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Abstract

Almost all situations that arise in applied mathematics involve uncertainty, inconsistency, and indeterminacy.
This can be simultaneously handled by the use of single valued neutrosophic fuzzy sets and single valued
neutrosophic fuzzy numbers. In this paper, we propose the operations of addition, subtraction, and scalar
multiplication on trapezoidal single valued neutrosophic fuzzy numbers. We introduce some component-wise
interval operations on the union of closed bounded intervals. Then we show how this can be used to perform
the proposed operations on trapezoidal single valued neutrosophic fuzzy numbers with the help of finite a.—
cuts, finite S— cuts, finite y— cuts, and finite §— cuts, which we define in this paper itself.

Keywords: Single valued neutrosophic fuzzy number; Trapezoidal single valued neutrosophic fuzzy number;
Operations on Trapezoidal single valued neutrosophic fuzzy number.

1 Introduction

A thorough investigation of mathematical structures intended to manage imprecision and uncertainty can be
found in the literature on fuzzy set theory. The research included in this literature is a broad and rich tapestry
that has developed over many years, contributing significantly to a variety of disciplines including mathemat-
ics, artificial intelligence, computer science, decision-making, and control systems. Developed by Lotfi Zadeh!
in the 1965, fuzzy set theory offers a paradigm-shifting framework for managing and modeling the vagueness,
imprecision, and uncertainty that are inherent in real-world phenomena. A detailed introduction to fuzzy set
theory that covered operations, fuzzy relations, and applications was given by Dubois D., and Prade H in
1980. Scholars expanded fuzzy set theory to solve a wide range of problems in the years that followed. By
extending fuzzy sets to intuitionistic fuzzy sets in 1986, Atanassov’s> work improved uncertainty modeling by
adding a new degree of hesitancy. Neutrosophic sets, capable of dealing with inconsistency and indeterminacy,
were first introduced by Smarandache’s® work in 1998. The introduction of the notion of single-valued neutro-
sophic sets by Smarandache et al® in 2010 made the framework of neutrosophic sets applicable to problems in
science and engineering. Fuzzy sets were extended in 2020 by S. Das et al 2 in the framework of neutrosophic
sets to neutrosophic fuzzy sets to handle uncertain, inconsistent, and indeterminate problems. They defined
the fuzzy membership grade using neutrosophic components. In neutrosophic fuzzy sets, the truth, falsity, and
indeterminacy membership functions are related to each membership value. For better applications, they have
then defined single valued neutrosophic fuzzy sets. In 2023, Ligin P. et al* have defined single valued neu-
trosophic fuzzy numbers, trapezoidal single valued neutrosophic fuzzy numbers, and triangular single valued
neutrosophic fuzzy numbers.
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The remainder of the article is structured as follows. The preliminary concepts needed for our work are
included in the second section. In the third section, we define some component-wise interval operations on
the union of closed bounded intervals using the usual interval operations. Some operations on trapezoidal sin-
gle valued neutrosophic fuzzy numbers are defined in the fourth section. In the fifth section, we demonstrate
how the component-wise interval operations on the union of closed bounded intervals can be used to perform
the proposed operations on trapezoidal single valued neutrosophic fuzzy numbers. Concluding remarks are
included at the end of the paper.

2 Preliminaries

Definition 2.1.

Let X be a set of objects and A be a fuzzy set defined on X given by A = {(z, pa(z))|x € X, ua : X —
[0,1]}. Then a Single Valued Neutrosophic Fuzzy Set A in X is defined by A = {(x, pa(x), Ty, (x), I, (),
Fus@))lz € X, ia(®) : X = [0,1], Ty (2) : X = [0,1], Ly () 5 X — [0,1], By () : X — [0,1]}

Here, each membership value is expressed with the truth(7}, , (x)), indeterminacy(/,, , (x)), and falsity(F), , (x))
membership functions with their ranges lying in [0, 1].

Definition 2.2. %
A single valued neutrosophic fuzzy set A defined on R with fuzzy, truth, indeterminacy, and falsity membership
functions pa, 7T}, ,,1,,and F,, respectively is called a trapezoidal single valued neutrosophic fuzzy number

pastpa
if
% for =z € [ar,br]
b”if_‘fl‘; for =z € [ay,b, % for € [br,cr]
for € [by,cul 1 for z € [er,dr]
T) = _ Ty,(z) = _ _
pa(@) 707:75‘ for x € [c,,d,] na (1) % for € [dr,er]
0w %JCT@TI for z € [er, fr]
1 0.W
% for =z € [ay,by] % for x € [ar,bp]
ﬁ lfor T € {b;,;ﬂ] ﬁ lfor T e F?F’ZF}]
or x € |cr,dy or &€ |Cp,af
I,,(x) = Fu(z) =
ma =) e o pefage) T mltn oy e (dperd
wilfi=s) for g€ fey, fi] welle=2) for € [ep, fr]
oW 0 0.W

,where a;, = by = by =bp, d, = er =er =ep, 0 < wp,wr,wrp < 1,[by, c,] Ner,dr] Ner,dr] N

[cr,dF] # ¢.

Remark 2.3. For a trapezoidal SVNFN we use the notation
A=< (au, by, cu,dy), (ar,br, er,dr, er, friwr), (ar,br,cr, dr,er, fr;wr), (ap,br, cr,drp, er, friwr) >
,Where Ay = bT = b[ = bF,du —=€eér =€ = €Ef.

Theorem 2.4. % Let A be a trapezoidal single valued neutrosophic fuzzy number given by

A=< (ay, by, cu,dy), (ar,br,cr,dr,er, frywr), (ar,br, cr,dr, er, fr;wr), (ap, b, cr,dp, ep, fr;wp) >
, Where a;, = by = by = bp,d, = er = e; = ep with fuzzy, truth, indeterminacy, and falsity membership
Sfunctions pa, T, ,,1,,and F,, , respectively.

Let *A, PA, YA and ° A denote the a— cut, B— cut, ~v— cut and §— cut of A.

