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ABSTRACT

The main goal of this study is to obtain a direct theorem for the simultaneous approximation of 3-monotone functions
in LP by splines in the space LP. Also, we have illustrated many examples to clarify the validity of our work.
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1. INTRODUCTION AND BASIC DEFINITIONS

A function x : [a,b]→ R is said to be k-monotone, k ≥ 1, on
[a,b] if and only if, for all choices of k+ 1 distinct points
x0,x1, . . . ,xk in [a,b], the inequality

x[x0,x1, . . . ,xk]> 0

holds, where

x[x0,x1, . . . ,xk] =
k

∑
j=0

f (x j)

ω ′(x j)

denotes the kth divided difference of x at x0,x1, . . . ,xk, and

ω(y) =
k

∏
j=0

(y− x j).

Note that 1-monotone and 2-monotone functions are just non-
decreasing and convex functions, respectively. We denote
the class of all k-monotone functions on [a,b] by ∆k. If
x ∈Ck[a,b], then x ∈ ∆k if and only if

x(k)(y)≥ 0, y ∈ [a,b].

In recent years the first author has many papers dealing
with the degree of approximation of nonnegative, mono-
tone, and convex functions by algebraic polynomials and

splines that are similarly nonnegative, monotone, and convex,
the so-called positive, monotone, and convex approximation
(see [2, 1]). Also, she has papers dealing with the degree
of approximation of functions that change their positivity,
monotonicity, or convexity finitely many times in [−1,1], by
polynomials and splines that have the same changes at exactly
the same points. This is the copositive, comonotone, and co-
convex approximation (see [2, 3, 4]). On the other hand, very
little is known on the degree of approximation of 3-monotone
functions by 3-monotone polynomials and splines. We are
aware of only one paper [5] by Konovalov and Leviatan on
the uniform Jackson estimates of 3-monotone functions by
3-monotone splines. In this paper we will obtain the degree
of simultaneous approximation of such a function in LP.

We need a few notations. Let ∥·∥P, P > 0, denote the LP
quasi-norm. The rth symmetric difference of x is given by

∆
r
h(x,y, [a,b]) := ∆

r
h( f ,x)

:=


r

∑
i=0

(
r
i

)
(−1)r−ix

(
y− rh

2
+ ih

)
,

y± rh
2

∈ [a,b],

0, o.w.

Then the rth usual modulus of smoothness of x ∈ LP[a,b] is
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defined by

ωr(x,δ , [a,b])P := sup
0<h≤δ

∥∆
r
h(x, ·)∥LP[a,b] , δ ≥ 0.

Theorem 1.1. Let x ∈ L2
P(I) be a 3-monotone function, and

let m ∈ N. Set

ti = tm,i := a+ im−1|I|, i = 0,1, . . . ,m.

Then there exists a 3-monotone quadratic spline σ2,m(x; ·),
with knots ti, i = 1, . . . ,m−1, such that

x′′(ti−1)≤ σ
′′
2,m(x; t)≤ x′′(ti),

t ∈ (ti−1, ti), i = 1, . . . ,m.
(1.1)

∥x(·)−σ2,m(x; ·)∥P ≤Cm−2|I|2

×ω(x′′,m−1|I|)P.
(1.2)

∥∥x′(·)−σ
′
2,m(x; ·)

∥∥
P ≤ 7

2
Cm−1|I|

×ω(x′′,m−1|I|)P.
(1.3)

∥∥x′′(·)−σ
′′
2,m(x; ·)

∥∥
P ≤ ω(x′′,m−1|I|)P. (1.4)

2. PROOF OF THE MAIN RESULT

First let us prove the following lemma.

Lemma 2.1. Let J = [a,b], m ∈ N, and set

ti = tm,i := a+ im−1|J|, i = 0,1, . . . ,m.

Then, for every function x such that x ∈ LP and x ∈ L2
P(J),∥∥x′

∥∥
P ≤ 2m|J|−1(b−a)1/P max

0≤i≤m
|x(ti)|+

1
2

m|J|−1∥∥x′′
∥∥

P .

