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ABSTRACT

The main goal of this study is to obtain a direct theorem for the simultaneous approximation of 3-monotone functions
in Lp by splines in the space Lp. Also, we have illustrated many examples to clarify the validity of our work.
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1. INTRODUCTION AND BASIC DEFINITIONS

A function x : [a,b] — R is said to be k-monotone, k > 1, on
[a,b] if and only if, for all choices of k+ 1 distinct points
X0,X1,- .., X in [a, ], the inequality

x[x0,%x1,...,%] >0

holds, where

k
f(x))
X[x0,%1,. .., %] =
j;) o' (x))
denotes the kth divided difference of x at xg,x1,...,x, and
k
o) =[T0—x).
j=0

Note that 1-monotone and 2-monotone functions are just non-
decreasing and convex functions, respectively. We denote
the class of all k-monotone functions on [a,b] by AF. If
x € C¥[a,b], then x € AX if and only if

WOy)>0,  yelab].
In recent years the first author has many papers dealing

with the degree of approximation of nonnegative, mono-
tone, and convex functions by algebraic polynomials and

splines that are similarly nonnegative, monotone, and convex,
the so-called positive, monotone, and convex approximation
(see [2, 1]). Also, she has papers dealing with the degree
of approximation of functions that change their positivity,
monotonicity, or convexity finitely many times in [—1, 1], by
polynomials and splines that have the same changes at exactly
the same points. This is the copositive, comonotone, and co-
convex approximation (see [2, 3, 4]). On the other hand, very
little is known on the degree of approximation of 3-monotone
functions by 3-monotone polynomials and splines. We are
aware of only one paper [5] by Konovalov and Leviatan on
the uniform Jackson estimates of 3-monotone functions by
3-monotone splines. In this paper we will obtain the degree
of simultaneous approximation of such a function in Lp.

We need a few notations. Let ||-||p, P > 0, denote the Lp
quasi-norm. The rth symmetric difference of x is given by

Ay (x,y,[a, b]) == Ay, (f,%)

()ro-2ea).

h
y=+ % € [a,b],

0, o.w.

Then the rth usual modulus of smoothness of x € Lp[a, b] is
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defined by

@, (x,8,[a,b])p:= supé 1A% o) » 6>0.

0<h<

Theorem 1.1. Let x € L3(I) be a 3-monotone function, and

let m € N. Set

ti =ty i=a+im 1|, i=0,1,...,m.
Then there exists a 3-monotone quadratic spline 63, (%),
with knots ¢;, i = 1,...,m— 1, such that

K (tio1) < 09 (1) < X' (1),

1.1
l‘E(t,;],l‘,'), i=1,...,m. (1.1
()~ G )l < Cm 22 i
x o’ ,m|I))p. '
7
’ / . -1
H'x () - o-z,m(‘x’-)HP —_ Ecm ‘I| (13)
x o(x",m1))p.
12 () = 05 ()], < ("~ e (1)

2. PROOF OF THE MAIN RESULT

First let us prove the following lemma.
Lemma 2.1. Let J = [a,b], m € N, and set
ti=tpii=a+im J|, i=0,1,....m.

Then, for every function x such that x € Lp and x € LI% J),
1
/ -1 /P =1,/
W1l < 2l (b —a)!/" max. [x(a)|+ 5ml71 [+
Proof. Lett;_; <t <1, 1 <k < m. By Taylor’s formula,
x(t)+x(t)(t; — 1) = x(t})

f/ttjx”(r)(tjfr) dr,

j=k—1,k.
Solving this system of linear equations for x'(z), we obtain
k
x’(t) = (l‘k — tk_l)_l Z (71)](_]
j=k—1

X (X(fj) _/t[jx”(f)(tj— T)dr) .
Hence
(/abx’(t)Pdt)l/P§m|J|—1jél(l)k—j|x(tj)|

x(éﬂPm)
+mu|lléb

1/P

ko
Y [ Wl
j=k—1"1

P

x (tj—1)dr

Therefore,

1
N R

This completes the proof.
2.1 Proof of Theorem 1.1

First observe that (1.4) follows immediately from (1.1), and
we do not have to prove it separately. Without loss of general-

1/pP
dt] .

ity, we may assume that / = [0, 1]. Note that if w(x",h)p =0
for some & > 0, then x is a quadratic polynomial and there
is nothing to prove. Thus, we assume that @(x”,h)p > 0,
0 < h < 1. Also, if m =1, then we may take the quadratic
polynomial ¢t /2, where x”(0) < ¢ < x”(1); thus, we assume
m> 1.

