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Abstract 

In the final years of the 20th century, the notion of generalized topological spaces was introduced, marking a 

significant shift in the field of topology. This paper focuses on a subset of ℘(𝑋) on a non-empty set 𝑋 that is closed 

under arbitrary unions, defining a generalized topology and subsequently a generalized topological space (GTS) 

denoted by (𝑋, 𝜇). Within this framework, we explore the concept of Noetherian generalized topological spaces and 

delve into the properties of 𝜇 − 𝐿 −closed subsets within the Noetherian GTS. The investigation reveals that 

subspaces of a 𝜇 −Noetherian GTS 𝑋, with the induced topology, inherit the 𝜇 −Noetherian property and exhibit 

finitely many non-empty 𝜇 −irreducible components. Furthermore, the study extends to the analysis of hereditary 

properties, regular 𝜇 − 𝐺𝛿 , 𝜇 − 𝑑𝛿 , 𝜇 −irreducible 𝐿 −closed subsets, and the product properties of 𝜇 − 𝐿 −closed 

subsets under (𝜇, 𝜇′) −continuous functions. We also establish the closure property of finite unions in 

𝜇 −Noetherian GTS and clarify the homeomorphic nature of 𝜇 −Noetherian GTS (𝑋, 𝜇)  to itself. 
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1. Introduction 

The concept of generalized topological spaces, initially introduced by Ákos Császár [1], has significantly influenced 

the development of topology. This paper builds upon the foundational work of Császár, Almuhur et al. [2], and 

Hdeib and Pareek [3], who respectively contributed to the understanding of generalized topology, 𝜇 − 𝐿 −closed 

subsets, and 𝐿 −closed spaces. These concepts have laid the groundwork for the exploration of Noetherian 

generalized topological spaces. 

The generalized topological space (𝑋, 𝜇), as presented in the study, behaves modulo small sets wrapped in an ideal, 

aligning closely with the essence of generalized topology. The topological separation axioms, originally designed to 

distinguish non-homeomorphic topological spaces, are fundamental to the discussion. These axioms are pivotal in 

asserting that two topological spaces, 𝑋 and 𝑌, are non-homeomorphic if one satisfies a separation axiom that the 

other does not. 

Recent years have witnessed extensive studies on the structure and characteristics of various aspects of generalized 

topological spaces [4]. Research by Sarsak [5] on axioms 𝜇 − 𝐷₀, 𝜇 − 𝐷₁, 𝜇 − 𝐷₂, 𝜇 − 𝑇₀, 𝜇 − 𝑇₁, 𝜇 − 𝑅₀ 𝑎𝑛𝑑 𝜇 −
𝑅₁ of Separation has further enriched the discourse, encompassing enlarged versions of the final five axioms as 

delineated by Á Császár. 

Moreover, the isomorphism between generalized topologies and strongly generalized interior operators has been 

recognized as a natural isomorphism from the perspective of category theory. The contributions of Noorie and Bala 

[6] have demonstrated that the concepts of generalized topology, strongly generalized interior operator, and 

monotonic functions extend to the category of sets [7-8]. 

Definition 1.1: A subset 𝐸 of (𝑋, 𝜇) is called 𝐷𝜇 −open if there exists 𝑈₁ a 𝜇 −open proper subset of 𝑋 and a 

𝜇 −open subset 𝑈₂ such that 𝐸 = 𝑈₁ − 𝑈₂. 

Lemma 1.2: If 𝑈 is a 𝜇 −open proper subset of (𝑋, 𝜇), then 𝑈 is 𝐷𝜇 −open. 

Remark 1.3: In the GTS (𝑋, 𝜇) and 𝐸 ⊂ 𝑋, we have [3]: 

(i) 𝑖𝜇(𝐸)=∪ {𝑈: 𝑈 𝑖𝑠 𝜇 − 𝑜𝑝𝑒𝑛, 𝑈 ⊂ 𝐸} denotes the interior of 𝐸 and it is the largest 𝜇 −open set  contained in 𝐸. 

(ii) 𝐶𝜇(𝐸)=∩{𝐹: 𝐹 is 𝜇 −closed, 𝐸 ⊂ 𝐹} denotes the closure of 𝐸 and it is the smallest 𝜇 −closed set containing 𝐸. 

https://doi.org/10.54216/IJNS.230313
mailto:e_almuhur@asu.edu.jo
mailto:hmiqdad@hotmail.com
mailto:manal.allabadi@uop.edu.jo
mailto:mhdimranidrisi@gmail.com


149 
DOI: https://doi.org/10.54216/IJNS.230313  
Received: August 19, 2023 Revised: November 25, 2023 Accepted: January 26, 2024 

International Journal of Neutrosophic Science (IJNS)                                             Vol. 23, No. 03, PP. 148-153, 2024 

 

(iii) 𝑖𝜇(𝐸) and 𝐶𝜇(𝐸) are monotonic and idempotent. 