Proof. Let tk−1 ≤ t ≤ tk, 1 ≤ k ≤ m. By Taylor’s formula,
x(t)+ x′(t)(t j − t) = x(t j)

−
∫ t j

t
x′′(τ)(t j − τ)dτ,

j = k−1,k.

Solving this system of linear equations for x′(t), we obtain

x′(t) = (tk − tk−1)
−1

k

∑
j=k−1

(−1)k− j

×
(

x(t j)−
∫ t j

t
x′′(τ)(t j − τ)dτ

)
.

Hence(∫ b

a
|x′(t)|P dt

)1/P

≤ m|J|−1
k

∑
j=k−1

(−1)k− j|x(t j)|

×
(∫ b

a
1P dt

)1/P

+m|J|−1

[∫ b

a

∣∣∣∣∣ k

∑
j=k−1

∫ t j

t
|x′′(τ)|

× (t j − τ)dτ

∣∣∣∣∣
P

dt

]1/P

.

Therefore,∥∥x′
∥∥

P ≤ 2m|J|−1(b−a)1/P max
0≤i≤m

|x(ti)|+
1
2

m|J|−1∥∥x′′
∥∥

P .

This completes the proof.

2.1 Proof of Theorem 1.1

First observe that (1.4) follows immediately from (1.1), and
we do not have to prove it separately. Without loss of general-

ity, we may assume that I = [0,1]. Note that if ω(x′′,h)P = 0
for some h > 0, then x is a quadratic polynomial and there
is nothing to prove. Thus, we assume that ω(x′′,h)P > 0,
0 < h ≤ 1. Also, if m = 1, then we may take the quadratic
polynomial ct2/2, where x′′(0)≤ c ≤ x′′(1); thus, we assume
m > 1.

First assume that

x(0) = x′(0) = x′′(0) = 0.

Then x′′ is nonnegative and non-decreasing. Let c =
(c1, . . . ,cm), and denote by σ2(·;c) the quadratic spline de-
fined by

σ
′′
2 (t;c) = ci, t ∈ (ti−1, ti), i = 1, . . . ,m,

σ
′
2(t;c) =

∫ t

0
σ
′′
2 (τ;c)dτ,

σ2(t;c) =
∫ t

0
σ
′
2(τ;c)dτ, t ∈ [0,1].

It follows that σ2(·;c) is linear in c. Let

e(1) = (1,0, . . . ,0), e(2) = (0,1, . . . ,0),

. . . , e(m) = (0,0, . . . ,1)
denote the usual unit vectors in Rm. Then it is easy to see that

σ
′
2(t;e(i))= (t−ti−1)+−(t−ti)+=


0, 0 ≤ t ≤ ti−1,

t − ti−1, ti−1 < t < ti,
m−1, ti ≤ t ≤ 1.

Moreover,

σ2(t;e(i)) =
1
2
(
(t − ti−1)

2
+− (t − ti)2

+

)

=


0, 0 ≤ t ≤ ti−1,
1
2
(t − ti−1)

2, ti−1 < t < ti,
1
2

m−2 +m−2(t − ti), ti ≤ t ≤ 1.

(2.1)

For c ∈ Rm, set

δ2(x, t,c) = x(t)−σ2(t,c), t ∈ [0,1].

Then
δ
′
2(x,0,c) = δ2(x,0,c) = 0. (2.2)

Now let
c∗i = x′′(ti), i = 0,1, . . . ,m.

It follows that, if c = (c1, . . . ,cm) is such that

c∗i−1 ≤ ci ≤ c∗i , i = 1, . . . ,m,

then ∥∥δ
′′
2 (x, ·,c)

∥∥
P ≤ ω(x′′,m−1)P. (2.3)

We are going to construct the required σ2,m(x; ·) in stages.

Step 1. Let

c(0)∗ = (c∗1, . . . ,c
∗
m),

c(i)∗ = c(0)∗ −
i

∑
ℓ=1

(c∗ℓ − c∗ℓ−1)e
(ℓ),

1 ≤ i ≤ m.
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That is,

c(i)∗ =


(c∗1, . . . ,c

∗
m), i = 0,

(c∗0, . . . ,c
∗
i−1,c

∗
i+1, . . . ,c

∗
m), 1 ≤ i ≤ m−1,

(c∗0, . . . ,c
∗
m−1), i = m.

