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Abstract 

In our work, we introduced a distinct subclass of univalent harmonic functions referred to as a subclass of chiral 

functions. These functions are defined by combining the generalized Komatu operator with the integral operator (R 

− K), which has positive coefficients within the unit disc A. Also, we generalize the same subclass into neutrosophic 

complex numbers. Throughout our investigation, we establish several properties associated with these functions, 

including coefficient estimates, the convex formula, the integral operator, and the Hadamard product. On the other 

hand, we present the Neutrosophic convex formula and the neutrosophic integral operator. 

 

Keyword. Spiral-like functions generalized integral operator; sufficient coefficient, convex combination; 

neutrosophic complex numbers; neutrosophic convex formula. 

 

1. Introduction and Preliminaries 

 

Many authors have studied many of these classes of univalent and multivalent functions, as well as meromorphic 

functions that include many integral operators, and they obtained many results and important theorems that were 

used later in the classical analysis. These functions have many applications in many different mathematical fields 

such as mathematical physics, complex analysis, and analytical number theory.  Also, some important and useful 

theorems and properties were presented for neutrosophic analysis [10, 14], neutrosophic functions [11, 13], and 

spaces [12,15]. 

 

 

 Let AR represent the set of functions defined in the form 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘  , 𝑘 ∈ ℕ, 𝑎𝑘 ≥ 0, 𝑧 ∈ 𝔄   

∞

𝑘=2

 

 

(1.1) 

In open unit disk 𝔄 = {𝑧 ∈ ℂ: |𝑧| < 1}. 

𝑓(𝑧) is an analytic and univalent function. Where|𝐺| ≤
Π

2
, the equation (1.1) is said in the class 𝑆𝐴,𝑅 

If and only if 

Re{𝑒𝑖𝐺 𝑧𝑁′(𝑧)

𝑁(𝑧)
} > 0, the class 𝑆𝐴,𝑅 is a class of all 𝐺-spiral-like functions. 

Let  

𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑘𝑧𝑘  , 𝑘 ∈ ℕ, 𝑏𝑘 ≥ 0, 𝑧 ∈ 𝔄   

∞

𝑘=2

 (1.2) 

The convolution is defined as 
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i) 𝐺 = 0 then 𝑆𝐴,𝑅(0) = 𝑆 is a renowned class of functions known for their starlikeness with respect to the origin. 

ii) 𝐺 ≠ 0 then 𝑆𝐴,𝑅(𝐺) = ∅. 

[1], [2] and [3] show that the radius of starlike ness of 𝑆𝐴,𝑅(𝐺) =
1

cos 𝐺+|sin 𝐺|
 

Buti [4] define the generalized integral operator of the function 𝑓(𝑧) ∈ 𝑆𝐴,𝑅 is form 

𝑃𝜆,𝛼,𝜃,𝑘
 𝜇,𝛽,𝑙

(𝑓(𝑧)) =
𝜃𝑘(𝜆 − 𝛽 + 2)𝜇−𝛼+1

𝑙𝜇−𝛼+1Γ(λ − α + 1)
 ∫ [𝑙𝑜𝑔

1

𝑡𝑙
]

𝜇−𝛼
1

0

𝑓 (
𝑧𝑡

𝜃𝑘
) 𝑑𝑡 (1.3) 

Such that  l, t, θ, k, approximate to 0 and λ − α < 1 and from (1.3) we have 

𝑃𝜆,𝛼,𝜃,𝑘
 𝜇,𝛽,𝑙

(𝑓(𝑧)) = 𝑧 + ∑ [
𝜆 − 𝛽 + 2

𝜆 − 𝛽 + 𝑛 + 1
]

𝜇−𝛼+1∞

𝑘=2

𝑎𝑘𝑧𝑘 

 

(1.4) 

 

If  𝛽, 𝛼, 𝑙, 𝜃, 𝑘, approximate to one, we get Komatu operator [5] 

Remark. The (R-K) utilizing 𝑒𝑖𝐴 = (𝑐𝑜𝑠𝐴 + 𝑖𝑠𝑖𝑛𝐴) is defined by: 