(iv) 𝑀𝜇(𝐸)=∪{𝑈:𝑈 is 𝜇 −open, 𝑈 ⊂ 𝑋} [1]. 

(v) 𝐶𝜇(𝐶𝜇 (𝐸))= 𝐶𝜇 (𝐸). 

(vi) 𝑖𝜇((𝑖𝜇(𝐸))= 𝑖𝜇(𝐸). 

(vii) 𝐸 is 𝜇 −open iff 𝐸=𝑖𝜇(𝐸). 

(viii) 𝐸 is 𝜇 −closed iff 𝐸 = 𝐶𝜇 (𝐸). 

Definition 1.4: For the GTS (𝑋, 𝜇) and 𝐴 ⊂ 𝑋, then: 

(i) If 𝑋 = 𝑀𝜇, then 𝑋 is called strong. 

(ii) 𝑋 is 𝜇 − 𝐷₀ if for all 𝑥 ≠ 𝑦 ∈ 𝑋, there exists 𝜇 −open set containing 𝑥 but not 𝑦 or containing 𝑦 but not 𝑥. 

(iii) 𝑋 is called a quasi topological space [10] if it is closed under finite intersection. 

(iv) 𝐸 is called generalized-closed or briefly 𝑔 −closed [11] if whenever 𝐸 ∩ 𝑀𝜇 ⊂ 𝑈 ∈ 𝜇,  

𝐶𝜇(𝐸)∩ 𝑀𝜇(𝐸)⊂ 𝑈. 

(v) 𝑋 is 𝜇𝑇₀ if for all 𝑥 ≠ 𝑦 ∈ 𝑀𝜇(𝐸), there exist 𝑈 a 𝜇 −open subset : 𝑥 ∈ 𝑈 but not 𝑦 or 𝑦 ∈  𝑈 but not 𝑥. 

(vi) 𝑋 is 𝜇𝑇₁ if for all 𝑥 ≠ 𝑦 ∈ 𝑀𝜇(𝐸), there exists 𝑈₁, 𝑈₂ two 𝜇 −open disjoint subsets of 𝑋 such that 𝑥 ∈ 𝑈₁, 𝑦 ∉

𝑈₁ and 𝑦 ∈ 𝑈₂, 𝑥 ∉ 𝑈₂. 

(vii) 𝑋 is 𝜇𝑇₂ if for all 𝑥 ≠ 𝑦 ∈ 𝑀𝜇(𝐸),  there exists 𝑈₁, 𝑈₂ two 𝜇 −open disjoint subsets of 𝑋 such that 𝑥 ∈ 𝑈₁ and 

𝑦 ∈ 𝑈₂. 
(ix) 𝑋 is 𝜇 −regular if for all 𝐹 a 𝜇 −closed subset of 𝑋 and 𝑥 ∉ 𝐹,there exists 𝑈₁, 𝑈₂ two 𝜇 −open subsets: 𝑥 ∈ 𝑈₁ 

and 𝐹 ∩ 𝑀𝜇(𝐸) ⊂ 𝑈₂. 

(x) 𝑋 is 𝜇 −normal [12] if for all 𝐹₁, 𝐹₂ two disjoint 𝜇 −closed subsets, there exists 𝑈₁, 𝑈₂ two disjoint 𝜇 −open 

subsets: 𝐹₁ ∩ 𝑀𝜇(𝐸) ⊂ 𝑈₁ and 𝐹₂ ∩ 𝑀𝜇(𝐸) ⊂ 𝑈₂. 

Definition1.5: For the GTS (𝑋, 𝜇), if 𝜑 ≠ 𝑀 ⊂ 𝑋, then [13]: 

(i) The generalized topological subspace on 𝑀 is {𝑊 ∩ 𝑀: 𝑊 ∈ 𝜇} and denoted by 𝜇𝑀. 

(ii) A subset 𝐸 of the strong GTS 𝑀𝜇(𝐸) is a 𝜇𝐺𝜎  set if 𝐸 = ⋂ {𝑊 ∶ 𝑊 ∈ 𝜇} 𝛼∈Λ . 

(iii) A subset 𝐸 of the strong GTS 𝑀𝜇(𝐸)  is a 𝜇𝐹𝛿 set if 𝐸 = ⋃ {𝐹: 𝐹 ∈ 𝑋 − 𝜇}.𝛼∈Λ  

(vi) A subset 𝑊 of the strong GTS 𝑀𝜇(𝐸)   is a 𝜇𝑑𝛿 −open if ∃𝐹𝛼 a regular 𝜇𝐹𝛿 such that  

𝑊 = ⋃ {𝐹𝛼 ∩ 𝑀𝜇(𝐸)}𝛼∈Λ   

(v) A subset 𝑁 of the strong GTS 𝑀𝜇(𝑁) is a 𝜇𝑑𝛿 −closed if ∃𝐹𝛼 a regular 𝜇𝐹𝛿 such that  

𝑁 = ⋃ {𝐹𝛼 ∩ (𝑋 − 𝑀𝜇(𝑁)}𝛼∈Λ .  