(2.4)

The functions δ ′
2(x, ·,c

(i)
∗ ), 0 ≤ i ≤ m, are increasing in the

weak sense (i.e., non-decreasing) in [0, ti] and decreasing
in the weak sense (i.e., non-increasing) in [ti,1]. We will
continue to use increasing and decreasing in the weak sense
without mentioning the latter. Indeed,

δ
′′
2 (x, t,c

(i)
∗ ) = x′′(t)− c∗k−1

= x′′(t)− x′′(tk−1)≥ 0,
t ∈ (tk−1, tk), 1 ≤ k ≤ i,

δ
′′
2 (x, t,c

(i)
∗ ) = x′′(t)− c∗k

= x′′(t)− x′′(tk)≤ 0,
t ∈ (tk−1, tk), i+1 ≤ k ≤ m.

By (2.2), δ ′
2(x,0,c

(i)
∗ ) = 0, 0 ≤ i ≤ m; hence δ ′

2(x, ·,c
(i)
∗ )≥ 0,

and in particular δ2(x, ·,c(i)∗ ) is increasing in [0, ti]. Also, for
all 0 ≤ i ≤ m−1,

δ
′
2(x, t,c

(i)
∗ ) = δ

′
2(x, t,c

(i+1)
∗ ), t ∈ [0, ti],

δ
′
2(x, t,c

(i)
∗ )≤ δ

′
2(x, t,c

(i+1)
∗ ), t ∈ [ti,1].

(2.5)

Let

τP(c) =
(∫ 1

0
|δ2(x, t,c)|P dt

)1/P

= ∥δ2(x, ·,c)∥P .

Then, by the above discussion, τP(c
(i)
∗ ) ≥ ti, 1 ≤ i ≤ m. If

τP(c
(i)
∗ )< 1, then clearly

δ
′
2(x,τP(c

(i)
∗ ),c(i)∗ ) = 0.

Since δ ′
2(x, ·,c

(i)
∗ ) is decreasing in [ti,1], it follows that it

is nonnegative in [0,τP(c
(i)
∗ )] and nonpositive in [τP(c

(i)
∗ ),1].

Thus, δ2(x, t,c
(i)
∗ ) is increasing in [0,τP(c

(i)
∗ )] and decreasing

in [τP(c
(i)
∗ ),1]. It is also readily seen that, for every 0 ≤ i ≤

m−1,

δ2(x, t,c
(i)
∗ ) = δ2(x, t,c

(i+1)
∗ ), t ∈ [0, ti],

δ2(x, t,c
(i)
∗ )≤ δ2(x, t,c

(i+1)
∗ ), t ∈ [ti,1].

(2.6)

We are ready to begin the construction. If

δ2(x,τP(c
(m)
∗ ),c(m)

∗ ) = δ2(x,1,c
(m)
∗ )

≤ 1
2

m−2
ω(x′′,m−1)

≤ 1
2

Cm−2
ω(x′′,m−1)P,

then we take ĉ = (ĉ1, . . . , ĉm) = c(m)
∗ and set

σ2,m(x, t) = σ2(t, ĉ), t ∈ [0,1].

Then (1.1) and (1.2) hold, and, as we will see toward the end
of the proof, (1.3) follows. Otherwise,

δ2(x,1,c
(m)
∗ ) = δ2(x,τP(c

(m)
∗ ),c(m)

∗ )

>
1
2

m−2
ω(x′′,m−1)P ≥ 1

2
Cm−2

ω(x′′,m−1)P.

Since δ2(x, ·,c(0)∗ )≤ 0, for some i, 0 ≤ i ≤ m−1, we have

δ2(x,τP(c
(i)
∗ ),c(i)∗ )≤ 1

2
Cm−2

ω(x′′,m−1)P

< δ2(x,τP(c
(i+1)
∗ ),c(i+1)

∗ ).

Denote
c i

ε = c(i)∗ − εe(i+1), ε ∈ R.

Then

δ
(k)
2 (x, t,c i

ε) = δ
(k)
2 (x, t,c(i)∗ )

+ εσ
(k)
2 (t,e(i+1)),

0 ≤ k ≤ 2, t ∈ [0,1].