Then we have
YA =["Ai(a), “Az(a)],

ﬁA{ (=00, 00) , B €0,wr]
(—OO, ﬁAl(ﬂ)] U [BA2(B)7 BAJ(ﬂ)] U [BA4(5)7 OO) ) B € (U)T, 1] ’
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’yA:{ (700, OO) ’ "}/6[11)[,1}

(—OO, 7Al(’Y)] U [’YAQ('V)’ 7A3(’7)] U [’YA4(’7)7 OO) y Y E [vaf) ’

‘;A:{ (=00, o0) , 0€wp,1]
(=00, CAL(§)] U [P A2(8), *A3(0)] U [P A4(d), 00) , 6 € [0,wr)

where “ Ay (a), PA(B), PAL(B), VA1(7), TA3(7), 2 A1(8), ° A3(0) are monotonic increasing functions and
“Ay(ar), PAL(B), PA3(B), YAz(y), TAL(y), PAs(6), °A4(8) are monotonic decreasing functions.

3 Some Component-wise Interval Operations on Union of Closed Intervals

This section introduces the definition of component-wise interval operations of addition, subtraction, and scalar
multiplication on the union of closed bounded intervals of the form [, 8] U [7,0] U [(,n], (@ < B <y < <
¢ < n) using the usual interval operations.

Definition 3.1. Let A and B be two unions of closed bounded intervals given by A = [a, 51] U [y1,01] U
[¢1,m] and B = [, B2] U [y2, d2] U [C2,m2]. Then we define A + B, A — B, and k.A(k € R/{0}) as given
below.
A+ B = [o1 + ag, B1 + B2 U [y1 + 72,01 + 62 U [C1 + G2, m1 + 2]
A—=B =1 —m2,01 —QlU[y —d2,61 — 2] UG — B2,m — a2
EA— {[km, k)gl] U [k‘51, k’}/l] U [k‘ﬁl, ]4)0(1] , ifk<0

’ [koq, k’ﬁl] U [k}"ﬂ, kél} U [kCh k’?’]l] R ifk >0

4 Some Operations on Trapezoidal Single valued Neutrosophic Fuzzy Numbers

In this section, we define the operations of addition, subtraction, and scalar multiplication on Trapezoidal
SVNFNs. But before defining the said operations, we will define compatible trapezoidal SVNFNs.

Definition 4.1. Two Trapezoidal SVNFNs A =< (a,, by, c,,d,), (ar, by, cr,dr, er, frywr),
(ar,br,cr,dr,er, fr;wr), (ap,bp,cr,dp, ep, fr;wr) >, where a, = by = by = bp,d, = er =e; = ep
and A" =< (a,, by, ey, dyr), (agr, by eprydyr s eqr, froswre ), (ap, by, ey dpr e, frswr),
(QF’;bF’;CF’,dF’,eF’,fF’QU)F’) >, where Ay = bT/ = b[/ = bpl,d#/ = €77 = €y = €epr are said to be
compatible if wp = wpr,wy = wp, wp = wWer.

Definition 4.2. Let A and A’ be two compatible trapezoidal SVNFNs given by A =< (a,, by, ¢y, d,),
(ar,br,cr,dr, er, friywr), (ar,br,cr,dy,er, frywr), (ap, b, cp,dp, ep, fr;wrp) >, where a,, = by =
by =bp,d, =er =e; =ep and A=< (aul,bu/,cw,du/), (agr, by, crrydyryeqr, froswrr),
(ar,bp,cr,dp,ep, fr;wr), (ap, bpr, cprydpr s epr, frrwe) >, where ayr = byr = by = bpr,dy =
err = ey = epr,wr = wrr,wy = wp,wr = wgs. Then we define the trapezoidal SVNFNs A + A’ and
A— A by

A4+ A" =< (ay+au,by+by,cy+cu,d,+dy), (ar +ar, by + b, er +crr, dr +dr e + e, fr+
fT/;wT),(a1—|—a1/,b1+b1/,61 -l-Cp,d[—|—d1/,€1—|—61/,f1+f[/;w]),(aF—FaF/,bF—I—bF/,CF+CF/,dF+
dpr,ep +epr, fr+ frywp) > and

!
A—-A =< (ay—dw,by—cp,cp—bu,dy—ay),(ar — fr,br — e, cr —dpr, dr — erryer — by, fr —
ar;wr), (ar — fr,br —ep,cr —dp,dr —cp,er — by, fr —ap;wr), (ap — fr,bp —ep,cp —dp, dp —
crr ep —bpr, fr —apwp) >

Remark 4.3. It is easy to see that the two trapezoidal SVNFNs A + A’ and A — A’ defined above are indeed
trapezoidal SVNFNs.

For, we have a,, < b, < ¢, <d,and a, < b, <c, <d, . Therefore, a, + a, < b, +by <c,+cp <
d# + d#/. Also, we have ar < by < e < dp < ep < fT and apr < by < epr < dpr < epr < fT/.
Therefore, ar + ar < by + by < cr + e < dp +dp < ep+ep < fr+ frr.

Similarly, a; + ap < br+bpy <cr+ep <dr+dp <er+ep < f] + f]/ and ap + ap < bp +bpr <
cp+cp <dp +dp <ep+ep < fr+ fr.
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AlSO, we have ay = bT = b[ = bF, d” =€erT = €] = Eef and Ay = bT/ = b[/ = bF/, du’ = €err = ey =
er. Therefore, a,, +a,r = by +brr = by +bpy = bp +bprandd, +d, =er+err =er+ep =ep+ep.

Similarly, [b,,, c,] N [er, dr) N [er, dr] N [ep,dp] # ¢ and (b, ¢, ] O [err, dp ) O [ep, dp] N [cpr, dpr] # .
Therefore, [b# + b#/7cu + C'u/] N [CT + CT’,dT + dT’] n [CI + C[/7d] + d[/] n [CF + CF’vdF + dF’] 75 (b

Thus, we conclude that A + A’ is a trapezoidal SVNFN.

On the other hand, we have a, < b, < ¢, < d, and —d,» < —c < —b, < —a, . Hence, a, — d, <
b,_t —Cu < Cu —bw < d,_t — Q.

Also, we have ar < by < ¢ < dr < er < frand —fp < —epr < —dpr < —cpr < —=bpr < —ag.
Therefore, ap — fr < by —epr < cp —dp < dp —cpr < ep —bpr < fpr —apr.