2. Preliminaries  

Typically, intersection of 𝜇𝑑𝛿 −closed subsets of the GTS 𝑋 is closed. The concepts of generalized topological 

spaces and neighborhood systems were first presented by Á Császár. Additionally, he added generalized 

neighborhood system (short by GNS) and generalized topological spaces to the notion of continuous functions and 

the accompanying closure and interior operators. By utilizing a closure operator constructed on GNS, he specifically 

looked into characterizations of (𝜓, 𝜓′) −continuous function (generalized continuous function). 

Strong generalized neighborhood space has been generated by a strong generalized neighborhood system or SGNS 

for short. Additionally, the SGNS induces and generates a structure that is a topological generalization (the 

collection of all sg-open sets on SGNS). The quasi-topology that is regarded as a generalized topology [9] was also 

established by Á Császár. 

The space (𝑋, 𝜓(𝑥)) is strong generalized neighborhood space and W is a strong generalized neighborhood of 𝑥 in 

𝑋. The GTS (X,μ) is shorted by 𝑋 that is assumed to be non-empty throughout the paper unless it is stated that it is 

empty. 

Definition 2.1: For set 𝑋 with the power set 𝑒𝑋. If 𝜓: 𝑋 → 𝑒𝑒𝑋
 is a continuous function, then 𝜓 is called a 

generalized neighborhood system (short bt GNS) whenever 𝑥 ∈ 𝑊 and 𝑊 ∈ 𝜓(𝑥) [14]. 

Definition 2.2: For the set 𝑋 with the power set 𝑒𝑋. If 𝜓: 𝑋 → 𝑒𝑒𝑋
 is a continuous function satisfying the following 

conditions, then it is termed a SGNS on 𝑋 [15] if: 

(i) 𝑥 ∈ 𝑊 whenever 𝑊 ∈ 𝜓(𝑥). 

(ii) For all 𝑊₁, 𝑊₂ ∈ 𝜓(𝑥), 𝑊₁ ∩ 𝑊₂ ∈ 𝜓(𝑥). 
Remark 2.3: A SGNS is a generalized neighborhood system. 

Definition 2.4: If 𝜓 is a GNS, 𝑊 ⊂ 𝑋 and for some 𝑈 ⊂ 𝑊 [2]: 

(i) 𝑖𝜓(𝑊) = {𝑥 ∈ 𝑊: 𝑈 ∈ 𝜓(𝑥), 𝑈 ⊂ 𝑊} is the interior of 𝑊 on 𝜓. 

(ii) 𝛾𝜓(𝑊) = {𝑥 ∈ 𝑊: 𝑈 ∈ 𝜓(𝑥), 𝑈 ∩ 𝑊 ≠ 𝜑} is the closure of 𝑊 on 𝜓. 

(iii) 𝐼(𝑊) = {𝑥 ∈ 𝑊: 𝑊 ∈ 𝜓(𝑥)} is a weak interior of 𝑊 on 𝑋. 

(iv) 𝐶(𝑊) = {𝑥 ∈ 𝑊: 𝑋 − 𝑊 ∉ 𝜓(𝑥)} is a weak interior of 𝑊 on 𝑋. 

Lemma 2.5: If 𝜓 is a GNS and 𝑉, 𝑊 ⊂ 𝑋, then: 

(i) 𝑖𝜓(𝑉) ⊂ 𝑉 ⊂ 𝛾𝜓(𝑉). 
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(ii) 𝑖𝜓 (𝑉 ∩ 𝑊) =  𝑖𝜓(𝑉)∩ 𝑖𝜓 (𝑊). 

Lemma 2.6: If 𝜓 is a generalized neighborhood system and 𝑉, 𝑊 ⊂ 2𝑋, then [11]: 

(i) 𝛾𝜓(𝑉)=𝑋 − 𝑖𝜓(𝑋 − 𝑉). 

(ii) 𝑖𝜓(𝑉) = 𝑋 − 𝛾_{𝜓}(𝑋 − 𝑉) 

(iii) 𝛾𝜓 (𝑉 ∪ 𝑊) =  𝛾𝜓(𝑉))∪  𝛾𝜓(𝑊). 

Definition 2.7: For the set 𝑋, the subfamily 𝑞𝑋 of  𝑒𝑋 is called quasi-topology if is closed under finite intersection 

and arbitrary union. The space (𝑋, 𝑞𝑋) is called 𝑞 −topological space [11]. 