Hence, for ε∗i = c∗i+1 − c∗i ,

δ2(x, t,c i
ε∗i
) = δ2(x, t,c

(i+1)
∗ ), t ∈ [0,1],

while

δ2(x, t,c i
0) = δ2(x, t,c

(i)
∗ ), t ∈ [0,1].

By virtue of (2.1), (2.5), and (2.6), for 0 ≤ ε ≤ ε∗i ,

δ
′
2(x, t,c

(i)
∗ ) = δ

′
2(x, t,c

i
ε) = δ

′
2(x, t,c

(i+1)
∗ ), t ∈ [0, ti],

δ
′
2(x, t,c

(i)
∗ )≤ δ

′
2(x, t,c

i
ε)≤ δ

′
2(x, t,c

(i+1)
∗ ), t ∈ [ti,1].

(2.7)
and

δ2(x, t,c
(i)
∗ ) = δ2(x, t,c i

ε) = δ2(x, t,c
(i+1)
∗ ), t ∈ [0, ti],

δ2(x, t,c
(i)
∗ )≤ δ2(x, t,c i

ε)≤ δ2(x, t,c
(i+1)
∗ ), t ∈ [ti,1].

(2.8)
All the above vectors c i

ε are admissible. By continuity, there
exists 0 ≤ ε ≤ ε∗i such that

δ
′
2(x,τP(c i

ε),c
i
ε) = 0

and(∫ b

a
|δ2(x, t,c i

ε)|P dt
)1/P

= δ2(x,τP(c i
ε),c

i
ε)

≤ 1
2

Cm−2
ω(x′′,m−1)P.

(2.9)

Next we show that δ2(x, t,c i
ε) cannot be too small in

[0,τP(c i
ε)]. In view of (2.8), we only have to estimate it

from below in [ti,τP(c i
ε)]. We claim that it is enough to ob-

tain an estimate in [ti, ti+1]. Indeed, this is self-evident if
τP(c i

ε)≤ ti+1, and we may assume the opposite. Note that

δ
′
2(x, t,c

i
ε) = δ

′
2(x, t,c

(i)
∗ )+ εm−1, t ∈ [ti+1,1].

This implies that δ ′
2(x, ·,c i

ε) is decreasing in that interval.

3
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Since
δ
′
2(x,τP(c i

ε),c
i
ε)≥ 0,

it follows that δ ′
2(x, t,c

i
ε) ≥ 0 for t ∈ [ti+1,τP(c i

ε)], so that
δ2(x, t,c i

ε) is increasing there.

By Taylor’s formula and (2.3),

δ2(x, t,c i
ε) = δ2(x, ti,c i

ε)+δ
′
2(x, ti,c

i
ε)(t − ti)

+
∫ t

ti
δ
′′
2 (x,θ ,c

i
ε)(t −θ)dθ

≥ −
∫ t

ti

∥∥δ
′′
2 (x,θ ,c

i
ε)(t −θ)

∥∥
P dθ

≥ − 1
2

m−2∥∥δ
′′
2 (x, ·,c i

ε)
∥∥

P

≥ − 1
2

m−2
ω(x′′,m−1)P, ti ≤ t ≤ ti+1.

By (2.7) and (2.8), δ2(x, ti,c i
ε)≥ 0 and δ ′

2(x, ti,c
i
ε)≥ 0; hence

min
t∈[0,τP(c i

ε )]
δ2(x, t,c i

ε)≥−1
2

Cm−2
ω(x′′,m−1)P. (2.10)

Now τP(c i
ε) ∈ [t j, t j+1], where j ≥ i. If τP(c i

ε) = t j+1, then
we take

ĉ = (ĉ1, . . . , ĉm) = c i
ε , σ2,m(x, t) = σ2(t, ĉ), t ∈ [0,1].

Then (1.1) and (1.2) hold, the latter in [0, t j+1]. Also, by (2.9),

x(t j+1)−σ2,m(x, t j+1)≤
1
2

Cm−2
ω(x′′,m−2)P, (2.11)

and, if j < m−1,

x′(t j+1)−σ
′
2,m(x, t j+1) = 0. (2.12)

Suppose now that t j ≤ τP(c i
ε) ≤ t j+1; we need some fine-

tuning and continue with Step 1. First note that

δ
′
2(x, t j,c i

ε)≥ 0, ε ≥ 0, j > i. (2.13)

This was explained above, and if j = i, it follows immediately
from (2.7). Set

c i
ε,η = c i

ε −ηe( j+1), η ∈ R.