[R − K]𝑞
𝐴,𝑟,𝑐(𝑓(𝑧)) =

𝑟

𝑞
𝑒−𝑖𝐴 ∫ 𝑡𝑟+1+𝑐

1

0

𝑔 (
𝑞𝑧𝑒𝑖𝐴𝑡𝑐

𝑡𝑐
) 𝑑𝑡 

 

(1.5) 

 

= 𝑧 + ∑ 𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 , 

And 𝜓(𝒜, 𝓃, 𝒸, 𝓇) =
𝑞𝑛−1𝑒𝑖𝐴(𝑛−1)

𝑟(𝑟−𝑐(𝑛−1))
, 𝑟 > 𝑐(𝑛 − 1), 𝑐 > 0. 

A function 𝑓 in the class 𝑆𝐴,𝑅 refers to a complex-valued continuous harmonic function is univalent and normalized 

by 𝑓(0) = 0, and 𝑓 ′(𝑧) −  1 =  0. Additionally, 𝑓 in the form 𝑓 =  𝔥 +  ℊ̅, where 𝔥 and ℊ̅ 𝑎𝑟𝑒 both analytic 

functions in AR. We refer to 𝔥 as the analytic part and ℊ̅ as the co-analytic part of 𝑓.  

We can express it as follow 

𝔥(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘 ,           ℊ̅(𝑧) = ∑ 𝑏𝑘𝑧𝑘∞
𝑘=1

∞
𝑘=2   (0 ≤ 𝑏1 <1 ) (1.6) 

A necessary and sufficient condition for 𝑓 to be locally univalent and sense-preserving in AR is that 

|𝔥′(𝑧)|  <  |ℊ′(𝑧)| in 𝔄 .(see [6]), as stated in [7]. Hence, for 𝑓 =  𝔥 +  ℊ̅ ∈ 𝑆𝐴,𝑅,  
 

In this paper, we general the integral operator(𝑓(𝑧))in (1.5) of harmonic 𝑓 = 𝔥 + ℊ̅ is as 

[R − K]𝑞
𝐴,𝑟,𝑐(𝑓(𝑧)) = [R − K]𝑞

𝒜,𝓇,𝒸𝔥(𝑧) + [R − K]𝑞
𝒜,𝓇,𝒸ℊ(𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  ∀𝑧 ∈ 𝔄, 

Where  

[R − K]𝑞
𝐴,𝑟,𝑐𝔥(𝑧) = 𝑧 + ∑ 𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 

[R − K]𝑞
𝐴,𝑟,𝑐ℊ(𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = ∑ 𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘

∞

𝑘=2

𝑧𝑘 

Using the integral operator [R − K]𝑞
𝐴,𝑟,𝑐(𝑓(𝑧)), we introduce the class of harmonic univalent functions as illustrated 

below. 

Definition 1.1 for 0 ≤ 𝑣 < 1 the function 𝑓 =  𝔥 +  ℊ̅ is in the class 𝑀𝑅𝑝(𝑣) If satisfy the inequality. 

𝑹𝒆 {
([R − K]𝑞

𝒜,𝓇,𝒸(𝑓(𝑧)))
′

𝒛

[R − K]𝑞
𝒜,𝓇,𝒸(𝑓(𝑧))

} ≥  𝒗           |𝒛| = 𝒓 < 𝟏. 

 

(1.7) 

Let 𝑀𝑅𝑝̅(𝑣) ⊆ 𝑀𝑅𝑝(𝑣) of the form    

𝔥(𝑧) = 𝑧 − ∑|𝑎𝑘|

∞

𝑘=2

𝑧𝑘,      ℊ(𝑧) = ∑|𝑎𝑘|

∞

𝑘=2

𝑧𝑘 ,       |𝑏1| < 1. 

