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Abstract

The concept of inverse I'-semiring M is a generalization of inverse semiring. This paper investigates the concept
(o, 1)- derivation on inverse I'-semiring and extend a few results of this map on prime inverse I'- semiring that acts
as a homomorphism or as an anti- homomorphism, where o, t are automorphisms on M.
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1. Introduction

The notion of the I" - ring was first proposed by (Nobusawa, 1964) as an expansion of the definition of the classical
ring. In the concept of T'-ring in the sense of Nobusawa, (Barnes, 1966) weakened the conditions slightly. The
definition of " semirings, a generalization of I'-ring, ring and semiring, was introduced by (Rao, 1995, 1997) in
1995. Many mathematicians achieved interesting results on I'-semirings after the paper (Rao, 1995, 1997) was
written.

Let (M, +) and (T, +) be commutative semigroups. M is said to be a I'-semiring if there exists a map
M xT x M — M that send the triples (x, @, y) to xay such that

(i) ma(n + r) = man + mar,
(i) (m + n)ar = mar + nar,
(iii) m(a + B)n = man + mpn,
(iv) (man)Br = ma(npr),
forall m,n,r € M and a, 8 € T.

A T-semiring M is additively inverse if for every element m € M there exists a unique element m' € M such that
m+m +m=m and m +m+m’ =m’. According to (Rao, 1997), for all m,n € M , we have (man) =
man = man,(m+n) =m +n,mn =mn,(m) =m.The center of a I'-semiring M is defined as
Z(M) = {meM: man = nam, Vn € M, ael'}.An additively inverse I'-semiring M is said to be a I-MA-semiring
if (m + m)ezZ(M) for all m € M. M is said to be right (left) multiplicatively cancellable (Halder, 2022) if xyy =
zyy ; (resp.xyy = xyz) for all x, y, z € M and for all y € I implies that x = z ( resp. y = z) (Salih & Karim, 2015).
The commutator of any elements m, n € M can be defined as [m, n]q = man + n'am, and [m, n]g = 0 implies
man = nam and (mon)y =myn + nym for any m,n € M and y € I' (Zaghir & Majeed, 2021). A non-empty
subset I of M is said to be a left ideal ofM if foralla,b € I'thena+b e landIfael,se€ Mandy €T then sya
€ | (Mandal, 2014). An additive subsemigroup U of inverse T" -semiring M, is said to be a Jordan ideal of M if
forall e M,u€ U, uar+rau,isinU thenany ideal | of M is a Jordan ideal. Recall that M is called a prime inverse
I-semiring if xTMTy =0 impliesx=0o0ry =0, forx, y € M, M a semiprime is named if xTMTx =0 implies x = 0,
for x € M. Obviously, all prime inverseI’-semiring is semiprime inverse I'-semiring. In addition,

M is called a commutative if xay = yax for all x,y € M and @ € T, and M is called a 2-torsion free if 2x = 0
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implies x = 0, for x € M. We know the identities of the basic commutator:[xBy, z]lo¢ = [x, z]aBy + x[B, alcy +
xBly, zla  and [x, yBzla =[x, vlaBz + yla, Blxz + yB[x, z]lq¢ for all x, y,zeM and a,
B €. We take an assumption: aabfc = aBbac, for all a, b, c € M and a, € I'(x).The above two identities are
reduced, according to the hypothesis (*), to:[xBy, zla = [x, z]laBy + xBly, z]la, [x, yBzla = [x, Y]aB2z
+

yBIx, Z]a and (ao(bBc))a = (aob)aBc — bBla, cla =bB(a e c)a * [a, blaBc, ((aBb)oc)a = aB(boc)a —
[a, claBc = (a o c)abB + af[b, c]q for all x, y, z € M and a, B € T (Hamil, 2021). In (Argag et al., 1987) the
concept of (o,t)-derivations in rings defined as follow an additive mapping d: M—— M s called (o,t)- derivation
if d(xay) = d(X)a o(y) + t(X)ad(y) and Jordan (o,t)-derivation if d(xax) = d(X)a o(x) + t(X)ad(x)

