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Abstract

In this paper, we introduce the notion of complex valued M- fuzzy metric spaces. We are proving a common
fixed point theorem for weakly compatible mappings satisfying common E.A. Like property in complex val-
ued M- fuzzy metric space. Our results improve and extend the results of Singh et al'#
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1 introduction

In 1965, Zadeh' introduced the concept of fuzzy set. Following the concept of fuzzy sets Kramosil and
Michalek? introduced the concept of fuzzy metric space in 1975. George and Veeramani* modified the notion
of fuzzy metric spaces with the help of continuous t-norm, which shows a new way for further development
of analysis in such spaces. It has been seen that the study of Kramosil and Michalek? of fuzzy metric space
covered almost all the points in the way in developing this theory in the field of fixed point theorem, in par-
ticular for the study of contractive type maps. They have also shown that every metric induces a fuzzy metric.
In 2006, Sedghi and Shobe'? defined M — fuzzy metric spaces and proved a common fixed point theorem for
four weakly compatible mappings in this space. Fuzzy complex numbers and fuzzy complex analysis were
first introduced by Buckley.? Acknowledging the Buckley’s work some authors continued research in fuzzy
complex numbers. In this series Ramot et al1? extended fuzzy sets to complex fuzzy sets. According to Ramot
et al. 10 the complex fuzzy set is characterized by a membership function, whose range is not limited to [0, 1]
but extended to the unit circle in the complex plane. Membership in a complex fuzzy set remains “as fuzzy”
as membership in a traditional fuzzy set.

In this paper, we introduce the notion of complex valued M- fuzzy metric spaces. We are proving a common
fixed point theorem for weakly compatible mappings satisfying common E.A. Like property in complex valued
M- fuzzy metric space.
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2 Preliminaries

Definition 2.1. A binary operation * : [0, 1]e?” x [0,1]e? — [0,1]e? , where [0, Z] is fixed, is called a
complex valued continuous t-norm if it satisfies the following conditions:

1. = is associative and commutative,

2. * is continuous,

3.axe? =a, forallac [0,1] e'? (existence of identity element €* = 1. '),
4. a*b < cxd, whenevera< candb <d,foralla, b, c,d €[0,1]e®.

Example 2.2. (i) a * b = min{a, b} forall a,b € [0,1]e®.
(ii) a * b = max{a + b — €', 0} for all a,b € [0,1]e” and fixed 6 € [0, Z].

Definition 2.3. A 3-tuple (X, M, %) is called complex valued M — fuzzy metric space if X is an arbitrary non
empty set, * is a complex valued continuous t-norm and M : X3 x (0,00) — [0, 1]e? is a complex valued
fuzzy set on, satisfying the following conditions: for each z,y, z,a € X andt,s > 0.

1. M(z,y,z,t) =0,

2. M(z,y,z,t) =€ ifand only if v =1y = z,

3. M(x,y,z,t) = M(p{x,y, z},t), where p is a permutation function,
4. M(z,y,a,t) * M(a, z,z, 8)xM(z,y, 2, t + 5),

5. M(x,y,z,.):[0,00)—[0,1]e is continuous,

6. flgrolo M(z,y,z,t) =€ forall z,y,z € X.

Remark 2.4. If 6 = 0, then Complex fuzzy metric space becomes ordinary fuzzy metric space in sense of
George and Veeramani.

Definition 2.5. Let (X, M, *) be a complex valued M— fuzzy metric space. For ¢ > 0, the open ball
B(x,r,t) with center z € X and radiusr € C, 0 < r < €' as

Bum(z,r,t) = {y € X : M(z,y,y,t) = ¢ — 1} where 6 € [0, g]

A point z € X is called an interior point of set A C X, whenever there exists r € C,0 < 7 < €% such that
Bum(z,m,t) = {y € X : M(z,y,y,t) = € —r} C A, where § € [0, zl
The subset A of X is called open whenever each element of A is an interior point of A.