2. Sufficient coefficient condition 

 

Theorem (2.1). The function  𝑓 =  𝔥 + ℊ̅ such that 𝔥(𝑧) and ℊ(𝑧) of the form (1.4) 

∑(𝑘 𝜓′ + 𝜓(1 − 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑎𝑘|

∞

𝑘=2

|𝑧𝑘| + ∑(𝑘 𝜓′ − 𝜓(1 + 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑏𝑘|

∞

𝑘=1

|𝑧𝑘| ≤ (2 − 𝜗) 

 

(2.1) 
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Where 𝑎1 = 1,    𝜗 ∈ [0,1) and 𝜓(𝒜, 𝓃, 𝒸, 𝓇) form  

𝜓(𝒜, 𝓃, 𝒸, 𝓇) =
𝑞𝑛−1𝑒𝑖𝐴(𝑛−1)

𝑟(𝑟 − 𝑐(𝑛 − 1))
, 𝑟 > 𝑐(𝑛 − 1), 𝑐 > 0. (2.2) 

Such that 𝑓 is sense –preserving, univalent in 𝔄, where 𝑓 ∈ 𝑀𝑅𝑝(𝑣)   

Proof. If |𝑧1| ≠ |𝑧2| < 𝑞,then 

|
𝑓(𝑧1) − 𝑓(𝑧2)

𝔥(𝑧1) − 𝔥(𝑧2)
| ≥ 1 − |

𝑔(𝑧1) − 𝑔(𝑧2)

𝔥(𝑧1) − 𝔥(𝑧2)
| = 1 − |

∑ 𝑏𝑘(𝑧1
𝑘 − 𝑧2

𝑘)∞
𝑘=1

(𝑧1 − 𝑧2) + ∑ 𝑎𝑘(𝑧1
𝑘 − 𝑧2

𝑘)∞
𝑘=2

|    

 

Attended 

> 1 −
∑ [𝑘]𝑞|𝑏𝑘|∞

𝑘=1

1 − ∑ [𝑘]𝑞|𝑎𝑘|∞
𝑘=2

≥ 1 

−
∑ [(𝑘 𝜓′ + 𝜓)(𝒜, 𝓃, 𝒸, 𝓇)/(1 − 𝜗)]|𝑏𝑘|∞

𝑘=1

1 − ∑ [[(𝑘 𝜓′ − 𝜓)(𝒜, 𝓃, 𝒸, 𝓇)/(1 − 𝜗)]]|𝑎𝑘|∞
𝑘=2

≥ 0 

Which proves the multivalent. Observe that, 𝑓 is sense-preserving in𝔄, because 

|𝔥(𝑧)′| ≥ (1 − ∑  𝜓′(𝒜, 𝓃, 𝒸, 𝓇)|𝑎𝑘||𝑧|𝑘−1

∞

𝑘=2

) > (1 − ∑
(𝑘 𝜓′ + 𝜓)(𝐴, 𝑛, 𝑐, 𝑟)

2 − 𝜗

∞

𝑘=2

|𝑎𝑘|) 

≥ (∑
(𝑘 𝜓′ + 𝜓)(𝒜, 𝓃, 𝒸, 𝓇)

2 − 𝜗

∞

𝑘=1

|𝑏𝑘|) > (∑
(𝑘 𝜓′ + 𝜓)(𝒜, 𝓃, 𝒸, 𝓇)

2 − 𝜗

∞

𝑘=1

|𝑏𝑘||𝑧|𝑘−1) 

≥ ∑[𝑘]𝑞

∞

𝑛=1

|𝑏𝑘||𝑧|𝑘−1 ≥ |ℊ(𝑧)′|. 

We obtain  lim
𝑞→1

[|𝐷𝑞𝔥(𝑧)| ≥ |𝐷𝑞𝑔(𝑧)|] = [|𝔥(𝑧)′| ≥ |ℊ(𝑧)′|]. 