𝑹𝒆𝒎𝒂𝒓𝒌 𝟐. 𝟖: Each space is a 𝑞 −space on a non-empty set 𝑋, but the converse is not true. The subset 𝑊 of a 

𝑞 −topological space (𝑋, 𝑞𝑋) is 𝑞 −open and 𝑋 − 𝑊 is 𝑞 −closed. 

Definition 2.9: If (𝑋, 𝑞𝑋) is a 𝑞 −topological space and 𝐸, 𝐹 ⊂ 𝑞𝑋 , then [11]: 

(i) 𝑄𝑂(𝑋) = {𝑊: 𝑊 𝑖𝑠 𝑞𝑋 − 𝑜𝑝𝑒𝑛} 

(ii) 𝑄𝐶(𝑋) = {𝐹: 𝐹 𝑖𝑠 𝑞𝑋 − 𝑐𝑙𝑜𝑠𝑒𝑑}. 
(iii) 𝑞𝐼𝑛𝑡(𝐸) =∪ {𝑊 ⊂ 𝐸: 𝑊 ∈ 𝑞_{𝑋}} is the 𝑞 −interior of 𝐸. 

(iv) 𝑞𝐶𝑙(𝐴) =∩ {𝐸 ⊂ 𝐹: 𝑋 − 𝐹 ∈ 𝑞𝑋} is the 𝑞 −closure of 𝐸. 

Remark 2.10: If (𝑋, 𝑞𝑋) is a 𝑞 −topological space and 𝐸 ⊂ 𝑞𝑋, then: 

(i) 𝑞𝐼𝑛𝑡(𝐸) contains 𝑥 ∈ 𝑋 iff there exists 𝑊 ∈ 𝑞𝑋  such that 𝑊 ⊂ 𝐸 

(ii) 𝑞𝐶𝑙(𝐸) contains 𝑥 ∈ 𝑋 iff there exists 𝑊 ∈ 𝑞𝑋 such that 𝐸 ∩ 𝑊 is non-empty. 

Definition 2.11: For the collection 𝐻 of subsets of the non-empty set 𝑋, if ∩ 𝐻 is non-empty, then 𝐻 is said to be an 

𝑚 −family on 𝑋 [11]. 

Remark 2.12: If 𝜓 is a generalized neighborhood system on 𝑋, then whenever the 𝑚 −family 𝐻 converges to 𝑥 in 

𝑋, then 𝐻 is finer than 𝜓(𝑥) [11]. 

 

3. 𝝁 − 𝑳 −closed Subsets of Noetherian Generalized Topological Spaces 

In 1986, Hdieb and Pareek [6] presented the concept of 𝐿 −closed spaces in which each Lindelöf subset is closed. A 

GTS 𝑋 is 𝜇 − 𝐿 −closed if every 𝜇 −Lindelöf subset of 𝑋 is 𝜇 −closed [5]. 

Lemma 3.1: If (𝑋, 𝜇) is a GTS, 𝑌 is a 𝜇 −closed subspace of 𝑋 and 𝐸 ⊂ 𝑌 is 𝜇 −semi-closed, then 𝐸 is 𝜇 −closed 

subset of 𝑋 [5]. 

Lemma 3.2: If (𝑋, 𝜇) is a GTS, 𝑌 is a 𝜇 −closed subspace of 𝑋 and 𝐸 ⊂ 𝑌 is 𝜇 −semi-closed, then  

𝐸 =∩ {𝑊 ∶  𝑊 is 𝜇 −open subset of 𝑌} [5]. 

Definition 3.3: For the GTS (𝑋, 𝜇), if every subspace is 𝜇 −Lindelöf, then 𝑋 is hereditarily 𝜇 −Lindelöf [2]. 

Theorem 3.4: If the GTS (𝑋, 𝜇) is hereditarily 𝜇 −Lindelöf, then it is 𝜇 − 𝐿 −closed whenever it is countable and 

discrete. 

Theorem 3.5: If 𝑀 is a subset of the 𝜇 − 𝐿 −closed GTS (𝑋, 𝜇), then it is 𝜇 −Lindelöf iff for all 

𝐹 = {𝐹𝛼: 𝛼 ∈ 𝛬} such that 𝐹𝛼 is 𝜇 −closed subsets of 𝑋 for all 𝛼 ∈ 𝛬 and (⋂ 𝐹𝛼𝛼∈𝛬 )∩𝑀 ≠ ∅, then  

∩ 𝐹 ≠ ∅. 

Lemma 3.6: For the 𝜇 − 𝐿 −closed GTS (𝑋, 𝜇), if 𝐸 ⊂ 𝑋, then 𝜇𝐸 is a 𝜇 − 𝐿 −closed generalized topological 

subspace. Furthermore, if 𝐵 ⊂ 𝐸,then there exists 𝐹 a 𝜇 − 𝐿 −closed subset of 𝑋 :  

𝐵 = 𝐹 ∩ 𝐸 [13]. 

