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Abstract

Characterizations of (∈,∈)-neutrosophic ideals and (q,∈ ∨q)-neutrosophic ideals are provided. Given special
sets, so-called neutrosophic ∈-subsets, neutrosophic q-subsets, and neutrosophic (q,∈ ∨q)-subsets, conditions
for the neutrosophic ∈-subsets, neutrosophic q-subsets, and neutrosophic (q,∈ ∨q)-subsets to be ideals are
discussed.
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1 Introduction

The concept of fuzzy sets was proposed by Zadeh.13 The theory of fuzzy sets has several applications in
real-life situations, and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The notion of
neutrosophic set theory developed by Smarandache10, 11 is a more general platform that extends the concepts
of classic and fuzzy sets. Algebraic structures play a prominent role in mathematics, with wide-ranging appli-
cations in many disciplines, such as theoretical physics, computer sciences, control engineering, information
sciences, coding theory, topological spaces, and so on. This provides sufficient motivation to researchers to
review various concepts and results from the realm of abstract algebra in the broader framework of fuzzy
settings. UP-algebras are a class of logical algebras that were introduced by Iampan.2 There is a deep rela-
tionship between UP-algebras and posets. Today UP-algebras have been studied by many authors and they
have been applied to many branches of mathematics, such as group, functional analysis, probability theory,
topology, fuzzy set theory, and so on. Various problems in system identification involve characteristics that are
essentially non-probabilistic.12 The notion of UP-algebras (see2) and the notion of BCC-algebras (see5) are the
same, as shown by Jun et al.4 in 2022. We shall refer to it as BCC rather than UP in this article out of respect
for Komori, who initially described it in 1984. The neutrosophic set theory is also applied to several algebraic
structures. The concept of neutrosophic points and several types of subalgebras (ideals) are introduced and
studied in.3, 6–9

In this paper, characterizations of (∈,∈)-neutrosophic ideals and (q,∈ ∨q)-neutrosophic ideals are provided.
Given special sets, so-called neutrosophic ∈-subsets, neutrosophic q-subsets, and neutrosophic (q,∈ ∨q)-
subsets, conditions for the neutrosophic ∈-subsets, neutrosophic q-subsets, and neutrosophic (q,∈ ∨q)-subsets
to be ideals are discussed.
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2 Preliminaries

The concept of BCC-algebras (see5) can be redefined without the condition (6) as follows:

An algebra X = (X, ∗, 0) of type (2, 0) is called a BCC-algebra (see1) if it satisfies the following conditions:

(∀x, y, z ∈ X)((y ∗ z) ∗ ((x ∗ y) ∗ (x ∗ z)) = 0) (1)
(∀x ∈ X)(0 ∗ x = x) (2)
(∀x ∈ X)(x ∗ 0 = 0) (3)
(∀x, y ∈ X)(x ∗ y = 0 = y ∗ x ⇒ x = y) (4)

After this, we assign X instead of a BCC-algebra (X, ∗, 0) until otherwise specified.

We define a binary relation ≤ on X as follows:

(∀x, y ∈ X)(x ≤ y ⇔ x ∗ y = 0) (5)

In X , the following assertions are valid (see2).

(∀x ∈ X)(x ≤ x) (6)
(∀x, y, z ∈ X)(x ≤ y, y ≤ z ⇒ x ≤ z) (7)
(∀x, y, z ∈ X)(x ≤ y ⇒ z ∗ x ≤ z ∗ y) (8)
(∀x, y, z ∈ X)(x ≤ y ⇒ y ∗ z ≤ x ∗ z) (9)
(∀x, y, z ∈ X)(x ≤ y ∗ x, in particular, y ∗ z ≤ x ∗ (y ∗ z)) (10)
(∀x, y ∈ X)(y ∗ x ≤ x ⇔ x = y ∗ x) (11)
(∀x, y ∈ X)(x ≤ y ∗ y) (12)
(∀a, x, y, z ∈ X)(x ∗ (y ∗ z) ≤ x ∗ ((a ∗ y) ∗ (a ∗ z))) (13)
(∀a, x, y, z ∈ X)(((a ∗ x) ∗ (a ∗ y)) ∗ z ≤ (x ∗ y) ∗ z) (14)
(∀x, y, z ∈ X)((x ∗ y) ∗ z ≤ y ∗ z) (15)
(∀x, y, z ∈ X)(x ≤ y ⇒ x ≤ z ∗ y) (16)
(∀x, y, z ∈ X)((x ∗ y) ∗ z ≤ x ∗ (y ∗ z)) (17)
(∀a, x, y, z ∈ X)((x ∗ y) ∗ z ≤ y ∗ (a ∗ z)) (18)

Definition 2.1. 2 A nonempty subset S of X is called a subalgebra of X if

(∀x, y ∈ S)(x ∗ y ∈ S). (19)

Definition 2.2. 2 A nonempty subset S of X is called an ideal of X if

0 ∈ S, (20)
(∀x, y, z ∈ X)(x ∗ (y ∗ z), y ∈ S ⇒ x ∗ z ∈ S). (21)

Definition 2.3. 10 A neutrosophic set in a nonempty set X is defined to be a structure

A := {(x,AT (x), AI(x), AF (x)) : x ∈ X}, (22)

where AT : X → [0, 1] is a truth membership function, AI : X → [0, 1] is an indeterminate membership
function, and AF : X → [0, 1] is a false membership function. The neutrosophic set in (22) is simply denoted
by A = (X,AT , AI , AF ).

Given a neutrosophic set A = (X,AT , AI , AF ) in a nonempty set X , α, β ∈ (0, 1] and γ ∈ [0, 1), we consider
the following sets:3

T∈(A,α) = {x ∈ X : AT (x) ≥ α},
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I∈(A, β) = {x ∈ X : AI(x) ≥ β},
F∈(A, γ) = {x ∈ X : AF (x) ≤ γ},

Tq(A,α) = {x ∈ X : AT (x) + α > 1},
Iq(A, β) = {x ∈ X : AI(x) + β > 1},
Fq(A, γ) = {x ∈ X : AF (x) + γ < 1},

T∈∨q(A,α) = {x ∈ X : AT (x) ≥ α or AT (x) + α > 1},
I∈∨q(A, β) = {x ∈ X : AI(x) ≥ β or AI(x) + β > 1},
F∈∨q(A, γ) = {x ∈ X : AF (x) ≤ γ or AF (x) + γ < 1}.

We say U∈(A,α), I∈(A, β), and F∈(A, γ) are neutrosophic ∈-subsets of X , and Uq(A,α), Iq(A, β), and
Fq(A, γ) are neutrosophic q-subsets of X and U∈∨q(A,α), I∈∨q(A, β), and F∈∨q(A, γ) are neutrosophic
∈ ∨q-subsets of X . For Φ ∈ {∈, q, q ∈ ∨q}, the element of TΦ(A,α) (resp., IΦ(A, β), FΦ(A, γ)) is called a
neutrosophic TΦ-point (resp., neutrosophic IΦ-point, neutrosophic FΦ-point) with value α (resp., β, γ). It is
clear that

T∈∨q(A,α) = T∈(A,α) ∪ Tq(A,α),

I∈∨q(A, β) = I∈(A, β) ∪ Iq(A, β),

F∈∨q(A, γ) = F∈(A, γ) ∪ Fq(A, γ).

3 Several types of neutrosophic ideals in BCC-algebras

In this section, we introduce the concepts of (Φ,Ψ)-neutrosophic subalgebras and (Φ,Ψ)-neutrosophic ideals
of BCC-algebras, where Φ,Ψ ∈ {∈, q, q ∈ ∨q}.

Definition 3.1. Given Φ,Ψ ∈ {∈, q, q ∈ ∨q}, a neutrosophic set A = (X,AT , AI , AF ) in X is called a
(Φ,Ψ)-neutrosophic subalgebra of X if

(∀x, y ∈ X)

 x ∈ TΦ(A,αx), y ∈ TΦ(A,αx) ⇒ x ∗ y ∈ TΦ(A,αx)
x ∈ TΦ(A, βx), y ∈ TΦ(A, βx) ⇒ x ∗ y ∈ TΦ(A, βx)
x ∈ TΦ(A, γx), y ∈ TΦ(A, γx) ⇒ x ∗ y ∈ TΦ(A, γx)

 (23)

for all αx, αy, βx, βy ∈ (0, 1] and γx, γy ∈ [0, 1).

Definition 3.2. Given Φ,Ψ ∈ {∈, q, q ∈ ∨q}, a neutrosophic set A = (X,AT , AI , AF ) in X is called a
(Φ,Ψ)-neutrosophic ideal of X if

(∀x ∈ X)

 x ∈ TΦ(A,αx) ⇒ 0 ∈ TΦ(A,αx)
x ∈ TΦ(A, βx) ⇒ 0 ∈ TΦ(A, βx)
x ∈ TΦ(A, γx) ⇒ 0 ∈ TΦ(A, γx)

 , (24)

(∀x, y, z ∈ X)

 x ∗ (y ∗ z) ∈ TΦ(A,αx), y ∈ TΦ(A,αx) ⇒ x ∗ z ∈ TΦ(A,αx)
x ∗ (y ∗ z) ∈ TΦ(A, βx), y ∈ TΦ(A, βx) ⇒ x ∗ z ∈ TΦ(A, βx)
x ∗ (y ∗ z) ∈ TΦ(A, γx), y ∈ TΦ(A, γx) ⇒ x ∗ z ∈ TΦ(A, γx)

 (25)

for all αx, αy, βx, βy ∈ (0, 1] and γx, γy ∈ [0, 1).