Now, we show that ∈ 𝑀𝑅𝑝(𝑣). From (1.7), we can write 

𝑅𝑒 {
([R − K]𝑞

𝒜,𝓇,𝒸(𝑓(𝑧)))
′

[R − K]𝑞
𝒜,𝓇,𝒸(𝑓(𝑧))

} = 𝑅𝑒 {
𝐶(𝑧)

𝐸(𝑧)
}, 

where 

𝐶(𝑧) = ([R − K]𝑞
𝒜,𝓇,𝒸𝔥(𝑧) + [R − K]𝑞

𝒜,𝓇,𝒸𝑔(𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′

𝑧 

= 𝑧 + ∑ 𝑘 𝜓′(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 + ∑ 𝑘 𝜓′(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘
̅̅ ̅

∞

𝑘=2

𝑧𝑘̅̅ ̅ 

𝐸(𝑧) = 𝑧 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘
̅̅ ̅

∞

𝑘=1

𝑧𝑘̅̅ ̅ 

From the fact that 𝑅𝑒(𝑤) ≥ 𝜗 if and only if |1 − 𝜗 + 𝑤| ≥ |1 + 𝜗 − 𝑤|, it suffices to prove 

|𝐶(𝑧) + (1 − 𝜗)𝐸(𝑧)| − |𝐶(𝑧) − (1 + 𝜗)𝐸(𝑧)| ≥ 0 

 
(2.3) 

 

|𝑧 + ∑ 𝑘 𝜓′(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 + ∑ 𝑘 𝜓′(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘
̅̅ ̅

∞

𝑘=1

𝑧𝑘̅̅ ̅

+ (1 − 𝜗) (𝑧 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘
̅̅ ̅

∞

𝑘=1

𝑧𝑘̅̅ ̅)|

− |𝑧 + ∑ 𝑘 𝜓′(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 + ∑ 𝑘 𝜓′(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘
̅̅ ̅

∞

𝑘=1

𝑧𝑘̅̅ ̅

− (1 + 𝜗) (𝑧 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘
̅̅ ̅

∞

𝑘=2

𝑧𝑘̅̅ ̅)| 

= |(2 − 𝑣)𝑧 + ∑(𝑘 𝜓′ + 𝜓(1 − 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 + (2 − 𝜗) ∑(𝑘 𝜓′ + 𝜓(1 − 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘
̅̅ ̅

∞

𝑘=1

𝑧𝑘̅̅ ̅|

− |−𝜗𝑧 + ∑(𝑘 𝜓′ + 𝜓(1 + 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞

𝑘=2

𝑧𝑘 − ∑(𝑘 𝜓′ + 𝜓(1 + 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘
̅̅ ̅

∞

𝑘=2

𝑧𝑘̅̅ ̅| 
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≥  (2 − 𝜗)|𝑧| − ∑(𝑘 𝜓′ + 𝜓(1 − 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑎𝑘|

∞

𝑘=2

|𝑧𝑘| − ∑(𝑘 𝜓′ + 𝜓(1 − 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑏𝑘|

∞

𝑘=1

|𝑧𝑘| − 𝜗|𝑧|

− ∑(𝑘 𝜓′ − 𝜓(1 + 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑎𝑘|

∞

𝑘=2

|𝑧𝑘| − ∑(𝑘 𝜓′ − 𝜓(1 + 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑏𝑘|

∞

𝑘=2

|𝑧𝑘| 

≥ 2(1 − 𝜗)|𝑧| {1 −
∑ (𝑘 𝜓′ + 𝜓)(𝒜, 𝓃, 𝒸, 𝓇)∞

𝑘=2

1 − 𝜗
|𝑎𝑘||𝑧|𝑘−1

−
∑ (𝑘 𝜓′ − 𝜓(1 + 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)∞

𝑘=1

1 − 𝜗
 |𝑏𝑘||𝑎𝑘||𝑧|𝑘−1} 

∑(𝑘 𝜓′ + 𝜓(1 − 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑎𝑘|

∞

𝑘=2

|𝑧𝑘| + ∑(𝑘 𝜓′ − 𝜓(1 + 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑏𝑘|

∞

𝑘=1

|𝑧𝑘| ≤ (2 − 𝜗) 

Theorem (2.2). Let 𝑓 =  𝔥 + ℊ̅  then 𝑓 ∈ 𝑀𝑅𝑝̅ (𝑣)if and only if 

∑ (𝑘 𝜓′ + 𝜓(1 − 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑎𝑘|∞
𝑘=2 |𝑧𝑘| + ∑ (𝑘 𝜓′ − 𝜓(1 + 𝜗))(𝒜, 𝓃, 𝒸, 𝓇)|𝑏𝑘|∞