holds for all X,y € M and o € I" where o, t are endomorphisms of M. Majeed and Zaghir introduced (a, ) —
Derivations on Prime Inverse Semirings where a,  are automorphisms on M (Zaghir & Majeed, 2021). Several
authors have also addressed this topic (see, e.g., (Ibraheem & Majeed, 2019; Rasheed et al., 2020; Rasheed &
Majeed, 2019) .An additive mapping d : M — M is called a derivation if d(aab) = d(a)ab + aad(b) foralla, b €
M and a € I'. An additive mapping ¢ : M — M is said to be a homomorphism if ¢(aab) = ¢(a)ad(b) for all a, b €
M and o €. And, an additive mapping y : M — M is called an anti-homomorphism if y(aab) = y(b)ay(a) for all
a,b eMand a €T. A derivation d of M is said to act as a homomorphism [resp. as an anti-homomorphism] on a
subset S of M if d(aab) = d(a)ad(b) [resp. d(aob) = d(b)ad(a)] for all a, b € S and o € I" (Paul & Chakraborty,
2015). In this paper, we expanded some findings on (o, 7)- derivation on inverse I'-semiring that acts as a
homomorphism or as an anti- homomorphism, where o, T are automorphisms on M. The results of this research
serve researchers who work in this field to advance their work.

Research Method

To prove the main Theorems in this paper, we need the following Lemmas.

Definition 2.1

Let M be a '-semiring and U be a nonzero ideal of M, then the set Z(U)={a €U:aab=baa,VbeU,a €T }
called the center of U.

Lemma 2.2

Let M be a I'-semiring and U be a nonzero ideal of M, if U is commutative as I'- semiring , then Z(U)= U.
Proof:

Itis clear.

Lemma 2.3

Let M be a prime inverse T'- semiring and U be a nonzero left (right) ideal of M, then Z (U)SZ(M).
Proof

Let 0#a € Z(U), since Z(U) €U, then a €U

Let x €M, then xfa, x € U (By definition of left ideal).

Since a €Z(U), we have

[xBa, ala= xB[ a, alat [x , ala Ba = O

then,

[x,alqg Ba =0 forallxe M, a,B €T )
Replace x by xyy in (1), wherey €M, y € T, we get
[xyy,alg Ba=0forallxe M, a, B,y €T

Xy [x,alaf at [x,ala yyB a =
0.By using (1) we get
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[x,alag yyB a =0 forall x,ye M ,ae U and forall «, 8,y € T.
Then
[x,alqg TMI" a = 0.
By primness and since U is nonzero ideal of M then

[x, alg =0 forall x eM and a € Z(U).
Then Z(U)SZ(M).
Lemma 2.4

Let M be an inverse I'- semiring and U be a nonzero ideal of M, if U commutative of M , then USZ(M). If M is
prime then M is commutative.

Proof

Since U is commutative of M ,then
by (Lemma2.2)we have
U=2z().

By (lemma 2.3) we have
Z(U) €Z(M),
then U € Z(M)

Now, If M is prime, Let X, ye M and ae U
Then afx € Z(M)that is
[aBx, y]lg =0 for all y eM.

ap [, yla t[a,ylaBx =aB [x,yla =0forallae
U.Then

UF[ X, y](l =0

UIMI[ X, y]a =0

By primness of M and since U is nonzero ideal ,then

[ x,y]a = 0 forall x, ye
M.

Then M is commutative.

Lemma 2.5 (Halder, 2022)

Let M be an additively inverse I' -semiring, forall m,n € M, ifm+n=0then n =m’ and m + m" =0, forall
m,n € M and ael.

Lemma 2.6

Let M be a cancellative prime inverse I'-semiring. If r = s, where r, s € M, thenr +s' = 0.

Proof.
If r = s, where r, s € M, then by adding (s + s') to the two sides, we get:

r+(s+s)=s+(s +5).

Since M is an inverse I'-semiring, we get
r+s+s =s(r
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+s)+s=s.

Since M is a cancellative inverse I'-semiring,”
we get r+s'=0.
Lemma 2.7

Let I be a non- zero left ideal on M, which is a semiprime inverse I'-semiring. If Iau =0 (ual = 0) forall u €
M,x €T, thenu = 0.

Proof

If Iau = 0 forall u € M,a € T',then we have:

ul'MTI'I = 0. Since M is a prime inverse I'-semiring and [ is a nonzero left ideal
Thereforeu = 0

Now, we want to show that if Iau = 0, then u = 0. Suppose that u # 0. Define K by

K={reM|lar =0}

Since 0 £ u € K, itis clear that K is a nonzero right ideal of M, such that ITK = {0}. On the other side, K N [ is
a right ideal of I and

(KNDTIC(K NI) c ITK = {0}
Since I is a semiprime inverse I'- semiring, then we get:
(K Nn'I)={0}. Then, we have c K N I = {0}.

Since M is a prime inverse I' - semiring and [ is a nonzero left ideal of M, we obtain K = {0}. Thus, we get u =
0.

Lemma 2.8

Let | be a non- zero left ideal on M, which is a semiprime as an inverse I' - semiring. If d(I) =0, then d =0
on M.

