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Abstract

Characterizations of (€, €)-neutrosophic ideals and (g, € V¢)-neutrosophic ideals are provided. Given special
sets, so-called neutrosophic €-subsets, neutrosophic g-subsets, and neutrosophic (¢, € Vq)-subsets, conditions
for the neutrosophic €-subsets, neutrosophic g-subsets, and neutrosophic (¢, € V¢)-subsets to be ideals are
discussed.
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1 Introduction

The concept of fuzzy sets was proposed by Zadeh® The theory of fuzzy sets has several applications in
real-life situations, and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The notion of
neutrosophic set theory developed by Smarandache!® is a more general platform that extends the concepts
of classic and fuzzy sets. Algebraic structures play a prominent role in mathematics, with wide-ranging appli-
cations in many disciplines, such as theoretical physics, computer sciences, control engineering, information
sciences, coding theory, topological spaces, and so on. This provides sufficient motivation to researchers to
review various concepts and results from the realm of abstract algebra in the broader framework of fuzzy
settings. UP-algebras are a class of logical algebras that were introduced by Iampan.? There is a deep rela-
tionship between UP-algebras and posets. Today UP-algebras have been studied by many authors and they
have been applied to many branches of mathematics, such as group, functional analysis, probability theory,
topology, fuzzy set theory, and so on. Various problems in system identification involve characteristics that are
essentially non-probabilistic.'# The notion of UP-algebras (see%) and the notion of BCC-algebras (see”) are the
same, as shown by Jun et al* in 2022. We shall refer to it as BCC rather than UP in this article out of respect
for Komori, who initially described it in 1984. The neutrosophic set theory is also applied to several algebraic
structures. The concept of neutrosophic points and several types of subalgebras (ideals) are introduced and
studied in >0

In this paper, characterizations of (€, €)-neutrosophic ideals and (g, € V¢q)-neutrosophic ideals are provided.
Given special sets, so-called neutrosophic €-subsets, neutrosophic g-subsets, and neutrosophic (g, € Vq)-
subsets, conditions for the neutrosophic €-subsets, neutrosophic g-subsets, and neutrosophic (g, € Vq)-subsets
to be ideals are discussed.

https://doi.org/10.54216/IJNS.230325 304
Received: July 23, 2023 Revised: November 24, 2023 Accepted: February 23, 2024



International Journal of Neutrosophic Science (IJNS)

Vol. 23, No. 03, PP. 304-317, 2024

2 Preliminaries

The concept of BCC-algebras (see”) can be redefined without the condition (6) as follows:

An algebra X = (X, *,0) of type (2,0) is called a BCC-algebra (see”) if it satisfies the following conditions:

After this, we assign X instead of a BCC-algebra (X, *, 0) until otherwise specified.

Y,y € X)((y+2) # (2 y) 5 (w5 2) = 0)
Ve e X)(0xx =x)

Ve € X)(z*x0=0)

Ve,y e X)(zxy=0=y*xz=12=1y)

(
(
(
(

We define a binary relation < on X as follows:

Ve,ye X))z <ysaxxy=0)

In X, the following assertions are valid (see?).

Vo e X)(z < x)

Ve,y,z€ X)(z<y,y<z=z<2)
Ve,y,z€ X)(z <y=zxx < zxy)
Ve,y,z€ X)(x<y=yxz<x*2)

Va,y,z € X)(z <y z, in particular, y * z < z * (y * 2))

(

(

(

(

(

(Vz,ye X)(yxz<ax & x=yx*n)
(Va,y € X)(x <yx*y)

(Va,z,y,z € X)(x*(y*x2) <xx((a*xy)*(ax*z)))
(Va,,y,2 € X)((ax2) * (axy)) 2 < (w5) 2)
(Vo,y,2 € X)((xxy) x 2 <y 2)
(Vo,y,2€ X)(x <y=a <z*y)

(Vo,y,2 € X)((z*y) x 2 Sz * (y * 2))
(Va2 € X)((z vy) %2 < y* (ax2))

Definition 2.1. Z A nonempty subset S of X is called a subalgebra of X if

(Vz,y € S)(zxy € 9).

Definition 2.2. ? A nonempty subset S of X is called an ideal of X if

Definition 2.3. 1% A neutrosophic set in a nonempty set X is defined to be a structure

0es,
(Ve ,y,z€ X)(z*x (y*z2),y€ S=xxz€5).

A= {(z,Ar(z), A1(z), Ap(z)) : v € X},

ey
@)
3)
“4)

®)

(6)
)
®)
®)
(10)
Y
12)
13)
(14)
5)
(16)
a7
(18)

19)

(20)
2y

(22)

where Ay : X — [0,1] is a truth membership function, A; : X — [0, 1] is an indeterminate membership
function, and Ap : X — [0, 1] is a false membership function. The neutrosophic set in is simply denoted
by A= (X, AT, A[, AF)

Given a neutrosophic set A = (X, Ar, Ay, Ar) in anonempty set X, a, 5 € (0,1] and y € [0, 1), we consider

the following sets®

Te(A,a) ={x € X : Ap(z) > a},
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Ie(A B) = {x e X : Ay(z) > B},
Fe(A,y) ={zx € X : Ap(z) <7},

Ty(A,a) ={z e X : Ap(z) + a > 1},
I(AB)={ze X : Ai(z) + 8 > 1},
F(Ay)={zx e X : Ap(z) +v < 1},

={xeX:A/(x)>BorAr(z)+ 3> 1},
={re X :Ap(x) <~vyorAp(z)+~vy<1}.

Tevg(A,a) ={x € X : Ap(z) > cor Ap(z) + o > 1},
IE\/q ) )
7)

FE\/q(Aa

We say Uc(A, ), Ic(A, ), and Fc(A, ) are neutrosophic €-subsets of X, and Uy (A4, «), I,(A4, 5), and
F,(A,~) are neutrosophic g-subsets of X and Ucvq4(A4, @), Ievq(A, 5), and Feyq(A,7) are neutrosophic
€ Vg-subsets of X. For ® € {€,q,q € Vq}, the element of Tg (A, @) (resp., Io (A, 8), Fo(A, 7)) is called a
neutrosophic Tg-point (resp., neutrosophic Ig-point, neutrosophic Fg-point) with value « (resp., 3, v). It is
clear that

TE\/q(A7 O‘) =Tc (Aa a) Ut (Aa OL),

IGVQ(Avﬂ) = IE(A>5) U Iq(A75)7
Fevg(A,v) = Fe(A,v) UF,(A,7).

3 Several types of neutrosophic ideals in BCC-algebras

In this section, we introduce the concepts of (P, ¥)-neutrosophic subalgebras and (P, ¥)-neutrosophic ideals
of BCC-algebras, where ®, ¥ € {€,q,q € Vq}.

Definition 3.1. Given ®,¥ € {€,q,q € Vq}, a neutrosophic set A = (X, Ay, A7, Ap) in X is called a
(®, ¥)-neutrosophic subalgebra of X if

xE€Te(A o),y €To(A o) = xxy € To(A, ay)
(Ve,ye X) | z€Te(A,Br),y € To(A, By) = xxy € To(A, Bz) (23)
2 €Te(A 7)Yy € To(A,ve) = x5y € To(A,72)

for all oy, oy, Bz, By € (0,1] and 7,7, € [0, 1).