𝑘=1 |𝑧𝑘| ≤ (2 − 𝜗)     (2.4) 

   such that 𝜗 ∈ [0,1), 𝑎1 = 1 and 𝜓(𝒜, 𝓃, 𝒸, 𝓇) given by (2.2) 

Proof. Since 

𝑀𝑅𝑝̅(𝑣) ⊆ 𝑀𝑅𝑝(𝑣)To demonstrate the only if part of the theorem, we will focus on functions. 𝑓 ∈ 𝑀𝑅𝑝̅(𝑣) . 

We notice that is equivalent to (1.7) 

𝑅𝑒 {
([R − K]𝑞

𝒜,𝓇,𝒸(𝑓(𝑧)))
′

𝒛

[R − K]𝑞
𝒜,𝓇,𝒸(𝑓(𝑧))

− 𝜗} ≥ 0.                                                                                                                (2.4) 

𝑅𝑒 {
𝑧 + 𝑧 ∑ 𝑘 𝜓′(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞
𝑘=2

𝑘
+ ∑ 𝑘 𝜓′(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘

̅̅ ̅∞
𝑘=1 𝑧𝑘̅̅ ̅

𝑧 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘
∞
𝑘=2 𝑧𝑘 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘

̅̅ ̅∞
𝑘=1 𝑧𝑘̅̅ ̅

− 𝜗} ≥ 0                                               (2.5) 

𝑅𝑒 [
(1 − 𝜗)𝑧 − ∑ (𝑘 𝜓′ + 𝜓𝑣)(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘

∞
𝑘=2 𝑧𝑘 + ∑ (𝑘 𝜓′ − 𝜓𝑣)(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘

̅̅ ̅∞
𝑘=1 𝑧𝑘̅̅ ̅

𝑧 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑎𝑘
∞
𝑘=2 𝑧𝑘 + ∑  𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑏𝑘

̅̅ ̅∞
𝑘=1 𝑧𝑘̅̅ ̅

] ≥ 0           (2.6) 

The values of z in 𝔄  is hold. Its  positive real axis such that 0 ≤ 𝑧 = 𝑟 < 1, we must get 

 

(1 − 𝜗) − (𝑘 𝜓′ − 𝜓𝑣)𝑏1 − ∑ (𝑘 𝜓′ + 𝜓𝑣)(𝒜, 𝓃, 𝒸, 𝓇)|𝑎𝑘|∞
𝑘=2 𝑧𝑘 + ∑ (𝑘 𝜓′ − 𝜓𝑣)(𝒜, 𝓃, 𝒸, 𝓇)|𝑏𝑘

̅̅ ̅|∞
𝑘=1 𝑧𝑘̅̅ ̅𝑟𝑛−1

1 + |𝑏1| + ∑ (|𝑎𝑘| +∞
𝑘=2 |𝑏𝑘|)𝜓(𝒜, 𝓃, 𝒸, 𝓇)𝑟𝑛−1

≥ 0 

Since equation (2.4) fails to hold, the equation in (2.6) becomes negative when 𝑟 is sufficiently close to 1. 

Consequently, there exists a value 𝑧0 = 𝑟0 in the range (0,1) where the quotient in (2.6) is less than zero. Therefore, 

we can conclude that f belongs to the closure of the function space, 𝑓 ∈ 𝑀𝑅𝑝̅(𝑣) 

 

3. Convex combination 

 

Theorem (2.3). Let 𝑓𝑛,𝑖(z) in 𝑀𝑅𝑝̅(𝑣) where 𝑖 = 1,2, … 𝑚, 𝑏𝑦 

Therefore 𝑐𝑖(𝑧) is given by 

𝑐𝑖(𝑧) = ∑ 𝑡𝑖𝑓𝑛,𝑖

∞

𝑖=1

(𝑧). 0 ≤ 𝑡𝑖 ≤ 1 

And in 𝑀𝑅𝑝̅(𝑣) wherever∑ 𝑡𝑖 = 1∞
𝑖=1  

Proof. By definition of, 𝑐𝑖(𝑧) we get 

𝑐𝑖(𝑧) = 𝑧 + ∑ (∑ 𝑡𝑖|𝑎𝑤,𝑖|

∞

𝑖=1

) 𝑧𝑘 + ∑ (∑ 𝑡𝑖|𝑏𝑤,𝑖|

∞

𝑖=1

) 𝑧̅𝑤
∞

𝑤=1

∞

𝑤=2

 