Theorem 3.3. A neutrosophic set A = (X,AT , AI , AF ) in X is an (∈,∈)-neutrosophic ideal of X if and
only if A satisfies

(∀x ∈ X)

 AT (0) ≥ AT (x)
AI(0) ≥ AI(x)
AF (0) ≤ AF (x)

 , (26)

(∀x, y, z ∈ X)

 AT (x ∗ z) ≥ AT (x ∗ (y ∗ z)) ∧AT (y)
AI(x ∗ z) ≥ AI(x ∗ (y ∗ z)) ∧AI(y)
AF (x ∗ z) ≤ AF (x ∗ (y ∗ z)) ∨AF (y)

 . (27)
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Proof. Assume that the conditions (26) and (27) are valid, and let x ∈ U∈
T (A,α), a ∈ U∈

I (A, β) and u ∈
U∈
F (A, γ) for any x, a, u ∈ X , α, β ∈ (0, 1] and γ ∈ [0, 1). Then AT (0) ≥ AT (x) ≥ α, AI(0) ≥ AI(a) ≥ β,

and AF (0) ≤ AF (u) ≤ γ. Hence, 0 ∈ U∈
T (A,α), 0 ∈ U∈

I (A, β) and 0 ∈ U∈
F (A, γ) and hence (26) is

valid. Let x, y, z, a, b, c, u, v, w ∈ X be such that x ∗ (y ∗ z) ∈ U∈
T (A,αx), y ∈ U∈

T (A,αy), a ∗ (b ∗ c) ∈
U∈
I (A, βa), b ∈ U∈

I (A, βb), u ∗ (v ∗ w) ∈ U∈
F (A, γu), and v ∈ U∈

F (A, γv) for all αx, αy, βa, βb ∈ (0, 1]
and γu, γv ∈ [0, 1). Then AT (x ∗ (y ∗ z)) ≥ αx, AT (y) ≥ αy , AI(a ∗ (b ∗ c)) ≥ βa, AI(b) ≥ βb,
AF (u ∗ (v ∗w)) ≤ γu, and AF (v) ≤ γv . Then by (27) that AT (x ∗ z) ≥ AT (x ∗ (y ∗ z))∧AT (y) ≥ αx ∧αy ,
AI(a ∗ c) ≥ AI(a ∗ (b ∗ c)) ∧ AI(b) ≥ ba ∧ βb, AF (u ∗ w) ≤ AF (u ∗ (v ∗ w)) ∨ AF (v) ≤ γu ∨ γv .
Hence, x ∗ z ∈ U∈

T (A,αx ∧ αy), a ∗ c ∈ U∈
I (A, βa ∧ βb), and u ∗ w ∈ U∈

F (A, γu ∨ γv). Therefore, A is an
(∈,∈)-neutrosophic ideal of X .

Conversely, let A be an (∈,∈)-neutrosophic ideal of X . If there exists x0 ∈ X such that AT (0) < AT (x0),
then x0 ∈ U∈

T (A,α) and 0 /∈ U∈
T (A,α), where a = AT (x0). Which is a contradiction, and thus AT (0) ≥

AT (x) for all x ∈ X . Assume that AT (x0 ∗ z0) < AT (x0 ∗ (y0 ∗ z0)) ∧ AT (y0) for some x0, y0, z0 ∈ X .
Taking α = AT (x0 ∗ (y0 ∗ z0)) ∧ AT (y0) implies that x0 ∗ (y0 ∗ z0) ∈ U∈

T (A,α) and y0 ∈ U∈
T (A,α);

but x0 ∗ z0 /∈ U∈
T (A,α). This is a contradiction, and thus AT (x ∗ z) ≥ AT (x ∗ (y ∗ z)) ∧ AT (y) for

all x, y, z ∈ X . Similarly, we can verify that AI(x ∗ z) ≥ AI(x ∗ (y ∗ z)) ∧ AI(y) for all x, y, z ∈ X .
Now, suppose that AF (0) > AF (a) for some a ∈ X . Then a ∈ U∈

F (A, γ) and 0 /∈ U∈
F (A, γ) by taking

γ = AF (a). This is impossible, and thus AF (0) ≤ AF (x) for all x ∈ X . Suppose there exist a0, b0, z0 ∈ X
such that AF (a0 ∗ c0) > AF (a0 ∗ (b0 ∗ c0)) ∨ AF (b0) and take γ = AF (a0 ∗ (b0 ∗ c0)) ∨ AF (b0). Then
a0 ∗ (b0 ∗ c0) ∈ U∈

F (A, γ), b0 ∈ U∈
F (A, γ), and a0 ∗ c0 /∈ U∈

F (A, γ), which is a contradiction. Thus,
AF (x ∗ z) ≤ AF (x ∗ (y ∗ z)) ∨AF (y) for all x, y, z ∈ X . Therefore, A satisfies (26) and (27).

Lemma 3.4. Every (∈,∈)-neutrosophic ideal A = (X,AT , AI , AF ) of X satisfies

(∀x, y ∈ X)

 y ≤ x ⇒

 AT (x) ≥ AT (y),
AI(x) ≥ AI(y),
AF (x) ≤ AF (y))

 . (28)

Proof. Let A be an (∈,∈)-neutrosophic ideal of X . Let x, y ∈ X be such that y ≤ x. Then y ∗ x = 0, and
thus AT (x) = AT (0 ∗ x) ≥ AT (0 ∗ (y ∗ x)) ∧ AT (y) = AT (y ∗ x) ∧ AT (y) = AT (0) ∧ AT (y) = AT (y),
AI(x) = AI(0 ∗ x) ≥ AI(0 ∗ (y ∗ x)) ∧ AI(y) = AI(y ∗ x) ∧ AI(y) = AI(0) ∧ AI(y) = AI(y), and
AF (x) = AF (0 ∗ x) ≤ AF (0 ∗ (y ∗ x)) ∨AF (y) = AF (y ∗ x) ∨AF (y) = AF (0) ∨AF (y) = AF (y).

Theorem 3.5. Every (∈,∈)-neutrosophic ideal A = (X,AT , AI , AF ) of X satisfies

(∀x, y, z, w ∈ X)

 x ≤ w ∗ (y ∗ z) ⇒

 AT (x ∗ z) ≥ AT (w) ∧AT (y)
AI(x ∗ z) ≥ AI(w) ∧AI(y)
AF (x ∗ z) ≤ AF (w) ∨AF (y)

 . (29)

Proof. Let A be an (∈,∈)-neutrosophic ideal of X . Let x, y, z, w ∈ X be such that x ≤ w ∗ (y ∗ z). Then
x ∗ (w ∗ (y ∗ z)) = 0. Also

AT (x ∗ z) ≥ AT (x ∗ (y ∗ z)) ∧AT (y)
≥ AT (x ∗ (w ∗ (y ∗ z))) ∧AT (w) ∧AT (x)
= AT (0) ∧AT (w) ∧AT (y)
= AT (w) ∧AT (y),

AI(x ∗ z) ≥ AI(x ∗ (y ∗ z)) ∧AI(y)
≥ AI(x ∗ (w ∗ (y ∗ z))) ∧AI(w) ∧AI(x)
= AI(0) ∧AI(w) ∧AI(y)
= AI(w) ∧AI(y),

AF (x ∗ z) ≤ AF (x ∗ (y ∗ z)) ∨AF (y)
≤ AF (x ∗ (w ∗ (y ∗ z))) ∨AF (w) ∨AF (x)
= AF (0) ∨AF (w) ∨AF (y)
= AF (w) ∨AF (y).

Therefore, (29) is proved.
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Theorem 3.6. Every (∈,∈)-neutrosophic ideal A = (X,AT , AI , AF ) of X satisfies

(∀x, y, z ∈ X)

 x ≤ (y ∗ z) ⇒

 AT (x ∗ z) ≥ AT (y)
AI(x ∗ z) ≥ AI(y)
AF (x ∗ z) ≤ AF (y)

 . (30)

Proof. Let A be an (∈,∈)-neutrosophic ideal of X . Let x, y, z ∈ X be such that x ≤ y ∗ z. By Theorem 3.5,
put w = 0. Then x ≤ 0 ∗ (y ∗ z). Hence,

AT (x ∗ z) ≥ AT (0) ∧AT (y) = AT (y),

AI(x ∗ z) ≥ AI(0) ∧AI(y) = AI(y),

AF (x ∗ z) ≤ AF (0) ∨AF (y) = AF (y).

Therefore, (30) is proved.

Theorem 3.7. A neutrosophic set A = (X,AT , AI , AF ) in X is an (∈,∈)-neutrosophic ideal of X if and only
if the nonempty neutrosophic ∈-subsets T∈(A,α), T∈(A, β), and T∈(A, γ) are ideals of X for all α, β ∈ (0, 1]
and γ ∈ [0, 1).

Proof. Let A be an (∈,∈)-neutrosophic ideal of X and assume that T∈(A,α), I∈(A, β), and F∈(A, γ) are
nonempty for α, β ∈ (0, 1] and γ ∈ [0, 1). Then there exist x, y, z ∈ X such that x ∈ T∈(A,α), y ∈ I∈(A, β),
and z ∈ F∈(A, γ). Hence, 0 ∈ T∈(A,α) ∩ I∈(A, β) ∩ F∈(A, γ). Let x, y, z, a, b, c, u, v, w ∈ X be such that
x ∗ (y ∗ z) ∈ T∈(A,α), y ∈ T∈(A,α), a ∗ (b ∗ c) ∈ I∈(A, β), b ∈ I∈(A, β), u ∗ (v ∗ w) ∈ F∈(A, γ), and
v ∈ F∈(A, γ). Then AT (x∗w) ≥ AT (x∗(y∗z))∧AT (y) ≥ α∧α = α AI(a∗c) ≥ AI(a∗(b∗c))∧AI(b) ≥
β ∧ β = β AF (u ∗ w) ≤ AF (u ∗ (v ∗ w)) ∨ AF (v) ≤ γ1 ∨ γ2, and so x ∗ z ∈ T∈(A,α), a ∗ c ∈ I∈(A, β),
and u ∗ w ∈ F∈(A, γ). Hence, the nonempty neutrosophic ∈-subsets T∈(A,α), I∈(A, β), and F∈(A, γ) are
ideals of X for all α, β ∈ (0, 1] and γ ∈ [0, 1).