First assume that
x(0) =x'(0) =x"(0) =0.
Then x” is nonnegative and non-decreasing. Let ¢ =

(¢1y...,cm), and denote by 0»(+;¢) the quadratic spline de-
fined by

Gél(t;c):cl'a te(tiflvti)a i:17"'7ma
1

o5 (t;c) :/ oy (1;c)dr,
0
1

oy (t;c) :/ oy(t;0)dt, te]0,1].
0

It follows that 0> (-;¢) is linear in c. Let
eM=(1,0,...,0), ¥ =(01,...,0),

e =(0,0,...,1)
denote the usual unit vectors in R™. Then it is easy to see that

07 Ogtgti—h
os(tie)=(t—ti 1) —(t—t)s =S t—ti1, ti1 <1<t
m L f<t<l.
Moreover,
: 1
0 (t;el) = 3 ((t=ti)% = (t—1)3)
Oa Ogtgtiflv 2.1
1 .
- %(t—t,»,l)z, il <t<t,
Em*2+m*2(t—t,~), L <t<l.
For ¢ € R™, set
&(X,t,C)ZX(I)—Gz([,C), IE[O,H-
Then
85(x,0,¢) = & (x,0,¢) =0. (2.2)
Now let
C?:x,/(ti), i:O,l,...,m.
It follows that, if ¢ = (cy,...,c¢p) is such that
i1 <c¢<cl, i=1,...,m,
then
H52”(x7-,c)HP <o, m)p. (2.3)

We are going to construct the required 07 5, (x;-) in stages.
Step 1. Let

ci’ = (cl,. . Ch)s
_ i
) = = Yoei — i e,
/=1




Pure Mathematics for Theoretical Computer Science (PMTCS)

Vol. 03, No. 01 - 2024

That is,
‘ (€}, sem)s i=0,
=Ll Ol nch), 1<i<m—1, (24)
(Chs-sCo1)s i=m.

The functions 8 (x, -,cff) ), 0 <i < m, are increasing in the
weak sense (i.e., non-decreasing) in [0,#;] and decreasing
in the weak sense (i.e., non-increasing) in [t;,1]. We will
continue to use increasing and decreasing in the weak sense
without mentioning the latter. Indeed,

*

X' (1) — iy
=x"(t) X" (tr_1) >0,
te(lk,],tk% 1 Sk§l7

By (2.2), & (x,O,CSf)) =0, 0 <i<m;hence 8(x, ',c@) >0,
(@)

and in particular 0, (x,-,c,) is increasing in [0,#]. Also, for
al0<i<m—1,

8 (x 1.ty = 85 (x,1,eU), e 0,4,

8 (x,t,cly < 8 (x 1, ),

Let
1 1/p
)= (/0 |82(x,t,c)|Pdt) = |82 (x, ) lp-

Then, by the above discussion, TP(C,(JI)) >, 1<i<m If
rp(cgf)) < 1, then clearly
8 (x, (¢, ) = 0.

Since 62’(x,-,cff)) is decreasing in [t;,1], it follows that it
is nonnegative in [0, 7(c\”)] and nonpositive in [7p(c\"), 1.
Thus, & (x,1,
in [Tp(cgf) ), 1]. Tt is also readily seen that, for every 0 <i <
m—1,

c*’)) is increasing in [0, ‘L’p(cgf))} and decreasing

B, cl) = leae ™), el o
& (x1,c) < &y(x,1, ), e [, 1] '
We are ready to begin the construction. If
8o, tp ("), ™) = 8y(x, 1,¢™)
1
< §m72w(x//7m7])
1
< ECmfza)(x”,mfl)p7
then we take ¢ = (¢1,...,Cm) = ™ and set
627,"()(,1‘) = 62(1‘,5), 1 e [0, 1]

Then (1.1) and (1.2) hold, and, as we will see toward the end
of the proof, (1.3) follows. Otherwise,

& (x, 1,c5<m)) =& (x, rp(cﬁm)),cgfn))
1

1
> Emfza)(x",mfl)p > ECmfza)(x”,m*I)p.

Since & (x,- )) <0, forsome i, 0 <i<m—1, we have

bo(x, o(e), ) < SCm 0 )

< &(x,rp(c£i+l)),cii+l)).
Denote ' ) .
cr = c5f> - ee(”rl), eeR.
Then
52(k) (x,2, cfg) = 52(k) (x,t, cii))

+eol (2,6,
0<k<2, telo,1].

c*

Hence, for & = ¢} iR

+1
S(xtck) =& ™), e,
while

S(x,t,ch) =&(xtc?),  refo1].