It follows from (2.1) that

δ
′
2(x, t j,c i

ε,η) = δ
′
2(x, t j,c i

ε),

δ2(x, t j,c i
ε,η) = δ2(x, t j,c i

ε).

Also, δ2(x, t j+1,c i
ε,η) depends continuously on η .

If j = i, then for η∗
i = ε∗i − ε ,

c i
ε,η∗

i
= c(i+1)

∗ ,

while

δ
′
2(x, t,c

i
ε,−ε) = δ

′
2(x, t,c

(i)
∗ ), t ∈ [ti, ti+1].

For all −ε ≤ η ≤ η∗
i , the vectors c i

ε,η are admissible and

δ
′
2(x, t,c

(i)
∗ )≤ δ

′
2(x, t,c

i
ε,η)≤ δ

′
2(x, t,c

(i+1)
∗ ).

It follows from (2.7) and (2.8) that

τP(c
(i)
∗ )≤ τP(c i

ε), ti ≤ τP(c
(i)
∗ )≤ ti+1.

Since δ ′
2(x,τP(c

(i)
∗ ),c(i)∗ ) = 0 and δ ′

2(x, ·,c
(i)
∗ ) is decreasing in

[ti, ti+1], we see that

δ
′
2(x, ti+1,c

(i)
∗ )≤ 0.

On the other hand, δ ′
2(x, ti+1,c

(i+1)
∗ )≥ 0. By continuity there

exists −ε ≤ η ≤ η∗
i such that

δ
′
2(x, ti+1,c i

ε,η) = 0. (2.14)

Otherwise j > i. Then, for any η ∈ R,

δ2(x, t,c
j

ε,η) = δ2(x, t,c i
ε), 0 ≤ t ≤ t j.

Recall that δ2(x, ·,c i
ε) is decreasing in [ti+1,1]. Therefore,

δ
′
2(x, t j+1,c

j
ε,0)≤ δ

′
2(x, t j+1,c i

ε)≤ δ
′
2(x,τP(c i

ε),c
i
ε) = 0.

On the other hand, for η∗
j = c∗j+1 − c∗j , it follows from (2.1)

and (2.4) that

δ
′′
2 (x, t,c

j
ε,η∗

j
) = δ

′′
2 (x, t,c

i
ε)+(c∗j+1 − c∗j)σ

′′
2 (t,e

( j+1))

= x′′(t)− c∗j+1 + c∗j+1 − c∗j
= x′′(t)− c∗j ≥ 0, t j ≤ t ≤ t j+1.

Also,

δ
′
2(x, t,c

j
ε,η∗

j
) = δ

′
2(x, t,c

i
ε)+η

∗
j σ

′
2(t,e

( j+1))

is increasing in t ∈ [t j, t j+1]. By virtue of (2.13), we conclude
that it is nonnegative. Therefore, there exists 0 ≤ η ≤ η∗

j
such that

δ
′
2(x, t j+1,c

j
ε,η) = 0. (2.15)

The vector c j
ε,η is admissible. Evidently,

δ2(x, t,c
j

ε,η) = δ2(x, t,c i
ε), t ∈ [0, t j].

Thus, we only have to estimate δ2(x, ·,c j
ε,η) for t j ≤ t ≤ t j+1.

To this end,

δ2(x, t,c
j

ε,η) = δ2(x, t,c i
ε)+ησ2(t,e( j+1))

≤ δ2(x,τP(c i
ε),c

i
ε)+η

∗
j

1
2
(t − t j)

2

≤ 1
2

m−2Cω(x′′,m−1)P +
1
2

Cm−2
ω(x′′,m−1)P

= m−2Cω(x′′,m−1)P.

