x",m™") < 8, (%, tj41,¢.0") <0

Now we write j, = j, + j + 1. denote ¢ = (¢4, ..., En) = ¢,
Which is admissible, and set

Oom(x;t) = 0,(t; ), t € [0,1]

Then it follows that (1.1)&(1.2) hold (the latter in [0,t;,] and x'(t;,) — 02, (t;€) = 0

Furthermore, by (2.24) and (2.26)

—m72Cw(x",m™ ) < x(¢,) — oy m(t,;€) <0

This completes step 2

If j, = m then we are done. Other wise, t,, ;, < 1, and we return to step 1, the only difference this time is that
we have (2.27) (like (2.18)) indeed of &, (x, 0, ¢). This accounts for the lower estimate of the right of ¢;,, being
—%m‘ZCw(x",m‘l), just as in (2.23). However, the upper estimate of the newly constructed spline in that
interval is m~2Cw(x",m™1), just as in (2.25) . We alternately repeat step 2&1 until we get to the end point. The
upper and lower estimates each time we apply step 1, never exceed
m~2Cw(x",m™*) and —%m‘z Cw(x",m™1) respectively, and when we apply step 2 they never exceed

(J).

%m‘ZCw(x",m‘l) and —m~2Cw(x",m™1) respectively. The construction in achieved in finitely many steps (at
most m steps), then we obtain quadratic spline o, ,, (x,.) that satisfies (1.1)&(2.2)

In order to prove (1.3) we see that by virtue of lemma 1 .(1.2) and (1.4) yield

|’ () = o5 m(x,.) ||P < 2m||x(.) - Uz,m(x;-)”,, + ﬁ |x"¢) - ag‘m(x,.)”P

< (ngm‘2 + %m‘l)CW(x",m'l)P

= gm_lcw(x", mHp.

The theorem under the additional assumption that x(0) = x'(0) = x"(0) = 0, for a general x € A3L2(]0,1]),
we take £(t) = x(t) — (0) — x'(0)t — ~x"(0)t%,t € [0,1]

This completes the proof.
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