Similarly, ay — f]/ <br—ep <cr—dp <dy—cp <er—bp < f[ —ayp and ap — fF/ <bp—ep <
cp —dp <dp —cpr < ep —bps <fF—aF/.

AISO, Ay = bT = b[ = bF, d/M =er = e = €ef and Ay = bT/ = b]/ = bF/, d/J' = e7r = €1 = ef.
Therefore, Ay — du’ = bT —err = b[ — ey = bF — €f/ and dlb —Qu = €1 — bT/ =€y — b[l = e — bF/.

Similarly, [b“,cu] N [CT,dT] N [Cj,d]] N [CF,dF] 75 ¢ and [b/L/7C/L/] n [CT/,dT/} n [C]/,d]/] n [CF/,dF/] # ¢.
Hence [bﬂ —CptyCpy — b#/] N [CT —dpr,dp — CT/] n [C[ —dyp,dr — C]/] n [CF —dp/,dp — CF’] % .

Thus, we conclude that A — A’ is also a trapezoidal SVNFN.

Example 4.4. Consider two compatible trapezoidal SVNFNs A and A’ given by

A =< (55,67,79,88), (45, 55, 65, 74, 88,92: 0.6), (51, 55, 59, 71, 88, 92; 0.4), (47, 55, 69, 75, 88, 95; 0.45) >

and A’ =< (11,16,22,25), (9,11, 17,23, 25, 33;0.6), (7, 11, 14, 20, 25, 29; 0.4), (5, 11, 17, 21, 25, 34; 0.45) >.
Then A + A’ =< (66,83,101,113), (54, 66, 82,97, 113, 125; 0.6), (58, 66, 73,91, 113, 121; 0.4),

(52, 66,86, 96,113, 129; 0.45) > and

A—A" =< (30,45,63,77), (12, 30,42, 57, 77, 83;0.6), (22, 30, 39, 57, 77, 85; 0.4), (13, 30, 48, 58, 77, 90; 0.45) >.

Definition 4.5. Let A be any trapezoidal SVNFN givenby A =< (a,, by, ¢,, dy), (ar, br, cr, dr, er, fr;wr),
(ar,br,cr,dr,er, fr;wr), (ap,bp,cp,dp, ep, fr;wr) >, where a, = by = by = bp,d, = er =e; = ep
and K be any non-zero scalar. Then we define the trapezoidal SVNFN K. A by

< (Kay, Kb, Kc,,Kd,),(Kar, Kby, Ker, Kdr, Ker, K fr;wr),
(Ka],Kb[,KC[,Kd[7K6[7Kf[;’w[),(KaF,KbF,KCF,KdF7K6F,KfF;’LUF) > LifK>0
< (Kd,,Kc,,Kb,,Ka,), (K fr,Ker, Kdr, Ker, Kbr, Kar; wr),
(Kfr,Ker,Kdy,Kep, Kby, Kar;wy), (K fr, Kep, Kdp, Kcp, Kbp, Kap;wp) > if K <0

K A=

Remark 4.6. It is evident that the trapezoidal SVNFN K. A specified above is, in fact, a trapezoidal SVNFN.
For, if we take K > 0, then, since a,, < b, < ¢, < d,,, we obtain Ka,, < Kb, < K¢, < Kd,. Similarly, we
have ap < by < cp < dp < ep < fT, and hence Kar < Kby < Ker < Kdr < Kep < KfT Similarly,
we obtain Ka; < Kby < Kcy < Kdy < Key < Kf] and Karp < Kbp < Kcp < Kdp < Kep < KfF.
Also, we have a,, = by = by = bp, d, = er = e; = e and hence Ka, = Kby = Kby = Kbp, Kd,, =
KeT = Kej = Kep.

Similarly, since [b,,, ¢, JN[cr, dr]N[er, di]N[cr, dr] # ¢, we obtain [Kb,,, K¢, |N[Kcr, Kdr|N[Kcr, Kdr)N
[KCF,KdF] 75 ¢

Therefore, we conclude that < (Ka,, Kb,, Kc,, Kd,), (Kar, Kby, Ker, Kdr, Ker, K fr;wr),
(Kay,Kbr,Ker,Kdy,Key, K fr;wr), (Kap, Kbp, Kep, Kdp, Kep, K fr;wr) > is indeed a trapezoidal
SVNEFN in this case.

If we take K < 0, then, since a,, < b, < ¢, < d,, we obtain Kd,, < Kc, < Kb, < Ka,. Similarly, we
have ar < by < cp < dp < ep < fT, and hence KfT < Ker < Kdy < Keyr < Kby < Kar. Similarly,
we obtain Kf] < Key < Kdy < Key < Kby < Kay and KfF < Kep < Kdrp < Kcrp < Kbp < Kap.
Also, we have a,, = by = by = bp, d, = er = e; = e and hence Ka, = Kbr = Kby = Kbp, Kd,, =
Ker = Ke; = Kep.

Similarly, since [b,,, ¢, JN[cr, dr]N[er, dr]N[cr, dr] # ¢, we obtain [K¢,,, Kb, |N[Kdr, Ker|N[Kdr, Kcr)N
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Therefore, in this case also, we conclude that < (Kd,,, Kc,, Kb,, Ka,), (K fr, Ker, Kdr, Kcr,
KbT,KCLT; U)T)7 (Kf[, Ke[, Kd[, KC[, Kb],Ka,]; w]), (Kfp, Kep, KdF,KCF, KbF, KCLF; ’U)F) > is in-
deed a trapezoidal SVNFN.