Conversely, let A be a neutrosophic set in X for which T∈(A,α), I∈(A, β), and F∈(A, γ) are nonempty and
are ideals of X for all α, β ∈ (0, 1] and γ ∈ [0, 1). Assume that AT (0) < AT (x), AI(0) < AI(y), and
AF (0) > AF (z) for some x, y, z ∈ X . Then x ∈ T∈(A,AT (x)), y ∈ I∈(A,AI(y)), and z ∈ F∈(A,AF (z)),
that is, T∈(A,α), I∈(A, β), and F∈(A, γ) are nonempty. But 0 /∈ T∈(A,AT (x))∩I∈(A,AI(y))∩F∈(A, γAF (z)),
which is a contradiction since T∈(A,AT (x)), I∈(A,AI(y)), and F∈(A, γAF (z)) are ideals of X . Hence,
AT (0) ≥ AT (x), AI(0) ≥ AI(x) and AF (0) ≤ AF (x) for all x ∈ X . Suppose that AT (x ∗ z) <
AT (x ∗ (y ∗ z)) ∧AT (y), AI(a ∗ c) < AI(a ∗ (b ∗ c)) ∧AI(b), and AF (u ∗w) > AF (u ∗ (v ∗ w)) ∨AF (v)
for some x, y, z, a, b, c, u, v, w ∈ X . Taking α = AT (x ∗ (y ∗ z)) ∧AT (y), β = AI(a ∗ (b ∗ c)) ∧AI(b), and
γ = AF (u ∗ (v ∗w)) ∨AF (v) imply that α, β ∈ (0, 1] and γ ∈ [0, 1), x ∗ (y ∗ z) ∈ T∈(A,α), y ∈ T∈(A,α),
a ∗ (b ∗ c) ∈ I∈(A, β), b ∈ I∈(A, β), u ∗ (v ∗ w) ∈ F∈(A, γ), and v ∈ F∈(A, γ). But x ∗ z /∈ T∈(A,α),
a ∗ c /∈ I∈(A, β), and u ∗ w /∈ F∈(A, γ). This is a contradiction since T∈(A,α), I∈(A, β), and F∈(A, γ)
are ideals of X . Thus, AT (x ∗ z) ≥ AT (x ∗ (y ∗ z)) ∧ AT (y), AI(x ∗ z) ≥ AI(x ∗ (y ∗ z)) ∧ AI(y), and
AF (x ∗ z) ≤ AF (x ∗ (y ∗ z)) ∨ AF (y) for all x, y, z ∈ X . Therefore, A is an (∈,∈)-neutrosophic ideal of
X .

Theorem 3.8. Any ideal of X can be realized as level neutrosophic ideals of some (∈,∈)-neutrosophic ideal
of X .

Proof. Let I be an ideal of X and let A = (X,AT , AI , AF ) be a neutrosophic set in X given as follows:

AT : X → [0, 1], x 7→
{
α if x ∈ I
0 otherwise,

AI : X → [0, 1], x 7→
{
β if x ∈ I
0 otherwise,

AF : X → [0, 1], x 7→
{
γ if x ∈ I
1 otherwise,

where α, β ∈ (0, 1] and γ ∈ [0, 1). Then T∈(A,α) = I , I∈(A, β) = I , and F∈(A, γ) = I . Obviously,
AT (0) ≥ AT (x), AI(0) ≥ AI(x), and AF (0) ≤ AF (x) for all x ∈ X . Let x, y, z ∈ X . If x ∗ (y ∗ z) ∈ I

https://doi.org/10.54216/IJNS.230325
Received: July 23, 2023 Revised: November 24, 2023 Accepted: February 23, 2024

308



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 03, PP. 304-317, 2024

and y ∈ I , then x ∗ z ∈ I . Hence, AT (x ∗ (y ∗ z)) = AT (y) = AT (x ∗ z) = α, AI(x ∗ (y ∗ z)) = AI(y) =
AI(x∗z) = β, and AF (x∗ (y ∗z)) = AF (y) = AF (x∗z) = γ, and so AT (x∗z) ≥ AT (x∗ (y ∗z))∧AT (y),
AI(x ∗ z) ≥ AI(x ∗ (y ∗ z))∧AI(y), and AF (x ∗ z) ≤ AF (x ∗ (y ∗ z))∨AF (y). If x ∗ (y ∗ z) /∈ I and y /∈ I ,
then AT (x ∗ (y ∗ z)) = AT (y) = 0, AI(x ∗ (y ∗ z)) = AI(y) = 0, and AF (x ∗ (y ∗ z)) = AF (y) = 1. Thus,
AT (x ∗ z) ≥ AT (x ∗ (y ∗ z)) ∧AT (y), AI(x ∗ z) ≥ AI(x ∗ (y ∗ z)) ∧AI(y), and AF (x ∗ z) ≤ AF (x ∗ (y ∗
z))∨AF (y). If x ∗ (y ∗ z) ∈ I and y /∈ I , then AT (x ∗ (y ∗ z)) = α and AT (y) = 0, AI(x ∗ (y ∗ z)) = β and
AI(y) = 0, and AF (x∗(y∗z)) = γ and AF (y) = 1. It follows that AT (x∗z) ≥ 0 = AT (x∗(y∗z))∧AT (y),
AI(x ∗ z) ≥ 0 = AI(x ∗ (y ∗ z)) ∧ AI(y), and AF (x ∗ z) ≤ 1 = AF (x ∗ (y ∗ z)) ∨ AF (y). Similarly, if
x ∗ (y ∗ z) /∈ I and y ∈ I , then AT (x ∗ z) ≥ AT (x ∗ (y ∗ z))∧AT (y), AI(x ∗ z) ≥ AI(x ∗ (y ∗ z))∧AI(y),
and AF (x ∗ z) ≤ AF (x ∗ (y ∗ z)) ∨AF (y). Therefore, A is an (∈,∈)-neutrosophic ideal of X .

Theorem 3.9. Every (∈,∈)-neutrosophic ideal of X is an (∈,∈)-neutrosophic subalgebra.

Proof. Let A = (X,AT , AI , AF ) be an (∈,∈)-neutrosophic ideal of X . Let x, y ∈ X . Then AT (x ∗
y) ≥ AT (x ∗ (y ∗ y)) ∧ AT (y) = AT (x ∗ 0) ∧ AT (y) = AT (0) ∧ AT (y) = AT (y) = AT (x) ∧ AT (y),
AI(x ∗ y) ≥ AI(x ∗ (y ∗ y))∧AI(y) = AI(x ∗ 0)∧AI(y) = AI(0)∧AI(y) = AI(y) = AI(x)∧AI(y), and
AF (x∗y) ≤ AF (x∗ (y ∗y))∨AF (y) = AF (x∗0)∨AF (y) = AF (0)∨AF (y) = AF (y) = AF (x)∨AF (y).
Therefore, A is an (∈,∈)-neutrosophic subalgebra of X .

The following example shows that the converse of Theorem 3.9 is not true in general.

Example 3.10. Consider a BCC-algebra X = {0, 1, 2, 3} with the following Cayley table:

∗ 0 1 2 3
0 0 1 2 3
1 0 0 2 3
2 0 1 0 0
3 0 1 2 0

Let A = (X,AT , AI , AF ) be a neutrosophic set in X that is given by:

X AT AI AF

0 0.7 0.9 0.2
1 0.7 0.6 0.2
2 0.3 0.6 0.8
3 0.7 0.4 0.2

It is routine to verify that A is an (∈,∈)-neutrosophic subalgebra of X but not an (∈,∈)-neutrosophic ideal of
X .

A mapping f : X → Y of BCC-algebras is called a homomorphism if f(x ∗ y) = f(x) ∗ f(y) for all
x, y ∈ X . Note that if f : X → Y is a homomorphism of BCC-algebras, then f(0X) = 0Y . Given a
homomorphism f : X → Y of BCC-algebras and a neutrosophic set A = (Y,AT , AI , AF ) in Y , we define
a neutrosophic set Af = (X,Af

T , A
f
I , A

f
F ) in X , which is called the induced neutrosophic set, as follows:

Af
T : X → [0, 1], x 7→ AT (f(x)), A

f
I : X → [0, 1], x → AI(f(x)), and Af

F : X → [0, 1], x → AF (f(x)).

Theorem 3.11. Let f : X → Y be a homomorphism of BCC-algebras. If A = (Y,AT , AI , AF ) is an
(∈,∈)-neutrosophic ideal of Y , then the induced neutrosophic set Af = (X,Af

T , A
f
I , A

f
F ) in X is an (∈,∈)-

neutrosophic ideal of X .