Proof:
By the assumption, d(I) = 0, thenforall x e fand s € M :

d(sax) = d(s)a o(x) + r(s) xad(x), forall s € M, ¢ € T".

Since o is an automorphism on M, we get o 1(d(s))I'I = 0 for all s € M.By
Lemma (2.7), we get o 1(d(s)) = 0, forall s € M.
Again, since o is an automorphism on M, we get d(s) = 0 for all s € M, therefore d = 0 on M.

Lemma 2.9

If M be a prime inverse I" - semiring and J be a nonzero Jordan ideal of M, then 2(ras + s'ar)[J] € J and
2JT(ras + sar) € J.

Proof
Letr,s,s" € M and x € J. Then by definition of Jordan ideal we have,

xa(ras + s'ar) + (ras + sar)ax + (xar + rax)'as + sa(xar + rax)’ + (xas + sax)ar
+ra(xas + sax) € ]

As M is a T-MA semiring ((i. e)(m + m)eZ(M) for all m € Mand Z(M) = {meM: man = nam, Vn €
M, ael}).

This implies that,
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xaras + xasar + rasax + sarax + xaras + raxas + saxar + sarax + xasar + saxar + raxas
+rasax € J

2rasax + 2sar'ax + xa(ras + r'as) + xa(sar + s'ar) + (rax + rax)as + (sax + sax)ar € |

Since, M be a I-MA semiring ((i. e)(m + m)eZ(M) for all m € Mand Z(M) = {meM: man = nam,Vn €
M, ael’}),we get

2rasax + 2sar'ax + (ras + r'as)ax + (sar + sar)ax + sa(rax + r'ax) + ra(sax + s'ax) € |
Therefore,
2rasax + 2rasax + 2rasax + 2sar'ax + 2sarax + 2sar'ax € |

Since M be an additively inversel” — semiring, we get
2rasax + 2sarax € Jforallx € ], ael"and r, s € M.
And hence, we get

2(ras + sar)ax € J forall x € J,ael’ and 7, s € M.

That is, 2(ras + sar)l'J < J forall v, s € M.

Similarly, to show that 2/T(ras + s'ar) € J,forallr,s € M.

Lemma 2.10

Let J be a nonzero Jordan ideal of M. If u € M and uaJ = 0 or (Jau = 0), thenu = 0.

Proof

Let uaj = 0. Since J is a nonzero Jordan ideal of M, we have (x o s)g € J forall x € J and s € M.
0 = ua(x o s)q = ua(xas + sax) = uaxas + uasax

By assumption, we get:

uasax=0forallxeJ,a €T ands € M.

That is, ul'STx = 0 for all x € J.

Since M is a prime inverse I'- semiring and J is a nonzero Jordan ideal of M,
we getu = 0.

Using the similar way, we can show that if Jau = 0 then u = 0.

Lemma 2.11

Let M be 2-tortion free prime inverse T'- semiring and J is a nonzero Jordan ideal of M. If u, v € M such that
uajav = 0, then eitheru =0 orv = 0.

Proof:

By the assumption, we have uajav = 0.

By Lemma (2.9), we get 2(ras + sar)aJ € ] forallr,s € Mand a € T

Then we have 2ua(ras + s'ar)axav = 0, forall x € J ,a € I and r, s € M.This implies that, since M is 2-
tortion free, we get:
ua(ras + sar)axav =0, forallx € ] ,a €Tand r,s € M.

By replacing s by spu in the above equation, we get:
0 = ua(ra(spu) + (spu)ar)axav = uarasfuaxav + uasfuaraxav
Since M is an inverse I'- semiring, we get:

0 = uara(s + s + s)Buaxav + uaspua(r + r + r)axav
= uarasfuaxav + uara(s + s)Puaxav + uaspuaraxav + uaspua(r + r)axav
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Since M is an additively inverse I'- semiring, this gives
0 = uaraspuaxav + uara(s + s)fuaxav + uaspuaraxav + uasf(r + r)av axav

= uaraspuaxav + uaraspuaxav + uaras fuaxav + uaspuaraxav + uasprav axav +
uasfrauaxav

= uasf(rau + uar)axav + uaraspuaxav + uars fuaxav + uarasfuaxav + uas frauaxav
= uasf(rau + var)axav + uaraspuaxav + uasarpfuaxav
= uasf(rau + var)axav +ua(ras + sar)Buaxav forallx € J,a,f €T andr,s € M
By using uajav = 0 we get:

uasB(rau + var)axav =0 forallx€ ], a, €T andr, s € M.
And hence, we get, ul' MTI'(rau + v'ar)axav = 0.
Since M is a prime inverse I'- semiring, we have :

either u = 0 or (rau + var)axav =0, forallx € J,a, €T and r,s € M.
If (rau + var)axav = 0, forall x € J and r € M, then we have:
rauaxav + uaraxav =0,forallx € J ,a eTandr € M.