Theorem 3.7: For the 𝜇 − 𝐿 −closed GTS (𝑋, 𝜇), if 𝐸 ⊂ 𝑋 and 𝐵 ⊂ 𝐸, then 𝐵 is 𝜇 −Lindelöf iff 𝐵 is 𝜇𝐸 −Lindelöf. 

Proof: Let 𝐸 = {𝑊𝛼: 𝑊𝛼 ∈ 𝜇𝐸 , 𝛼 ∈ 𝛬} be a cover of 𝐸, where 𝑊𝛼 = {𝑈𝛼 ∩ 𝐸: 𝑊𝛼 ∈ 𝜇, 𝛼 ∈ 𝛬} and  

𝑈 = {𝑈𝛼: 𝑈𝛼 ∈ 𝜇, 𝛼 ∈ 𝛬} is a countable 𝜇 −open cover of 𝑋.  But 𝐵 is a 𝜇 −Lindelöf subset of 𝑋, ∃{𝛼₁, 𝛼₂, . . . } a 

countable subset of 𝛬 such that 𝐵 ⊂ ⋃ {𝑈𝛼𝑖𝛼∈Λ :  𝑖 ∈ ℕ}. Thus, 𝐸 is 𝜇𝐵 −Lindelöf. Conversely, we claim that 𝐵 is 

𝜇𝐵 −Lindelöf. Considering the cover 𝑊 of 𝐵 consisting of 𝜇 −open subsets 𝑈𝛼. Now, 𝐵 = {𝑊𝛼 ∩ 𝐵: 𝛼 ∈ 𝛬} is a 

𝜇𝐸 −open and since 𝐵 is a 𝜇𝐸 −Lindelöf, there exists {𝛼₁, 𝛼₂, . . . } a countable subset of 𝛬 such that ⊂ ⋃ {𝑈𝛼𝑖𝛼∈Λ :  

𝑖 ∈ ℕ}.  Therefore, 𝐵 is 𝜇 −Lindelöf. 

Theorem 3.8: For the 𝜇 − 𝐿 −closed GTS (𝑋, 𝜇), if 𝑀 is a regular 𝜇𝐺𝛿  subset of 𝑋, then 

𝑀 ∪ (𝑋 − 𝑀𝜇) is 𝜇𝑑𝛿 −closed. 

Corollary 3.9: If 𝑋 is a 𝜇 − 𝐿 −closed GTS and 𝑀 is 𝜇𝑑𝜎 −closed subset of 𝑋, then 𝑀 is 𝜇 −closed. 

Theorem 3.10: If the GTS (𝑋, 𝜇) is finer than (𝑋, 𝜇′) and (𝑋, 𝜇′) is 𝜇 − 𝐿 −closed GTS, then is (𝑋, 𝜇) is 𝜇 −
𝐿 −closed [13]. 

Corollary 3.11: If 𝑋 is 𝜇 − 𝐿 −closed and 𝑀 is a regular 𝜇𝐺𝛿  subset of 𝑋, then 𝑀 is 𝜇𝐺𝛿  set. 

Definition 3.12: (i) A GTS 𝑋 is 𝜇 −Noetherian if the descending chain condition holds for its 𝜇 − 𝐿 −closed 

subsets. 

(ii) A GTS 𝑋 is locally 𝜇 −Noetherian if the neighbourhood of each point 𝑥 ∈ 𝑋 is 𝜇 −Noetherian. 

Lemma 3.13: If 𝑋 is a 𝜇 − 𝐿 −closed 𝜇 −Noetherian GTS, then: 

(i) Each subspaces of 𝑋 is 𝜇 − 𝐿 −closed; 

(ii) Each subset of 𝑋 with the induced GTS is 𝜇 −Noetherian. 

Theorem 3.14: If 𝑋 is a 𝜇 − 𝐿 −closed 𝜇 −Noetherian GTS, then each Hausdorff 𝜇 −Noetherian subspace of 𝑋 is 
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finite, discrete and 𝜇 − 𝐿 −closed. 

Definition 3.15: (i) If 𝑋 is a non-empty 𝜇 −Noetherian GTS, then 𝑋 is 𝜇 −irreducible if whenever  

𝑋 = 𝑀₁ ∪ 𝑀₂ with 𝑀𝑖 is 𝜇 −closed for all 𝑖 ∈ ℕ, we have 𝑋 =  𝑀₁ or 𝑋 = 𝑀₂. 

(ii) 𝑀 ⊂ 𝑋 is a 𝜇 −irreducible component of 𝑋 if 𝑀 is a maximal 𝜇 −irreducible subset of 𝑋. 

Theorem 3.16: If 𝑋 is a 𝜇 − 𝐿 −closed 𝜇 −Noetherian GTS, then: 

(i) Each subspace of 𝑋 with the induced topology is 𝜇 −Noetherian. 

(ii) 𝑋 has finitely many non-empty 𝜇 −irreducible components. 