4
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By Taylor’s formula,

δ2(x, t,c
j

ε,η)≥ δ2(x,τP(c i
ε),c

i
ε)

+δ
′
2(x,τP(c i

ε),c
i
ε)(t − t j)

+
∫ t

τP(c i
ε )

∫
τ

τP(c i
ε )

δ
′′
2 (x,θ ,c

i
ε)dθ dτ

≥ δ2(x,τP(c i
ε),c

i
ε) −

1
2

∥∥δ
′′
2 (x, ·,c i

ε)
∥∥

P

×|t − τP(c i
ε)|2

≥ −m−2Cω(x′′,m−1)P.

Here we have applied (2.9) and the fact that

δ
′
2(x,τP(c i

ε),c
i
ε) = 0.

In particular, we have

0 ≤ δ2(x, tm, j+1,c
j

ε,η)≤ m−2Cω(x′′,m−1). (2.18)

Combining (2.9) and (2.10), we obtain

min
t∈[0,t j+1]

δ2(x, t,c
j

ε,η)≥−1
2

m−2Cω(x′′,m−1),(∫ t j+1

0
|δ2(x, t,c

j
ε,η)|P dt

)1/P

≤ m−2Cω(x′′,m−1).

Now let

ĉ= (ĉ1, . . . , ĉm) = c j
ε,η , σ2,m(x, t) =σ2(t, ĉ), t ∈ [0,1].

Then (1.1) and (1.2) hold, the latter in [0, t j+1]. By virtue of
(2.11), (2.12), (2.15), and (2.18),

x(t j+1)−σ2,m(t j+1, ĉ) = 0,

and

0 ≤ x(t j+1)−σ2,m(t j+1, ĉ)≤ m−2Cω(x′′,m−1). (2.19)

We conclude Step 1 by designating j1 = 1+ j. If j1 < m, then
t j1 < 1, and we proceed to Step 2, which is almost a mirror
image of Step 1.

Step 2. Write ti = t j1+i, i = 0,1, . . . ,m− j1, and let

ĉ(0)∗ = (ĉ1, . . . , ĉ j1 ,c
∗
j1 , . . . ,c

∗
m−1).

For 1 ≤ i ≤ m− j1, set

ĉ(i)∗ = ĉ(0)∗ +
i

∑
ℓ=1

(c∗j1+ℓ− c∗j1+ℓ−1)e
( j1+ℓ).

Equivalently,

ĉ(0)∗ = (ĉ1, . . . , ĉ j1 ,c
∗
j1 , . . . ,c

∗
m−1),

ĉ(i)∗ = (ĉ1, . . . , ĉ j1 ,c
∗
j1+1, . . . ,

c∗j1+i,c
∗
j1+i, . . . ,c

∗
m−1),

1 ≤ i ≤ m− j1 −1,

ĉ(m− j1)
∗ = (ĉ1, . . . , ĉ j1 ,c

∗
j1+1, . . . ,c

∗
m).

Note that
ĉ(m− j1)
∗ = ĉ. (2.20)

By virtue of (2.12) and (2.15), we have

σ2(x, t0, ĉ
(i)
∗ ) = 0, 1 ≤ i ≤ m− j1. (2.21)

It is readily seen that σ2(x, ·, ĉ(i)∗ ), 1 ≤ i ≤ m − j1 − 1, is
decreasing in [t0, ti] and increasing in [ti,1], since

δ
′′
2 (x, t, ĉ

(i)
∗ ) = x′′(t)− c∗j1+k

= x′′(t)− x′′(tk)≤ 0,
t ∈ (tk−1, tk), 1 ≤ k ≤ i+1,

δ
′′
2 (x, t, ĉ

(i)
∗ ) = x′′(t)− c∗j1+k−1

= x′′(t)− x′′(tk−1)≥ 0,
t ∈ (tk−1, tk), i+1 ≤ k ≤ m− j1.

Thus, by (2.21), δ2(x, ·, ĉ(0)∗ ) is nonnegative in [ti,1], so that
it is increasing and, by (2.18), nonnegative there. Also,
δ2(x, ·, ĉ(m− j1)

∗ ) is nonpositive in [ti,1], so it is decreasing
there. We proceed as in Step 1, except that, for an admissible
c ∈ Rm, we denote

τmin(c) =
(∫ 1

0
|δ2(x,τ,c)|P dτ

)1/P

= min
t0≤t≤1

δ2(x, t,c).