By the hypothesis we get : u'araxav =0forallx € J ,a eTandr € M,
that is, ul'MT'xav =0, forall x € J.
Again, since M is a prime inverse I'- semiring, we get :

either u =0 or xav = 0, for all x € J. Ifxav =0, for all x € J, that is Jav = 0, then by (Lemma 2.10), we get

v=0.

Lemma 2.12

Let M be 2-tortion free and J is a nonzero Jordan Ideal of M, If J is commutative, then J € Z(M).
Proof

By Lemma (2.9), we have: 2(ras + sar)aJj S ] forallr,se Mand a €T .
And since J is a commutative Jordan ideal of M, we have:
2(ras + sar)axay + 2y'a(ras + sar)ax = 0, forall x,y € J,a €T

andr,s € M.

Since M is 2- tortion free, we get:

(ras + sar)axay + ya(ras + sar)ax =0, forall x,y € J,a € T andr,s € M. @))]
By Lemma( 2.5), we get:
(ras + sar)axay = ya(ras + sar)ax, forallx,y € J,a € T

andr,s € M.
Hence, by equation (1) we obtain:
ya(ras + sar)ax + ya(ras + sar)ax =0, forall x,y € J,a € T

andr, s € M.
Then we have:
(ras + s'ar)ay + ya(ras + sar))ax =0, forall x,y € J,a €T

andr,s € M.
This gives:
((ras + sar)ay + ya(ras + sar))aJ = 0,forally € J,a € T

andr,s € M.

By (Lemma 2.10), we get:
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(ras + sar)ay + ya(ras + sar) =0, forally € J,a €T
andr,s € M.
By replacing s by rBs in the above equation, we get:

0= (rarfs+ rpsar)ay + ya(ra rBs + rpsar)
= ra(rfs + spr)ay + yara(rfs + s pr)

Since J is commutative, we get :

raya(rfs + spr) + yara(rfs + spr) =0forally € Jand r, s € Mand a, 8 € T.
Hence we get,
(ray +yar)a(rfs +spr) =0,forallye Jandr,s e Mand a, B € T. 2)
By further replacing s by syy in equation (2), we have:
(ray + yar)a(rBsyy + syypr) =0, forally € Jand r,s € Mand y, a, § € I'.Since
M is an inverse I'- semiring, we have:
0= (ray+yar)a(rf(s +s +s)yy +syyB(r +r +1))
= (ray + yar)a(rfsyy + rfp(s + s)yy + syyBr + syyp(r + 1))

Since M is additively inverse I'- semiring, we get:

0= (ray +yar)a(rfsyy + (s + s)yrBy + syypr + sy(r + r)By)
= (ray + yar)a(rBsyy + syrBy + syrBy + syyBr + syrfy + syrpy)
= (ray + yar)a(sy(rpy + y pr) + rBsyy + spryy)
= (ray + yar)a(sy(rBy + ypr) + (rBs + spr)yy)
= (ray + yar)asy(rBy + ypr) + (ray + yar)a(rBs + spr)yy

By using equation (2) we get, (ray + yar)asy(rfy + ypr) =0,forally € J,a,B,y € T.andr,s € M.

And hence  we  get: (ray + yar)TMT'(rBy + ypr) =0,forally € J,a, B,y € T.and r, s € M.

Since M is a prime inverse I'- semiring, we get:

ray+vyar=0,forally e J,a eTandr € M.
Hence, we get:  J < Z(M).
Proposition 2.13

Let M be 2-tortion free and J is a nonzero Jordan ideal and an inverse sub-I'-semiring on M. If d(J) = 0, then

d=0or] c Z(M)

Proof

By the assumption,

d(jJ) =0 ®)
This yields:

0=d(xas +sax) forallx € Ja el',seM

=d(X)a a(s) + r(x) ad(s)+ d(s)a a(x) + r(s) ad(X).