By virtue of (2.1), (2.5), and (2.6), for 0 < & < &/,

52(x,t,cg<')) = &) (x,t,ck) = 52'(x,t,cii+l>), t €10,1],
.t e) < 8(xr,cl) < er, ™), refm1).
Q2.7)

& (x,t,¢") = & (x,t,¢l) = S (x,0,Y, 1 eo,1],
) < & (xt,¢l) < By, ),

—~
=
~

t €, 1].

(2.8)
All the above vectors ¢/ are admissible. By continuity, there
exists 0 < € < g such that

62/()6, TP(Cé)’Cé‘> =0

and

b 4 1/p o
([ 1ocrchrar) = awmaicd.cd
a 2.9)

cm2o(x",m Yp.

Next we show that &(x,t,cl) cannot be too small in
[0,7p(cl)]. In view of (2.8), we only have to estimate it
from below in [t;, 7p(cL)]. We claim that it is enough to ob-
tain an estimate in [f;,#;11]. Indeed, this is self-evident if
7p(cl) < ti41, and we may assume the opposite. Note that

=8ty +em!,

8 (x,t,cl) 1€t 1].

This implies that &(x,-,c.) is decreasing in that interval.
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Since o
55()67 TP(Cé)>cé) > 07

it follows that & (x,t,c.) > 0 for ¢ € [tir1,Tp(cl)], so that

O2(x,t,cl) is increasing there.

By Taylor’s formula and (2.3),

& (x,t,¢l) = & (x, i, ¢l) + 8 (x, 11, L) (1 — 17)
t5£'(x,9,cé)(t76)d0
> - /|| (x,0,ct)(t—0)]|, d6
> =28 el

1
> — Emfza)(x",mfl)p, t <t <ti.
By (2.7) and (2.8), & (x,#;,cL) > 0 and & (x,#;,c.) > 0; hence

, 1
min &(x,t,cg)z—ECmfzw(x”,m”)p. (2.10)

t€[0,7p(ct)]

Now tp(cl) € [t},tj+1], where j > i. If Tp(cL) =141, then
we take

~

¢=(C1,...,0n) =cl, Com(x,t) = 0a(t,C), t€[0,1].

Then (1.1) and (1.2) hold, the latter in [0,#41]. Also, by (2.9),

1
O_Z,m(x,fj-l,-l) ~Cm™~ (D(x m 2)[3,

5 2.11)

x(tj41) —
and, if j <m—1,

x/(tj+1)—0'£m(x,tj+1) =0. (212)
Suppose now that 7; < Tp(Cé) <tj+1; we need some fine-
tuning and continue with Step 1. First note that

8(x,tj,cl) >0,  €>0, j>i. (2.13)
This was explained above, and if j =i, it follows immediately
from (2.7). Set

Cé,ﬂ :Cé—ne(j+l>, nekR.
It follows from (2.1) that

= 62/(X,l‘j70é),

= & (x.15,¢p)-

Sé(xatj?cé,n)
&(xtj.cipn)

Also, & (x,tj1 ,cé’n) depends continuously on 7.
If j =i, then for n/ =&* —¢,

Cé,ni* =",
while
& (xt,ch o) = 8 (x ey, t € [ti,ti41].

For all —e < n <1/, the vectors cém are admissible and

8 (e, c) < &(xt,ch ) < Sy, ).
It follows from (2.7) and (2.8) that

TP(CS«i)) < tp(ct), i < TP(CS:)) < i

Since &(x, Tp(cii)),cii)) =

[fi,ti41], we see that

0 and & (x, ,cg)) is decreasing in

& (x,ti1,¢)) <0.

On the other hand, & (x,t;11 ,cyH

exists —€ <1 < 1 such that

) ) > 0. By continuity there

8 (x,ti1,¢k ) =0. (2.14)

Otherwise j > i. Then, for any ] € R,

&(x,t.cly) = &(x,t,ch),

0<tr <y
Recall that 8, (x, -, c}) is decreasing in [f;; 1, 1]. Therefore,

6é(x7tj+l ac,c_{',o) < 62/()(, i+ ’cfi‘) < 62/()(’ Tp(Cé),Cé) =0.
On the other hand, for n; = C/+1 ¢}, it follows from (2.1)

and (2.4) that
8 (x,t,c! )=

el ¢)a (1,0 )

5"(x,t,cé) + (C;Jrl -
=x"(1)=cj+ =

(
=x"(t)=c; >0, 1 <t<tj.