Example 4.7. Consider a trapezoidal SVNFN A given by

A =< (55,67,79,88), (45,55, 65,74, 88,92;0.6), (51, 55,59, 71, 88,92; 0.4), (47, 55,69, 75, 88, 95; 0.45) >
Let K = 3. Then, K.A =< (165,201, 237,264), (135, 165, 195, 222, 264, 276;0.6), (153, 165, 177,213, 264,
276;0.4), (141, 165,207, 225, 264, 285; 0.45) >

If K = —3, then K.A =< (—264, —237,—201, —165), (—276, —264, —222, —195, —165, —135; 0.6),
(—276,—264, —213, —177,—165, —153;0.4), (—285, —264, —225, —207, —165, —141; 0.45) >

5 Operations on Trapezoidal Single valued Neutrosophic Fuzzy Numbers using Component-wise In-
terval Operations on Union of Closed Bounded Intervals

In this section, we will define the arithmetic operations on trapezoidal SVNFNs using component-wise interval
operations on the union of closed bounded intervals applied to its «— cut, 5— cut, y— cut, and §— cut. For the
application of component-wise interval operations on the union of closed bounded intervals, as mentioned, we
will first introduce the concept of finite «— cut, finite — cut, finite y— cut, and finite — cut of trapezoidal
SVNFNSs as follows.

Definition 5.1. Let A be a trapezoidal SVNFN given by A =< (ay, b, ¢u, dy), (ar, br, cr, dr, er, fr;wr),
(a[,bbC[,d[,e[, f[;w[), ((LF,bF,CF,dF,eF, fp;wF) >, where ay = bT = b[ = bF,d,J = er = €] = €Ef.
Then the finite «— cut, finite S— cut, finite y— cut, and finite d— cut of A denoted by "‘/1, B A, YA and 9 A are
defined by

“A=*A,PA=PAN[ar, fr],"A= TANar, fr]and°A = AN [ap, fr].

quark 5.2. We note from the above definition that
“A= lay+ alb, —ay),d, —a(d, —c,)],

lar, fr] B <wr
ﬁA _ a Blar—br)—wrar+br U Blecr—br)—wrecr+br p(dr—er)—wrdr+er U
A T e e B P
[ 1—wr afT]
v ) lanfll Y = wr
= by— —~(er—by) d —d
lar, aIwI+Z)(j I az)} U [Czwz Z}SCI I), Iw1+;/)(161 1)] [fI'LUI ;/}(Ifl er) il Ly <wr
54— lar, fFr] ,0 > wr
lar, aFwthibFfaF)] U [CFwF*’f)E?CF*bF)’ deF“l’i(FeF*dF)] [waF i;fF er) fr] L0 <wp

Theorem 5.3. Let A and A" be two compatible trapezoidal SVNFNs with their finite a— cuts, finite f— cuts,
finite y— cuts, and finite 5— cuts given by “A, PA, YA S A and ©A’, PA!, Y A!, O A’ respectively. Let * denote
any of the two operations (+) and (—). Then the trapezoidal S VNFN A x A’ can be obtained by defining its
ﬁmte a— cut, finite f— cut, ﬁmte ~y— cut, and finite 6— cut as Ak A= @A« a4, BAx A = BAx BA,

TAx A = TAx VA and A% A' = S A% S A/, Here, the x on the right-hand side denotes the corresponding
component-wise interval operation on the union of closed bounded intervals.

Proof. Let A and A’ be two compatible trapezoidal SVNFNs given by A =< (a,, by, ¢y, d,.),
(aT,bT,cT,dT,eT,fT;wT),(aI,bI,cj,dI,eI,fI;wI),(aF,bF,cF,dF,eF,fF;wF) >, where ay, = bT =
br = bF,du —er =e¢e7 = ep and A =< (aﬂl,bu/,cuz,dul), (aT/,bT/,cT/,dT/,eT/,fT/;wT/),
(CL]/,b]/,C]/,d]/,G]/,f]/;’wp),(aF/,bF/,CF/,dF/,BF/,fF/;wF/) >, where @, = bT/ = b[/ = bF'7d/J./ =
ey = €y = €p/, Wy = Wy, W = Wy, Wp = WE'.

First we take x as the operation (+). Then we have

A+ A = “A4 A PAfA = PA4 PAVA+TA = VA4 TA and A+ A = PA4 S A,
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Thatis, “A+ A’ = [ay, +aw +a(by + by —ay —ayw),dy +dy —a(d, +dy — ey — )l

Bm’ = lar + a7, fr + fr’], when 8 < wr and

’BA + Al = [aT + ar, ﬁ(aT_bT+aT/_bT/f_Z;(aT+aT/)+bT+le} [,B(CT br+cpr— lel) :j}l;“(CT-i-CT/)-‘rbT-‘rbT/ ,
ﬁ(dT—eT—‘rdT/—eT/l):;lj);"(dT+dT/)+€T+eT/] [ﬂ(fT er+ forr— PT/l) ;lj)’lj:(fT-i-fT/)-‘rPT-i-PT/ , f +fT/],Whenﬁ > wr,

"Ym/ = [ar +ay, fr + fr], when v > wy and
Vm’ = [a[ + ay, (a1+a1/)w1+'y(b1 artby— all)] U

[(chrcﬂ)wI*Wq(HCII*bIJrCﬂ*bﬂ) (d1+d1')w1+“/5511 drte; — dr')] U [(f1+f1')w1*75£1*€1+f1’*81’)’fI + fI’]

,when
v <wy,

‘sm/ = [ap + apr, fr + fr/], when 6 > wp and

(Sm/: [aF+aF,,(CLF+CLF/)wp+5(bF ap+bpr— aF/)}U[(0p+cF/)wp 555;‘ bF-Q—CF/—bF/)7
(dp+dF/)wp+6(ep—dp+eF/—dF/)] [(fF+fF/)U1F 5(fp ep+fF/ eF/) fF+fF/] When5<U)F.

wE wFp

The corresponding fuzzy, truth, falsity, and indeterminacy membership functions are obtained as

z—(ap+a,r)
m for € [a,+au,b,+ by
1 for xelb,+0by,c,+cy
MA+A’(33): (dptd ) —a [u s Cp u]
@~ dey for @ €[t ew,dytdy]
0 0.W

wr (z—(ar+agp))+br+bp —x

((bq"(+bil)zg()li;>alséf € lar + ar, bT + bT’}
wr (z—(cr+cpr T /—x

Gr+br ) —(ertor) € [br + b, er + /]