By using equation (3), we get

(X) ad(s)+ d(s)a o(x)=0, forall x € J,s € M. 4
(By Lemma 2.5), we get:
7(X) ad(s) = d(s)a o(x) forall x € J,s € M. (5)

By replacing s by rfs, where r € M and B € T, in equation (4), we get:
0 = 1(x) ad( rfs)+ d( rBs)a o(x)
= 1(x) ad(r)B o(s) + ©(x) a w(r)Bd(s) + d(r)B o(s)a o(x) + (r)Bd(s)a o(x)By
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using equation (5), we get
= d(r)a o(X) Bo(s) + T(X) a (r)Bd(s) + d(r)Bo(s)a o(X) + 1(r)'Br(x) ad(s)Hence,

d(r)a( o(x)Bo(s) + o(s)B o(x)) + (x(x) Pr(r) + ©(r) Br(x))ad(s) = 0 (6)
By replacing s by syy, s € M in equation (6), we get:

0 = d(r)a( o(x)Ba(syy) + o(syy)B o(x)) + (t(x) Pr(r) + (r) pr(x))ad(syy)

0 = d(r)a( o(x) Boa(s)yo(¥)) + o(s)yo(¥)B o(x) ) + (x(x) Pr(r) + (r) Br(x))ad(s)yo(y) + 1(s)yd(y)By
using equations (3) and (5), we get:

0 = d(r)a( o(x) Bo(s)yo(y)) + o(s)ys(y)B o(x) ) + (x(x) Pr(r) + ©(r) Br(x))ad(s)ys(y)Since M
is an inverse I'- semiring, then we have:

d(r)as(s)yo(y +y + y)B o(x)+ d(r)a

o(X)Bo(s + 5"+ s)yo(y)+(x(x) Br(r) + ©(r) Br(x))ad(s)yo(y)=0That

is,

d(r)a o(s)ys(y) B o(x)+ d(r)a o(s)ys(y +y)B o(x)+ d(r)a o(x)Bo(s)yo(y) + d(r)a o(x)Bo(s’ + s)ya(y)
+(t(x) B(r) + ©(r) Br(x))ad(s)yo(y)=0

By adding:

d(r)a o(s)Bo(X) yo(y) + d(r)a o(s)B o(X)ys(y) to the above equation, on the two sides, we get:

d(r)a o(s)po(y)ys(x) +  dr)a o(s)pa(X)yo(y) + d(r)a o(s)ys(y + y)po(x) + d(r)a o(s)yo(y) p
o(X)+ d(r)a ox)Ba(s)yo(y) + d(r)a o(X)Bo(s" + s)yo(y) +(t(x) Bu(r) + (r)pr(x))od(s)yc(y)= d(r)a
o(s)Bo(X) yo(y) + d(r)a o(s)B o(X)yo(y)

Since M is an additively inverse I'- semiring, we get:

d(r)a o(s)B (a(y)yo(x) + o(X)yo(®)) + d(r)a (o(s) P o(X)+ o(X)Bo(s))yo(y) + d(r)a o(x)Bo(s’ +
s)yo(y) + d(r)a o(s)ys(y + y)B o(X)+(r(x) pr(r) + ©(r) Br(x))ad(s)ys(y)= d(r)a o(s)Bo(X)yo(y) + d(r)a
o(s)B o(X)yo(y) forall x,y € Jandr,s € M

By using equation (6), we get

d(r)a o(s)B o(y)yo(X) + d(r)a o(s)Bo(X) yo(y) + d(r)ac(s)p o(X)yo(y) + d(r)ac(s)Bo(x)
yo(y) + d(r)as(s) o(X)yo(y) + d(r)as(s)Ba(x) yo(y)
= d(r)ac(s)Bo(X)yo(y) + d(r)a o(s)B o(X)ys(y)

Since M is an inverse I'- semiring, and using the cancellative low, we get:

d(r)a o(s)B (o(y)yos(X) +o(X)yo(y)) =0forallx,y € Jandr,s € M.
And hence,
o M d(r)MI'(yyx + xyy) =0forallx,y € J,y,a €T andr € M

Since M is a prime inverse I'- semiring and o is an automorphism on M, then we have

either d(r) = 0 or yyx + xyy =0forallx,y € J and r € M. If yyx + x'yy = 0 for all x, y € J, then it follows
that J is commutative.

By using (Lemma 2.12 ), we get: J € Z(M).
Lemma 2.14

Let M be a prime inverse I'- semiring. Suppose that ¢ and t are two automorphisms of M and d: M—M is (o, 1)-
derivation such that for all x € Mwe have aa d (x) =0 ord (x) a a= 0, where a € M, then eithera=0ord =0.

Proof

Letaa d (x) =0.

Since d is (o, 1)- derivation of M, then:

d (xBy) = d(x)Bo(y) + t(X)pd(y) for all X,y € M.
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Then aa (d(x)Bs(y) + u(X)Bd(y)) =0
aad(x)Bo(y) + aar(x)Bd(y) = 0
aat(xX)pd(y)=0.

