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Abstract

In our work, we introduced a distinct subclass of univalent harmonic functions referred to as a subclass of chiral
functions. These functions are defined by combining the generalized Komatu operator with the integral operator (R
— K), which has positive coefficients within the unit disc A. Also, we generalize the same subclass into neutrosophic
complex numbers. Throughout our investigation, we establish several properties associated with these functions,
including coefficient estimates, the convex formula, the integral operator, and the Hadamard product. On the other
hand, we present the Neutrosophic convex formula and the neutrosophic integral operator.

Keyword. Spiral-like functions generalized integral operator; sufficient coefficient, convex combination;
neutrosophic complex numbers; neutrosophic convex formula.

1. Introduction and Preliminaries

Many authors have studied many of these classes of univalent and multivalent functions, as well as meromorphic
functions that include many integral operators, and they obtained many results and important theorems that were
used later in the classical analysis. These functions have many applications in many different mathematical fields
such as mathematical physics, complex analysis, and analytical number theory. Also, some important and useful
theorems and properties were presented for neutrosophic analysis [10, 14], neutrosophic functions [11, 13], and
spaces [12,15].

Let AR represent the set of functions defined in the form

f(Z)=Z+Zak2k,k€N,ak20,zEQI

& (1.1)
In open unit disk A = {z € C: |z]| < 1}.
f(2) is an analytic and univalent function. Where|G| < g the equation (1.1) is said in the class S, g
If and only if
Re{eiG %} > 0, the class Sy  is a class of all G-spiral-like functions.
Let
g(z)=Z+Zbkzk,kEN,bk20,ZEQI (1.2)
k=2
The convolution is defined as
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i) G = 0 then S, R (0) = S is a renowned class of functions known for their starlikeness with respect to the origin.
ii) G # 0then S,z (G) = .
[1], [2] and [3] show that the radius of starlike ness of S,z (G) = m
Buti [4] define the generalized integral operator of the function f(z) € S, is form
1
_ u—a+1 n-—a

P () = G P (fiog ] 7 () ae

Such that 1,t,0, k, approximate to 0 and A — a < 1 and from0(1.3) we have

[ A—f 42 et
wpl _ A k
Blaoxf@) =2+ kz_z [/1 —B+n+1 i (1.4)

ok (13)

If B,a,l,06,k, approximate to one, we get Komatu operator [5]
Remark. The (R-K) utilizing e“4 = (cosA + isinA) is defined by:
R—K Arc _ r —iA ! r+l1+c qzeiAtC d
R-KIP“(F@) = pot [ ernee g (£ )a w5

tC

=z+ Z Y(A,n,c,r)ay z5,
k=2

qn—leiA(n—l)
And w(o‘l,n,c,/r’) = m,
A function f in the class S, » refers to a complex-valued continuous harmonic function is univalent and normalized
by f(0) =0, and f'(z) — 1 = 0. Additionally, f in the form f = 4+ g, whereh and g are both analytic
functions in AR. We refer to b as the analytic part and g as the co-analytic part of f.

We can express it as follow

h(2) = z + X, a2, g(2) = Lz bz (0<b; <1) (1.6)
A necessary and sufficient condition for f to be locally univalent and sense-preserving in AR is that
H'(2)| < |g'(2)| in A .(see [6]), as stated in [7]. Hence, for f = h+ g € Sy,
In this paper, we general the integral operator(f(z))in (1.5) of harmonic f =p+ gisas
[R—K];"(f(2)) = [R—K];""“B(2) + [R - K];""“g(2) Vz €Y,

r>c(n—1),c>0.

Where

[R - KJ4"™h(z) = z + Z WA, 1, ¢, 1) ay 28
k=2

R=KI7™g(2) = ) (A, n,c,1)b, 2"
k=2

Using the integral operator [R — K]g'r'c (f(z)), we introduce the class of harmonic univalent functions as illustrated
below.

Definition 1.1 for 0 < v < 1 the function f = h + g isin the class MR, (v) If satisfy the inequality.
(R-KI(F(2))) =
e

lz| =r < 1.

[R - K3 (f () 1.7
Let MR;(v) € MR, (v) of the form
D@ =2- Y lalzh  g@) = ) lalzh bl <1
k=2 k=2
2. Sufficient coefficient condition
Theorem (2.1). The function f = b + g such that h(z) and g(z) of the form (1.4)
(v + = D) Ame a2+ Y (e’ —w(+ D) Ame bl < @=9) 5
k=2 k=1 '
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Wherea; =1, 9 € [0,1) and Y (A, n, ¢, ) form
qn—leiA(n—l)
r(r—c(n—1))’
Such that f is sense —preserving, univalent in 2, where f € MR,,(v)

Proof. If |z;| # |z,| < g,then
f(z) = f(z)
H(z1) — H(z2)

Y(A,n,c,r) = r>cn-—1),c>0. (2.2)

D=1 bk(Zf - Zéf)

(21— 22) + Ly aw (2 — 23)

9(z1) — g(z,)
h(z1) — b(zz)