Proof. Assume that A = (Y,AT , AI , AF ) is an (∈,∈)-neutrosophic ideal of Y . For any x ∈ X , we have

Af
T (x) = AT (f(x)) ≤ AT (0Y ) = AT (f(0X)) = Af

T (0X),

Af
I (x) = AI(f(x)) ≤ AI(0Y ) = AI(f(0X)) = Af

I (0X),

Af
F (x) = AF (f(x)) ≥ AF (0Y ) = AF (f(0X)) = Af

F (0X).
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Let x, y, z ∈ X . Then

Af
T (x ∗ (y ∗ z)) ∧Af

T (y) = AT (f(x ∗ (y ∗ z))) ∧AT (f(y))
= AT (f(x) ∗ (f(y) ∗ f(z)) ∧AT (f(y))
≤ AT (f(x) ∗ f(z))
= AT (f(x ∗ z))
= Af

T (x ∗ z),

Af
I (x ∗ (y ∗ z)) ∧Af

I (y) = AI(f(x ∗ (y ∗ z))) ∧AI(f(y))
= AI(f(x) ∗ (f(y) ∗ f(z)) ∧AI(f(y))
≤ AI(f(x) ∗ f(z))
= AI(f(x ∗ z))
= Af

I (x ∗ z),

Af
F (x ∗ (y ∗ z)) ∨Af

F (y) = AF (f(x ∗ (y ∗ z))) ∨AF (f(y))
= AF (f(x) ∗ (f(y) ∗ f(z)) ∨AF (f(y))
≥ AF (f(x) ∗ f(z))
= AF (f(x ∗ z))
= Af

F (x ∗ z).

Therefore, Af = (X,Af
T , A

f
I , A

f
F ) is an (∈,∈)-neutrosophic ideal of X .

Theorem 3.12. Let f : X → Y be an onto homomorphism of BCC-algebras and let A = (Y,AT , AI , AF )

be a neutrosophic set in Y . If the induced neutrosophic set Af = (X,Af
T , A

f
I , A

f
F ) in X is an (∈,∈)-

neutrosophic ideal of X , then A is an (∈,∈)-neutrosophic ideal of Y .

Proof. Assume that the induced neutrosophic set Af = (X,Af
T , A

f
I , A

f
F ) in X is an (∈,∈)-neutrosophic ideal

of X . For any x ∈ Y , there exists a ∈ X such that f(a) = x since f is onto. Then

AT (x) = AT (f(a)) = Af
T (a) ≤ Af

T (0X) = AT (f(0X)) = AT (0Y ),

AI(x) = AI(f(a)) = Af
I (a) ≤ Af

I (0X) = AI(f(0X)) = AI(0Y ),

AF (x) = AF (f(a)) = Af
F (a) ≥ Af

F (0X) = AF (f(0X)) = AF (0Y ).

Let x, y, z ∈ Y . Then f(a) = x, f(b) = y, and f(c) = z for some a, b, c ∈ X . Thus,

AT (x ∗ z) = AT (f(a) ∗ f(c))
= AT (f(a ∗ c))
= Af

T (a ∗ c)
≥ Af

T (a ∗ (b ∗ c)) ∧Af
T (b)

= AT (f(a ∗ (b ∗ c))) ∧AT (f(b))
= AT (f(a) ∗ (f(b) ∗ f(c))) ∧AT (f(b))
= AT (x ∗ (y ∗ z)) ∧AT (y),

AI(x ∗ z) = AI(f(a) ∗ f(c))
= AI(f(a ∗ c))
= Af

I (a ∗ c)
≥ Af

I (a ∗ (b ∗ c)) ∧Af
I (b)

= AI(f(a ∗ (b ∗ c))) ∧AI(f(b))
= AI(f(a) ∗ (f(b) ∗ f(c))) ∧AI(f(b))
= AI(x ∗ (y ∗ z)) ∧AI(y),

AF (x ∗ z) = AF (f(a) ∗ f(c))
= AF (f(a ∗ c))
= Af

F (a ∗ c)
≤ Af

F (a ∗ (b ∗ c)) ∨Af
F (b)

= AF (f(a ∗ (b ∗ c))) ∨AF (f(b))
= AF (f(a) ∗ (f(b) ∗ f(c))) ∨AF (f(b))
= AF (x ∗ (y ∗ z)) ∨AF (y).

Therefore, A is an (∈,∈)-neutrosophic ideal of Y .
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Theorem 3.13. For a neutrosophic set A = (X,AT , AI , AF ) in X , the following are equivalent.

1. The nonempty neutrosophic ∈-subsets T∈(A,α), T∈(A, β), and T∈(A, γ) are ideals of X for all α, β ∈
(0.5, 1] and γ ∈ [0, 0.5).

2. A satisfies the following:

(∀x ∈ X)

 AT (0) ∨ 0.5 ≥ AT (x)
AI(0) ∨ 0.5 ≥ AI(x)
AF (0) ∧ 0.5 ≤ AF (x)

 , (31)

(∀x, y, z ∈ X)

 AT (x ∗ z) ∨ 0.5 ≥ AT (x ∗ (y ∗ z)) ∧AT (y)
AI(x ∗ z) ∨ 0.5 ≥ AI(x ∗ (y ∗ z)) ∧AI(y)
AF (x ∗ z) ∧ 0.5 ≤ AF (x ∗ (y ∗ z)) ∨AF (y)

 . (32)

Proof. Assume that the nonempty neutrosophic ∈-subsets T∈(A,α), T∈(A, β), and T∈(A, γ) are ideals of
X for all α, β ∈ (0.5, 1] and γ ∈ [0, 0.5). If there exist a, b ∈ X such that AT (0) ∨ 0.5 < AT (a) and
AI(0) ∨ 0.5 < AI(b), respectively, then αa = AT (a) ∈ (0.5, 1] and βb = AI(b) ∈ (0.5, 1], and thus a ∈
T∈(A,αa) and b ∈ I∈(A, βb). Then AT (0) < AT (a) and AI(0) < AI(b), which imply that 0 /∈ T∈(A,αa)
and 0 /∈ T∈(A, βb). This is a contradiction, and so we get AT (0) ∨ 0.5 ≥ AT (x) and AI(0) ∨ 0.5 ≥ AI(x)
for all x ∈ X . If AF (0) ∧ 0.5 > AF (x) for some x ∈ X , then AF (x) ∈ [0, 0.5). Since F∈(A,AF (x))
is an ideal of X , we have 0 ∈ F∈(A,AF (x)) and so AF (0) ≤ AF (x). This is a contradiction, and so
AF (0) ∧ 0.5 ≤ AF (x) for all x ∈ X . Suppose that AT (x ∗ z) ∨ 0.5 < AT (x ∗ (y ∗ z)) ∧ AT (y) for some
x, y, z ∈ X and take α = AT (x ∗ (y ∗ z)) ∧ AT (y). Then α ∈ (0.5, 1] and x ∗ (y ∗ z), y ∈ T∈(A,α). But
x∗z /∈ T∈(A,α) since AT (x∗z) < α, which is a contradiction. If AI(a∗c)∨0.5 < AI(a∗(b∗c))∧AI(b) for
some a, b, c ∈ X , then a∗(b∗c), b ∈ I∈(A, β) and a∗c /∈ I∈(A, β) where β = AI(a∗(b∗c))∧AI(b). This is
a contradiction. Assume that there exist x, y, z ∈ X such that AF (x∗z)∧0.5 > AF (x∗(y∗z))∨AF (y) = γ.
Then γ ∈ [0, 0.5), x ∗ (y ∗ z), y ∈ F∈(A, γ), but x ∗ z /∈ F∈(A, γ). This is a contradiction.

Conversely, let A be a neutrosophic set in X satisfying the conditions (31) and (32). Let α, β ∈ (0.5, 1]
and γ ∈ [0, 0.5) be such that T∈(A,α) ̸= ∅, T∈(A, β) ̸= ∅, and T∈(A, γ) ̸= ∅. For any x ∈ T∈(A,α), y ∈
I∈(A, β), and z ∈ F∈(A, γ), we have AT (0)∨0.5 ≥ AT (x) ≥ α > 0.5, AI(0)∨0.5 ≥ AI(x) ≥ β > 0.5, and
AF (0) ∧ 0.5 ≤ AF (x) ≤ γ < 0.5, and thus AT (0) ≥ α, AI(0) ≥ β, and AF (0) ≤ γ. Hence, 0 ∈ T∈(A,α),
0 ∈ I∈(A, β), and 0 ∈ F∈(A, γ). Let x, y, z, a, b, c, u, v, w ∈ X be such that x ∗ (y ∗ z) ∈ T∈(A,α),
y ∈ T∈(A, β), a ∗ (b ∗ c) ∈ I∈(A, β), b ∈ I∈(A, γ), u ∗ (v ∗ w) ∈ F∈(A, γ), and v ∈ F∈(A, γ). Then

AT (x ∗ z) ∨ 0.5 > AT (x ∗ (y ∗ z)) ∧AT (y) ≥ α > 0.5,

AI(a ∗ c) ∨ 0.5 > AI(a ∗ (b ∗ c)) ∧AI(b) ≥ β > 0.5,

AF (u ∗ w) ∧ 0.5 < AF (u ∗ (v ∗ w)) ∨AF (y) ≤ γ < 0.5,

and so that AT (x ∗ z) ≥ α, AI(a ∗ c) ≥ β, and AF (u ∗ w) ≤ γ, that is, x ∗ z ∈ T∈(A,α), a ∗ c ∈ I2(A, β),
and u ∗ w ∈ F∈(A, γ). Therefore, the nonempty neutrosophic ∈-subsets T∈(A,α), T∈(A, β), and T∈(A, γ)
are ideals of X for all α, β ∈ (0.5, 1] and γ ∈ [0, 0.5).

Theorem 3.14. For a neutrosophic set A = (X,AT , AI , AF ) in X , the following are equivalent.