Furthermore, because 𝑓𝑛,𝑖(z) in 𝑀𝑅𝑝̅ , per 𝑖 = 1,2, … , 𝑚, then by theorem (2.1) we get 

∑ Ω𝑘

∞

𝑛=2

(𝓌, 𝑙) (∑ 𝑡𝑖|𝑎𝑘,𝑖|

∞

𝑖=1

) + ∑ Ω𝑘

∞

𝑛=1

(𝓌, 𝑙) (∑ 𝑡𝑖|𝑏𝑤,𝑖|

∞

𝑖=1

) 

∑ 𝑡𝑖 {∑ 𝜓(𝒜, 𝓃, 𝒸, 𝓇)

∞

𝑛=2

|𝑎𝑤,𝑖|

∞

𝑖=1

+ ∑ 𝜓(𝒜, 𝓃, 𝒸, 𝓇)

∞

𝑛=1

|𝑏𝑤,𝑖|} ≤ ∑ 𝑡𝑖

∞

𝑖=1

= 1 

 

4. Hadamard product.  

We must show that the class 𝑀𝑅𝑝̅(𝑣) is closed under the hadamard product  

The involution of two harmonic functions 
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𝑓𝑘(𝑧) = 𝑧 − ∑|𝑎𝑤|

∞

𝑤=2

𝑧𝑤 + ∑|𝑏𝑤|

∞

𝑤=1

𝑧̅𝑤 

And 

𝑄𝑤(𝑤) = 𝑧 − ∑|𝐿𝑤|

∞

𝑤=2

𝑧𝑤 + ∑|𝐴𝑤|

∞

𝑤=1

𝑧̅𝑤 

Is given as 

(𝑓𝑤 ∗ 𝑄𝑤)(𝑧) = 𝑓𝑤(𝑧) ∗ 𝑄𝑤(𝑧) = 𝑧 − ∑|𝑎𝑤𝐿𝑤|𝑧𝑤 + ∑|𝑏𝑤𝐴𝑤|

∞

𝑤=1

∞

𝑤=2

𝑧̅𝑤 

4. Integral Operator 

 

The next theorem we test the closure quality of the class𝑀𝑅𝑝̅(𝑣) Bernardi-Libera-Livingston integral [8], [9] we 

get 

𝑇𝑢(𝑓(𝑧)) =
𝑢 + 1

𝑧𝑢
∫ 𝑡𝑢−1𝑓(𝑡)𝑑𝑡,              𝑢 > −1                                                                    (4.1)

2

0

 

Theorem (4.1). Suppose that 𝑓𝑛 ∈ 𝑀𝑅𝑝̅(𝑣). Therefore 𝑇𝑢(𝑓𝑛(𝑧)) ∈ 𝑀𝑅𝑝̅(𝑣) 

Proof. By the definition of 𝑇𝑢(𝑓𝑛(𝑧)) defined by (4.1) 

𝑇𝑢(𝑓𝑛(𝑧)) =
𝑢 + 1

𝑧𝑢
∫ 𝑡𝑢−1

2

0

(𝑡 − ∑|𝑎𝑤|𝑡𝑤 + ∑ |𝑏𝑤|

∞

𝑤=1

∞

𝑤=2

𝑡̅𝑤) 𝑑𝑡, 

= 𝑧 − ∑
𝑢 + 1

𝑢 + 𝑤

∞

𝑤=2

|𝑎𝑤|𝑧𝑤 + ∑
𝑢 + 1

𝑢 + 𝑤
|𝑏𝑤|

∞

𝑤=1

𝑧̅𝑤 

= 𝑧 − ∑ 𝑑𝑤𝑧𝑤

∞

𝑘=2

+ ∑ 𝑙𝑤

∞

𝑤=1

𝑧̅𝑤 

𝑑𝑤 =
𝑢+1

𝑢+𝑤
|𝑎𝑤| And 𝑙𝑤 =

𝑢+1

𝑢+𝑤
 |𝑏𝑤| 

Therefore 

∑ 𝑀𝑅𝑝(𝑣)
𝑢 + 1

𝑢 + 𝑤
|𝑎𝑤| + ∑ 𝑀𝑅𝑝(𝑣)