Also,

8 (x,t,c

6l ) = B3t ch) + 0 (1, el )

is increasing in t € [t;,¢;1]. By virtue of (2.13), we conclude
that it is nonnegative. Therefore, there exists 0 <1 < n;
such that

& (x,tj1,¢kn) = 0. (2.15)

The vector cém is admissible. Evidently,

82()( ! yCe 17) 62(%%@@)7 re [OJJ'}'

Thus, we only have to estimate & (x, -, cgm) fort; <t <tjyi.
To this end,

Sa(x,t,¢p) =

o L1

< & tp(cy).cp) + 15 (0—1))?
1

< Emsza)(x”

=m2Co(x",m ')p.

&(xvtacé) +nc72(t’e<j+1))

1
m)p+ ECm*Zco(x”,mfl )p
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By Taylor’s formula,

Sr(x,t,cdn) = &(x, (el cf)
+83(x, Tp(cp), Cé)(t—tj)

“Jo AP

> & (x,1Tp c‘s fH

It—TP(C.e)I2

> —m2Co(x",m)p.

'(x,0,cl)dodt

(x,c0)]|

Here we have applied (2.9) and the fact that
83(x, tp(cf), k) = 0.
In particular, we have
0< & (X, tmjs1,cy) <m 2Co(x",m™). (2.18)

Combining (2.9) and (2.10), we obtain

1 ~1
min .1, > —= Co ,
min Sy(xtcly) 2 —m >Com )

1j+1 . 1/p
(/ |52(x,t,cé_n)|Pdt> <m2Co(x",m™).
0 :

Now let
=@ sln)=cly,  Grmlx,t)=02(1,0), 1€]0,1].

Then (1.1) and (1.2) hold, the latter in [0,7;4]. By virtue of
(2.11), (2.12), (2.15), and (2.18),

x(tj41) = Cam(tjr1,¢) =0,

and

ng(l‘j_;,_l) O'Qm(l]_H, ) <m ZC(D()C m l). (2.19)
We conclude Step 1 by designating j; =1+ j. If j; <m, then
tj, <1, and we proceed to Step 2, which is almost a mirror

image of Step 1.

Step 2. Write t; =1, 44, i=0,1,...,m— ji, and let

{0) o~ SO .
Ci = (Clye ey CjysCyyees Oyt )-
For 1 <i<m~— ji, set
0.y (r+)
* O J1+
+ Y (o= e
Equivalently,
{0) o~ o~ s .
Ci = (Clye s CjsCysesCt),s
) A o~
G = (Clye s Clp s Cl s
x * x
Cj1+l',le+i7...,C"171)7
1Sl§m7.]1717
/*(m j1) _ *

= (c1,.. 3j17cj1+1,...,cm).

Note that .
ngmfjl) _= (2.20)
By virtue of (2.12) and (2.15), we have
oa(x,00,8) =0,  1<i<m—ji. 2.21)

It is readily seen that Gg(x,~,55f)), 1<i<m—jj—1,is
decreasing in [fo, ;] and increasing in [#;, 1], since

6 (xvtac* ): (t) ]1+k
)—

=x"(t) =x" (1) <0,
tE(tk ), 1<k<i+1,
Sél(xah ): () J|+k 1
= (f) K (t-1) 2 0,
€ (ti_1,tx), i+1<k<m—ji.

Thus, by (2.21), & (x,-,Cx )) is nonnegative in [t;, 1], so that
it is increasing and, by (2.18), nonnegative there. Also,
52(x,~,6<*m7] ‘)) is nonpositive in [t;,1], so it is decreasing
there. We proceed as in Step 1, except that, for an admissible
c € R™, we denote

1 1/P
Tmin(€) = (/0 62(x,'c,c)|Pdr) — min &(x,1,c).

t <t<1

Note that Tmin(fii)) >t,i=0,1,...,m— ji. Thus, if

85, Tan (@), = 5, 1,6 )

> —Cm 2o, m")p,

| —

then we put
T=(T1,...,5n) ="V,
O2m(X:1) = z(t;a, tel0,1].

In view of (2.20), (1.1) and (1.2) are satisfied, and Step 2 is
complete. Otherwise,

(x, (@), 6 ) < —Lom Pl m .

While, as mentioned, 62(x,~75£0)) is nonnegative in [t;,1].
Hence, for some 0 <i <m— ji,

NP I _ _
& (xp(@),d) > Jm o m)p
> & (x,tp(@),d)).