Definition 3.2. Given &,V € {€,q,q € Vq}, a neutrosophic set A = (X, Ay, A;, Ar) in X is called a
(P, ¥)-neutrosophic ideal of X if

x€Te(Aay) =0 Te(A, ay)
(VzeX)| ze€Te(A B:)=0€Ts(AB) |, (24)
WS T<I>(A»%c) =0¢€ T<I>(A7’Yz)

zx(y*z) €ETo(A o),y € To(A, o) = xx 2 € To(A, ay)
(Vo,y,z€ X) | xx(y*xz2) € To(A,Br),y € To(A,Bz) = xx2 € To(A, Bz) (25)
€T * (y * Z) € T‘I’(A7’7$>7y € T‘I)(Aa’Yw) = T*xZEC T‘I’(A77:E)
1).

for all oy, oy, Bz, By € (0,1] and v,y € [0,

Theorem 3.3. A neutrosophic set A = (X, Ap, A;, Ar) in X is an (€, €)-neutrosophic ideal of X if and
only if A satisfies

(Ve X)) Ar(0) > Ar(z) , (26)

Ar(xx2) > Ap(x* (yx 2)) A Ap(y)
(Vo,y,2 € X) | Ar(wxz) 2 Ar(z=(y=2)) NAr(y) |- (27
Arp(z*2) < Ap(zx(y=2)) V Ar(y)
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Proof. Assume that the conditions (26) and (27) are valid, and let z € U (A, ), a
Ug(A,~) forany z,a,u € X, a, € (0,1] and y € [0,1). Then A7(0) > Ar(z) > o, A7(0) > Ar(a) > B,
and Ap(0) < Ap(u) < ~. Hence, 0 € Us(A, ), 0 € Us(A4,B) and 0 € U5 (A,~) and hence (26) is
valid. Let z,y, z,a,b,¢,u,v,w € X be such that z * (y * 2) € US(A,a,), y € Us(4,ay), ax(bxc) €
UF(A,B.), b € Us(A,Bp), ux (vxw) € Ug(A,7,), and v € Ug(A,~,) for all o, ay, Ba, By € (0,1]
and vy,,7, € [0,1). Then Ap(z * (y * 2)) > ag, Ar(y) > o, Ar(a* (bxc)) > Ba, Ar(b) > By,
Ap(u* (vxw)) < 7y, and Ap(v) < 7,. Then by 27) that Ap(z*z) > Ap(x* (y*2)) AAr(y) > ag Aay,
Ar(axc) > Ar(a*x (bxc)) AN Ap(b) > ba A By, Ap(ux w) < Ap(ux (vxw))V Ar) < Y4 V Y.
Hence, z * z € U (A, oy Aay), axc € UF (A, By A Bp), and u * w € Ug (A, vy V 7). Therefore, A is an
(€, €)-neutrosophic ideal of X.

€ UF(A,B) and u €

Conversely, let A be an (€, €)-neutrosophic ideal of X. If there exists 2o € X such that A7 (0) < Ap(xo),
then 2o € U5 (A, o) and 0 ¢ US (A, ), where a = Ar(xo). Which is a contradiction, and thus Ar(0) >
Ar(x) forall x € X. Assume that Ar(xg * 20) < Ar(zo * (yo * 20)) A Ar(yo) for some xg, yo, 20 € X.
Taking o = Ap(xo * (yo * 20)) N Ar(yo) implies that zo * (yo * 20) € Uf(A,a) and yo € US(4,a);
but 2o * 29 ¢ Ug(A,«). This is a contradiction, and thus Ap(z x z) > Ap(z * (y * 2)) A Ap(y) for
all z,y,z € X. Similarly, we can verify that A;(xz * z) > Ap(x * (y * 2)) A Ar(y) for all z,y,z € X.
Now, suppose that Ap(0) > Ap(a) for some a € X. Then a € Ui (A,v) and 0 ¢ Ug(A,~) by taking
~v = Ap(a). This is impossible, and thus Ar(0) < Ap(z) for all z € X. Suppose there exist ag, by, 20 € X
such that Ap(ag * co) > Arp(ag * (by * ¢o)) V Ap(by) and take v = Ap(ag * (bo * co)) V Ap(by). Then
ag * (bg x co) € Ug(A,7), by € Us:(A,v), and ag * ¢cg ¢ Ug(A,~), which is a contradiction. Thus,
Ap(xxz) < Ap(x x (y* 2)) V Ap(y) for all 2, y, z € X. Therefore, A satisfies (26) and (27). O

Lemma 3.4. Every (€, €)-neutrosophic ideal A = (X, Ar, A1, Ar) of X satisfies

( { Ar(x) > Ar(y), )
Vz,ye X) | y<az=1 Ai(z)> Ar(y), : (28)
Ap(x) <

Proof. Let A be an (€, €)-neutrosophic ideal of X. Let 2,y € X be such that y < z. Then y * = 0, and
thus AT(J?) = AT(O * .13) Z AT(O * (y * .13)) A\ AT(y) = AT(y * JJ) A AT(y) = AT(O) A\ AT(y) = AT(y),
A[(l‘) = A](O * JL‘) > A[(O * (y * 1‘)) N Aj(y) = A[(y * CE) A A[(y) e A[(O) A A](y) = A[(y), and
Ap(z) = Ar(0%2) < Ap(0x (yx2)) V Ap(y) = Ap(y o) V Ap(y) = Ar(0) V Ar(y) = Ap(y). O

Theorem 3.5. Every (€, €)-neutrosophic ideal A = (X, Ar, A1, Ar) of X satisfies

( { Ar(z*2) > Ar(w) A Ar(y) )
(Va,y,z,w € X) | x<wx(yxz) = Arf(zxz) > Ar(w) A Ar(y)
Ap(zx2) < Ap(w)V Ar(y)

(29)

Proof. Let A be an (€, €)-neutrosophic ideal of X. Let z,y, 2z, w € X be such that z < w * (y * z). Then
xx (wx* (y=*z))=0. Also

Ag(z* 2) (yx2)) N Ar(y)
(w=* (y*2))) AN Ar(w) A Ap(x)
) N Az (w) A Ar(y)

w) A Ar(y),

*
*

v Iv

AT(QT
AT(Z‘
A7 (0
Ar(
Ap(z* 2) (y*2)) AN Ar(y)

(w* (y*x2))) AN Ar(w) AN Ap(z)
) AN Ar(w) A Ar(y)

w) A Ag(y),

(y*2)) VvV Arp(y)
(wx(y*2)))VArp(w)V Ap(z)
)V Ap(w) vV Ar(y)

w) \/Ap(y).

Therefore, (29) is proved. O

*
*

v Iv

T
x
0

Ap(x * 2)

*
*

I IAIA

Ap(
Ap(
Af(
Af(
AF((E
AF(I
Ap(0
Ap(
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Theorem 3.6. Every (€, €)-neutrosophic ideal A = (X, Ap, A1, Ar) of X satisfies

Ar(xx z) > Ar(y)
(Vo,y,z€ X) | o< (yxz) =4 Ar(z*z) > Ar(y) : (30)
Ap(z* 2) < Ap(y)

Proof. Let A be an (€, €)-neutrosophic ideal of X. Let z,y, z € X be such that z < y % z. By Theorem
put w = 0. Then z < 0 % (y * z). Hence,

Ar(z * 2) > A7 (0) A Ar(y) = Ar(y),

Ap(z*2) = Ar(0) A Ax(y) = Ar(y),
Ap(zx2) < Ap(0) V Ap(y) = Ar(y).
Therefore, (30) is proved. O

Theorem 3.7. A neutrosophic set A = (X, Ar, Ar, Ar) in X is an (€, €)-neutrosophic ideal of X if and only
if the nonempty neutrosophic €-subsets Te (A, «), Te (A, B), and Tc (A, ) are ideals of X forall o, 8 € (0,1]
and v € [0, 1).

Proof. Let A be an (€, €)-neutrosophic ideal of X and assume that T¢ (4, @), I (A, ), and Fc(A,~) are
nonempty for o, 3 € (0, 1] and v € [0,1). Then there exist ,y, z € X suchthatz € Te(A, a), y € Ic(4, 5),
and z € Fc(A,7). Hence, 0 € Te (A, o) N Ic(A, B) N Fe(A, 7). Letz,y, z,a,b,¢c,u,v,w € X be such that
xx(y*xz) € Te(Aya),y € Te(A,a),ax(bxc) € Ic(A,5),b € Ic(A,B), u* (vxw) € Fe(A,7), and
v € Fe(A, 7). Then Ap(xxw) > Ap(xx(y*2)) ANAr(y) > aha = a Ar(axc) > Ar(ax(bxc))ANAr(b) >
BAB=FAr(uxw) < Ap(u*x (v*w))VAp(v) <y Vg, andsozxz € Te(A,a), axc € Ic(A,S),
and u * w € Fe(A,~). Hence, the nonempty neutrosophic €-subsets T (A, «), I (A4, ), and Fe (A, ) are
ideals of X forall i, 8 € (0,1] and vy € [0, 1).