Theorem 2.6. Every complex valued M— fuzzy metric space is a Hausdorff space.

Proof. Let (X, M, * ) be a complex valued M — fuzzy metric space and x, y be two distinct point of X. Then
0 < M(z,y,y,t) < €. Put M(z,y,y,t) = € forsome r € C, 0 < r < €. Then for each r with
r < 1o < eifl , there exists r; such that r; * 71 > ry. Now consider the open ball Bpy(x,e? — ry, 2) and
Bu(y, € — 1y, L). Clearly, we have Bug(,€" — 19, L) N Bag(y, e — 12, L) = . In fact if there exists
2 € By(w, e —ra, 5) N Bp(y, € — 1y, L), then we have

t t
r=M(z,y,y,t) = M(z,r,y,t) = M(x,z,2, )*M(z Y. Ys 5)

2
t t
= M(z, 2z, )*My,z 2, 2)
F=Tr1kry =g T
which is a contradiction. Hence (X, M, ) is a Hausdorff space.
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Example 2.7. Let X = R and M(z,y, 2,t) = t+lrfy|+|572|+|zfxl , forevery z,y,zand ¢t > 0, let A and B
be defined as Az = 2z + 1, Bx = x + 2, Consider the sequence x,, = % + 1,

n=1,2,--- . Thus, we have nhﬁngo M(Ax,,3,3,t) = nan;oM(B$7l, 3,3,t) = '’ and for every t - 0. Then
A and B said to satisfy the property (E.A.).

Definition 2.8. A sequence z, in a complex valued M — fuzzy metric spaces (X, M, %) is a Cauchy sequence

ifand only in lim M (2 4p, Tnip, Tnst) = €' forallt = Oandp = 0or lim |[M(Zpip, Tnip, Tn,t)| = 1,
n—oQ n—o00

forall¢ > O and p > O.

Definition 2.9. A Complex valued M — fuzzy metric space in which every Cauchy sequence is convergent is
said to be complete.

Definition 2.10. A function is complex valued continuous in complex valued M — fuzzy metric space if and
only if whenever z,, — z,y, — y and z, — z, then lim M(z,, yn, 2n,t) = M(2,y, z,t) for all ¢ > 0.
n—o0

Definition 2.11. Let A and B be mappings from complex valued M— fuzzy metric space (X, M, x) into
itself. The mappings A and B are said to be weakly compatible if they commute at their coincidence points,
ie. Ar = Bx = ABx = BAux.

Definition 2.12. Suppose A and S be two maps from a complex valued M— fuzzy metric space (X, M, %)
into itself. Then they are said to be semi-compatible if lim ASx, = Sx whenever {z,,} is a sequence such

n—oo
that lim Az, = lim Sz, =z € X.
n—oo n— oo

Lemma 2.13. Let (X, M, ) be a complex valued M— fuzzy metric space. Then M(x,y,z,t) is non-
decreasing with respect to t, for all x,y,z € X.

Proof. By Definition 2.2. for each x,y, 2,a € X and ¢, s > 0 we have
M (z,y,a,t) * M(a, z,z,8) K M(z,y,z,t+s). If we geta = z, we get
Mz, y,2,t) « M(z,2,2,8) < M(z,y,z,t+s) thatis M(z,y, z,t+s) = M(z,y, 2,t)

for each z,y, z,a €X and t, s > 0 by definition of (X, M, x).

Lemma 2.14. Let {x,,} be a sequence in a complex valued M~ fuzzy metric space (X, M, *) with

tlim Mz, y,z,t) = €%, M(z,y, 2, ht) = M(x,y,2,t) forall z,y,z € X,0 < h < 1,t € (0,00) then
— 00

T=1y=z

3 Main Results

Theorem 3.1. Let (X, M, *) be a complex valued complete M— fuzzy metric space where x is a complex
valued continuous t— norm and satisfies t x t = ¢ for all t € [0,1]. Let A, B, S and T be self-mappings of a
complex valued M— fuzzy metric space satisfying the following conditions:

(3.1) Forall x,y,z € X,t = 0and h > 1.