Repeating the considerations of Step 1 in mirror image, which
we only outline below, there exists

* *
i1~ Cigiv1 €0

such that Eﬁ” is admissible and

o (x, TP(ESP),Z'S)) = ——m 2Co(x",m")p. (2.22)

As before, 52(x,~,E(ei)) is decreasing in the interval
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[t TP(EQ))], and, in order to estimate it from above in that
interval, it suffices to estimate it in [f;,#;11]. By Taylor’s
formula,

S (x,1,60)) = &(x,11,08)) + 8 (x, 11,06 ) (¢ — 1)

! T R
+/ 8 (x,0,c8)dodr
i Jt;
< 82()671‘1"2‘&)) + H(Sz”()C,’,E)HP
1
<Cm o’ ,m p+ §m72Cw(x’/,m71)p
3
= Emsza)(x",mfl)p.

Here we have applied (2.19). For later reference, we conclude
that

b . /P 3
(/ |52(x,;,6§’))|1°dt> < Sm 7 Col!m)p. (223)

NOW Toyin (88)) € [t,1741]2 i < j < m— ji. If Topin (C5)) = 11,
then we take

)

c=(C1,y...,Cm) =0C¢ ', Oy m(x;t) = 0n(t;0), te[0,1].
Then
—%miZC(D(x”,mfl) <x(t) — oa(t;0)
< %m 2Co(x",m™")p,
0<r<tj1

and

*(tje1) = G2(tj21:8) = —%m*ZCw(x",m*')P. (224)
Furthermore,

X (tjs1) — 03 (tj5136) = 0.

Step 2 is complete. If, on the other hand, ‘L'min(’cfgi)) <Utjt1,
then we again need some fine-tuning and continue with Step 2.
Just as in Step 1, we find

* *
Ch+j " Ci+j1 TEZM 2 €

such that E(gj ,)1 is admissible and

83(x,1741,p) = 0.

Compare with (2.14) and (2.15). Again,
&(xedh) = Hnel), 1€l

It therefore suffices to estimate & (x, 7248127) fort e [tj,tj41].

Comparing with the preceding estimates and using (2.22), we

52(’67“55331) = & (x,1,08)) + noa(t,el 1Y)
2 &(x, rmin(éé’)),éf;)) +(CJy4j =€yt jr1)

> —miZCw(x m )p-

f T Y )
+ ) /T . 62 (X,97C£ )deT
C mi

Tmin (Ce )

< 8)(x, Tnin (@), 2))

+ % | 55’(%'@”)“}[, (1= tin (@)

Moreover, '
83 (x,1j41,E6n) =0.
Here we have used the fact that
8 (x, Tmin(@), &) = 0.
Consequently,
—m2Co( m ) < Sy(xtj41,080) <0, (2.26)

Now write j, = j1 4+ j+ 1, and denote

C=(Cl,. .. em) = .
This vector is admissible, and we set
O-QAM(X;Z):GQ(I‘;E), te [0,1].

Then (1.1) and (1.2) hold, the latter in [0,7;,], and
X(tj,) = O w(tj3¢) = 0.
Furthermore, by (2.24) and (2.26),
—msza)(x”,mfl) < x(tj,) — Oam(tj,;¢) <O.

This completes Step 2.

If jo = m, then we are done. Otherwise, 1, ;, < 1, and we
return to Step 1. The only difference this time is that we have
(2.27), like (2.18), instead of &,(x,0,c). This accounts for the
lower estimate to the right of ¢;,, namely

3
——m2Co(x" m! ),
2
just as in (2.23). However, the upper estimate of the newly

constructed spline in that interval is
m2Co(x",m™1),

just as in (2.25). We alternately repeat Steps 2 and 1 until we
get to the endpoint. The upper and lower estimates each time
we apply Step 1 never exceed

3
m2Co(x",m™') and —Emsza)(x”,mfl),
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respectively, and when we apply Step 2 they never exceed

%msz(x)(x",mfl) and —m 2Co(x" m™),

respectively. The construction is achieved in finitely many
steps (at most m steps). We thus obtain a quadratic spline
02 m(x,-) that satisfies (1.1) and (1.2).

In order to prove (1.3), we see that by virtue of Lemma 2.1,
(1.2), and (1.4),

[ () = 03,6 )| p < 2mlx() = G2m (x, )]
1
b ) et
3 1
< <2m2m2 + 2m1> Co(x",m "p
7

= Em_lCa)(x",m_l)p.

The theorem has now been proved under the additional
assumption that x(0) = x’(0) = x”(0) = 0. For a general
x € A1L3([0,1]), we take

This completes the proof.
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