Conversely, let A be a neutrosophic set in X for which T (A, «), I (A4, 8), and Fc(A,~) are nonempty and
are ideals of X for all o, 5 € (0,1] and v € [0,1). Assume that A7 (0) < Ar(x), Ar(0) < As(y), and
Ap(0) > Ap(z) forsome z,y,z € X. Thenx € Te(A, Ar(x)), y € Ic(A, Ar(y)), and z € Fc (A, Ap(z)),
thatis, Te (A4, a), Ic (A, B), and Fe (A, ~y) are nonempty. But0 ¢ T (A, Ap(x))NIc(A, Ar(y))NFe(A,vAr(z)),
which is a contradiction since T¢ (A, Ar(x)), Ic(A, Ar(y)), and Fe(A,vAr(z)) are ideals of X. Hence,
Ar(0) > Ar(x), Ar(0) > Ar(z) and Ap(0) < Ap(z) for all x € X. Suppose that Ar(x x z) <
Ar(xx (yx2)) NAr(y), Ar(axc) < Ar(ax* (bxc)) AN Ar(b),and Ap(uxw) > Ap(u* (v*w))V Ap(v)
for some z,y, z,a,b,c,u,v,w € X. Taking @« = Ap(z* (y* 2)) N Ar(y), 8= Ar(ax* (bxc)) A Ar(b), and
vy=Ar(ux (v*w))V Ap(v) imply that o, 5 € (0,1] andy € [0,1), x * (y* 2) € Te(A, o), y € Te(A, ),
ax(bxc) € Ic(A,B),b e Ic(AB), ux (v*xw) € Fe(A,v),andv € Fe(A,v). Butz * z ¢ Te (4, a),
axc ¢ Ic(A,B), and uxw ¢ Fc(A,v). This is a contradiction since T¢ (4, @), Ic(A, ), and Fe(A,7)
are ideals of X. Thus, Ap(x * 2) > Ar(x x (y * 2)) A Ar(y), Ar(x x 2) > Ar(x = (y = 2)) A Ar(y), and
Ap(x*2) < Ap(z * (yx 2)) V Ap(y) for all z,y, z € X. Therefore, A is an (&, €)-neutrosophic ideal of
X. O

Theorem 3.8. Any ideal of X can be realized as level neutrosophic ideals of some (€, €)-neutrosophic ideal
of X.

Proof. Let I be an ideal of X and let A = (X, Ar, Ar, Ar) be a neutrosophic set in X given as follows:

o ifxel

Ar: X = [0,1],2 — {0 otherwise,

. B ifzel
Ar: X —[0,1},z — {0 otherwise,

v ifzel

Ap: X = [0,1],z— {1 otherwise,

€ [0,1). Then Te(A,a) = I, Ic(A,B) = I, and Fc(A,~) = I. Obviously,

where a, f € (0,1] and
x > Ar(z),and Ap(0) < Ap(x) forallz € X. Letz,y,z € X. ffx* (y*xz2) € I

and
Ar(0) > Ar(x), Ar(0)
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andy € I, then z x z € I. Hence, Ar(z * (y* 2)) = Ar(y) = Ar(xx2) = a, Ar(z x (yx 2)) = Ar(y) =
Ar(z*z) = B,and Ap(z* (y*2)) = Ap(y) = Ap(xx2) =v,andso Ap(z*2) > Ar(z* (y*2)) AN Ar(y),
Ap(z*z) > Ar(x* (y*2)) NAr(y), and Ap(x*x2) < Ap(x*x(yx2))VAp(y). fox(yxz) ¢ Tandy ¢ I,
then Ap(z* (y*2)) = Ar(y) =0, Ar(x* (y*2)) = Ar(y) = 0,and Ap(z * (y* 2)) = Ap(y) = 1. Thus,
Ap(z*2) > Ap(xx (y*2)) NAr(y), Ar(vx2) > Ar(x+ (y* 2)) ANAr(y),and Ap(z* 2) < Ap(z* (y *
2))VAp(y). fax(yxz) € Tandy ¢ I, then Ap(z*(y*z)) = aand Ap(y) =0, Aj(x* (y*2)) = 5 and
Ar(y) =0,and Ap(zx(y*2)) =vand Ar(y) = 1. It follows that A (z*z) > 0 = Ap(z*(y*2)) ANAr(y),
Arf(x*2) > 0= Ar(z* (y*2)) ANAr(y), and Ap(z *2) <1 = Ap(x* (y*2)) V Ap(y). Similarly, if
zx(yxz) ¢ Tandy € I, then Ar(x*2) > Ap(zx (y*2)) NAr(y), Ar(z*2) > Ar(z* (y*2)) AN Ar(y),
and Ap(z *2) < Ap(x x (y* 2)) V Ap(y). Therefore, A is an (€, €)-neutrosophic ideal of X. O

Theorem 3.9. Every (€, €)-neutrosophic ideal of X is an (€, €)-neutrosophic subalgebra.

Proof. Let A = (X, Ar,A;, Ar) be an (€, €)-neutrosophic ideal of X. Let z,y € X. Then Ap(z *
y) = Ar(z x (y xy)) N Ar(y) = Ar(z = 0) A Ar(y) = Ar(0) A Ar(y) = Ar(y) = Ar(z) A Ar(y),
Ap(zxy) > Ar(z = (y+y)) NAr(y) = Ar(z+0) NAr(y) = Ar(0) ANAr(y) = Ar(y) = Ar(x) A Af(y), and
Ap(zxy) < Ap(z*x(y*y))VAr(y) = Ar(xx0)VAr(y) = Ar(0)VAR(y) = Ar(y) = Ar(z)V Ar(y).
Therefore, A is an (€, €)-neutrosophic subalgebra of X. O

The following example shows that the converse of Theorem 3.9]is not true in general.

Example 3.10. Consider a BCC-algebra X = {0, 1,2, 3} with the following Cayley table:

x[0 1 2 3
0[o 1 2 3
1{0 0 2 3
2(0 1.0 0
3]0 1 20

Let A= (X, Ap, A;, Ar) be a neutrosophic set in X that is given by:

X Ar A; Ap
0 07 09 02
1 07 06 02
2 03 06 0.8
307 04 02

It is routine to verify that A is an (€, €)-neutrosophic subalgebra of X but not an (€, €)-neutrosophic ideal of
X.

A mapping f : X — Y of BCC-algebras is called a homomorphism if f(z * y) = f(x) * f(y) for all
z,y € X. Note that if f : X — Y is a homomorphism of BCC-algebras, then f(0x) = 0y. Given a
homomorphism f : X — Y of BCC-algebras and a neutrosophic set A = (Y, Ap, A, Ar) in Y, we define
a neutrosophic set A7 = (X, A?, A{ , A{;) in X, which is called the induced neutrosophic set, as follows:
AL X = [0,1], 2+ Ap(f(x)), AT - X = [0,1],2 — A;(f(z)), and AL : X = [0,1],2 — Ap(f(z)).

Theorem 3.11. Ler f : X — Y be a homomorphism of BCC-algebras. If A = (Y, Ar, A, Ap) is an
(€, €)-neutrosophic ideal of Y, then the induced neutrosophic set AT = (X, A;, A{, A{;) in X isan (€, €)-
neutrosophic ideal of X.