Proof: (i) Suppose that 𝑀 is a 𝐿 −closed subset of 𝑋 such that . . . ⊂ 𝑀₃ ⊂ 𝑀₂ ⊂ 𝑀₁. Consider  

𝑀𝑖=𝑀 ∩ 𝑁𝑖 for some 𝜇 −closed subsets 𝑁𝑖  of  ∀𝑖 ∈ ℕ. Now, if . . . ⊂ 𝑁₁ ∩ 𝑁₂ ∩ 𝑁₃ ⊂ 𝑁₁ ∩ 𝑁₂ ⊂ 𝑁₁, then 𝑀 is 𝜇 −
𝐿 −closed. 

(ii) Suppose that 𝐹 is a 𝜇 −closed subsets of 𝑋 that does not have finitely many 𝜇 −irreducible components, then 𝐹 

is partially ordered and because of the descending chain condition, there exists 𝑀 ∈ 𝐹 such that 𝑀 is a smallest 

element and not a finite union of 𝜇 −irreducible components. Thus 𝑀 is not μ-irreducible. Now, if 𝑀1 and 𝑀2are 

strictly smaller 𝜇 −closed subsets of 𝑋, 𝑀 = 𝑀1 ∪ 𝑀2 = ⋃ 𝑀1𝑖𝑖∈ℕ  

∪(⋃ 𝑀2𝑗𝑗∈ℕ ) which is not a decomposition of 𝑀 into its 𝜇 −irreducible components, a contradiction. 

 

4. Product Properties of μ-L-Closed Sets in Noetherian Generalized Topological Spaces 

Definition 4.1: If (𝑋, 𝜇) and (𝑌, 𝜇′) are two 𝜇 −Noetherian GTS and the function 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is 

(𝜇, 𝜇′) −continuous, bijective and 𝑓⁻¹ is (𝜇′, 𝜇) −continouos, then 𝑓 is (𝜇, 𝜇′) −homeomorphism. 

Definition 4.2: Á Császár generalized product GTS on ∏ 𝑋𝛼𝛼∈Λ  is generalized by the basis {𝑊𝑛: 𝑊𝑛 ∈ 𝜇𝑛, 𝑊𝑛 =
𝑀𝜇𝑛

 except for finite number of indecies} where 𝑋 = {(𝑋𝛼 , 𝜇𝛼): 𝛼 ∈ 𝛬} and 𝛬 is a non-empty countable set. (𝑋, 𝜇) 

is the Cs´asz´ar generalized product GTS. 

Lemma 4.3: If (𝑋, 𝜇) and (𝑌, 𝜇′) are two Noetherian GTS and the function 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is 

(𝜇, 𝜇′) −continuous, then there exists M,N⊆X such that, the following are equivalent: 

(i) 𝑓(𝐶𝜇(𝑀)) ⊂ 𝐶𝜇,(𝑓(𝑀)) 

(ii) 𝐶𝜇,(𝑓⁻¹(𝑀)) ⊂ 𝑓⁻¹(𝐶𝜇(𝑀)). 

Theorem 4.4: Let (𝑋, 𝜇) and (𝑌, 𝜇′) be two 𝜇 −Noetherian GTS, 𝑋 is 𝜇 −Lindelöf and 𝑌 is 𝜇 −regular. If 

𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is (𝜇, 𝜇′) −continuous surjective, then 𝑌 is 𝜇 −Lindelöf. 

Proof: Let 𝑊 = {𝑊𝛼: 𝛼 ∈ 𝛬} be a family of 𝜇 −open subsets of 𝑌 that forms a 𝜇 −open cover of it, then 𝑓⁻¹(𝑊𝛼) is 

a family of 𝜇′ −open subset of 𝑋 because of the (𝜇, 𝜇′) −continuity of 𝑓. 

If 𝑌 = ⋃ {𝑊𝛼𝛼∈Λ : 𝛼 ∈ 𝛬} and since 𝑓 is surjective, we have 𝑓⁻¹(𝑌) = 𝑓⁻¹(⋃ {𝑊𝛼𝛼∈Λ : 𝛼 ∈ 𝛬}) =
⋃ {𝑓−1(𝑊𝛼)𝛼∈Λ : 𝛼 ∈ 𝛬} = 𝑋. Now, 𝑋 is 𝜇 −Lindelöf , hence there exists {𝛼₁, 𝛼₂, . . . } a countable subset of 𝛬 such 

that 𝑋 = ⋃ {𝑓−1
𝑖∈ℕ (𝑊𝛼𝑖

): 𝛼 ∈ 𝛬} and since 𝑌 is bijective, 𝑌 = 𝑓(𝑋) = ⋃ {𝑓(𝑓−1
𝑖∈ℕ (𝑊𝛼𝑖

)): 𝛼 ∈ 𝛬} ⊂

⋃ {𝑊𝛼𝑖𝑖∈ℕ : 𝛼 ∈ 𝛬, thus 𝑌 is 𝜇 −Lindelöf. 