1. A is an (∈,∈ ∨q)-neutrosophic ideal of X ,

2. A satisfies the following assertions:

(∀x ∈ X)

 AT (0) ≥ AT (x) ∧ 0.5
AI(0) ≥ AI(x) ∧ 0.5
AF (0) ≤ AF (x) ∨ 0.5

 , (33)

(∀x, y, z ∈ X)

 AT (x ∗ z) ≥
∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5}

AI(x ∗ z) ≥
∧
{AI(x ∗ (y ∗ z)), AI(y), 0.5}

AF (x ∗ z) ≤
∨
{AF (x ∗ (y ∗ z)), AF (y), 0.5}

 . (34)
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Proof. Suppose that A is an (∈,∈ ∨q)-neutrosophic ideal of X . Let x ∈ X and assume that AT (x) < 0.5.
If AT (0) < AT (x), then AT (0) < αx < AT (x) for some αx ∈ (0, 0.5). It follows that x ∈ T∈(A,αx)
and 0 /∈ T∈(A,αx). Also, AT (0) + αx < 1, that is, 0 /∈ Tq(A,αx). Hence, 0 /∈ T∈∨q(A,αx) which is a
contradiction, and so AT (0) ≥ AT (x) for all x ∈ X . Now, if AT (x) > 0.5, then x ∈ T∈(A, 0.5) and thus
0 ∈ T∈∨q(A, 0.5). If AT (0) < 0.5, then AT (0) + 0.5 < 1, that is, 0 /∈ Tq(A, 0.5). This is a contradiction,
and thus AT (0) ≥ 0.5. Consequently, AT (0) ≥ AT (x) ∧ 0.5 for all x ∈ X . Similarly, we know that
AI(0) ≥ AI(x) ∧ 0.5 for all x ∈ X . Assume that there exists z ∈ X such that AF (0) > AF (z) ∨ 0.5. Then
AF (0) > γz > AF (z) ∨ 0.5 for some γz ∈ (0, 1), which implies that γz > 0.5, z ∈ F∈(A, γz), and 0 /∈
F∈(A, γz). Since AF (0)+ γz > 1, we have 0 /∈ Fq(A, γz). This is impossible, and so AF (0) ≤ AF (x)∨ 0.5
for all x ∈ X . Suppose that there exist a, b, c ∈ X such that AT (a∗c) <

∧
{AT (a∗(b∗c)), AT (b), 0.5}. Then

AT (a ∗ c) < α ≤
∧
{AT (a ∗ (b ∗ c)), AT (b), 0.5} for some α ∈ (0, 1). It follows that a ∗ (b ∗ c) ∈ T∈(A,α),

b ∈ T∈(A,α), and a∗c /∈ T∈(A, γ). Since α ≤ 0.5, we have AT (a∗c)+α < 2α ≤ 1 and so a∗c /∈ Tq(A,α).
This is a contradiction, and therefore AT (x ∗ z) ≥ α

∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5} for all x, y, z ∈ X . Let

x, y, z ∈ X and suppose that AI(x∗ (y ∗z))∧AI(y) < 0.5. Then AI(x∗z) > AI(x∗ (y ∗z))∧AI(y). If not,
then AI(x ∗ z) < β < AI(x ∗ (y ∗ z)) ∧AI(y) for some β ∈ (0, 0.5). It follows that x ∗ (y ∗ z) ∈ I∈(A, β),
y ∈ I∈(A, β) but x∗z /∈ I∈∨q(A, β), which is a contradiction. Hence, AI(x∗z) ≥ AI(x∗y)∧AI(y) whenever
AI(x ∗ y)∧AI(y) < 0.5. If AI(x ∗ (y ∗ z))∧AI(y) > 0.5, then x ∗ (y ∗ z) ∈ I∈(A, 0.5) and y ∈ I∈(A, 0.5),
which implies that x ∗ z ∈ I∈∨q(A, 0.5). Therefore, AI(x ∗ z) > 0.5 because if AI(x ∗ z) < 0.5, then
AI(x∗z)+0.5 < 0.5+0.5 = 1, which is a contradiction. Hence, AI(x∗z) ≥

∧
{AI(x∗(y ∗z)), AI(y), 0.5}

for all x, y, z ∈ X . Now, suppose that AF (x∗z) >
∨
{AF (x∗(y∗z)), AF (y), 0.5} for some x, y, z ∈ X . Then

there exists γ ∈ (0, 1) such that AF (x∗z) > γ >
∨
{AF (x∗(y∗z)), AF (y), 0.5}. Thus, γ > 0.5, x∗(y∗z) ∈

F∈(A, γ) and y ∈ F∈(A, γ). Then x∗z ∈ F∈∨q(A, γ). Since AF (x∗z) > γ and AF (x∗z)+γ > 2γ > 1, we
have x ∗ z /∈ F∈∨q(A, γ), which is a contradiction. Therefore, AF (x ∗ z) ≤

∨
{AF (x ∗ (y ∗ z)), AF (y), 0.5}

for all x, y, z ∈ X .

Conversely, let A be a neutrosophic set in X satisfying the conditions (33) and (34). For any x, y, z ∈ X , let
α, β ∈ (0, 1] and γ ∈ [0, 1) be such that x ∈ T∈(A,α), y ∈ I∈(A, β), and z ∈ F∈(A, γ). Then AT (x) ≥ α,
AI(y) ≥ β, and AF (z) ≤ γ. Suppose that AT (0) < α, AI(0) < β, and AF (0) > γ. If AT (x) < 0.5,
then AT (0) > AT (x) ∧ 0.5 = AT (x) ≥ α, which is a contradiction. Hence, we know that AT (x) > 0.5
and so AT (0) + α > 2AT (0) > 2(AT (x) ∧ 0.5) = 1. Hence, 0 ∈ Tq(A,α) ⊆ T∈∨q(A,α). We can verify
that 0 ∈ I∈∨q(A,α) in a similar way. If AF (x) > 0.5, then AF (0) ≤ AF (x) ∨ 0.5 = AF (x) ≤ γ, which
is a contradiction. Thus, AF (x) ≤ 0.5 and so AF (0) + γ < 2AF (0) ≤ 2(AF (x) ∨ 0.5) = 1. Hence, 0 ∈
Fq(A, γ) ⊆ F∈∨q(A, γ). For any x, y, z, a, b, c, u, v, w ∈ X , let αx, αy, βa, βb ∈ (0, 1] and γu, γv ∈ [0, 1) be
such that x∗(y∗z) ∈ T∈(A,αx), y ∈ T∈(A,αy), a∗(b∗c) ∈ I∈(A, βa), b ∈ I∈(A, βb), u∗(v∗w) ∈ F∈(A, γu),
and v ∈ F∈(A, γv). Then AT (x ∗ (y ∗ z)) > αx, AT (y) > αy , AI(a ∗ (b ∗ c)) > βa, AI(b) > βb,
AF (u∗(v∗w)) ≤ βu, and AF (v) ≤ βv . Suppose that AT (x∗z) < αx∧αy . If AT (x∗(y∗z))∧AT (y) < 0.5,
then AT (x ∗ z) >

∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5} = AT (x ∗ (y ∗ z)) ∧ AT (y) > αx ∧ αy , which is a

contradiction. Hence, AT (x ∗ (y ∗ z)) ∧ AT (y) ≥ 0.5, and so AT (x ∗ z) + (αx ∧ αy) > 2AT (x ∗ z) ≥
2(
∧
{AT (x∗ (y ∗z)), AT (y), 0.5}) = 1. This induces x∗z ∈ Tq(A, γx∧αy) ⊆ T∈∨q(A, γx∧αy). Similarly,

we have a ∗ c ∈ I∈∨q(A, βa ∧ βb). Assume that AF (u ∗ w) > γu ∨ γv , that is, u ∗ w /∈ F∈(A, γu ∨
γv). If AF (u ∗ (v ∗ w)) ∨ AF (v) > 0.5, then AF (u ∗ w) ≤

∨
{AF (u ∗ (v ∗ w)), AF (v), 0.5} = AF (u ∗

(v ∗ w)) ∨ AF (v) ≤ γu ∨ γv , which is a contradiction. Hence, AF (u ∗ (v ∗ w)) ∨ AF (v) ≤ 0.5, and so
AF (u ∗ w) + (γu ∨ γ − v) < 2AF (u ∗ w) ≤ 2(

∨
{AF (u ∗ (v ∗ w)), AF (v), 0.5}) = 1. This induces

u ∗ w ∈ Fq(A, γu ∨ γv) ⊆ F∈∨q(A, γu ∨ γv). Consequently, A is an (∈,∈ ∨q)-neutrosophic ideal of X .

Proposition 3.15. Every (∈,∈ ∨q)-neutrosophic ideal A = (X,AT , AI , AF ) of X satisfies

(∀x, y, z ∈ X)

 x ∗ y ≤ z ⇒

 AT (x) ≥
∧
{AT (y), AT (z), 0.5}

AI(x) ≥
∧
{AI(y), AI(z), 0.5}

AF (x) ≤
∨
{AF (y), AF (z), 0.5}

 . (35)

Proof. Assume that A = (X,AT , AI , AF ) is an (∈,∈ ∨q)-neutrosophic ideal of X . Let x, y, z ∈ X be
such that x ∗ (y ∗ z) ≤ z. Then (x ∗ (y ∗ z)) ∗ z = 0, which implies that AT (x ∗ (y ∗ z)) ≥

∧
{AT ((x ∗

(y ∗ z)) ∗ z), AT (z), 0.5} =
∧
{AT (0), AT (z), 0.5} > AT (z) ∧ 0.5, AI(x ∗ (y ∗ z)) ≥

∧
{AI((x ∗ (y ∗

z)) ∗ z), AI(z), 0.5} =
∧
{AI(0), AI(z), 0.5} > AI(z) ∧ 0.5, and AF (x ∗ (y ∗ z)) ≤

∨
{AF ((x ∗ (y ∗

z)) ∗ z), AF (z), 0.5} =
∨
{AF (0), AF (z), 0.5} > AF (z) ∨ 0.5. It follows that AT (x) ≥

∧
{AT (x ∗ (y ∗

z)), AT (y), 0.5} =
∧
{AT (y), AT (z), 0.5}, AI(x) ≥

∧
{AI(x∗(y∗z)), AI(y), 0.5} =

∧
{AI(y), AI(z), 0.5},

and AF (x) ≤
∨
{AF (x ∗ (y ∗ z)), AF (y), 0.5} =

∨
{AF (y), AF (z), 0.5}.

https://doi.org/10.54216/IJNS.230325
Received: July 23, 2023 Revised: November 24, 2023 Accepted: February 23, 2024

312



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 03, PP. 304-317, 2024

Theorem 3.16. A neutrosophic set A = (X,AT , AI , AF ) in X is an (∈,∈ ∨q)-neutrosophic ideal of X if
and only if the nonempty neutrosophic ∈-subsets T∈(A,α), I∈(A, β), and F∈(A, γ) are ideals of X for all
α, β ∈ (0, 0.5] and γ ∈ [0.5, 1).