Proof. Assume that A = (Y, A1, Ay, AF) is an (€, €)-neutrosophic ideal of Y. For any « € X, we have
Af(2) = Ar(f(2)) < Ar(0y) = Ar(f(0x)) = AL(0x),
Af (@) = Ar(f(2) < Ar(0y) = Ar(£(0x)) = A7 (0x),
Af(2) = Ap(f(2)) = Ap(Oy) = Ap(f(0x)) = AL(0x).
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Letx,y,z € X. Then
Al (x % (y* 2)) A AL (y)

I T VAN |
BN
!
A~ A~~~
8 Hh

A (@ * (y* 2)) A Af(y) z
yg * f(2)) NAr(f(v))

[ VAN
A s s s

AL (% (y*2)) V AL(y)

v
b
oy
T

Therefore, Af = (X, A;, A{ , AJ;) is an (€, €)-neutrosophic ideal of X. O

Theorem 3.12. Let f : X — Y be an onto homomorphism of BCC-algebras and let A = (Y, Ar, A1, Ap)
be a neutrosophic set in Y. If the induced neutrosophic set AY = (X, Aé, A{, Afﬂ) in X is an (€, €)-
neutrosophic ideal of X, then A is an (€, €)-neutrosophic ideal of Y.

Proof. Assume that the induced neutrosophic set Af = (X, A;, A}c , Aé) in X is an (€, €)-neutrosophic ideal
of X. Forany x € Y, there exists a € X such that f(a) = «x since f is onto. Then

Ar(z) = Ar(f(a)) = Af(a) < AL (0x) = Ap(f(0x)) = Ar(Oy),

Ar(2) = Ar(f(a)) = A (a) < A](0x) = A1(f(0x)) = As(0y),
Ap(x) = Ap(f (a)) = Ap(a) = AL(0x) = Ap(f(0x)) = Ar(Oy).
Letz,y,z € Y. Then f(a) =z, f(b) = y, and f(c) = z for some a, b, c € X. Thus,
Ar(rxz) = AT(f(a) * f(c))
= Ar(flaxc)
= Al(axc)
> Al(ax(bxc)) A AL®D)
= Ar(f(ax (b)) A Ar(F(b)
= Ar(f(a) * (F(8) * £())) A Ar(F(b)
= Ar(zx(y*2)) AAr(y),
Ap(zxz) = Ar(f(a)* f(c))
= A(flaxc))
= A}c(a * C)
> Af(ax (bxc)) A AL (D)
= Ar(fax(bxc))) A Ar(f(b)
= Ar(f(a) x (f(b) x f(c)) A Ar(f(D))
= Ar(z*(y=*2z)) NAr(y),
Ap(zxz) = Ap(f(a)* f(c))
= Ar(flaxc))
= A{,(a * C)
< Al(ax(bxe)) v AL®D)
= Ap(flax(bxc)))V Ap(f(b))
= Ap(f(a) * (f(b) * f(c))) V Ar(f(b))
= Ap(zx(y*2)) VvV Ar(y)
Therefore, A is an (€, €)-neutrosophic ideal of Y. O
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Theorem 3.13. For a neutrosophic set A = (X, Ar, Ay, Ar) in X, the following are equivalent.

1. The nonempty neutrosophic €-subsets Tc (A, o), Te (A, B), and Tc (A, ) are ideals of X forall a, B €
(0.5,1] and ~y € [0, 0.5).

2. A satisfies the following:

Ap(0) V0.5 > Ap(x)
Ap(0) A 0.5 < Ap(x)

Ap(x*2) V0.5 > Ar(z* (y*2)) N Ar(y)
(Ve,y,z€ X) | Ar(xx2) V05> Ar(x =+ (y*x2)) ANAr(y) . (32)
Ap(zx2) A0S < Ap(z* (y*2))V Ar(y)

Proof. Assume that the nonempty neutrosophic €-subsets T (A, ), Te(A, 8), and T (A, ) are ideals of
X forall o, € (0.5,1] and v € [0,0.5). If there exist a,b € X such that A7(0) V 0.5 < Ar(a) and
Ar(0) vV 0.5 < Ay(b), respectively, then a, = Ap(a) € (0.5,1] and 8, = A;(b) € (0.5,1], and thus a €
Te(A,ap) and b € Ic(A, B). Then Ap(0) < Ar(a) and A7 (0) < Ar(b), which imply that 0 ¢ Te(A, o)
and 0 ¢ Tc(A, By). This is a contradiction, and so we get A7(0) V 0.5 > Ap(z) and A7(0) vV 0.5 > As(x)
forallz € X. If Ap(0) A 0.5 > Ap(z) for some x € X, then Ap(z) € [0,0.5). Since Fe(A, Ap(x))
is an ideal of X, we have 0 € F¢(A, Ap(x)) and so Ap(0) < Ap(z). This is a contradiction, and so
Ar(0) A 0.5 < Ap(x) for all z € X. Suppose that Ar(z * 2) V 0.5 < Ap(z * (y x 2)) A Ap(y) for some
x,y,z € X and take o« = Ap(z % (y * 2)) A Ar(y). Then o € (0.5,1] and x % (y * 2),y € Te(A, @). But
xxz ¢ Te(A, a) since Ap(x+*z) < a, which is a contradiction. If A;(axc)V0.5 < Aj(ax(bxc))AAs(b) for
some a,b,c € X, then ax*(bxc),b € I(A,B) andaxc ¢ Ic(A, ) where 8 = Ar(ax*(bxc))AAr(b). Thisis
a contradiction. Assume that there exist x,y, z € X such that Ap(zx2) A0.5 > Ap(z*(y*x2))VAr(y) = 7.
Then y € [0,0.5),x % (y * 2),y € Fe(A,v),butx x z ¢ Fc(A,~). This is a contradiction.

Conversely, let A be a neutrosophic set in X satisfying the conditions (31) and (32). Let a, 3 € (0.5,1]
and v € [0,0.5) be such that Tc (A, ) # 0, Te (A, B) # 0, and T (A,v) # 0. Forany x € Tc(A,a), y €
Ic(A,B),and z € Fe(A,~), we have Ar(0)V0.5 > Ap(z) > a > 0.5, A;(0)V0.5 > Ar(z) > 8 > 0.5, and
Ar(0) AN0.5 < Ap(z) < v < 0.5, and thus Ar(0) > «, A;(0) > B, and Ap(0) < ~. Hence, 0 € Te(A, ),
0 € Ic(A,B),and 0 € Fc(A,~). Let z,y,2,a,b,¢c,u,v,w € X be such that z x (y x 2) € Te(4, a),
yeTe(AB),ax(bxc)€Ic(A B),be Ic(A7),ux(vxw) € Fe(A,7y),andv € Fc(A,~). Then

Ap(z*2) V0.5 > Ap(x * (y*2)) N Ar(y) > a > 0.5,
Ar(a*c)V0.5> Ar(ax (bxc)) ANAr(b) > 8> 0.5,

Ap(uxw)AN0.5 < Ap(ux* (vxw))V Ap(y) <y < 0.5,

and so that Ap(z * 2) > o, Ar(a*c) > f3,and Ap(u* w) < 7, thatis, x x z € Tc(4, @), a* c € I1(A, B),
and u * w € Fc(A,~). Therefore, the nonempty neutrosophic €-subsets T (A, a), Te (A, 8), and Te (A, )
are ideals of X for all o, 8 € (0.5,1] and vy € [0,0.5). O

Theorem 3.14. For a neutrosophic set A = (X, Ar, Ay, Ar) in X, the following are equivalent.