[
[
N 1 for =z € [CT + cpr,dp + dT/]
(z) = [
[

for

for

T’L ! (x—(dr+dpr))+erter —
AtA wr (x(pqz}:;zi}){%iiizi/ef T for € ldr + dT/, er + eT,]
= I(eT""TeT/)T_/(fTTfo)T/ - for € ler +er, fT + fT’]
1 o.w
w for x€lar+ap,br +br]
m for € [br+bp,cr+cr]
L. (x)= 0 for z € er+cp,dr+dp]
® / - wr(z—(dr+d;/
A+A W‘;dl)‘i{(};) for € [dl+dl/,e[+e[/]
GAGIHLE S for @ € [er +er, fr+ fr]
0 oW
(z—(ar+agps))
(bﬁiéw?/)j—fapjfap) for € larp +ap/,bp + bp/]
(CFiCFf‘)—(Z‘F-i-bF/) fOl‘ € [bF +bF/aCF +CF’]
F (z) = 0 for z € [cp+cp,dp +dp]
® ’ - wr(z—(dp+dgr
e (eFi(e(F (+FdF'id)13/) for € [dF + dF’7 er + BF'}
(fF+fFf:‘) (£;+€p1) for € [6F+6F’afF+fF’]
0 0.W

Hence we obtain, as in its definition, the trapezoidal SVNFN A + A’ as

A+ A =< (ay+au,b,+by,cp+cu,dy+dy), (ar +ar, by +bpr,er + cpr dr +drrer +err, fr+
frswr), (ar +ap by +bp,cr +cp,dr +dp,er +ep, fr + frswr), (ap +ap, bp +bpr, cp+cprydp +
drr,er+epr, fr+ friwr) >

Next, we take = as the operation (—). Then we have
CA—A = @A A PL A = BA— PA VA A = TA— YA and A~ A= SA— P4,
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Thatis, *A — A’ = la, —dy +alb, —ay,+dy —cu), dy —ap +ale, —dy +ap —bur)l,

PA— A" = [ar — fr, fr — ar], if B < wr,

o B(ar—br+eqp —fr ) +wr(frr—ar)+br—eqs B(er—br+eps—dp ) +wr (dpr —er)+br—eqs
BA_ A — lar — fr/, (ar—br+ter TI)_ZZ(T ar)+br eT]U[ (cr—brter TE_Z;;:(T cr)+br e
ﬂ(dT—eT-‘rbT/—eT/l)-_i-Z}J;:(CT/—dT)-‘reT—bT/} U [ﬂ(fT—eT-l-bT/—aT/l)tZ;"(aT/—fT)-‘reT—bT/ ; fT o aT’], lfﬂ > wr,

YA—A" = [ar — fr, fi —ar],ify S wy,
’ij/_ [aj_fj/ ’LU[(aI—fI/)+’y(bI—a1+fI/—61/)]U
w
[wI(C[ dll) "y(CI b1+611 dI’) wI(dI éll)+’y(61 d[+CI/ bI’)]
wr

U [2ir=en)= Siertb a”) , fr —apl,ify > wr,

wr
SA—A' = [ap — for, fr —ap], if § < wp,

JA—A/: [aF_fF”wF(aFffF/)Jr&(bF CLF+fF/ eF/)] [’LUF(CF dF’) 555;‘717F+5F’7dp')7

wF(decF/)Jré(eFdeJrcF/7bF/)] [wF(fF apr)—0(fr—er+bpr—aps) f
wFr wg yJF T

a F/], ifd >wg
The corresponding fuzzy, truth, falsity and indeterminacy membership functions are obtained as

z—(a,—d,r)
m for xr € [a# — dlu‘/, b# — C#/]
1 for xzelb,—cu,c,— by
HA-A (:E) = (dp—a,)—z [ : e : }
m for T € [CN — bu/, d,u — CLMI]

o0.W

wr(z—(ar—fpr))+br—epr —zx
(br—eqs)—(ar—frr)

wT(zf(chdT/))erTfeT/ —x
(br—eqs)—(cr—drr)

for ar — fT/ bT — erv

for bT — err,CTr — dTI

€] ]
€ ]
for =z € [er —dp,dr — o]
€ ]
€ ]

Ty (@) =
Ha_ar wr(z—(dr—cpr))+er—bpr—x
T( (ET(fj;’T/ >T*§‘>ii ’TCT'b)T for dr —crr, e — by
wr(z—(fr—apr))ter—bp—x
e b Ur—ag) — for er = br, fr ~or
o.w
72 AR
wl( CI dI’) for bI —_ €I/ Cr — d]’

€l ]

(CETmE =) €l )
0 for HAS [C[ —d[/ d[ —C[/]

€l ]

€l ]

s @) = wstetdi—cp))
| aEy e
m for er —bp, fr—ap
0 oW
wF(JF (GF f /))
(bF e(p) éaFFfF/) for ap _fF’ bF — €efpv
cr—dpr)—x) for bF_eF’ CF_dF’

(CF dpr)—(br—epr)

€| ]
€ ]
for x€lcp—dp,dr —cp/]
€| ]
€l ]

Fuy o) = wr(z—(dp—cpr))
h w%w$fﬁ>mr dp —cpr ep — b
w —Qpr)—T
Froae)—(cr=boy for er —bp, fr —ap
0 oW

Hence we obtain, as in its definition, the trapezoidal SVNFN A — A’ as

A—A =< (au _du’vbu —Cu»Cp _bu’vdu —a,,), (aT —fo7bT—eT/,cT —dT/,dT —Cr/y,ET _bT’va -
aT';wT), (GI - fI”bI —ep,cr—dp,dr —cp,er — by, fI - GI';UJI), (ClF - fF',bF —ep,cp—dp,dp —
Cp/,ep — bF’,fF — aF/;’LUF) >

Hence, the proof. O
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Example 5.4. Consider two trapezoidal SVNFNs A and A’ with their fuzzy, truth, indeterminacy, and falsity
membership functions given by