>1-—

Attended
Tiea[klq byl
1- Zl?:z[k]qlakl B
kg + (A e ) /A= Dbl
1 -3tk ' =) (A, n,c,7) /(1 —D]la]

Which proves the multivalent. Observe that, f is sense-preserving in2, because

02| = (1 =S wean c,r)|ak||z|k-1> > (1 Sy e e Iak|>
k=2

>1-

2—9
= k=2
o (k' + ) (A, n, ¢, 1) o (k' + ) (A, m,c,77) .
> <,Zl o |bk|> > (kzl - Iy |l2]* )

> ) kg byl 2 g

n=1
We obtain lim[|Dgh(2)| > |Dag(2)]] = [I5(2)'| = lg(2)'I]
Now, we show that € MR, (v). From (1.7), we can write

re {([R - K]f‘ﬁc(f(z)))l} _ e {@}

[R—K|7*"(f () E(z)
where
() = (R—KI"“B(2) + R - KI7"g(2)) z

=z+ Z ky' (A n,c,ma,z* + Z k' (A, n,c,#)by z¥
k=2 k=2

E@)=z+ Z Y(A,n,c,r)a, z8 + z Y(A, n,c, )by z¢
k=2 k=1

From the fact that Re(w) = 9 ifand only if |1 — 9 + w| > |1 + 9 — w|, it suffices to prove

1C(2) + (1 —DE@)| — 1C(2) — (1 + DE@)]| = 0 23)

z+ Z ky' (A, n,c,7)a,z* + Z k' (A, n,c,7)by z*
k=2 k=1

+(1-9) (z + Z Y(A,n,c,r)a, z8 + Z Y(A,n,c, fr')Ez_k>

k=2 k=1

z+ Z ky'(A,n,cr)a,zk + Z k' (A, n,c, )by z¥
k=2 k=1

-(1+9) (z + Y(A,n,c,r)a, z° + Y(A,n,c, %)b_z_">

2-v)z+ Z(k W+ (1= 0)) (A, m, ¢, #)ay 25 + (2 — 9) Z(k W+ (1 — 0)) (A, n, c, )by 2%
k=2 k=1

ot Z(k Y+ YA+ ) (A n, e, a2 — Z(k W+ (1 +9))(A,n,c,7)b 2F
k=2 )
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> @ =9zl = ) (k' + (1 = D) Am e, a1 = ) (k' + (1 = 9))Am,c,7)lbel 12¥] = 9lz]
k=2 k=1

- Z(k 1/)’ - lrb(l + ﬁ))(c/l,/n,c,fr")lakl |Zk| - Z(k 1/)’ - lp(l + ﬁ))(cﬂ,n,c,r)|bk| |Zk|

k=2 k=2
>2(1-9)lzl {1 _Zinlky Jlrl_p)ﬂ(ﬂ’n’ &) |ay||z|*
~ Y (ky - ¢§1_+1919))(CA, n,c,r) IbkllakIIZI"‘l}

Z(k Y+ P —9))(A n,c, )l 12 + Z(k V' =P +9))(A, n,c, )bl 12" < (2 —9)
k=2

k=1
Theorem (2.2). Let f = b+ g then f € MR, (v)if and only if

Y (k' + (1 =) (A n, e, )il 125 + Tz, (k' = (1 +9)) (A, n,c,7) | 12K < 2= 9)  (24)
such that9 € [0,1), a; = 1 and Y (A, n, c, ) given by (2.2)

Proof. Since

MR;(v) € MR, (v)To demonstrate the only if part of the theorem, we will focus on functions. f € MR;(v) .

We notice that is equivalent to (1.7)

(R-KI™(f@)) =
[R=KI3"“(f(2)
24230, kY (A, e )a + X2, k' (A, n,c, )by z2F
{ 2+ 32, Y(A,n, ¢, 7)ay 25 + T, YA, n,c,7)by 2* o
[(1 — )z = Y (k '+ Yv) (A, n, ¢, Mg 28 + T (k' — Yv) (A, n, ¢, )by z¥

z+ 32, W(A,n, c, )zt + T2, P(A,n,c,7)by zF
The values of z in U is hold. Its positive real axis such that 0 < z = r < 1, we must get

—94>0. (2.4)

— 19} >0 (2.5)

e
Re

] >0 (2.6)

(1—9) — (k' — )by — Ty (k' + ) (A, m, ¢, ) |a| 2% + T, (k ' — Yv) (A, 1, c,7) |by| zFr™~1 -
1+ |by| + Zio(akl + [b DY (A, n, c, )11 B
Since equation (2.4) fails to hold, the equation in (2.6) becomes negative when r is sufficiently close to 1.
Consequently, there exists a value z, = ry in the range (0,1) where the quotient in (2.6) is less than zero. Therefore,
we can conclude that f belongs to the closure of the function space, f € MR;(v)

3. Convex combination

Theorem (2.3). Let f;,;(2) in MR;(v) where i = 1,2, ...m, by
Therefore c;(z) is given by

[oe]