Theorem 4.5: Being a 𝜇 − 𝐿 −closed 𝜇 −Noetherian GTS is a topological property. 

Proof: If 𝑋 is 𝜇 − 𝐿 −closed 𝜇 −Noetherian GTS. if 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is (𝜇, 𝜇′) −homeomorphism and 𝐸 is a 

𝜇 −Lindelöf subset of 𝑋, then 𝑓(𝐸) is 𝜇 −Lindelöf since 𝑓 is (𝜇, 𝜇′) −continuous. But 𝑋 is 𝜇 − 𝐿 −closed 

𝜇 −Noetherian, hence 𝐸 is 𝜇 −closed. Therefore, 𝑓(𝐸) is 𝜇 −closed, and 𝑌 is 𝜇 − 𝐿 −closed. 

 

Lemma   4.6:If (𝑋, 𝜇) and (𝑌, 𝜇′) be are two 𝜇 −Noetherian GTS such that each μ-open cover of 𝑋 has a countable 

refinement of 𝜇 −open subsets. 

Lemma 4.7: If (𝑋, 𝜇) and (𝑌, 𝜇′) be are two 𝜇 −Noetherian GTS and 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is a (𝜇, 𝜇′) −continuous 

surjective function, then: 

(i) 𝑌 is 𝜇 −Lindelöf. 

(ii) If 𝑌 is 𝜇 − 𝐿 −Lindelöf, then 𝑋 is 𝜇 −L-Lindelöf. 

Proof: (ii) If 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is a (𝜇, 𝜇′) −continuous surjective function and 𝑌 is 𝜇 − 𝐿 −Lindelöf, let 𝐸 be a 𝜇 −
𝐿 −Lindelöf subset of 𝑋, then 𝑓(𝐸) is 𝜇 − 𝐿 −Lindelöf because 𝑓 is (𝜇, 𝜇′) −continuous. Since 𝑌 is 𝜇 − 𝐿 −closed, 

hence 𝑓(𝐸) is 𝜇 − 𝐿 −closed subset of 𝑌 and 𝐴 = 𝑓⁻¹(𝑓(𝐴)) is a 𝜇 − 𝐿 −closed subset of 𝑋 because 𝑓 is injective. 

Therefore, 𝑋 is 𝜇 − 𝐿 −Lindelöf. 

Remark 4.8: A 𝜇 −Noetherian GTS (𝑋, 𝜇) is homeomorphic to itself. 

Theorem 4.9: If (𝑋, 𝜇) and (𝑌, 𝜇′) be are two 𝜇 −Noetherian GTS, 𝑋 is 𝜇 −Lindelöf, 𝑌 is 𝜇 − 𝐿 −closed and 

𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is a (𝜇, 𝜇′) −continuous surjective function, then 𝑓 is 𝜇 −homeomorphism. 

Proof: Suppose that 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is (𝜇, 𝜇′) −closed 𝑊 = {𝑊𝛼: 𝛼 ∈ 𝛬} is a family of 𝜇 − 𝐿 −closed subsets of 

𝑋, and 𝐸 ∈ 𝑊 is a proper subset of 𝑋. Since 𝑋 is 𝜇 −Noetherian 𝜇 −Lindelöf and 𝑓 is a (𝜇, 𝜇′) −continuous 

surjective function, 𝐸 is a 𝜇 −Lindelöf. Therefore, 𝑓(𝐸) is 𝜇 −Lindelöf. But 𝑌 is 𝜇 − 𝐿 −closed, hence 𝑓(𝐸) is a 

𝜇 − 𝐿 −closed subset of 𝑌. Hence, 𝑓 is 𝜇 −closed 𝜇 −homeomorphic. 

Corollary 4.10: If f: (𝑋, 𝜇) → (𝑌, 𝜇′) is a (𝜇, 𝜇′) −continuous from a 𝜇 −Noetherian 𝜇 −Lindelöf GTS to 𝜇 −
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𝐿 −closed space is 𝜇 −closed, then every (𝜇, 𝜇′) −continuous bijective function is 𝜇 −homeomorphism. 

Theorem 4.11: If (𝑋, 𝜇) and (𝑌, 𝜇′) are two 𝜇 −Noetherian GTS, 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is a (𝜇, 𝜇′) −continuous, 𝑋 is 

𝜇 − 𝐿 −closed and {(𝑥, 𝑓(𝑥)): 𝑥 ∈ 𝑋} is a (𝜇, 𝜇′) −Lindelöf subset of 𝑋 × 𝑌, then 𝑓 is (𝜇, 𝜇′) −continuous. 