And hence,
! @MI'd(y))=0forall,y e M,B,a €T .

Since M is a prime inverse I'- semiring and t is an automorphism on M, then we have :
eithera=0ord (y)=0forally € M.

i.e.eithera=0o0rd=0.

Similarly ford (x) a a=0.

2.Results and Discussions

Theorem 3.1.1

Let | be a non- zero left ideal on M, which is a semiprime as an inverse I'- semiring. If d()au = 0, (uad(l) =
0), thenu =0, forall u € M.

Proof
d(x)au =0,forallx € I, u € M. 7
By replacing x by sBx, s € M, a € T in equation (7), we have:

0 = d(sBx)au = (d(s)Bo(x) + ©(s)Bd(x))au
= d(s)Bo(x)au + 1(s)Bd(x)au

By using equation (7), we get:

d(s)Bo(x)au = 0, forall x € I,u,s € M (8)
By replacing x by réx, r € M in equation (8), we get

0 = d(s)Bo(réx)au

= d(s)Bo(r)do(x)au

Therefore

d(s)IT'MT'o(x)au=0forallx e I,u,s € M.
Since M is a prime inverse I'- semiring, we get :
either d(s) = 0 or o(x)au = 0 forall x € I, u,s € M.

Since d is a nonzero (o, r)- derivation on M, then we have: o(x)au = 0 for all x € I. Therefore, | [ *(u) = 0,for
allu € M.

By (Lemma 2.7) and since o is an automorphism onM, we get: u = 0.If
uad(l) =0 9

0 = uad(xBy) = ua(d(x)Ba(y) + r(x)Bd(y))
= uad(x)Bo(y) + uar(x)Bd(y)

By using equation (9), we get: uar(x)fd(y) =0, forall x,y € I, u € M.

Therefore, r }(w)TITr Y(d(y)) = 0, forally € I, u € M.

Since I is a left ideal of M, we get ¥ *(u)['SI I'r Y(d(y)) = 0, for all y € I, u € M.Since
M is a prime inverse I'- semiring, we get :

either r*(u) = 0 or TITr Y(d(y)) = 0, forally € I, u € M.

If ¥ (u) = 0, for all u € M, then since r is an automorphism on M, then we have: u = 0.
If TITr%(d(y)) = 0, for all y € I, then by (Lemma 2.1.3) and since r is an automorphism on M, we get: d(I) =0.
And then by (Lemma2.8), we have: d = 0 on M.

But this is a contradiction, since d is a nonzero (o, r)- derivation on M. This yields that u = 0.
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Theorem 3.1.2

Let M be a Cancellative prime inverse I'- semiring, | be a non- zero left Ideal on M which is semiprime as an
inverse I'- semiring and let d: M — M is (o, r) —derivation on M whereg, r are two automorphism on M.. If dacts
as a homomorphism on I, thend = 0 on M.

Proof

Since d acts as a homomorphism on I, then we have:

d(xay) = d(x)ad(y) for all x,y € I. (10)
And since d is a (o, 7)- derivation on M, we get:
d(xay) = d(x)as(y) + 1(x)ad(y) for all x,y € I. (11)

By replacing y by yBz, z € I in equation (10), we get:
d(xa yBz) = d(xa y)Bd(z)

= (d(x)ao(y) + f(x)ad(y) )Bd(z)

= d(x)ao(y)Bd(z) + t(x)ad(y) Bd(z) forall x,y,z € I. (12)
Again, by replacing y by yBz, z € I in equation (11), we get:
d(xa(yBz)) = d(x)ac(yBz) + r(x)ad(yBz)

= d(x)ao(y)Bo(z) + t(x)ad(y)Bd(z) for all x,y,z € I. (13)
By the equivalence between equations (12) and (13), we get

d(x)ao(y)Bd(z) = d(x)ao(y)Ba(z) for all x,y,z € 1.By

(Lemma 2.6), we get:

d(x)ac(y)Bd(z) + d(x)ac(y)Bo(z) = 0forall x,y,z € I.

Therefore:

d(x)ac(y)B(d(z) + o(z)) = 0 for all x, y, z € I.And
hence:

o N d(x))I'IT'e X (d(z) + o(z)) =0, forall x, z € I.
Since I is left ideal on M, we get:

o N d(x))ITMITe™(d(z) + 0(2)) = 0, forall x,z € I

And since M is a prime inverse /- semiring, we get :

either 67 (d(x)) = 0 or IT'o (d(z) + o(2)) = 0, for all x, z € L.If

o (d(x)) =0, for all x € I. Since ¢ is an automorphism on M, then

by (Lemma 2.8), we get: d =0 on M.