—0.04z +2.8 ,x € [45,55]
0.083z — 4.583 ,x € [55,67] 0.04z —1.6  ,z € [55,65]
(z) = 1 ,x € [67,79] (z) = 1 ,x € [65,74]
AL =N —011124+9.778 ,z € [79,88] 4\ T ) —0.029z +3.114 , € [74,88]
0 ,0.W 0.1z — 8.2 ,x € [88,92]
1 ,0.W
0.1z —51  ,z € [5l,55] 0.056z — 2.644 € [47,55]
—0.12+5.9 ,x e [55,59] —0.032z + 2.218 € [55,69]
_ 0 Lz € [59,71] _ 0 € 69, 75]
Lua(®) =190 0242 — 1.671 ,x € [71,88] Fua@) =1 0.0352 — 2.506 e [75, 88
—0.1z+9.2 ,x€[88,92] —0.064z + 6.107 € [88,95]
0 ,0.W 0 ,0.W
and
—02zx+28 ,xel9,11]
020 —22 ,zelll,16] 0.067z — 0.133 ,z € [11,17]
(z) = 1 Jx€16,22] (z) = 1 ,x € [17,23]
HAE)I =Y _0.332+8.33 ,ze[22,25] ~Ha —02z+56 x € [23,25]
0 O0.W 0.052 —0.65 ,z € [25,33]
1 ,0.W
0.1z — 0.7 ,x € (7,11) 0.0752 — 0.375  ,z € [5,11]
—0.133z + 1.867 ,x € [11,14] —0.075z +1.275 ,x € [11,17]
- 0 ,x € [14,20] B 0 Lz e [17,21]
Tn (2) = 008z —1.6 we20.25] Trar®) =Y 011322363 e [21,25)
—01z+29 ,ze[25,29] —0.052+1.7 ,z € [25,34]
0 ,0.W 0 ,0.W
Then the finite a— cuts, finite S— cuts, finite v— cuts and finite §— cuts of A and A’ are given by
A = [55 + 12a, 88 — 90
A [45,92] ,3<0.6
| [45,70 — 258] U [40 4+ 258,109 — 353] U [82 +1083,92] ,8 > 0.6
e [51,92] vy > 0.4
~ ]| [51,51 + 107] U [59 — 10, 71 + 42.57] U [92 — 107,92] ,~v < 0.4
51 (47,95 ,0>0.45
[47,47 + 17.7786] U [69 — 31.118, 75 + 28.898] U [95 — 15.568,95] , 8 < 0.45
A’ = [11 4 5o, 25 — 3a]
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19,14 —58]U 2+ 158,28 — 58] U[13 4 208,33] ,58> 0.6
)29 v > 0.4
| [7,7+109] U [14 — 7.5v,20 4+ 12.59] U [29 — 107,29] ,~v < 0.4
s~ ) 15:34] ,8>0.45
[5,5 4 13.330] U [17 — 13.338,21 + 8.895] U [34 — 204, 34] ,8 < 0.45

Hence, by our previous theorem and by the component-wise interval operations on the union of closed bounded
intervals, we get the finite a— cut, finite 3— cut, finite v— cut, and finite 0— cut of A + A’ as

CALA = “A4 “A = [66 + 17a, 113 — 12a]

—— 4,12
PA+A = BA+ BA = [54, 125]
(54,84 — 308] U [42 + 403,137 — 400]
— 121]
TA+ A = TA+ VA = 158,
58,58 + 207] U [73 — 17.5v, 91 + 557] U
(52, 129]

SA+ A =04+ 94 ={ [52,52 +31.1086] U

[129 — 35.564, 129]

The corresponding fuzzy, truth, indeterminacy, and falsity membership functions of A + A’ are obtained

as follows.

0.059x — 3.882
1
—0.083x +9.417
0
—0.033z + 2.8
0.025x — 1.05
1
—0.025x + 3.425
0.033z — 3.167
1

patar(z) =

TMA+A' (3;‘) =

0.05z — 2.9
—0.057z +4.171
0
0.018z — 1.655
—0.05z + 6.05
0

IMA+A/ (3;‘) =

0.032z — 1.672
—0.022z 4 1.935
0
0.026x — 2.541
—0.0282 + 3.628
0

FMA+A’ (LU) =

Similarly, we find the finite «— cut, finite 5— cut, finite y— cut and finite §— cut of A — A’ as

CA— A= “A— A = [30 + 150, 77 — 140
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86 — 44.4485, 96 + 37.785] U

.z € [66,83]
,z € [83,101]

€ [101,113]
,O.W

€ [54,66]

€ [66,82]

.z € [82,97]

Lz € [97,113]

€ [113,125]
,O.W

€ [58, 66]
€ [66, 73]
.z € [73,91]

Lz € [91,113]
z € [113,121]

.z € [86,96]

.z € 96, 113]

€ [113,129]
,0.W

U [95 + 308, 125

[121 — 20+, 121]
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614/—_\—1/4/:[3;1_514/: [12,83]
[12,57 — 458] U [12 + 303,107 — 505] U [68 + 158, 83]
YA A = YA YA = [22, 85]
(22,22 + 207] U [39 — 22.5v, 57 + 507] U [85 — 20, 85]
[13,90] 0> 0.
SA— A = A~ A ={ [13,13 4 37.7786] U [48 — 406, 58 + 42.22] U 5<0
[90 — 28.894, 90) ’ '

The corresponding fuzzy, truth, indeterminacy, and falsity membership functions of A —

,8<0.6
,8>0.6

;7 >0.4
, 7 <04

45

45

A’ are obtained as

follows.

—0.022z + 1.267 =z € [12,30]

0.067z — 2 € [30, 45] 0.033z — 04 € [30,42]

() 1 €[45,63 , 1 .z € [42,57]

HA-AT) =Y 00712455 ,ze[63,77] “Fa-a\Y' T —0.020+2.14 € [57,77]

0 oW 0.067z — 4.533 ,z € [77,83]

1 ,0.W
0052 — 1.1  ,z € [22,30] 0.026z — 0.344 = € [13,30]
—0.044z + 1.733 ,x € [30,39] —0.0252+ 1.2 ,z € [30,48]
B 0 . € [39,57] B 0 ,x € [48, 58]
Ty (@) = 0020 — 114 w77 Traa @ =9 002421374 e [58.77]
—0.05z +4.25 ,z € [77,85] —0.035z + 3.115 ,z € [77,90]
0 ,0.W 0 oW

Theorem 5.5. Let A be any trapezoidal SVNFN with its finite a— cut, finite 3— cut, finite y— cut, and finite 6 —
cut given by ©A, P A, 7 A, and ° A respectively. Let K be any non-zero scalar. Then the trapezoidal SVNFN K. A

can be obtained by defining ztsﬁnzte a— cut, finite B— cut, finite y— cut, and finite — cut

as “K.A = K.2A,

BKA= KPA'KA= KYAand°K.A = K.5A. Here, the'. on the right-hand side of the equations
denotes the component-wise scalar multiplication on the union of closed bounded intervals.