M(Sz, By, Bz, t) + sM(Sxz, Ty, Tz,t) }

M(Azx, By, Bz, ht) = min {M(Sx,Aaj, Ay, t), M(Ty, By, Bz,1), r TM(By. Ty Bot) + 5

where 1, s = 0 with v and s cannot be simultaneously 0.

(3.2) Pairs (A, S) and (B, T) satisfy common E.A. Like property.
(3.3) Pairs (A, S) and (B, T) are weakly compatible.

Then A, B, S and T have a unique common fixed point in X.

Proof. Since (A, S) and (B, T) satisfy common E.A. Like property, therefore there exist two sequences {z, }
and {y,} € X such that lim Az, = lim Sz, = lim Ty, = lim By, = w, where w € S(X)NT(X)
n—oo n—oo n—oo n—oo
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orw € A(X) N B(X). Suppose z € S(X)NT(X). Now, we have lim Az, = w € S(X) then w = Su,

. n— o0
for some u € X. Now, we claim that Au = Swu.

Form (3.1) we have,

M(Au, By,,, Byn, ht) = min {M(Su, Au, Ay, t), M(Tyn, Byn, Byn,t),

rM(Su, Byn, Byn,t) + sM(Su, Typn, Ty, t) }
rM(BYn, TYn, Byn,t) + s )

Taking limit n — oo, we get

M(Au, By, Byn, ht) = mln{/\/l(w,Au,w7t),/\/l(w,u),w,t)7
rM(w, w,w,t) + sM(w,w,w,t) }
rM(w,w,w,t) + s
M(Au, w,w, ht) = m m{./\/l w, Au, w, t), e 19}
M(Au, w, w, ht) = M(w, Au,w,t)
M(Au, w,w, ht) = M(Au,w,w,t).

Lemma 2.2. implies that Au = w = Su.

Since the pair (A, S) is weakly compatible, therefore Aw = ASu = SAu = Sw.
Again, nh—>ngc By, = w € T(X) then w = T'v for some v € X.

Now, we claim that T'v = Bw, from (3.1) we have,

M(Azx,,, Bv, Bv, ht) = min {M(Swn,Amn,Av,t),M(Tv,Bva,t),

rM(Sz,, Bv, Bv,t) + sM(Sxy,, Tv, Tv,t) }
rM(Bv,Tv, Bv,t) + s '

Taking limit n — oo, we get

M(w, Bv, Bv, ht) > min M(w, w, Av,t), M(w, Bv, Bv, t), M(w’fjj’(gf]’zg\:gu_{_w’w’t)},

M(w, Bv, Bu, ht) = min{e*, M(w, Bv, Bv, t), e},

M(w, Bv, Bv, ht) = M(w, Bv, Bv, t),

M(Bv, Bv,w, ht) = M(Bv, Bv,w,t).

Lemma 2.2. implies that Bv = w = Tv = Aw.

Since the pair (B, T') is weakly compatible, therefore Tw = TBv = BTv = Buw.

Now, we show that Aw = w, from (3.1) we have,

M(Aw, By, Byn, ht) = min {M(Sw, Aw, Ay, t), M(Tyn, Byn, Byn,t),

rM(Sw, Byy, Byn, t) + sM(Sz, Tyn, Tyn, t) }
rM(Byn, Tyn, Byn,t) + s '

Taking limit n — oo, we get
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M(Aw, w, w, ht) = min M(Aw, Aw, Aw, t), M(w, w,w, t), TM(Aw’TmZ’UtEfUA:)(f;“’w’w’t)}

M(Aw, w, w, ht) = min {ew, e, 7:/(\44((1?73:3:%1)5 }
M(Aw, w,w, ht) = M(Aw,w,w,t).

Lemma 2.2. implies that Aw = w.

