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Abstract

An idea about neutrosophic soft normed space with linear tends to every soft points set throughout
the field with scalar & that can be examined using a different approach in this study. Additionally,
the terms Cauchy and Convergence are defined. A few theorems are proved that is related to these
ideas.
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1. Introduction

In 1999, soft set theory was first developed by Molodostov [10]. In 2002, Maji [9] studied a new
idea called fuzzy soft set. The sets with crisp soft have been further developed to the sets with fuzzy
soft by those exact authors. In 2012, saw the introduction of the linear spaces with soft by Das,
Majumdar along withSamanta [3] and also the linear spaces with soft norms.

Zadeh [16] first established the idea called Fuzzy Set (FS). Atanassov [1] first developed the term
and concept that is an intuitionistic FS on 1986. In 1984, Katsaras [7], developed that the concept on
normed space with fuzzy. Fuzzy Banach space research was done in 2005 bySaadati along with
Vaezapour [12]. The idea was first presented in 2006 by Saadati along with Park as the Intuitionistic
Fuzzy Normed Linear Space (IFNLS).

Fuzzy soft was first used in 2013 by Zahedi, Kilicman and RazakSalleh [8] a link involving norm
with fuzzy soft as well as norm with fuzzy throughout the set was developed. The idea of fuzzy soft
with convergence and Cauchy were first suggested by Beaula and Merlin [2] in 2015 within fuzzy
soft normed linear space.

Smarandache [13] defines a subclass of the crisp set called the Neutrosophic Set (NS). Neutrosophy
is a theoretical framework that made its way into print in 1998. Parameterizing the universal set, we
get the soft set, a collection of subsets. Any collection of phrases, natural integers, etc., may be used
as the parameter set. Therefore, soft sets theory has appealing uses in a wide variety of contexts.
Additionally, in neutrosophic soft metric spaces, we present various topological structures of this
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newly discovered space, which gives the open ball with soft and closed ball with soft. Neutrosophic
soft normed linear space has been studied for its many topological and structural characteristics.

2. Preliminaries

Definition (2.1):Let £ be a set that is non-empty as well as I is a closed interval of real numbers
with the value I = [0,1]. A function from Zinto] = [0,1] is a FSS in  (or a subset with fuzzy
fromz). “If § is a FS in E after this SScan be defined as characteristic function which connects all & €
= to real number (%) within the interval 1. The grade of membership towards ¥ in is represented
by the function3 (¥). Scan be described completely as™:

$={(33):5€=20<3 I O
3= {(n,\s(n)).n EEZ0<3(®) < l}oro —{ 5 DE H}
Here the function of membership for the FSS is referred asS3(%). IZdenoted the all FSs family in E.

Definition (2.2):“Let £ be a set that is non-empty. A Neutrosophic Set (Shortly, NS) an object 2 to
have the form: 2 = {(8, Sy (®), Gy (), Vg (5)), b € £}, here the functions Sg: & > I, E: E - I and
Mg E — I indicates the membership degree along with the non-membership degree of each ¥ € £
element towards the set U (respectively) along with 0 < S (3) + Sy () + Ny (¥) < 1 for all € E.
Consider the family of all NS denoted by N (E). Furthermore, we call: my(3) = 1 — Sy(®) —
Sy () — My (D), € E, the Neutrosophic index or in A for degree of hesitancy. It is clear that 0 <
u(®) < 1foralls € E.”