@@= tfu (.0t <1

i=1
And in MR;(v) wherever)2, t; = 1
Proof. By definition of, c;(z) we get

Ci(Z) =zZ+ Z (Z ti|awli|>zk + Z (Z tilbw,i|>z_w
w=2 1 w=1 1

i= i=

Furthermore, because f,, ;(z) in MR; , per i = 1,2, ..., m, then by theorem (2.1) we get

i Q (w, ) (i ti|ak_i|> + i Q (w, 1) (i tilbw,i|>

i= i=

Z t; {Z WA, 1, 7) |ay | + Z W(A,n,c,7) by} < Z t=1
n=2 n=1

i=1 i=1

4. Hadamard product.
We must show that the class MR(v) is closed under the hadamard product
The involution of two harmonic functions

47
DOIT: https://doi.org/10.54216/1]NS.230304
Received: August 12, 2023 Revised: November 12, 2023 Accepted: January 22, 2024



https://doi.org/10.54216/IJNS.230304

International Journal of Neutrosopbic Science (IINS)

Vol 23, No. 03, PP. 44-50, 2024

@ =2= ) lawl 2" + ) |by|2”
w=2 w=1

Quw) = 2= ) ILyl 2% + ) |4,17”
w=2 w=1

And

Is given as

(o * Q)@ = fu@) * chz)—z—ZmWL |2 +Z|b Ayl 2"

4. Integral Operator

The next theorem we test the closure quality of the classMR;(v) Bernardi-Libera-Livingston integral [8], [9] we

get
2

T.(f(2) = t“1f()dt, u>-1

Theorem (4.1). Suppose that fn € MR;(v). Therefore T, (f,,(2)) € MR;(v)
Proof. By the definition of T,,(f,,(2)) defrned by (4.1)

T(fn(z))——ftu1<t—2|aw|tW+Z|b| )
=Z—Z IaWIZ +Z—|b|
—Z—Zdwz +Zl

u+1 u+1

d, =
Therefore

“21q,] AndL,

|by |

ZMR (v) IaWI +ZMR (v)

T.(fu(2)) € MR;(v)

u+w

IbWI <1

From theorem (2.1)

6. Neutrosophic Convex combination

Theorem 5.1. Let f,,;(z; + z,1) in MR;(v; + v,1) where i = 1,2, ...m, by
Therefore c;(z, + z,1) is given by

[oe]

ci(zy + z,1) = Z tifni(za +2,1).0<t; <1

i=1
And in MR;(vy + v,1) wherever)i2, t; = 1
Proof. By definition of, c¢;(z, + z,I) we get
ci(zy + z31) = 2y + 7,1 + Z (Z t; |aw1|> (z; + z,DF + Z <Z t~|bw,i|
w=2 i=1

Z Q (w, 1) (Zt |ak_i|> + i“k (w, 1) (i ti|bw,i|>
Zt {Zw(cﬂ n,c, /r)|an| +le(</l n,c,r) |bw1|} i

i=1 i=1

7. Neutrosophic Hadamard product.
We must show that the class MR;(v; + v,I) is closed under the hadamard product

The involution of two harmonic functions
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) (z1 + z, 1)

Furthermore, because f, ;(z; + 221) in MR , peri = 1,2, ..., m, then by theorem (2.1) we get
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(oo}

filnn +22D) = 21+ 2,1 = ) lal G+ 2" + ) |by| G ¥ 2D

w=2 w=1
And
Qww) =z, + 2,1 — ZlLWl (z1 + 2, D" + Z |Ay| (z1 + z,1)"
i w=2 w=1
Is given as

(fw * Qu)(z1 + 221) = f,(z; + Zzl) Qw(z + z,1)

_Zl +Z21_Z|awL |(Z]_+ZZI)W+Z|b A |(Zl+ZZI)
w=2 w=1

8.Neutrosophic Integral Operator
2

1
ﬁf t*1f(D)de, u>-1 (7.1)
0

Theorem (7.1). Suppose that f,, € MR, (v, + v,I). Therefore T, (f, (21 + z,1)) € MR;(v)
Proof. By the definition of T,,(f;,(z; + z,1)) defined by (7.1)

Tl + D) = u++2211)“f (t - Z|awltw + Zw £ )
=2z, +2z,] — i

w=2

=z +2z,] — Z d,(zy + z,1)" + Z L, (z; + z, )V
k=2 w=1

Tu(f(zl +Z21)) =

—la| (i + 722D + Z bl G ¥ 2D

1 1
dy =2 a,| Andl, = 2= |b,|
Therefore
ZMR (v1+v21) |aW|+ZMR (v1+v21) |b <1

From theorem (2.1)
T.(fu(z1 + 2,1)) € MR, (v, + v,1)

9. Conclusion

In this paper, we studied and presented properties of univalent harmonic functions, where we obtained some
theorems and properties associated with a class defined by an integral operator. Also, we have presented
neutrosophic Hadamard product, neutrosophic convexity approach, and neutrosophic integral operator. In the
future, we aim to generalize our results to refined neutrosophic function theory, and plithogenic theory.
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