1. Ais an (€, € Vq)-neutrosophic ideal of X,
2. A satisfies the following assertions:

Ar(0) > Arp(z) A0S
(Ve e X) [ Ar(0) > A7(x) A 0.5 , (33)
Ap(0) < Ap(x) V0.5

Ap(z* z) > N{Ar (2 * (y * 2)), Ar(y), 0.5}
(Vo,y,2 € X) | Ar(zxz) > MAr(z* (y + 2)), A1(y),0.5) ). G4
Ap(zxz) < V{Arp(z * (y x 2)), Ar(y), 0.5}
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Proof. Suppose that A is an (€, € Vg)-neutrosophic ideal of X. Let x € X and assume that Ay (z) < 0.5.
If A7(0) < Ap(z), then Ar(0) < a, < Ap(z) for some o, € (0,0.5). It follows that x € T (A, ay)
and 0 ¢ Te(A, o). Also, Ap(0) + o, < 1, thatis, 0 ¢ T,(A, a,). Hence, 0 ¢ Teyq(A, ;) which is a
contradiction, and so A7(0) > Ap(z) for all z € X. Now, if Ap(xz) > 0.5, then € T¢(A,0.5) and thus
0 € Tevg(A4,0.5). If Ap(0) < 0.5, then A7(0) + 0.5 < 1, thatis, 0 ¢ T,(A,0.5). This is a contradiction,
and thus Ar(0) > 0.5. Consequently, A7(0) > Ap(x) A 0.5 for all z € X. Similarly, we know that
Ar(0) > Ar(x) A0.5 for all z € X. Assume that there exists z € X such that Ag(0) > Ap(z) V 0.5. Then
Ar(0) > v, > Ap(z) V 0.5 for some v, € (0,1), which implies that v, > 0.5, z € Fc(A,7,), and 0 ¢
Fc(A, ;). Since Ap(0) +y, > 1, we have 0 ¢ Fq(A,~,). This is impossible, and so Ar(0) < Ap(z) V0.5
forall z € X. Suppose that there exist a, b, ¢ € X such that Ap(ax*c) < A{Ar(ax(bxc)), Ar(b),0.5}. Then
Arp(a*c) < a < AN{Ar(ax(bxc)), Ar(b),0.5} for some o € (0, 1). It follows that a x (b x ¢) € Te (A, @),
beTe(A a),and axc ¢ Te(A, ). Since a < 0.5, we have Ar(a*c)+a < 2a < landsoaxc ¢ T (A, a).
This is a contradiction, and therefore Ar(z * z) > a A{Ar(x * (y * 2)), Ar(y),0.5} forall z,y, z € X. Let
x,y,z € X and suppose that Ay (z* (y*2)) AAs(y) < 0.5. Then Aj(x*z) > Ar(z*(y*z))ANAs(y). If not,
then Aj(zx2) < B < Ar(z* (y * 2)) A Ar(y) for some 5 € (0,0.5). It follows that z * (y * z) € Ic(A4, 5),
y € Ic(A,p)butzxz ¢ Icyq(A, ), whichis a contradiction. Hence, Aj(x*z) > Ar(x+y)AAr(y) whenever
Ar(zxy) NAr(y) < 05. If Ar(z+ (y*2)) AAr(y) > 0.5, thenz* (y*z) € Ic(A,0.5) and y € Ic(A,0.5),
which implies that z % z € Icy4(A,0.5). Therefore, A;(x * z) > 0.5 because if Aj(x * z) < 0.5, then
Ar(xx2z)4+0.5 < 0.5+0.5 = 1, which is a contradiction. Hence, A;(zxz) > A{Ar(xx(y*z)), Ar(y),0.5}
forall z,y, z € X. Now, suppose that Ap(xxz) > \/{Ar(zx(y*z)), Ar(y),0.5} for some z,y, z € X. Then
there exists v € (0,1) such that Ap(zx2) > v > \/{Apr(z*(y*2)), Ar(y),0.5}. Thus, v > 0.5, zx(y*2) €
Fc(A,v)andy € Fc(A,v). Thenzxz € Feyg(A, 7). Since Ap(z*z) > yand Ap(xxz)+v > 2y > 1, we
have = * z ¢ Feyq(A, ), which is a contradiction. Therefore, Ap(z * 2) < \/{Ap(z * (y * 2)), Ar(y),0.5}
forall x,y,z € X.

Conversely, let A be a neutrosophic set in X satisfying the conditions (33) and (34). For any z,y, z € X, let
a,B € (0,1 and vy € [0,1) be such that x € Te(A, ), y € Ic(4, ), and z € Fc(A,7). Then Ap(z) > «a,
Ar(y) > B, and Ap(z) < 4. Suppose that A7r(0) < «, A;(0) < 8, and Ap(0) > ~. If Ap(z) < 0.5,
then Ar(0) > Arp(z) A 0.5 = Ap(z) > «, which is a contradiction. Hence, we know that Ar(z) > 0.5
and so A7 (0) + a > 2A47(0) > 2(Ar(z) A 0.5) = 1. Hence, 0 € T,(A, a) C Tevye(A4, o). We can verify
that 0 € Icyq(A, o) in a similar way. If Ap(z) > 0.5, then Ap(0) < Ap(z) V0.5 = Ap(x) < v, which
is a contradiction. Thus, Ap(z) < 0.5 and so Ap(0) +v < 24r(0) < 2(Ap(x) vV 0.5) = 1. Hence, 0 €
Fq(A,7) € Fevg(A,). Forany z,y, z,a,b,¢,u,v,w € X, let o, oy, Ba, B € (0,1] and 75,7, € [0,1) be
such that xx(y*z) € Te(A, az),y € Te(A, ay), ax(bxc) € Ic(A, Ba),b € Ic(A, Bp), ux(vsw) € Fe(A,Vu),
and v € Fe(A,7,). Then Ap(x « (y * 2)) > g, Ar(y) > oy, Ar(a* (b*c)) > Ba, Ar(b) > B,
Ap(ux(vxw)) < By, and Ap(v) < f,. Suppose that Ap(zx2) < az Aoy, If Ap(zx(y*2)) ANAr(y) < 0.5,
then Ap(z * z) > A{Ar(z * (y * 2)), Ar(y),0.5} = Ar(z * (y * 2)) AN Ar(y) > ag A oy, which is a
contradiction. Hence, Ar(z * (y * 2)) A Ar(y) > 0.5, and so Ap(z * 2) + (az A o) > 2Ap(x * 2) >
2(A{Ar(z*(y=2)), Ar(y),0.5}) = 1. This induces x * 2z € Ty (A, vz Aoy) C Tevg(A, vz Aay). Similarly,
we have a * ¢ € Icyg(A, By A By). Assume that Ap(u % w) > v, V 7y, thatis, u s w ¢ Fe(A, v, V
Y). If Ap(u* (v *w))V Ap(v) > 0.5, then Ap(u *x w) < V{Ar(u* (v*w)), Arp(v),0.5} = Ap(u *
(v*w))V Ap(v) < 744 V 7y, which is a contradiction. Hence, Ap(u * (v * w)) V Ap(v) < 0.5, and so
Ap(u*w) + (v Vy —v) < 24p(u* w) < 2(\V/{Ar(u * (v * w)), Ap(v),0.5}) = 1. This induces
uxw € Fy(A, v V) C Fevg(A4,vu V v). Consequently, A is an (€, € Vg)-neutrosophic ideal of X. [

Proposition 3.15. Every (€, € \V/q)-neutrosophic ideal A = (X, A1, A, Ar) of X satisfies

Ar(z) > NM{Ar(y), Ar(2),0.5}
(Ve,y,ze X) | axy<z=<{ Ar(x) > A{Ar(y),A1(2),0.5} ) (35)

Ap(z) < V{Ar(y), Ar(2),0.5}

Proof. Assume that A = (X, Ar, A1, Ar) is an (€, € Vq)-neutrosophic ideal of X. Let z,y,z € X be
such that = % (y * z) < z. Then (x * (y * z)) * z = 0, which implies that Ap(z * (y * 2)) > A{Ar((z *
(y * 2)) * z) Ar(2),0.5} = AN{Ar(0),Ar(2),0.5} > Ar(z) A 0.5, Ar(x * (y * 2)) > A{Ar((z * (y =
z)) * z),Ar(2),0.5} = A{A41(0), A1(2),0.5} > Ar(z) A 0.5, and Ap(z * (y * 2)) < V{Ar((z * (y *
z)) * z), Ap(2),0.5} = \V{AFr(0),Ap(2),0.5} > Ap(z) Vv 0.5. It follows that Ar(z) > A{Ar(x * (y *
) 0

z)), Ar(y),0.5} = A{Ar(y), Ar(2),0.5}, Ar(z) > AN{Ar(z=(y=2)), Ar(y), 0.5} = A{Ar(y), Ar(2), 0.5},
and Ap(z) < V{Ap(z * (y * 2)), Ap(y), 0.5} = V{Ap(y), Ap(2), 0.5}. 0
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Theorem 3.16. A neutrosophic set A = (X, Ay, Ay, Ar) in X is an (€, € Vq)-neutrosophic ideal of X if
and only if the nonempty neutrosophic €-subsets Tc (A, «), Ic(A, B), and Fc(A,~) are ideals of X for all
a, B € (0,0.5] and v € [0.5,1).