𝑢 + 1

𝑢 + 𝑤

∞

𝑛=1

∞

𝑛=2

|𝑏𝑤| ≤ 1 

From theorem (2.1) 

𝑇𝑢(𝑓𝑛(𝑧)) ∈ 𝑀𝑅𝑝̅(𝑣) 

 

6. Neutrosophic Convex combination 

 

Theorem 5.1. Let 𝑓𝑛,𝑖(𝑧1 + 𝑧2𝐼) in 𝑀𝑅𝑝̅(𝑣1 + 𝑣2𝐼) where 𝑖 = 1,2, … 𝑚, 𝑏𝑦 

Therefore 𝑐𝑖(𝑧1 + 𝑧2𝐼) is given by 

𝑐𝑖(𝑧1 + 𝑧2𝐼) = ∑ 𝑡𝑖𝑓𝑛,𝑖

∞

𝑖=1

(𝑧1 + 𝑧2𝐼). 0 ≤ 𝑡𝑖 ≤ 1 

And in 𝑀𝑅𝑝̅(𝑣1 + 𝑣2𝐼) wherever∑ 𝑡𝑖 = 1∞
𝑖=1  

Proof. By definition of, 𝑐𝑖(𝑧1 + 𝑧2𝐼) we get 

𝑐𝑖(𝑧1 + 𝑧2𝐼) = 𝑧1 + 𝑧2𝐼 + ∑ (∑ 𝑡𝑖|𝑎𝑤,𝑖|

∞

𝑖=1

) (𝑧1 + 𝑧2𝐼)𝑘 + ∑ (∑ 𝑡𝑖|𝑏𝑤,𝑖|

∞

𝑖=1

) (𝑧1 + 𝑧2𝐼)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤

∞

𝑤=1

∞

𝑤=2

 

Furthermore, because 𝑓𝑛,𝑖(𝑧1 + 𝑧2𝐼) in 𝑀𝑅𝑝̅ , per 𝑖 = 1,2, … , 𝑚, then by theorem (2.1) we get 

∑ Ω𝑘

∞

𝑛=2

(𝓌, 𝑙) (∑ 𝑡𝑖|𝑎𝑘,𝑖|

∞

𝑖=1

) + ∑ Ω𝑘

∞

𝑛=1

(𝓌, 𝑙) (∑ 𝑡𝑖|𝑏𝑤,𝑖|

∞

𝑖=1

) 

∑ 𝑡𝑖 {∑ 𝜓(𝒜, 𝓃, 𝒸, 𝓇)

∞

𝑛=2

|𝑎𝑤,𝑖|

∞

𝑖=1

+ ∑ 𝜓(𝒜, 𝓃, 𝒸, 𝓇)

∞

𝑛=1

|𝑏𝑤,𝑖|} ≤ ∑ 𝑡𝑖

∞

𝑖=1

= 1 

 

7. Neutrosophic Hadamard product.  

We must show that the class 𝑀𝑅𝑝̅(𝑣1 + 𝑣2𝐼) is closed under the hadamard product  

The involution of two harmonic functions 

https://doi.org/10.54216/IJNS.230304
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𝑓𝑘(𝑧1 + 𝑧2𝐼) = 𝑧1 + 𝑧2𝐼 − ∑|𝑎𝑤|