If IF6™(d(2) + o(2z)) = 0, for all z € I, then by (Lemma 2.1.3) ,we

obtain ¢7(d(z) + o(z)) = 0, forall z € I.

Since o is an automorphism on M, we have: d(z) + o(z) = 0, for all z € I.By
(Lemma 2.6), we get

d(z) =o(z) forallzel (14)

By replacing z by zd8y in equation (14), we get:
d(z6y) = o(28y)

d(z)60(y) + ©(z)6d(y) = o(z)60(y), forall y, z € I.

By using equation (14) with the Cancellative low, we get: t(z)6d(y)=0, for all y,ze I Therefore,
7Y((d(y)) = 0, for all y € I. Since r is an automorphism on M and by (Lemma 2.7 ), we get:
d(y)=0,forally € I

By (Lemma 2.8 ), we get: d =0 on M.
Theorem 3.1.3
Let M be a Cancellative prime inverse I'- semiring , I be a nonzero left ideal of M which is a semiprime as inverse
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I'- semiring and d : M — M is a (o, 1)- derivation on M, where o, t are automorphisms on M. If d acts as an
antihomomorphism on I, then d = 0 on M.

Proof

Since d acts as an anti- homomorphism on I, then we have:

d(xay) = d(x)ad(y) forall x,y € I (15)

And since d is a (o, T)- derivation on M, we get:

d(xay) = d(x)as(y) + 1(x)ad(y), for all x, y € I. (16)

By replacing y by xSy in equation (15), we get:

d(xa (xBy)) = d(xBy)ad(x)

= (d(x)Bo(y) + 1(x)Bd(y) )ad(x)

= d(x)Bo(y)ad(x) + ©1(x)pd(y) ad(x) forall x,y,z € I. a7

And by replacing y by xSy in equation (16), we get:
d(xa (xBy)) = d(x)  ao(xBy) + 1(x)ad(xBy)

= d(x)ao(x)Bo(y) + 1(x)ad(x)Bd(y), forall x,y € I (18)
By the equivalence of equations (17) and (18), we get
d(x)Bo(y)ad(x) = d(x)ac(x)Bo(y), forall x,y € I (19)
By replacing y by yéz , z € I in equation (19), we get:
d(x)po( y)do(z)ad(x) = d(x)ac(x)Bo( y)do(z), for all x, y,z € I.
By using equation (19), we get:
d(x)Bo( y)do(z)ad(x) = d(x)Bo(y)ad(x)do(z), for all x,y,z € I
By using (Lemma 2.6), we get:
d(x)Bo( y)6o(z)ad(x) + d(x)Bo(y)dd(x) ac(z) = 0, forall x, y, z € I.

d(x)Bo( y)6(o(z)ad(x) + d(x)ac(z)) = 0, for all x, v, z € I. 6 Y(d(x))[IT'c (o(z)ad(x) +
d(x)ac(z)) =0, forall x,z € I

Since I is left ideal on M and M is a prime inverse I'- semiring, we get :

either d(x) = 0 or I(c(z)ad(x) + d(x)'ac(z)) = 0, for all x, z € LIf
d(x) =0, forall x € I, it gives d(I) = 0.

By Lemma (2.8), we get: d = 0 on M.

If 6(z)ad(x) + d(x)ac(z) = 0, forall x,z € I (20)
By Lemma (2.5), we get: o(z)ad(x) = d(x) ac(z)forall x,z € I.
By replacing z by réz, r € M in equation (20), we have:

0 = o(réz)ad(x) + d(x) ac(rdz)
= o(r)do(z)ad(x) + d(x) ac(r)do(z)

= o(r)ad(x)6o(z) + d(x)ac(r)do(z)
= (o(r)ad(x) + d(x) ac(r))do(z)
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= (o(r)ad(x) + d(x) ac(r))és(l), forall x € I, r € M.
Therefore
o Y (o(r)ad(x) + d(x) ac()]TI =0, forallx € I, 5§ €T, r € M.

Since | is a nonzero left ideal on M and M is a prime inverse T'- semiring, we get which forces d to be a
homomorphism of M.

It follows that d = 0 on M, by (Theorem 3.1.2).
Theorem 3.1.4

Let M be 2-tortion free, J is a nonzero Jordan ideal and a sub inverse I'- semiring of M, and d: M — M is a (o, 1)-
derivation on M, where o, tare automorphisms on M. If d acts as a homomorphism on J, then either d = 0 or
] € Z(M).

Proof

Assume that | & Z(M).