Proof. Assume that A is an (€, € Vg)-neutrosophic ideal of X and let v, 8 € (0,0.5] and v € [0.5,1) be such
that Tc (A, a) # 0, Ic (A, B) # 0, and Fe(A,v) # 0. Then Ap(0) > Ar(xz) A 0.5, A;(0) > As(y) A 0.5,
and and Ap(0) < Ap(z) V05 forall x € Te(A,a), y € Ic(A, ), and z € Fc(A,~). Hence, Ar(0) >
anN05 =a, A7(0) > BA05 = 3, and Ap(0) < vV 0.5 = v, thatis, 0 € Te(A4,a), 0 € Ic(4A, ),
and 0 € Fc(A, 7). Now, let 2,9, z,a,b, ¢c,u,v,w € X be such that z x (y * 2) € Tc(A, ), y € Te(4, a),
ax(bxc) € Ic(A,B),b e Ic(ApB), ux (v*w) € Fe(A,7), and v € Fc(A,~) for o, 8 € (0,0.5] and
v € [0.5,1). Then Ay (2 * (y * 2)) > a, Ar(y) = o, Ar(axb) > B, A;(b) = B, Ap(u = (v*w)) <, and
Ap(v) <. Thus

Ar(z+2) = NAr(z+ (y+ 2)), Ar(), 0.5} > a N 0.5 = a,

Ar(axc) > N{Ar(ax (bxc)), Ar(b),05} > BA05 =B,

Ap(uxw) < \/{AF(u * (vxw)), Ar(v),0.5} < vV 0.5 =17,

andsothat z * z € Te(A, ), a*xc € Ic(A, ), and u x w € Fe(A,~). Hence, Te (A4, o), Ic(A4, ), and
Fc(A,~) are ideals of X for all o, 8 € (0,0.5] and v € [0.5, 1).

Conversely, assume that the nonempty neutrosophic €-subsets T (A, o), Ic (A, 8), and F¢ (A, ) are ideals of
X forall a, 5 € (0,0.5] and v € [0.5,1). If there are z,y, z € X such that A7 (0) < Ap(z) A 0.5, A;(0) <
Ar(y) N0.5, and Ap(0) > Apr(z) V 0.5, then Ar(0) < ap < Ap(z) A0.5, A7(0) < B, < Ar(y) A0.5,
and Ap(0) > 7. > Ap(z) V 0.5 for some o, 5, € (0,0.5] and . € [0,0.5). Hence, 0 ¢ Tc (A, ay),
0 ¢ Ic(A o), and 0 ¢ Fc(A, ), which is a contradiction. Therefore, A7(0) > Ar(z) A 0.5, A7(0) >
Ar(x)A0.5,and Ap(0) < Ap(x)V0.5forall z € X. Assume that there exist z, y, z, a, b, ¢, u, v, w € X such
that Ar(z x 2) < A{Ar(x* (y* 2)), Ar(y),0.5}, Ar(axc) < A{Ar(axb), Ar(b),0.5}, and Ap(u* w) >
V{Ar(u* (vxw)), Ap(v),0.5}. Taking o = % (Ar(z % 2) + N{Ar(z = (y % 2)), Ar(y),0.5}) implies that
a € (0,0.5) and Ap(z * 2) < a < N{Ar(x * (y * 2)), Ar(y),0.5}. Then = * (y % z) € Te(A,a) and
y € Te(A ), but x x z ¢ Tc(A, «). This is a contradiction. If 8 = A{Ar(a x (b*c)), A;(b),0.5}, then
B € (0,0.5],a*(bxc) € Ic(A,B),and b € Ic(A,B). But Ar(a*c) < fimplies a * ¢ ¢ Ic(A, 3), which
is a contradiction. Taking v = {Ap(u * (v *w)), Ap(v),0.5} induces v € [0.5,1), u* (v*w) € Fc(A,7),
and v € Fe(A,7). Since Ap(u * w) > 7, we have u x w ¢ Fc(A,~), which is a contradiction. Therefore,

Ap(zxz) > N Az (z+ (y+2)), Ar(y), 0.5}, Ar(wx2) > N{Ar(z+(y *2)), Ar(y), 0.5}, and Ap(z* 2) <
V{AFr(x * (y*2)), Ar(y),0.5} forall z,y, z € X. Hence, A is an (€, € V¢)-neutrosophic ideal of X. [

We note that every (€, €)-neutrosophic ideal is an (€, € Vg)-neutrosophic ideal. But an (€, € V¢)-neutrosophic
ideal may not be an (€, €)-neutrosophic ideal as seen in the following example.

Example 3.17. Let X = {0, 1,2, 3} be a BCC-algebra with the following Cayley table:
0 2 3

W N = O %

o O OO
O O =

O = = W

2
1
0
1

Let A= (X, A, Ay, Ar) be a neutrosophic set in X that is given by:

X Ar A; Ap
0 1 1 0
1 02 03 1
2 03 06 1
3 05 04 05

It is routine to verify that A is an (€, € Vq)-neutrosophic ideal of X but not an (€, €)-neutrosophic ideal of
X.
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We provide some conditions for an (€, € V¢)-neutrosophic ideal to be an (€, €)-neutrosophic ideal.

Theorem 3.18. Let A = (X, Ar, A1, Ar) be an (€, € Vq)-neutrosophic ideal of X such that Ap(z) < 0.5,
Ar(z) < 0.5, and Ap(x) > 0.5 forall x € X. Then A is an (€, €)-neutrosophic ideal of X.

Proof. Let z,y,z € X, o, € (0,1] and v € [0,1) be such that x € Tc(A,a), y € I¢c (A B), and z €
Fc(A,7). Then Ap(z) > o, Ar(y) > B, and Ap(z) < ~, which imply that AT( ) > Ap(z) A 0.5 =
Ap(z) > o, A1(0) > Ar(y) AN0.5 = Ar(y) > B, and Ap(0) < Ap(z) V0.5 = Ap(z) < ~. It follows that
0€Tec(A,a),0€ Ic(A,B),and 0 € Fc(A,~). Forany z,y, z,a,b, c,u,v,w € X, letay, as, f1, B2 € (0,1]
andv1,v2 € [0,1) be such that zx (y*2) € Te(A, 1),y € Te(A, az), ax(bxc) € I (A, B1),b € I (A, B2),
ukx(vxw) € Fe(A,71),and v € Fe(A,72). Then Ap(z* (y*2)) > a1, Ar(y) > as, Ar(ax (bxc)) > S,
Ar(b) > Ba, Ap(u* (vkw)) < vy,and Ap(v) < 2. Thus Ap(x x 2) > AN{Ar(z * (y* 2)), Ar(y),0.5} =
Ap(@(ye2)AAz(y) > a1naz, Ar(are) > A{A;(ax(bre)), Ar(5), 0.5} = Ar(ax(bxc)AAL(b) > i ABa,
and Ap(u * w) < V{Arp(u* (v *w)), Arp(v),0.5} = Ap(u* (v*w)) V Ap(v) < 71 V 72. Hence,
xxz € Te(A a1 ANag),axc € Ic(A,B1 A B2), and u x w € Fe(A, v V ¥2). Therefore, A is an (€, €)-
neutrosophic ideal of X. O

Theorem 3.19. Every (€ Vq, € Vq)-neutrosophic ideal of X is an (€, € Vq)-neutrosophic ideal.