Note that τmin(ĉ
(i)
∗ )≥ ti, i = 0,1, . . . ,m− j1. Thus, if

δ2(x,τmin(ĉ
(m− j1)
∗ ), ĉ(m− j1)

∗ ) = δ2(x,1, ĉ
(m− j1)
∗ )

≥ 1
2

Cm−2
ω(x′′,m−1)P,

then we put

c̃ = (c̃1, . . . , c̃m) = ĉ(m− j1)
∗ ,

σ2,m(x; t) = σ2(t; c̃), t ∈ [0,1].

In view of (2.20), (1.1) and (1.2) are satisfied, and Step 2 is
complete. Otherwise,

δ2(x,τP(ĉ
(m− j1)
∗ ), ĉ(m− j1)

∗ )<−1
2

Cm−2
ω(x′′,m−1)P.

While, as mentioned, δ2(x, ·, ĉ(0)∗ ) is nonnegative in [ti,1].
Hence, for some 0 ≤ i ≤ m− j1,

δ2(x,τP(ĉ
(i)
∗ ), ĉ(i)∗ )≥ 1

2
m−2

ω(x′′,m−1)P

> δ2(x,τP(ĉ
(i+1)
∗ ), ĉ(i)∗ ).

Repeating the considerations of Step 1 in mirror image, which
we only outline below, there exists

c∗j1+1 − c∗j1+i+1 ≤ ε ≤ 0

such that ĉ(i)ε is admissible and

δ2(x,τP(ĉ
(i)
∗ ), ĉ(i)∗ ) =−1

2
m−2Cω(x′′,m−1)P. (2.22)

As before, δ2(x, ·, ĉ(i)ε ) is decreasing in the interval

5



Pure Mathematics for Theoretical Computer Science (PMTCS) Vol. 03, No. 01 · 2024

[ti,τP(ĉ
(i)
ε )], and, in order to estimate it from above in that

interval, it suffices to estimate it in [ti, ti+1]. By Taylor’s
formula,

δ2(x, t, ĉ
(i)
ε ) = δ2(x, ti, ĉ

(i)
ε )+δ

′
2(x, ti, ĉ

(i)
ε )(t − ti)

+
∫ t

ti

∫
τ

ti
δ
′′
2 (x,θ , ĉ

(i)
ε )dθ dτ

≤ δ2(x, ti, ĉ
(i)
ε )+

∥∥δ
′′
2 (x, ·, ĉ)

∥∥
P

≤Cm−2
ω(x′′,m−1)P +

1
2

m−2Cω(x′′,m−1)P

=
3
2

m−2Cω(x′′,m−1)P.

Here we have applied (2.19). For later reference, we conclude
that(∫ b

a
|δ2(x, t, ĉ

(i)
ε )|P dt

)1/P

≤ 3
2

m−2Cω(x′′,m−1)P. (2.23)

Now τmin(ĉ
(i)
ε )∈ [t j, t j+1], i ≤ j < m− j1. If τmin(ĉ

(i)
ε ) = t j+1,

then we take

c̃ = (c̃1, . . . , c̃m) = ĉ(i)ε , σ2,m(x; t) = σ2(t; c̃), t ∈ [0,1].

Then

−1
2

m−2Cω(x′′,m−1)≤ x(t)−σ2(t; c̃)

≤ 3
2

m−2Cω(x′′,m−1)P,

0 ≤ t ≤ t j+1.

and

x(t j+1)−σ2(t j+1; c̃) =−1
2

m−2Cω(x′′,m−1)P. (2.24)

Furthermore,

x′(t j+1)−σ
′
2,m(t j+1; c̃) = 0.

Step 2 is complete. If, on the other hand, τmin(ĉ
(i)
ε ) < t j+1,

then we again need some fine-tuning and continue with Step 2.
Just as in Step 1, we find

c∗j1+ j − c∗j1+ j+1 − ε ≥ η ≥−ε

such that ĉ( j)
ε,η is admissible and

δ
′
2(x, t j+1, ĉ

( j)
ε,η) = 0.

Compare with (2.14) and (2.15). Again,

δ2(x, t, ĉ
( j)
ε,η) = δ2(x, t, ĉ

(i)
ε ), t ∈ [t0, t j].