Proof. Assume that A is an (∈,∈ ∨q)-neutrosophic ideal of X and let α, β ∈ (0, 0.5] and γ ∈ [0.5, 1) be such
that T∈(A,α) ̸= ∅, I∈(A, β) ̸= ∅, and F∈(A, γ) ̸= ∅. Then AT (0) > AT (x) ∧ 0.5, AI(0) > AI(y) ∧ 0.5,
and and AF (0) ≤ AF (z) ∨ 0.5 for all x ∈ T∈(A,α), y ∈ I∈(A, β), and z ∈ F∈(A, γ). Hence, AT (0) ≥
α ∧ 0.5 = α, AI(0) ≥ β ∧ 0.5 = β, and AF (0) ≤ γ ∨ 0.5 = γ, that is, 0 ∈ T∈(A,α), 0 ∈ I∈(A, β),
and 0 ∈ F∈(A, γ). Now, let x, y, z, a, b, c, u, v, w ∈ X be such that x ∗ (y ∗ z) ∈ T∈(A,α), y ∈ T∈(A,α),
a ∗ (b ∗ c) ∈ I∈(A, β), b ∈ I∈(A, β), u ∗ (v ∗ w) ∈ F∈(A, γ), and v ∈ F∈(A, γ) for α, β ∈ (0, 0.5] and
γ ∈ [0.5, 1). Then AT (x ∗ (y ∗ z)) ≥ α, AT (y) ≥ α, AI(a ∗ b) ≥ β, AI(b) ≥ β, AF (u ∗ (v ∗ w)) ≤ γ, and
AF (v) ≤ γ. Thus

AT (x ∗ z) ≥
∧

{AT (x ∗ (y ∗ z)), AT (y), 0.5} ≥ α ∧ 0.5 = α,

AI(a ∗ c) ≥
∧

{AI(a ∗ (b ∗ c)), AI(b), 0.5} ≥ β ∧ 0.5 = β,

AF (u ∗ w) ≤
∨

{AF (u ∗ (v ∗ w)), AF (v), 0.5} ≤ γ ∨ 0.5 = γ,

and so that x ∗ z ∈ T∈(A,α), a ∗ c ∈ I∈(A, β), and u ∗ w ∈ F∈(A, γ). Hence, T∈(A,α), I∈(A, β), and
F∈(A, γ) are ideals of X for all α, β ∈ (0, 0.5] and γ ∈ [0.5, 1).

Conversely, assume that the nonempty neutrosophic ∈-subsets T∈(A,α), I∈(A, β), and F∈(A, γ) are ideals of
X for all α, β ∈ (0, 0.5] and γ ∈ [0.5, 1). If there are x, y, z ∈ X such that AT (0) < AT (x) ∧ 0.5, AI(0) <
AI(y) ∧ 0.5, and AF (0) > AF (z) ∨ 0.5, then AT (0) < αx ≤ AT (x) ∧ 0.5, AI(0) < βy ≤ AI(y) ∧ 0.5,
and AF (0) > γz > AF (z) ∨ 0.5 for some αx, βy ∈ (0, 0.5] and γz ∈ [0, 0.5). Hence, 0 /∈ T∈(A,αx),
0 /∈ I∈(A,αy), and 0 /∈ F∈(A,αz), which is a contradiction. Therefore, AT (0) ≥ AT (x) ∧ 0.5, AI(0) ≥
AI(x)∧0.5, and AF (0) ≤ AF (x)∨0.5 for all x ∈ X . Assume that there exist x, y, z, a, b, c, u, v, w ∈ X such
that AT (x ∗ z) <

∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5}, AI(a ∗ c) <

∧
{AI(a ∗ b), AI(b), 0.5}, and AF (u ∗w) >∨

{AF (u ∗ (v ∗w)), AF (v), 0.5}. Taking α =
1

2
(AT (x ∗ z) +

∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5}) implies that

α ∈ (0, 0.5) and AT (x ∗ z) < α <
∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5}. Then x ∗ (y ∗ z) ∈ T∈(A,α) and

y ∈ T∈(A,α), but x ∗ z /∈ T∈(A,α). This is a contradiction. If β =
∧
{AI(a ∗ (b ∗ c)), AI(b), 0.5}, then

β ∈ (0, 0.5], a ∗ (b ∗ c) ∈ I∈(A, β), and b ∈ I∈(A, β). But AI(a ∗ c) < β implies a ∗ c /∈ I∈(A, β), which
is a contradiction. Taking γ = {AF (u ∗ (v ∗ w)), AF (v), 0.5} induces γ ∈ [0.5, 1), u ∗ (v ∗ w) ∈ F∈(A, γ),
and v ∈ F∈(A, γ). Since AF (u ∗ w) > γ, we have u ∗ w /∈ F∈(A, γ), which is a contradiction. Therefore,
AT (x ∗ z) ≥

∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5}, AI(x ∗ z) ≥

∧
{AI(x ∗ (y ∗ z)), AI(y), 0.5}, and AF (x ∗ z) ≤∨

{AF (x ∗ (y ∗ z)), AF (y), 0.5} for all x, y, z ∈ X . Hence, A is an (∈,∈ ∨q)-neutrosophic ideal of X .

We note that every (∈,∈)-neutrosophic ideal is an (∈,∈ ∨q)-neutrosophic ideal. But an (∈,∈ ∨q)-neutrosophic
ideal may not be an (∈,∈)-neutrosophic ideal as seen in the following example.

Example 3.17. Let X = {0, 1, 2, 3} be a BCC-algebra with the following Cayley table:

∗ 0 1 2 3
0 0 1 2 3
1 0 0 1 1
2 0 0 0 1
3 0 0 1 0

Let A = (X,AT , AI , AF ) be a neutrosophic set in X that is given by:

X AT AI AF

0 1 1 0
1 0.2 0.3 1
2 0.3 0.6 1
3 0.5 0.4 0.5

It is routine to verify that A is an (∈,∈ ∨q)-neutrosophic ideal of X but not an (∈,∈)-neutrosophic ideal of
X .
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We provide some conditions for an (∈,∈ ∨q)-neutrosophic ideal to be an (∈,∈)-neutrosophic ideal.

Theorem 3.18. Let A = (X,AT , AI , AF ) be an (∈,∈ ∨q)-neutrosophic ideal of X such that AT (x) < 0.5,
AI(x) < 0.5, and AF (x) > 0.5 for all x ∈ X . Then A is an (∈,∈)-neutrosophic ideal of X .

Proof. Let x, y, z ∈ X , α, β ∈ (0, 1] and γ ∈ [0, 1) be such that x ∈ T∈(A,α), y ∈ I∈(A, β), and z ∈
F∈(A, γ). Then AT (x) ≥ α, AI(y) ≥ β, and AF (z) ≤ γ, which imply that AT (0) ≥ AT (x) ∧ 0.5 =
AT (x) ≥ α, AI(0) ≥ AI(y) ∧ 0.5 = AI(y) ≥ β, and AF (0) ≤ AF (z) ∨ 0.5 = AF (z) ≤ γ. It follows that
0 ∈ T∈(A,α), 0 ∈ I∈(A, β), and 0 ∈ F∈(A, γ). For any x, y, z, a, b, c, u, v, w ∈ X , let α1, α2, β1, β2 ∈ (0, 1]
and γ1, γ2 ∈ [0, 1) be such that x∗(y∗z) ∈ T∈(A,α1), y ∈ T∈(A,α2), a∗(b∗c) ∈ I∈(A, β1), b ∈ I∈(A, β2),
u ∗ (v ∗w) ∈ F∈(A, γ1), and v ∈ F∈(A, γ2). Then AT (x ∗ (y ∗ z)) ≥ α1, AT (y) ≥ α2, AI(a ∗ (b ∗ c)) ≥ β1,
AI(b) ≥ β2, AF (u ∗ (v ∗w)) ≤ γ1, and AF (v) ≤ γ2. Thus AT (x ∗ z) ≥

∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5} =

AT (x∗(y∗z))∧AT (y) ≥ α1∧α2, AI(a∗c) ≥
∧
{AI(a∗(b∗c)), AI(b), 0.5} = AI(a∗(b∗c))∧AI(b) ≥ β1∧β2,

and AF (u ∗ w) ≤
∨
{AF (u ∗ (v ∗ w)), AF (v), 0.5} = AF (u ∗ (v ∗ w)) ∨ AF (v) ≤ γ1 ∨ γ2. Hence,

x ∗ z ∈ T∈(A,α1 ∧ α2), a ∗ c ∈ I∈(A, β1 ∧ β2), and u ∗ w ∈ F∈(A, γ1 ∨ γ2). Therefore, A is an (∈,∈)-
neutrosophic ideal of X .

Theorem 3.19. Every (∈ ∨q,∈ ∨q)-neutrosophic ideal of X is an (∈,∈ ∨q)-neutrosophic ideal.