Proof. Let A= (X, Ar, A7, Ar) be an (€ Vg, € Vq)-neutrosophic ideal of X. Let z,y,z € X, o, 8 € (0, 1]
and v € [0,1) be such that z € Tc(A,a), y € Ic(A,B), and z € Fc(A,v). Then z € Teyq(4, ),
y € Ieyg(A, B), and z € Feyq(A, 7). It follows that 0 € Teyg(A, @), 0 € Icyq(A, B), and 0 € Feyq(A, 7).
For any x,y, z,a,b,¢c,u,v,w € X, let ay, s, B1,P2 € (0,1] and v1,v2 € [0,1) be such that z x (y * 2) €
Te(A,a1),y € Te(A, az), ax(bxc) € Ic(A,B1),b € Ic(A, B2), ux(vxw) € Fe(A,11),andv € Fe(A,7y2).
Then z * (y* 2) € Tevg(A, 1),y € Tevg(A,az), ax (bxc) € Ieyy(A, B1),b € Teyy(A, Ba), u* (v w) €
Fevg(A,7), and v € Feyg(A, 7). It follows from @3) that z * z € Teyy(4,a), a * ¢ € Ieyy(A, B), and
uxw € Feyq(A, ). Therefore, A is an (€, € Vg)-neutrosophic ideal of X. O

The converse of Theorem [3.19]is not true in general as seen in the following example.

Example 3.20. From Example [3.17] it is routine to verify that A is an (&€, € Vq)-neutrosophic ideal of X but
not an (€ Vg, € Vg)-neutrosophic ideal of X.

Theorem 3.21. For a neutrosophic set A = (X, Ar, Ar, Ar) in X, if the nonempty neutrosophic € Vq-
subsets Tey (A, @), Ievq(A, B), and Fey (A, ) are ideals of X for all o, B € (0,0.5] and v € [0.5,1), then
A= (X,Ar, Ar, AF) is an (€, € Vq)-neutrosophic ideal of X.

Proof. Let A = (X, Ap, A;, Ar) be a neutrosophic set in X such that the nonempty neutrosophic € Vg-
subsets Tevq (A, ), Ievq(A, B), and Feyq(A, ) are ideals of X for all o, 5 (0,0.5] and v € [0.5,1). Assume
that A7r(0) < Ar(z) A 0.5 = ag, Ar(0) < Ar(y) A 0.5 = By, and Ap(0) > Ap(2z) V 0.5 = ~, for some
z,y,z € X. Then ag, 3, € (0,0.5], 7, € [0.5,1), v € Te(A,0z) C Tevg(A,az), y € Ic(A,By) C
IEVQ(A’ﬁy)v Ve € FE(A7’YZ) c Fe\/q(Av'Yz)? 0 ¢ TE(A,O@), 0 ¢ IE(Avﬁy)’ and 0 ¢ FE(A,'VZ)‘ Also,
since A7 (0) + a; < 2a, < 1, thatis, 0 ¢ Ty(A, o), Ar(0) + 8y < 26, < 1, thatis, 0 ¢ I (A, S,),
and Ap(0) + v, > 27, > 1, thatis, 0 ¢ Fq(A,7.), we have 0 ¢ Tcyq(A,az), 0 ¢ Icyvqe(A, By), and
0 ¢ Fcyg(A,~.). This is a contradiction. Assume that there exist z,y,z,a,b,¢,u,v,w € X such that
Ap(z x z) < N{Ar(x * (y * 2)),Ar(y),0.5} = a, Ar(a*c) < N{Ar(ax* (bx*c)),Ar(b),0.5} = 5, and
Ap(u*xw) > \V{Ar(u* (v*w)),Ap(v),0.5} = ~. Then o, 8 € (0,0.5], v € [0.5,1), z * z ¢ Te (4, a),
axc ¢ Ic(A, B),uxw ¢ Fe(A,y),and x* (y*2) € Te(A,a) CTeve(A,a),y € Te(A,a) C Teyqe(4, a),
ax(bxc) € Ic(A,B) C Icyq(A,B), b e Ic(A,B) C Icyg(A B), ux (vxw) € Fe(A,v) C Fevq(4,7),
v € Fe(A,y) C Feyg(A, 7). Since Teyg(A, o), Ievg(A, B), and Feyq(A, ) are ideals of X for all o, 5 €
(0,0.5) and v € [0.5,1), implies that z * z € Te(A, ) C Teyvqy(A,a), axc € Ic(A,B) C Ievy(A, B), and
uxw € Fe(A,7v) C Feyg(A,7). Onthe other hand, Ap(z*2) + o < 20 < 1, Aj(axc)+ 5 <26 <1,
and Ap(u*w) +v > 2y > 1, thatis, zx 2z ¢ T (A,a), axc ¢ I,(A4,B), and uxw ¢ F,(A,~). Hence,
Txz ¢ Teyg(A, ), axc ¢ Icyg(A,B), and ux w ¢ Feyq(A, ), which is a contradiction. Hence, A is an
(€, € Vq)-neutrosophic ideal of X. O
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Theorem 3.22. For a subset J of X, let A = (X, Ar, A1, Ar) be a neutrosophic set in X such that

(Vo € X)(A7(0) = Ar(z), Ar(0) = Ar(2), Ap(0) < Ar(2)) (36)
(Vx € J)(Ar(z) > 0.5, Ar(x) > 0.5, Ap(x) < 0.5), 37
(Ve € X\J)(Ar(z) =0,Ar(z) =0, Ap(z) = 1). (38)

If J is an ideal of X, then A is a (q, € Vq)-neutrosophic ideal of X.

Proof. Assume that J is an ideal of X. Let 2,9,z € X, o, 8 € (0,1], and v € [0,1) be such that x €
T,(A ),y € I,(A,B), and z € Fy(A,7). Then Ap(x) + o > 1, Aj(y) + 8 > 1,and Ap(z) +v < L.
Then A7r(0) + o > Ap(z) +a > 1, A;(0)+ 8 > Ar(y) + 8 > 1,and Ap(0) +v < Ap(2) +v < 1,
thatis, 0 € T,(A4, ) C Tevg(A, ), 0 € I,(A, B) C Icvq(A, B), and 0 € Fy(A,7v) C Feyq(A, ). For any
z,Y,%,a,b,c,u,v,w € X, let ar, az, f1, B2 € (0,1] and v1, 72 € [0, 1) be such that = * (y * z) € T,(A, a1),
y € Ty(A a2), ax (bxc) € In(A, pr1), b € Ij(A, B2), ux (vxw) € Fp(A,71), and v € Fy(A,2). Then
Ar(0)+a > Ar(z)+a > 1, A;(0)+ 8 > Ar(z) + 8 > 1,and Ap(0) + v < Ap(z) + v < 1, that is,
Ar(ax(bxc)) > B1, Ar(b) > Ba, Ap(u* (vxw)) < v, and Ap(v) < 2. Then Ap(z * (y*2)) +a; > 1,
Ar(y)+ae > 1, Ar(ax (bxc))+ 81 > 1, Ar(b)+ P2 > 1, Ap(u* (vxw))+v < 1,and Ap(v) + 72 < 1.
Ifex(y*z) ¢ Jory ¢ J (esp.,ax(bxc) ¢ Jorb ¢ J), then Ap(x % (y * z)) = 0 or Ap(y) = O (resp.,
Ar(ax (bxc)) =0o0r Ar(b) = 0). It follows that Ap(z * (y*2)) + a1 =a1 < lor Ap(y) + ae = as <1
(resp., Ar(ax (bxc))+ 51 = 1 < Lor Ap(b) + 2 = 2 < 1). This is a contradiction, and so z * (y x 2) € J
andy € J (resp,,a*x (bxc) € Jandb € J). fux* (vxw) & Jorv & J, then Ap(u* (vxw)) =1
or Ap(v) = 1. Hence, Ap(u* (vxw))+v =14+v > 1lor Ap(v) + 2 = 1+ > 1, whichis a
contradiction. Thus, u * (v * w) € J and v € J. Since J is an ideal of X, we getx x 2z € J, a*xc € J,
and u x w € J. Thus, Ap(z % 2) > 0.5, Aj(a*c) > 0.5, and Ap(u*w) < 0.5. f a3 > 0.5 0or ag > 0.5
(resp., 1 < 0.5 0or B2 < 0.5), then Ap(z % z) > 0.5 > a1 A ag (resp., Ar(a*c) > 0.5 > 51 A B2), that
is,x %2z € Te(A,a1 A ag) (resp., ax ¢ € Ic(A, B1 A B2)). If 81 > 0.5 and B2 > 0.5 (resp., 81 > 0.5 and
B2 > 0.5), then Ap(z * 2) + (a1 A ag) > 0.5+ 0.5 = 1 (resp., Ar(ax¢c) + (81 A B2) > 0.5+ 0.5 =1),
that is, x * z € T, (A, an A ag) (tesp., a x ¢ € I, (A, B1 A B2)). Therefore, x * z € Teyq(A, aq A as) (tesp.,
axc € Icyg(A,B1 A B2)). Also, if v1 > 0.5 0or v > 0.5, then Ap(u*w) < 0.5 <y Vs andso us w €
Fe(A, 71V y2) C Feyg(A, 71 V). If 1 < 0.5and 2 < 0.5, then Ap(usw) + (71 Vy2) <054+05=1
and thus ux w € Fy (A, v1 V¥2) C Feyq(A, 11 V y2). Consequently, A is an (€, € Vg)-neutrosophic ideal of
X. O