∞

𝑤=2

(𝑧1 + 𝑧2𝐼)𝑤 + ∑ |𝑏𝑤|

∞

𝑤=1

(𝑧1 + 𝑧2𝐼)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤 

And 

𝑄𝑤(𝑤) = 𝑧1 + 𝑧2𝐼 − ∑|𝐿𝑤|

∞

𝑤=2

(𝑧1 + 𝑧2𝐼)𝑤 + ∑|𝐴𝑤|

∞

𝑤=1

(𝑧1 + 𝑧2𝐼)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤 

Is given as 
(𝑓𝑤 ∗ 𝑄𝑤)(𝑧1 + 𝑧2𝐼) = 𝑓𝑤(𝑧1 + 𝑧2𝐼) ∗ 𝑄𝑤(𝑧1 + 𝑧2𝐼)

= 𝑧1 + 𝑧2𝐼 − ∑|𝑎𝑤𝐿𝑤|(𝑧1 + 𝑧2𝐼)𝑤 + ∑ |𝑏𝑤𝐴𝑤|

∞

𝑤=1

∞

𝑤=2

(𝑧1 + 𝑧2𝐼)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤 

8.Neutrosophic Integral Operator 

𝑇𝑢(𝑓(𝑧1 + 𝑧2𝐼)) =
𝑢 + 1

(𝑧1 + 𝑧2𝐼)𝑢
∫ 𝑡𝑢−1𝑓(𝑡)𝑑𝑡,              𝑢 > −1                                                                    (7.1)

2

0

 

Theorem (7.1). Suppose that 𝑓𝑛 ∈ 𝑀𝑅𝑝̅(𝑣1 + 𝑣2𝐼). Therefore 𝑇𝑢(𝑓𝑛(𝑧1 + 𝑧2𝐼)) ∈ 𝑀𝑅𝑝̅(𝑣) 

Proof. By the definition of 𝑇𝑢(𝑓𝑛(𝑧1 + 𝑧2𝐼)) defined by (7.1) 

𝑇𝑢(𝑓𝑛(𝑧1 + 𝑧2𝐼)) =
𝑢 + 1

(𝑧1 + 𝑧2𝐼)𝑢
∫ 𝑡𝑢−1

2

0

(𝑡 − ∑|𝑎𝑤|𝑡𝑤 + ∑|𝑏𝑤|

∞

𝑤=1

∞

𝑤=2

𝑡̅𝑤) 𝑑𝑡, 

= 𝑧1 + 𝑧2𝐼 − ∑
𝑢 + 1

𝑢 + 𝑤

∞

𝑤=2

|𝑎𝑤|(𝑧1 + 𝑧2𝐼)𝑤 + ∑
𝑢 + 1

𝑢 + 𝑤
|𝑏𝑤|

∞

𝑤=1

(𝑧1 + 𝑧2𝐼)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤 

= 𝑧1 + 𝑧2𝐼 − ∑ 𝑑𝑤(𝑧1 + 𝑧2𝐼)𝑤

∞

𝑘=2

+ ∑ 𝑙𝑤

∞

𝑤=1

(𝑧1 + 𝑧2𝐼)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤 

𝑑𝑤 =
𝑢+1

𝑢+𝑤
|𝑎𝑤| And 𝑙𝑤 =

𝑢+1

𝑢+𝑤
 |𝑏𝑤| 

Therefore 

∑ 𝑀𝑅𝑝(𝑣1 + 𝑣2𝐼)
𝑢 + 1

𝑢 + 𝑤
|𝑎𝑤| + ∑ 𝑀𝑅𝑝(𝑣1 + 𝑣2𝐼)

𝑢 + 1

𝑢 + 𝑤

∞

𝑛=1

∞

𝑛=2

|𝑏𝑤| ≤ 1 

From theorem (2.1) 

𝑇𝑢(𝑓𝑛(𝑧1 + 𝑧2𝐼)) ∈ 𝑀𝑅𝑝̅(𝑣1 + 𝑣2𝐼) 

 

9. Conclusion 

 

In this paper, we studied and presented properties of univalent harmonic functions, where we obtained some 

theorems and properties associated with a class defined by an integral operator. Also, we have presented 

neutrosophic Hadamard product, neutrosophic convexity approach, and neutrosophic integral operator.  In the 

future, we aim to generalize our results to refined neutrosophic function theory, and plithogenic theory.  
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