Definition (2.3):The 7-tuple (E,S, &, 9t,%,0,A) is said to be a Neutrosophic Normed Linear Space
(Shortly called, NNLS) when = be a space with linear throughout a field &, % belongs to £-norm
which is continuous, © as well as A is a #-conorm which is continuous and S, S, 90t belong FSs in
X (0,0)(i.e.¥, &M : E x (0,0) > [0,1]) satisfying the criteria as follow: for every ¥, €
and9,¢ >0,

(1] [1]

(NN. DI (®,9) + &(5,9) + M@, 9) < 3,

(NN.2)0 < 3(®,9) < 1,0 < &®,9) <1and 0 < M(F,9) <1,
(NN. 3)3(3,9) > 0,

(NN.H)3@,9) =1 5=0,

(NN.5) 3(#8,9) = 3 (E, ll;%l)for each &|{0},

(NN. 6)I(@ + 1,9 +¢) = I(@,9) * I(®,¢),

(NN. 7)3(3,.): (0,) — [0,1] is a continuous function;
(NN. 8) Jim 3(5,9) = 1aswell as lim 3(,9) = 0;
(NN. 9)&(3,9) < 1;

(NN.10)&6(3,9) =0 & 5 = 0,

(NN. 11) 7%, 9) = & (ﬁ, l‘y’;l) for each §|{0},
(NN.12)E@E + 1,9 +¢) < &(¥,9) 0 6(®,¢);

(NN. 13)&(,.): (0, 00) — [0,1]is a continuous function;
(NN. 14)19’li_>rcr>1o S(3,9) = 0 as well as 1191_r}l1] S(3,9) = 1;
(NN. 15)9t(3,9) < 1;

(NN. 16)(®,9) =0 © 5 = 0,
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(NN. 17)§i (7%, 9) = $t (5, |fyll)for each /{0},

(NN. 18)I(® + ® ,9 + ¢) < M(B,9)OM(®, <),
(NN. 19)9t(3,.): (0, %) — [0,1]continuous and
(NN. 20) lim M(@,9) = 0and lim M@,9) = 1;

Definition (2.4):Let E be a universe along with € is a parameters set. Consider B(2) indicate theZ=
with power set. A (&, €) pair which can be known as the set with soft throughoutZ, in which &
provides a mapping given by & : € — B(Z). Alternatively, a soft set throughout = might be the

-

family with parameterized belongs to a subsets of the universe&.”
Definition (2.5):

(1) Let (%, €) a soft set throughout £ is said to be a null set with soft indicated by @, when §(e) =
@ forevery e € €.

(2) “Let (&, €) a soft set throughout Z is said to be a set with an Absolute Soft (AS) indicated byZ,
when §(e) = E foreverye € €.”

Definition (2.6):Let R be the real set along with B(R) be the every bounded subsets collection
belongs to R with non-empty as well as € taken as parameters set. After that a mapping &: € —
B(R) can be referred to as a real set with soft. When the set of real number with soft is a singleton
set with soft, it shall be known as a real number with soft as well as indicated by g, ¢ Jetc.”

Remarks (2.7):

(1) 0 as well asTare two real numbers with soft where 0(e) = 0,1(e) = 1,Ve € € (respectively).
(2) The set of real numbers with all soft indicated by R(€) as well as the set of every non-negative
real numbers with soft represented by R(E€)*.

Definition(2.8):Let gand¢are two soft real numbers, and thereafter consider the statements that
follow:

1) ¢ <¢ifa(e) < ¢(e)foralle € G;

2) 6=¢ifo(e) =¢(e)foralle €G;

3) 5 2 cif o(e) < &(e) forall e € G

4) ¢ >¢cifge) > ¢(e) forall e € G;
hold.

Definition(2.9):Let Zbe a vector space throughout a field & as well as take € be a parameter set.
Taking (&, €) be a soft set throughoutZ. The set (&, €) with soft is known to be a soft vector, also it
is indicated by 5,when e € € that is only one, which gives §(e) = {5} for certain ¥ € Z along

withF(e') = 0,ve' € % Every soft vectors set throughout Zshall be indicated by SV(E).

Definition(2.10):Let 3,, ©,,/be two soft vectorsare said to be equivalent when e = e’ as well ast =
i%. Therefore 3, # ®,r © b =D ore # ¢

Proposition(2.11): The vector space SV () can be characterized by the following operations:

1) B+ B, = (B + B)(esenforevery 5, B, € SV(E).