Proof: Let 𝜋𝑋 and 𝜋𝑌 be two projection functions, 𝜋𝑋′=𝜋𝑋|𝑓 and 𝜋𝑌′=𝜋𝑌  are (𝜇, 𝜇′) −continuous bijective 

functions. Assume that 𝐸 = {(𝑥, 𝑓(𝑥)): 𝑥 ∈ 𝑋}, then 𝐸 is a 𝜇 −Lindelöf subset of 𝑓 and each 𝜇 −closed subset of 𝑓 

is 𝜇 −Lindelöf. Now, 𝐸 ⊂ 𝑓 is 𝜇 −closed, thus it is 𝜇 −Lindelöf because 𝑋 is 𝜇 − 𝐿 −closed. But 𝜋𝑋′ is 

(𝜇, 𝜇′) −closed projection, hence for all ⊂ 𝑓 , we have 𝜋𝑋′(𝑊) is 𝜇 −open subset of 𝑋. Therefore, 𝑓 = 𝜋𝑌∘(𝜋𝑋′)⁻¹ is 

(𝜇, 𝜇′) −continuous. 

Theorem 4.12: If 𝑋 = {(𝑋𝛼 , 𝜇𝛼): 𝛼 ∈ 𝛬}, Λ is a non-empty countable set is a family of μ −Noetherian GTS and 

𝜋𝛼:∏ 𝑋𝛼𝛼∈Λ  →𝑋𝛼 is the projection function, then 𝑓: (𝑋, 𝜇) → ∏ (𝑋𝛼𝛼∈Λ , 𝜇𝛼) is (𝜇𝛼1
, 𝜇𝛼2

, . . . ) −continuous iff 𝑓 ∘

𝜋𝛼 is (𝜇𝛼1
, 𝜇𝛼2

, . . . ) −continuous. 

Theorem 4.13: If 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) is a (𝜇, 𝜇′) −continuous, then 𝑓(𝑋) is 𝜇′ −Noetherian whenever 𝑋 is 

𝜇 −Noetherian. 

Proof: Assume that 𝑀₁ ⊃ 𝑀₂ ⊃. .. is a descending chain of 𝜇 − 𝐿 −closed subsets of 𝑓(𝑋), so 𝑓⁻¹(𝑀₁) ⊃
𝑓⁻¹(𝑀₂) ⊃. .. is a descending chain of 𝜇 − 𝐿 −closed subsets of 𝑋, thus such chain stabilizes. But 𝑓(𝑓⁻¹(𝑀𝑛)) =
𝑀𝑛 ∀𝑛 ∈ ℕ. Therefore, 𝑀₁ ⊃ 𝑀₂ ⊃. .. stabilizes. 

Lemma 4.14: Finite union of μ-Noetherian GTS is μ-Noetherian GTS. 

Proof: Suppose that 𝑋 ⊃ 𝑋𝑖} ∀𝑖 = 1,2, . . . , 𝑛. Let 𝐹 = {𝐹𝛼: 𝛼 ∈ 𝛬} be a family of decreasing sequence of 𝜇 −
𝐿 −closed subsets of 𝑋 = ⋃ 𝑋𝑖

𝑛
𝑖=1 . If 𝐹𝑖 = 𝑀𝑖 ∩ 𝑋 for some decreasing sequence of 𝜇 − 𝐿 −closed subsets 𝑀𝑖, there 

exists 𝑖° ∈ ℕ such that for all 𝑖° ≤ 𝑖, 𝑀𝑖°
∩ 𝑋𝑖 = 𝑀𝑖 ∩ 𝑋. 

If 𝑖𝑚 = 𝑚𝑎𝑥{𝑖°, 𝑖₁, . . . , 𝑖𝑛}, then 𝐹𝑖 ∩ 𝑀𝑖 ∩ 𝑋 =𝐹𝑖=𝑀𝑖 ∩ ⋃ 𝑋𝑖 = ⋃ (𝐹𝑖 ∩ 𝑋𝑖
𝑛
𝑖=1

𝑛
𝑖=1 )  

which stabilizes for all 𝑖° ≤ 𝑖. 
 

5. Conclusion  

The 𝜇 −open subsets of Noetherian generalized topological spaces play an important role in the formation of this 

space. Subspaces of 𝜇 −Noetherian GTS X are 𝜇 −Noetherian and having finitely many non-empty 𝜇 −irreducible 

components. Under (𝜇, 𝜇′) −continuous functions, some hereditary properties and sets are satisfied such as regular 

𝜇𝐺𝛿 , 𝜇𝑑𝛿, 𝜇 −irreducible 𝐿 −closed subsets and product properties of 𝜇 − 𝐿 −closed subsets. If 𝑓: (𝑋, 𝜇) → (𝑌, 𝜇′) 

is a (𝜇, 𝜇′) −continuous, then in 𝜇 −Noetherian spaces, 𝑓(𝑋) is 𝜇′ −Noetherian. In the future, we hope that our 

results will be extended to fuzzy topological spaces, and neutrosophic topological spaces. 
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