Proof. Let A be any trapezoidal SVNFN given by A =< (a, by, ¢,, dy), (ar, by, cr, dr, er, fr;wr),
(a],b],C[,d[,ej,f[;w[), (ap,bp,cF,dF,eF,fF;wp) >, where a, = bT = b[ = bF,dM =eér =€ =€

and K be any non-zero scalar.
First, we assume that X > 0. Then,

*K.A= [Ka,+ a(Kb, — Ka,),Kd, —a(Kd, — Kc,)],

[Kar, K fr] B <wr
o [K(l B(Kar—Kbp)— 1UTKaT+KbT] U
ﬂKA = ﬁ(KcT KbT) u)T11<cT+KbT B(Kdr—Kep)—wrKdr+Kerp
[ 1—wr ] ) vﬁ > wr
[B(KfT KET) wTKfT+K€T K fr]
1—wp
[KalaKfl] Y = Wy
rym _ [ Ka1w1+'y(Kb1 KaI)] [Kcle ’Y(KC[ Kb[) KdeIJr'y(KeI Kd[)]
. — Kf Kf K ) wr wr ,y < w[
w ’y € B
[ JTWwWr — I I Kf ]
[KaFaKfF] 0 > wp
6K.A _ [ Kapwp+5(KbF Kap)] U [KCFwFftsu(]IF{Cp‘beF)7 KdeFJr(sflgI:eF*KdF)] U 6 _ wr
[ )

Kf wp—06(K f Ke)
FWE— B r—Ker KfF]
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The corresponding fuzzy, truth, falsity, and indeterminacy membership functions are obtained as

—Ka,
ﬁ for z € [Kay, Kb,]
for z € [Kb,, Kc,]

/JKA(J:) = Kd,—=x
K, o [or @ €[Key Kd,]
0 0.W
5 e g
2 —wq}ga%;)cr— r) for x € [Kbp, Kerl
Tyweal@) = 1 for € [Ker, Kdr]
LK. A z(i w})?ggﬁﬁh et) for x e [Kdp, Ker]
o wTK)ZCT(i;{T °v) for x € [Ker,Kfr]
1 oW
rx—Kay)w
e or e Ko K
ety for o € [Kbr, Ko
T s () = o P
e - z—Kdr)w
KA W for € [Kd, Ke]
Kty o elKer Kl
0 o0.W
r—Ka w
Klerbpy for @€ %KmeCF]]
0 for x€ |Kcp,Kdp
Fluga(@) = r—Kdp)w 7
BK.A W for € [Kdp,Kep]
e o ae Ko K
0 oW

Hence we obtain, as in its definition, the trapezoidal SVNFN K. A as
KA =< (Ka#, Kbu, KC,J, Kd#), (K(LT, KbT, KCT, KdT, KeT, KfT; ’LUT)7
(Kaj, Kb[, KC[, Kd[, K€[, Kf[; ’u}[)7 (Kap, KbF, KCF, KdF, K€F, KfF, wp) > in this case.

Now, we assume that K < 0. Then,

*K.A= [Kd, —o(Kd, — Kc,), Ka, + a(Kb, — Ka,)),

(K fr, Kar] B < wr
o (K fr, B(Kfr— KeT)—wTKfT+KET]U
ﬂKA = B(Kd Kep)—w II;d +Ke B(Kc Kbp)—wr Ker+Kb
[ T— T TT T T T— 71" wTT T 7]y B> wr
[B(KGT ijl") J;TKGT-"-KbT Kar]
(K f1, Kai] Y > wr
TK A= [Kf Kfrwr— 'y(KfI KEI)]U[KderPYtE,II{eI Kd]) Kcrwr— VlE)II(CI Kb[)] B
[KaIwIJr'y(KbI KaI) KCL]] , Y wr
wr
o [KfF;KaF] aész
6KA — [KfF KfF’wF (S(Kfp KEF)] [dewp-‘r(;’u(jfep de) KCFU}F (s,ungF Kbp)] U

Kapwp+6(Kbp— KGF)
[ wr , Kap]

,5<wp

The corresponding fuzzy, truth, falsity, and indeterminacy membership functions are obtained as
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Kd, —x
K(du—cp)
1
z—Kay
K(bu—ay)

pr.a(z) =

o0.W

z(l—wr)+K(wr fr—er)

—e

)

K(fr—er
z(l—wp)+K(wrdr—er)

K(deeT)
1
TMK.A(:E) = w(l—wT)+K(chT—bT)
K(CbeT)
z(l—wp)+K(wrar—br)
K(CLT—Z)T)
(K fr—z)w
(K(%Jil)l for
K(ei—d;) for
0 for
L () = Ker—z)w
7§Kfé,—b)1)l for
z—Kar)w
K(bz—IaI)I for
0 o.w
(Kfr—x)w
7([((%;?; for
K(eF—FdF)F f0r
0 for
F#K.A(x) = (Kep—z)wp £
(K(Cpfb)F) or
z—Kar)w
K(bF—F(ZF)F for
0 0.W

x € [Kd,, Kc,]
z € [Kc,, Kb,
z € [Kb,, Ka,]

for
for
for
for
for
0.W

Hence we obtain, in this case also, as in its definition, the trapezoidal SVNFN K. A as
K A=< (Kdu, KC,“ Kbl“ KG’H)’ (KfT7 KeT, KdT, [(CT7 KbT, KGT; wT),

(K fr,Ker, Kdr, Kcr, Kby, Kar;wr), (K fr, Kep, Kdp, Kcp, Kbp, Kap;wr) >.