If d acts as a homomorphism on J, then we have:

d(xay) = d(x)ad(y) forall x,y € J. (21)

And since d is a (o, 1)- derivation on M, we get:

d(xay) = d(x)ac(y) + t1(x)ad(y) forall x,y € J. (22)
By the equivalence of equations (21), (22), we get:
d(x)ad(y) = d(x)ac(y) + t(x)ad(y)for all x,y € ] (23)

Now, by replacing y by yBb, b € J, B € T in equation (23), we get:
d(x)ad(ypb) = d(x)ac(yBb) + 1(x)ad(yBb)

d(x)ad(y)Bo(b) + d(x)at(y)pd(b) = d(x)as(y)Bo(b) + t(x)ad(y)Bo(b) + t(x)at(y)pd(b)

= (d(x)ao(y) + d(x)ar(x)ad(y))Bo(b) + 1(x)at(y)pd(b)

By using equation (23) and the cancellative low, we get:

(d(x)ao(y) + t(x)ad(y))Bo(b) + d(x)ar(y)pd(b) = (d(x)as(y) + 1(x)ad(y))Bo(b) + 1(x)at(y)pd(b)
d(x)at(y)pd(b) = t(x)az(y)Bd(b)for all x, y, b € J.

By(Lemma 2.6), we get:

0 = d(x)at(y)Bd(b) + t(x) at(y)sd(b)
= (d(x)at(y) + t(x) at(y))Bd(b) forall x,y, b € J
= (d(x) + 1(x))at(y)pd(b) for all x, y,b € |

And hence, T(d(x) + t(x)) TJ Tt }(d(b)) = 0 for all x, b € J.By
(Lemma 2.11), we get:
either d(b) = 0 or d(x) + t(x) =0 forall x, b € J.

If d(b) = 0 for all b € J, then by (Proposition 2.13), we get:
d=0o0onM.
If d(x) + t(x) = 0 for all x € J, then by Lemma(2.5), we get:
d(x) = 1(x) forall x € J (24)
Using equation (23) in equation (24), we obtain:
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d(x)ao(y) = 0 for all x,y € J. (25)
Now, by replacing y by ydb, we get:

d(x)ao(ysb) = 0 forall x,y,b € J.

d(x)as(y)déo(b) =0

That is, 7(d(x))IJTh = 0 for all x, b € J. By (Lemma2.11), we get:

either d(x) =0 orb =0 forall x,b € J.

But J is a nonzero Jordan ideal on M, hence we get: d(x) =0 forall x € J.
By (Proposition 2.13) , we get: d = 0 on M.

3. Discussions

Let M be aprime inverse I'-semiring and d a derivation of M. If d(xay) = d(x)ad(y) (resp., (xay) =
d(y)ad(x) ) holds, for all x,y € Rand a € I" then we say that d acts as a homomorphism (resp., anti-
homomorphism) on M.

Bell and Kappe [Bell, H. E. and Kappe, L. C.(1989)] proved that if d is a derivation of a prime ring M which acts
as a homomorphism or as an anti-homomorphism on a nonzero right ideal | of M, then d = 0 on M.

Further, this result was extended by M. Ashraf for (o, r)-derivation in [Ashraf, M., Rehman, N. and
Quadri.(1999).] as follows:

Let M be a prime ring, | is a nonzero right ideal of R. Suppose that o, r are automorphisms of M and d: M — M
is a (o, r)-derivation of M.

(i) If d acts as a homomorphism on |, then d = 0 on M.
(ii) If d acts as an anti homomorphism on I, then d = 0 on M.

Recently Khatam AD. Zaghir, Abdulrahman Hameed Majeed extended the result for (o, r)-derivation in prime
and semiprime inverse semiring .

The purpose of this section is to extend the above study to a(g, r)-derivation which acts as a homomorphism or
as an anti-homomorphism on a nonzero left ideal of M which is a semiprime as inverse I'- semiringand d : M —
M is a (o, 1)- derivation on M, where o, T are automorphisms on M.

4, Conclusion

I'-semiring is one of the most important and modern branches of algebra in mathematics now a days. In this paper
we tried to characterize some special properties of prime inverse I'-semiring on a nonzero Jordan ideal anda
nonzero ideal with (o, 7)- derivation M that acts as a homomorphism or as an anti- homomorphism, where o, t are
automorphisms on M which may help future researchers to proceed further. In this paper, we expanded some
findings on (o, 1)- derivation on inverse I'-semiring that acts as a homomorphism or as an anti- homomorphism,
where o, T are automorphisms on M. suggestions for future research to improve on these limitations. He studied
these results of o-Prime inverse gamma semiring.
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