Now, we show that Bw = w, from (3.1) we have,

M(Azx,, Bw, Bw, ht) = min {M(an,AJ;n,Aw,t),M(Tw, Bw, Bw, t),

rM(Sx,, Bw, Bw,t) + sM(Sz,, Tw, Tw,t) }
rM(By, Tw, Bw,t) + s

Taking limit n — oo, we get

M(w, Bw, Bw, ht) = min {M(w, w,w,t), M(Bw, Bw, Bw,t), TM(w’f/:f{(%%,tj);ﬁgﬁt})’f?’Tw’t)}

M(w, Bw, Bw, ht) = min {e", ", M(w, Bw, Bw, )},
M(w, Bw, Bw, ht) = M(w, Bw, Bw,t),

M(Bw, Bw,w, ht) = M(Bw, Bw,w,t),

Lemma 2.2. implies that Bw = w.

Hence, Aw = Sw = Bw = Tw = w.

Thus w is a common fixed point of A, B, S and T

To prove uniqueness, we suppose that p and ¢ are two common fixed points of A, B, S and T such that p # q,
then from (3.1) we have,

M(Ap, Bq, Bq, ht) = min {M(Spv Apa Aqv t)» M(T(L BQ7 BQ7 t)? TM(Sp;«B.Aq/l’(BBq(f)TZ‘,SgAq,(giZ%Tq)t) }

. M(p.g.0.0+sM(pa.a.
M(p,g,q,ht) = min {M(p, p, q,), M(g,q, 0, 1), 1240000 |

M(p,q,q,ht) = min {e?, e M(p,q,q,t)}

M(p,q,q,ht) = M(p,q,q,t). Lemma 2.2. implies that p = q.

Corollary 3.2. Let (X, M, *) be a complex valued complete M — fuzzy metric space where x is a complex
valued continuous t—norm and satisfies t x t = t for all t € [0,1]. Let A, B, S and T be self-mappings of a
complex valued M— fuzzy metric space satisfying the following conditions:

(3.4) Forall x,y,z € X,t = 0and h > 1.

M(Azx, By, Bz, ht) %= min {M(Sm, Az, Ay, t), M(Ty, By, Bz,t),

rM(Sxz, By, Bz,t) + sM(Sx, Ty, Tz,t) }
rM(By, Ty, Bz,t) + s ’

where 1, s = 0 with r and s cannot be simultaneously 0.

(3.5) Pairs (A, S) and (B, T) satisfy common E.A. Like property.
(3.6) Pairs (A, S) and (B, T) are semi-compatible.

Then A, B, S and T have a unique common fixed point in X.
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Example 3.3. Let X = {0} U{L : n € N} with the metric D defined by
D(z,y,z) =z —y|+ |y — 2|+ |z — x|, forall z,y, z € X.

Forall z,y,z € X and t € (0, 00), we define M(x,y, z,t) = ewm.

Clearly (X, M, ) is complex valued complete M — fuzzy metric space with t—norm * is defined as a * b =
min{a, b} where a,b € [0, 1]¢? , for a fixed § € [0, Z].

Here, tlim M(z,y,z,t) =€ forall z,y,z € X, t € (0,00).
—00
Define self-maps A, B, S and T as follows.
Azr = Bx = § Sz =Tz = 3. Then conditions (3.1) and (3.3) hold good.

Also, the condition (3.1) holds for h = % . Therefore, by Theorem 3.1. the self-maps A, B, S and T have a
unique common fixed point in X. Here 0 is the unique common fixed point.

4 Conclusion

We make common fixed point theorems for two pairs of weakly compatible mappings in a complex-valued
M— fuzzy metric space fulfilling common E.A. property. Utilizing this thought we will make a common
fixed point theorems for two two pairs of weakly compatible mappings in a complex valued fuzzy metric
spaces.

Acknowledgments. We are very much thankful to the Editor and Reviewer of the paper for their kind
suggestions to bring the paper in the present form.
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