O

Example 5.6. Consider a trapezoidal SVNFN A with its fuzzy, truth, indeterminacy, and falsity membership

functions given by

0.082 — 4.58 ,x € [55,67]
B 1 @ € [67,79]
pa(®) =N 0110+ 9.78 ,x € [79, 88] Tua (@)
0 ,O.W
0.1z —5.1 ,z € [51,55]
0.1z +5.9 ,z € [55,59]
B 0 Lz € [59,71] B
Lua(®) =3 0.022 - 1.67 L@ € [71,88] Fiua(z)
—0.1z4+9.2 ,z €[88,92]
0 ,O.W

—0.04z +2.8 ,x € [45,55]
0.04z — 1.6 ,z € [55,65]
1 , @ € [65,74]
—0.03z +3.11 ,z € [74,88]
0.1x — 8.2 , o € [88,92]
1 ,O.W
0.06z — 2.64 x € [47,55]
—0.03z +2.22 ,z € [55,69]
0 ,x € [69,75]
0.04z — 2.6 x € [75,88]
—0.06x +6.11 ,z € [88,95]
0 ,O.W

Then the finite a— cut, finite 5— cut, finite v— cut and finite §— cut of A is given by

*A = [55+ 12c, 88 — 9q]
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55 | 145,92 ,8<06
| 45,70 — 258] U [40 + 253,109 — 355] U [82 +103,92] , 8 > 0.6

4 ] B9 4> 04
| [51,51 + 107 U [59 — 107,71 4 42.59] U[92 — 107,92] ,v < 0.4

57— ) [47,99] .6 >0.45
| 47,47 + 17.786] U [69 — 31.126, 75 + 28.895] U [95 — 15.566,95] ,d < 0.45

Let K = 3. Then, by our previous theorem and by component-wise interval operations on the union of closed
bounded intervals, we get the finite a— cut, finite 5— cut, finite v— cut, and finite — cut of K. A as

*K A= K>A= [165+ 360,264 — 270

. ~ <0.
SRA— KAA= 135270 B<06
[135,210 — 758] U [120 + 7583, 327 — 1055] U [246 + 303, 276] , 3 > 0.6
— . 153,2 > 0.4
VKA Ko A= | 19327 >0
[153,153 + 307] U [177 — 307, 213 + 127.54] U [276 — 30,276] ,v < 0.4
[141, 285] ,0 > 0.45

SKA= KIA=
[141, 141 + 53.345] U [207 — 93.365, 225 + 86.675] U [285 — 46.685,285] 5 < 0.45

The corresponding fuzzy, truth, indeterminacy, and falsity membership functions of K. A are obtained as fol-
lows.

—0.01z 4+ 2.8 ,x € [135,165]
0.03z —4.62 ,x € [165,201] 0.0z — 1.6,z € [165,195]
(z) = 1 Jx € [201,237] (z) = 1 ,x € [195,222]
HEAWET =0 —0.0424+9.78 |2 €[237,264] “#x<aT =\ _0.0lx+3.11 ,z € [222,264]
0 0.W 0.03z —8.2 ,x € [264,276]
1 ,0.W
0.03z —5.1 ,x € [153,165] 0.022 —2.64 ,x € [141,165]
—0.03z+5.9 ,x e (165,177 —0.01z 4+ 2.22 ,z € [165,207]
I (@)= 0 Jx € [177,213] (2) = 0 ,x € [207,225]
piea\t) = 0012 — 1.67 2 € [213,264] Tra T 0012 —2.6 L x € [225,264]
—0.03z +9.2 ,x € [264,276] —0.02z 4+ 6.11 ,z € [264, 285]
0 ,0.W 0 ,0.W
If K = —3, we find the finite a— cut, finite 5— cut, finite y— cut and finite §— cut of K.A as
OKA= K“A= [~264+ 27, —165 — 360
— . — — <0.
SR — A | [F276,-135) B<06
[—276, —246 — 308] U [—327 4 1058, =120 — 758] U [-210 + 758, —135] ,3 > 0.6
— - — — > 0.
TKA= KYA= (276, —153] v =04
[—276, —276 + 307] U [-213 — 127.5, —177 4 307] U [~153 — 30+, —=153] ,~ < 0.4
[—285, —141] ,6>0.45
KA= KSA={ [-285,—285+ 46.685] U[—225 — 86.675, —207 + 93.365] U 5 < 045
[—141 — 53.349, —141] ’ '
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The corresponding fuzzy, truth, indeterminacy, and falsity membership functions of K.A are obtained as fol-
lows.

—0.03z — 8.2 ,z € [—276,—264]
0.04z +9.78 ,x € [—264, —237) 0.0lz +3.11 ,x € [—264, —222)
1 ,x € [—237,—201] 1 € 222, —195]
nEA@) =0 0030 — 458 .z [-201—165] A=Y 001z —16 .z € [-195 —165)
0 O.W 0.0lz +2.8 ,x € [—165,—135]
1 ,0.W
0.03z+9.2 € [—276,—264]
—0.0lz — 1.67 ,z € [—264,—213]
L (@) = 0 € [—213, —177]
Hic.a 0.03z+59 ,x€[-177,—165|
—0.03z — 5.1 ,x € [~165, —153]
0 ,0.W
0.02z +6.11 2 € [—285, —264]
—0.0lz — 2.6 ,z € [—264,—225]
B 0 ,x € [~225, —207]
Fueal® =3 00124222 o e [-207,—165]
—0.02z —2.64 ,x € [—165,—141]
0 ,O.W

6 Conclusion

In this paper, we have defined addition, subtraction, and scalar multiplication on trapezoidal SVNFNSs, offering
useful tools for practitioners in various fields. We have presented some component-wise interval operations
on the union of closed bounded intervals. Further, we have demonstrated how this can be used to carry out the
proposed operations on trapezoidal SVNFNs with the help of the finite «— cut, finite 5— cut, finite y— cut,
and finite §— cut which were defined in this paper.

The results of this research open up new avenues for development and make it easier to incorporate trape-
zoidal SVNFNS into practical uses. This study adds to the theoretical knowledge about trapezoidal SVNFNs
and lays the foundation for researchers and practitioners to use these ideas to solve intricate issues that in-
volve uncertainty, inconsistency, and indeterminacy. Essentially, this work adds to the current discussion on
trapezoidal SVNFNs by providing insightful information primarily about its computational aspects, which can
serve as a basis for future research in this fascinating and demanding area.
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