Proof. Let A = (X,AT , AI , AF ) be an (∈ ∨q,∈ ∨q)-neutrosophic ideal of X . Let x, y, z ∈ X , α, β ∈ (0, 1]
and γ ∈ [0, 1) be such that x ∈ T∈(A,α), y ∈ I∈(A, β), and z ∈ F∈(A, γ). Then x ∈ T∈∨q(A,α),
y ∈ I∈∨q(A, β), and z ∈ F∈∨q(A, γ). It follows that 0 ∈ T∈∨q(A,α), 0 ∈ I∈∨q(A, β), and 0 ∈ F∈∨q(A, γ).
For any x, y, z, a, b, c, u, v, w ∈ X , let α1, α2, β1, β2 ∈ (0, 1] and γ1, γ2 ∈ [0, 1) be such that x ∗ (y ∗ z) ∈
T∈(A,α1), y ∈ T∈(A,α2), a∗(b∗c) ∈ I∈(A, β1), b ∈ I∈(A, β2), u∗(v∗w) ∈ F∈(A, γ1), and v ∈ F∈(A, γ2).
Then x ∗ (y ∗ z) ∈ T∈∨q(A,α1), y ∈ T∈∨q(A,α2), a ∗ (b ∗ c) ∈ I∈∨q(A, β1), b ∈ I∈∨q(A, β2), u ∗ (v ∗w) ∈
F∈∨q(A, γ1), and v ∈ F∈∨q(A, γ2). It follows from (25) that x ∗ z ∈ T∈∨q(A,α), a ∗ c ∈ I∈∨q(A, β), and
u ∗ w ∈ F∈∨q(A, γ). Therefore, A is an (∈,∈ ∨q)-neutrosophic ideal of X .

The converse of Theorem 3.19 is not true in general as seen in the following example.

Example 3.20. From Example 3.17, it is routine to verify that A is an (∈,∈ ∨q)-neutrosophic ideal of X but
not an (∈ ∨q,∈ ∨q)-neutrosophic ideal of X .

Theorem 3.21. For a neutrosophic set A = (X,AT , AI , AF ) in X , if the nonempty neutrosophic ∈ ∨q-
subsets T∈∨q(A,α), I∈∨q(A, β), and F∈∨q(A, γ) are ideals of X for all α, β ∈ (0, 0.5] and γ ∈ [0.5, 1), then
A = (X,AT , AI , AF ) is an (∈,∈ ∨q)-neutrosophic ideal of X .

Proof. Let A = (X,AT , AI , AF ) be a neutrosophic set in X such that the nonempty neutrosophic ∈ ∨q-
subsets T∈∨q(A,α), I∈∨q(A, β), and F∈∨q(A, γ) are ideals of X for all α, β (0, 0.5] and γ ∈ [0.5, 1). Assume
that AT (0) < AT (x) ∧ 0.5 = αx, AI(0) < AI(y) ∧ 0.5 = βy , and AF (0) > AF (z) ∨ 0.5 = γz for some
x, y, z ∈ X . Then αx, βy ∈ (0, 0.5], γz ∈ [0.5, 1), x ∈ T∈(A,αx) ⊆ T∈∨q(A,αx), y ∈ I∈(A, βy) ⊆
I∈∨q(A, βy), γz ∈ F∈(A, γz) ⊆ F∈∨q(A, γz), 0 /∈ T∈(A,αx), 0 /∈ I∈(A, βy), and 0 /∈ F∈(A, γz). Also,
since AT (0) + αx < 2αx ≤ 1, that is, 0 /∈ Tq(A,αx), AI(0) + βy < 2βy ≤ 1, that is, 0 /∈ Iq(A, βy),
and AF (0) + γz > 2γz > 1, that is, 0 /∈ Fq(A, γz), we have 0 /∈ T∈∨q(A,αx), 0 /∈ I∈∨q(A, βy), and
0 /∈ F∈∨q(A, γz). This is a contradiction. Assume that there exist x, y, z, a, b, c, u, v, w ∈ X such that
AT (x ∗ z) <

∧
{AT (x ∗ (y ∗ z)), AT (y), 0.5} = α, AI(a ∗ c) <

∧
{AI(a ∗ (b ∗ c)), AI(b), 0.5} = β, and

AF (u ∗ w) >
∨
{AF (u ∗ (v ∗ w)), AF (v), 0.5} = γ. Then α, β ∈ (0, 0.5], γ ∈ [0.5, 1), x ∗ z /∈ T∈(A,α),

a ∗ c /∈ I∈(A, β), u ∗w /∈ F∈(A, γ), and x ∗ (y ∗ z) ∈ T∈(A,α) ⊆ T∈∨q(A,α), y ∈ T∈(A,α) ⊆ T∈∨q(A,α),
a ∗ (b ∗ c) ∈ I∈(A, β) ⊆ I∈∨q(A, β), b ∈ I∈(A, β) ⊆ I∈∨q(A, β), u ∗ (v ∗ w) ∈ F∈(A, γ) ⊆ F∈∨q(A, γ),
v ∈ F∈(A, γ) ⊆ F∈∨q(A, γ). Since T∈∨q(A,α), I∈∨q(A, β), and F∈∨q(A, γ) are ideals of X for all α, β ∈
(0, 0.5] and γ ∈ [0.5, 1), implies that x ∗ z ∈ T∈(A,α) ⊆ T∈∨q(A,α), a ∗ c ∈ I∈(A, β) ⊆ I∈∨q(A, β), and
u ∗ w ∈ F∈(A, γ) ⊆ F∈∨q(A, γ). On the other hand, AT (x ∗ z) + α < 2α ≤ 1, AI(a ∗ c) + β < 2β ≤ 1,
and AF (u ∗ w) + γ > 2γ > 1, that is, x ∗ z /∈ Tq(A,α), a ∗ c /∈ Iq(A, β), and u ∗ w /∈ Fq(A, γ). Hence,
x ∗ z /∈ T∈∨q(A,α), a ∗ c /∈ I∈∨q(A, β), and u ∗ w /∈ F∈∨q(A, γ), which is a contradiction. Hence, A is an
(∈,∈ ∨q)-neutrosophic ideal of X .
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Theorem 3.22. For a subset J of X , let A = (X,AT , AI , AF ) be a neutrosophic set in X such that

(∀x ∈ X)(AT (0) ≥ AT (x), AI(0) ≥ AI(x), AF (0) ≤ AF (x)) (36)
(∀x ∈ J)(AT (x) ≥ 0.5, AI(x) ≥ 0.5, AF (x) ≤ 0.5), (37)
(∀x ∈ X\J)(AT (x) = 0, AI(x) = 0, AF (x) = 1). (38)

If J is an ideal of X , then A is a (q,∈ ∨q)-neutrosophic ideal of X .

Proof. Assume that J is an ideal of X . Let x, y, z ∈ X , α, β ∈ (0, 1], and γ ∈ [0, 1) be such that x ∈
Tq(A,α), y ∈ Iq(A, β), and z ∈ Fq(A, γ). Then AT (x) + α > 1, AI(y) + β > 1, and AF (z) + γ < 1.
Then AT (0) + α ≥ AT (x) + α > 1, AI(0) + β ≥ AI(y) + β > 1, and AF (0) + γ ≤ AF (z) + γ < 1,
that is, 0 ∈ Tq(A,α) ⊆ T∈∨q(A,α), 0 ∈ Iq(A, β) ⊆ I∈∨q(A, β), and 0 ∈ Fq(A, γ) ⊆ F∈∨q(A, γ). For any
x, y, z, a, b, c, u, v, w ∈ X , let α1, α2, β1, β2 ∈ (0, 1] and γ1, γ2 ∈ [0, 1) be such that x ∗ (y ∗ z) ∈ Tq(A,α1),
y ∈ Tq(A,α2), a ∗ (b ∗ c) ∈ Iq(A, β1), b ∈ Iq(A, β2), u ∗ (v ∗ w) ∈ Fq(A, γ1), and v ∈ Fq(A, γ2). Then
AT (0) + α ≥ AT (x) + α > 1, AI(0) + β ≥ AI(x) + β > 1, and AF (0) + γ ≤ AF (x) + γ < 1, that is,
AI(a ∗ (b ∗ c)) ≥ β1, AI(b) ≥ β2, AF (u ∗ (v ∗w)) ≤ γ1, and AF (v) ≤ γ2. Then AT (x ∗ (y ∗ z)) + α1 > 1,
AT (y)+α2 > 1, AI(a ∗ (b ∗ c))+ β1 > 1, AI(b)+ β2 > 1, AF (u ∗ (v ∗w))+ γ1 < 1, and AF (v)+ γ2 < 1.
If x ∗ (y ∗ z) /∈ J or y /∈ J (resp., a ∗ (b ∗ c) /∈ J or b /∈ J), then AT (x ∗ (y ∗ z)) = 0 or AT (y) = 0 (resp.,
AI(a ∗ (b ∗ c)) = 0 or AI(b) = 0). It follows that AT (x ∗ (y ∗ z)) + α1 = α1 < 1 or AT (y) + α2 = α2 ≤ 1
(resp., AI(a ∗ (b ∗ c))+β1 = β1 ≤ 1 or AI(b)+β2 = β2 ≤ 1). This is a contradiction, and so x ∗ (y ∗ z) ∈ J
and y ∈ J (resp., a ∗ (b ∗ c) ∈ J and b ∈ J). If u ∗ (v ∗ w) /∈ J or v /∈ J , then AF (u ∗ (v ∗ w)) = 1
or AF (v) = 1. Hence, AF (u ∗ (v ∗ w)) + γ1 = 1 + γ1 > 1 or AF (v) + γ2 = 1 + γ2 > 1, which is a
contradiction. Thus, u ∗ (v ∗ w) ∈ J and v ∈ J . Since J is an ideal of X , we get x ∗ z ∈ J , a ∗ c ∈ J ,
and u ∗ w ∈ J . Thus, AT (x ∗ z) ≥ 0.5, AI(a ∗ c) ≥ 0.5, and AF (u ∗ w) ≤ 0.5. If α1 > 0.5 or α2 > 0.5
(resp., β1 < 0.5 or β2 < 0.5), then AT (x ∗ z) > 0.5 > α1 ∧ α2 (resp., AI(a ∗ c) > 0.5 > β1 ∧ β2), that
is, x ∗ z ∈ T∈(A,α1 ∧ α2) (resp., a ∗ c ∈ I∈(A, β1 ∧ β2)). If β1 > 0.5 and β2 > 0.5 (resp., β1 > 0.5 and
β2 > 0.5), then AT (x ∗ z) + (α1 ∧ α2) > 0.5 + 0.5 = 1 (resp., AI(a ∗ c) + (β1 ∧ β2) > 0.5 + 0.5 = 1),
that is, x ∗ z ∈ Tq(A,α1 ∧ α2) (resp., a ∗ c ∈ Iq(A, β1 ∧ β2)). Therefore, x ∗ z ∈ T∈∨q(A,α1 ∧ α2) (resp.,
a ∗ c ∈ I∈∨q(A, β1 ∧ β2)). Also, if γ1 > 0.5 or γ2 > 0.5, then AF (u ∗ w) ≤ 0.5 ≤ γ1 ∨ γ2 and so u ∗ w ∈
F∈(A, γ1 ∨ γ2) ⊆ F∈∨q(A, γ1 ∨ γ2). If γ1 < 0.5 and γ2 < 0.5, then AF (u ∗w) + (γ1 ∨ γ2) < 0.5 + 0.5 = 1
and thus u ∗w ∈ Fq(A, γ1 ∨ γ2) ⊆ F∈∨q(A, γ1 ∨ γ2). Consequently, A is an (∈,∈ ∨q)-neutrosophic ideal of
X .