It therefore suffices to estimate δ2(x, ·, ĉ( j)
ε,η) for t ∈ [t j, t j+1].

Comparing with the preceding estimates and using (2.22), we

obtain

δ2(x, t, ĉ
( j)
ε,η) = δ2(x, t, ĉ

(i)
ε )+ησ2(t,e( j1+ j+1))

≥ δ2(x,τmin(ĉ
(i)
ε ), ĉ(i)ε )+(c∗j1+ j − c∗j1+ j+1)

≥−m−2Cω(x′′,m−1)P.

Also,

δ2(x, t, ĉ
( j)
ε,η)≤ δ2(x,τmin(ĉ

(i)
ε ), ĉ(i)ε )

+δ
′
2(x,τmin(ĉ

(i)
ε ), ĉ(i)ε )

(
t − τmin(ĉ

(i)
ε )

)
+

∫ t

τmin(ĉ
(i)
ε )

∫
τ

τmin(ĉ
(i)
ε )

δ
′′
2 (x,θ , ĉ

(i)
ε )dθ dτ

≤ δ2(x,τmin(ĉ
(i)
ε ), ĉ(i)ε )

+
1
2

∥∥∥δ
′′
2 (x, ·, ĉ

(i)
ε )

∥∥∥
P

(
t − τmin(ĉ

(i)
ε )

)2
.

Moreover,
δ
′
2(x, t j+1, ĉ

(i)
ε,η) = 0.

Here we have used the fact that

δ
′
2(x,τmin(ĉ

(i)
ε ), ĉ(i)ε ) = 0.

Consequently,

−m−2Cω(x′′,m−1)≤ δ2(x, t j+1, ĉ
( j)
ε,η)≤ 0. (2.26)

Now write j2 = j1 + j+1, and denote

c̃ = (c̃1, . . . , c̃m) = ĉ( j)
ε,η .

This vector is admissible, and we set

σ2,m(x; t) = σ2(t; c̃), t ∈ [0,1].

Then (1.1) and (1.2) hold, the latter in [0, t j2 ], and

x′(t j2)−σ
′
2,m(t j2 ; c̃) = 0.

Furthermore, by (2.24) and (2.26),

−m−2Cω(x′′,m−1)≤ x(t j2)−σ2,m(t j2 ; c̃)≤ 0.

This completes Step 2.

If j2 = m, then we are done. Otherwise, tm, j2 < 1, and we
return to Step 1. The only difference this time is that we have
(2.27), like (2.18), instead of δ2(x,0,c). This accounts for the
lower estimate to the right of t j2 , namely

−3
2

m−2Cω(x′′,m−1),

just as in (2.23). However, the upper estimate of the newly
constructed spline in that interval is

m−2Cω(x′′,m−1),

just as in (2.25). We alternately repeat Steps 2 and 1 until we
get to the endpoint. The upper and lower estimates each time
we apply Step 1 never exceed

m−2Cω(x′′,m−1) and − 3
2

m−2Cω(x′′,m−1),

6
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respectively, and when we apply Step 2 they never exceed

3
2

m−2Cω(x′′,m−1) and −m−2Cω(x′′,m−1),

respectively. The construction is achieved in finitely many
steps (at most m steps). We thus obtain a quadratic spline
σ2,m(x, ·) that satisfies (1.1) and (1.2).

In order to prove (1.3), we see that by virtue of Lemma 2.1,
(1.2), and (1.4),∥∥x′(·)−σ

′
2,m(x, ·)

∥∥
P ≤ 2m∥x(·)−σ2,m(x, ·)∥P

+
1

2m

∥∥x′′(·)−σ
′′
2,m(x, ·)

∥∥
P

≤
(

2m
3
2

m−2 +
1
2

m−1
)

Cω(x′′,m−1)P

=
7
2

m−1Cω(x′′,m−1)P.

The theorem has now been proved under the additional
assumption that x(0) = x′(0) = x′′(0) = 0. For a general
x ∈ ∆3

+L2
P([0,1]), we take

x̃(t) = x(t)− x(0)− x′(0)t − 1
2

x′′(0)t2, t ∈ [0,1].

This completes the proof.
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