Theorem 3.23. Every (q, € Vq)-neutrosophic ideal of X is an (€, € Vq)-neutrosophic ideal.

Proof. Let A = (X, Ar, A;, Ar) be a (¢, € Vg)-neutrosophic ideal of X. For any z,y,z € X, let oy, B, €
(0,1] and 7, € [0,1) be such that z € Tc(A, a,), y € Ic(A4, By), and z € Fc(A, ;). Then Ap(x) > ay,
Ar(y) > By, and Ap(z) < 7,. Suppose 0 & Teyq(A, az), 0 ¢ Icyq(A, By), and 0 ¢ Feyq(A,v;). Then
AT(O) < Oy, A[(O) < By’ AF(O) > Y, AT(O) +a, <1, A[(O) + By < 1, and AF(O) + v, > 1.

Thus A7(0) < 0.5, A;(0) < 0.5, and Ap(0) > 0.5. Hence, A7(0) < ay A 0.5, A;(0) < BV A0.5, and
Ap(0) > ~, Vv 0.5, and so

1—A7p(0)>1—(ay; A0.5) = (1 —a,) V05> (1— Ap(z)) V0.5,
1—A7(0)>1— (B, A0.5) = (1—8,)V0.5>(1— As(x)) V0.5,
1-Ap(0) <1—(72A05)=(1-7)A05<(1—Ap(z))A0.5.
Hence, there exist v, 8 € (0, 1] and 7y € [0, 1) such that
1—A7(0) > a> (1 - Ap(z)) V0.5,
1—A7(0)>8>(1—Ar(z)) V0.5,
1—Ap(0) <y < (1—Ap(z)) A0.5.

The above conditions induce Ar(z) +a > 1, Aj(z) + 8 > 1, and Ap(z) + v < 1, thatis, z € Ty (4, a),
y € I,(A, B), and z € F,(A,~). Since A is a (g, € Vg)-neutrosophic ideal of X, we have 0 € Tey4(4, @),
0€ Icvg(A,B),and 0 € Feygy(A, 7). But Ar(0)+a <land Ap(0) <1-a<05<a,A7(0)+ 5 < 1and
A[(O) <1 *5 <0.5< ﬂ, A[(O) +a <1and A[(O) <1 75 <05< 5, and AF(O) +~v>1land AF(O) >
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1—7>05>~,thatis, 0 ¢ Teye(A,a), 0 ¢ Icyy(A,B), and 0 ¢ Feyy(A,v). This is a contradiction,
and s0 0 € Tevg(A,az), 0 € Icyq(A,By), and 0 € Feyq(A,~.). Forany z,y,2,a,b,¢c,u,v,w € X, let
ag,a,f1, P2 € (0,1] and 1,72 € [0,1) be such that z * (y * 2) € Te(A, 1),y € Te(A, ), a* (b*c) €
Ic(A,B1), b € Ic(A,B2), ux (v+xw) € Fe(A,71), and v € Fe(A,7y2). Then Ap(z * (y * 2)) > a1,
Ar(y) > g, Ar(a x (bxc)) > p1, Ar(b) > Ba, Ap(u *x (v * w)) < 71, and Ap(v) < 2. Suppose
xxz & Teyg(A,anNag), axc & Ieyg(A, f1AB2), and uxw ¢ Feyy(A,v1Vy2). Then Ap(x*z) < ag A,
Ar(axc) < 1 A B2, Ap(uxw) >y Vs, Ar(z % 2) + (a1 Aag) < 1, Aj(axc) + (81 A B2) <1, and
Ap(uxw)+ (71 V y2) > 1. It follows that Ap(z * z) < 0.5, Ar(a*c) < 0.5, and Ap(u * w) > 0.5. So we
have Ap(z * z) < A{a1,a2,0.5}, Ar(a*xc) < A{f1,B2,0.5}, and Ap(u*w) < \/{y1,72,0.5} and thus

1—Ap(xxz) > 1—A{a1,a2,0.5}

= \/{1—0[1,1—0[270.5}

> V{1 —Ar(z*(y=2)),1- Ar(y),0.5},
1—Ar(axc) > 1—A{B1,P2,0.5}

= V{1_6171_62705}

> V{1-A4Ar(ax(bxc)),1— Ar(b),0.5},
1—AF(U*U}) < 1—\/{’}/1,’)/2,0.5}

= /\{1_7171_7270'5}

< A{1-Ap(ux(vxw)),1 — Ap(v),0.5}.

Therefore, there exist v, § € (0,1] and v € [0, 1) such that
1= Ap(zx2) > a> \/{l = Ap(@ = (y  2)),1 — Ar(y),0.5},
1—Ar(axc)>B>\/{1 - Ar(ax(bxc)),1 - Ar(b),0.5},

1= Ap(usw) <v< A\{1 = Ap(ux (vxw)),1 - Ap(v),0.5}.

It follows that Ap(z * (y* z)) +« > 1and Ap(y) + o > 1, thatis, z (y x 2) € Ty(A, ) and y € T, (A, o),
Ar(ax(bxc))+8 > Land A;(b)+f > 1, thatis, ax(bxc) € I,(A, B)and b € I,(A, B), Ap(u*(vsw))+y < 1
and Ap(v) +7v < 1, thatis, ux (v w) € Fy(A,v)andv € Fy(A,7v), Ar(z*z)+a <land Ap(x * z) <
l—a < a,thatis, zxz ¢ Teyg(A, o), Ar(axc)+a < land Ar(axc) < 1—8 < B, thatis, axc ¢ Icvq(A4, B),
Ap(uxw)+~v>land Ap(u*w) > 11— >, thatis, uxw ¢ Feyq(A,7). Itis a contradiction because A
is a (g, € Vg)-neutrosophic ideal of X. Therefore, x * 2z € Tevq(A, a1 A as), a* c € Icyq(A, f1 A B2), and
uxw € Feyg(A,v1 V y2). Consequently, A is an (€, € Vq)-neutrosophic ideal of X. O

4 Conclusion

Neutrosophic ideals (€, €) and (g, € Vq)-neutrosophic ideals are analyzed. We have discussed the criteria for
neutrosophic €-subsets, neutrosophic g-subsets, and neutrosophic (g, € Vq)-subsets to be ideals.
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