Theorem 3.23. Every (q,∈ ∨q)-neutrosophic ideal of X is an (∈,∈ ∨q)-neutrosophic ideal.

Proof. Let A = (X,AT , AI , AF ) be a (q,∈ ∨q)-neutrosophic ideal of X . For any x, y, z ∈ X , let αx, βy ∈
(0, 1] and γz ∈ [0, 1) be such that x ∈ T∈(A,αx), y ∈ I∈(A, βy), and z ∈ F∈(A, γz). Then AT (x) ≥ αx,
AI(y) ≥ βy , and AF (z) ≤ γz . Suppose 0 /∈ T∈∨q(A,αx), 0 /∈ I∈∨q(A, βy), and 0 /∈ F∈∨q(A, γz). Then
AT (0) < αx, AI(0) < βy , AF (0) > γz , AT (0) + αx ≤ 1, AI(0) + βy ≤ 1, and AF (0) + γz > 1.
Thus AT (0) < 0.5, AI(0) < 0.5, and AF (0) > 0.5. Hence, AT (0) < αx ∧ 0.5, AI(0) < β ∨ ∧0.5, and
AF (0) > γz ∨ 0.5, and so

1−AT (0) > 1− (αx ∧ 0.5) = (1− αx) ∨ 0.5 ≥ (1−AT (x)) ∨ 0.5,

1−AI(0) > 1− (βy ∧ 0.5) = (1− βy) ∨ 0.5 ≥ (1−AI(x)) ∨ 0.5,

1−AF (0) < 1− (γz ∧ 0.5) = (1− γz) ∧ 0.5 ≤ (1−AF (x)) ∧ 0.5.

Hence, there exist α, β ∈ (0, 1] and γ ∈ [0, 1) such that

1−AT (0) ≥ α > (1−AT (x)) ∨ 0.5,

1−AI(0) ≥ β > (1−AI(x)) ∨ 0.5,

1−AF (0) ≤ γ < (1−AF (x)) ∧ 0.5.

The above conditions induce AT (x) + α > 1, AI(x) + β > 1, and AF (x) + γ < 1, that is, x ∈ Tq(A,α),
y ∈ Iq(A, β), and z ∈ Fq(A, γ). Since A is a (q,∈ ∨q)-neutrosophic ideal of X , we have 0 ∈ T∈∨q(A,α),
0 ∈ I∈∨q(A, β), and 0 ∈ F∈∨q(A, γ). But AT (0)+α ≤ 1 and AT (0) ≤ 1−α < 0.5 < α, AI(0)+β ≤ 1 and
AI(0) ≤ 1− β < 0.5 < β, AI(0)+α ≤ 1 and AI(0) ≤ 1− β < 0.5 < β, and AF (0)+ γ > 1 and AF (0) >
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1 − γ > 0.5 > γ, that is, 0 /∈ T∈∨q(A,α), 0 /∈ I∈∨q(A, β), and 0 /∈ F∈∨q(A, γ). This is a contradiction,
and so 0 ∈ T∈∨q(A,αx), 0 ∈ I∈∨q(A, βy), and 0 ∈ F∈∨q(A, γz). For any x, y, z, a, b, c, u, v, w ∈ X , let
α1, α2, β1, β2 ∈ (0, 1] and γ1, γ2 ∈ [0, 1) be such that x ∗ (y ∗ z) ∈ T∈(A,α1), y ∈ T∈(A,α2), a ∗ (b ∗ c) ∈
I∈(A, β1), b ∈ I∈(A, β2), u ∗ (v ∗ w) ∈ F∈(A, γ1), and v ∈ F∈(A, γ2). Then AT (x ∗ (y ∗ z)) ≥ α1,
AT (y) ≥ α2, AI(a ∗ (b ∗ c)) ≥ β1, AI(b) ≥ β2, AF (u ∗ (v ∗ w)) ≤ γ1, and AF (v) ≤ γ2. Suppose
x∗z /∈ T∈∨q(A,α1∧α2), a∗c /∈ I∈∨q(A, β1∧β2), and u∗w /∈ F∈∨q(A, γ1∨γ2). Then AT (x∗z) < α1∧α2,
AI(a ∗ c) < β1 ∧ β2, AF (u ∗ w) > γ1 ∨ γ2, AT (x ∗ z) + (α1 ∧ α2) ≤ 1, AI(a ∗ c) + (β1 ∧ β2) ≤ 1, and
AF (u ∗ w) + (γ1 ∨ γ2) ≥ 1. It follows that AT (x ∗ z) < 0.5, AI(a ∗ c) < 0.5, and AF (u ∗ w) > 0.5. So we
have AT (x ∗ z) <

∧
{α1, α2, 0.5}, AI(a ∗ c) <

∧
{β1, β2, 0.5}, and AF (u ∗ w) <

∨
{γ1, γ2, 0.5} and thus

1−AT (x ∗ z) > 1−
∧
{α1, α2, 0.5}

=
∨
{1− α1, 1− α2, 0.5}

≥
∨
{1−AT (x ∗ (y ∗ z)), 1−AT (y), 0.5},

1−AI(a ∗ c) > 1−
∧
{β1, β2, 0.5}

=
∨
{1− β1, 1− β2, 0.5}

≥
∨
{1−AI(a ∗ (b ∗ c)), 1−AI(b), 0.5},

1−AF (u ∗ w) < 1−
∨
{γ1, γ2, 0.5}

=
∧
{1− γ1, 1− γ2, 0.5}

≤
∧
{1−AF (u ∗ (v ∗ w)), 1−AF (v), 0.5}.

Therefore, there exist α, β ∈ (0, 1] and γ ∈ [0, 1) such that

1−AT (x ∗ z) ≥ α >
∨

{1−AT (x ∗ (y ∗ z)), 1−AT (y), 0.5},

1−AI(a ∗ c) ≥ β >
∨

{1−AI(a ∗ (b ∗ c)), 1−AI(b), 0.5},

1−AF (u ∗ w) ≤ γ <
∧

{1−AF (u ∗ (v ∗ w)), 1−AF (v), 0.5}.

It follows that AT (x ∗ (y ∗ z)) +α > 1 and AT (y) +α > 1, that is, x ∗ (y ∗ z) ∈ Tq(A,α) and y ∈ Tq(A,α),
AI(a∗(b∗c))+β > 1 and AI(b)+β > 1, that is, a∗(b∗c) ∈ Iq(A, β) and b ∈ Iq(A, β), AF (u∗(v∗w))+γ < 1
and AF (v) + γ < 1, that is, u ∗ (v ∗ w) ∈ Fq(A, γ) and v ∈ Fq(A, γ), AT (x ∗ z) + α ≤ 1 and AT (x ∗ z) ≤
1−α < α, that is, x∗z /∈ T∈∨q(A,α), AI(a∗c)+α ≤ 1 and AI(a∗c) ≤ 1−β < β, that is, a∗c /∈ I∈∨q(A, β),
AF (u ∗w) + γ > 1 and AF (u ∗w) > 1− γ > γ, that is, u ∗w /∈ F∈∨q(A, γ). It is a contradiction because A
is a (q,∈ ∨q)-neutrosophic ideal of X . Therefore, x ∗ z ∈ T∈∨q(A,α1 ∧ α2), a ∗ c ∈ I∈∨q(A, β1 ∧ β2), and
u ∗ w ∈ F∈∨q(A, γ1 ∨ γ2). Consequently, A is an (∈,∈ ∨q)-neutrosophic ideal of X .

4 Conclusion

Neutrosophic ideals (∈,∈) and (q,∈ ∨q)-neutrosophic ideals are analyzed. We have discussed the criteria for
neutrosophic ∈-subsets, neutrosophic q-subsets, and neutrosophic (q,∈ ∨q)-subsets to be ideals.
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