2) 8.3, = (09) (e forall 3, € SV(E) along with for all real numberg with soft set.
Definition(2.12):Let SV(E) be a soft vector space. Thereafter a mapping ||. |l: SV(E) - RT(®)is
said to be a norm on SV (&) with soft, when ||. ||satisfying this criteria follows:

1) ||8.|| S Oas well as ||3.|| = 0 & 3, = 8,.

2) ||a.3.|| = 181||3. ||for all B, € SV (E) along with for all soft scalar .

3) |3 + B || 2 |[3e]| + [|Ber||for all B, B, € SV(E).
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The space SV (&) be a soft vector with a soft norm ||. ||on Zis called a Soft Normed Linear Space
(Shortly SNLS) can be indicated by (Z, |I.1|).

3. Main Results

Definition (3.1):The 7-tuple (E,A, v, $,*,<>,*) is said to be anNeutrosophic Soft Metric Space
(Shortly, NSMS) when Zis a AS set with an arbitrary, *,0,% is a t-norm which is continuous, R(€)*
is the every positive real numbers set with soft, SSP(S) indicate the every soft points set on Zand
AV,£is a FS in SSP(£)xSSP(&) x R(€)*(i.e.A,V,«: SSP(E) x SSP(Z) x R(E)* -
[0, 1])satisfying the criteria follows: for every 5, , %, %, € SSP(£),9,¢ S0,

(NSMS. 1) A(3,,, B, 9) + V(B,,, Be,, 9)+% (B, Be,,9) < 3
(NSMS. 2)0 < A(3,,, B,,,9) < 1,0 < V(3,,,B,,,9) < 1 and 0 << (3,,,®,,,J) <1,

(NSMS. 3) A(3,,, B,,, ) > 0,

={d

(NSMS. 4)A(3,,, B,,,J) =1 & B, = B,,,
(NSMS. 5) A(B,,, B.,,9) = A(B,,, B,, ),

(NSMS. 6) A(B,,, B, 0 + ¢) S A(Be,, %o, 9) * A(Re, , B, €),
(NSMS. 7) A(B,,, B.,,"): R(E€)* - [0,1] is continuous,

(NSMS. 8) V(3,,, B,,,9) < 1

(NSMS. 9)V(3,,,®,,, ) =0 & B, = B,,,

(NSMS. 10) V(B,,, ®,,,9) = V(B,,, 5.,,9),

(NSMS. 11) V(B,,, B, 9 + ¢) L V(3,,, %, 9) o V(E., , Be,, €),
(NSMS. 12) V(3B,,, ®,,,): R(€)* - [0,1] is continuous, and
(NSMS. 13) £ (3,,, B,,,9) < 1

(NSMS. 14)< (3,,, ®,,,9) =0 & B, = B,,,

(NSMS. 15) £ (3., B, J) =% (Be,, 5, 9),

(NSMS. 16) £ (8., Be,, 9 +¢) 2% (8o, %, 9) *% (R, B, €),
(NSMS. 17) < (3,,, ®.,,'): R(€)* - [0,1] is continuous,

Definition (3.2):The 7-tuple(&, ¢, ¢, 9,%,0,%) is said to be an Neutrosophic Soft Normed Linear
Space (Shortly called, NSNLS) when Zbe an AS linear space throughout the field &, ,0,% is a t-norm
which is continuous, ()" indicates every positive real numbers set with soft, SSP(Z)indicate the

all soft points set on £ and ¢, ¢, be a set with fuzzy in £ x R(E)*(i.e.d, ¢, : SSP(E) x
R(E)" - [0, 1])satisfying the criteria follows: for every 3, %, € SSP(E), 9,¢ S 0and £ € &,

(NSN. 1) ¢(3,,9) + ¢(3,,9) + ¥(3.,9) < 3;
(NSN. 2)0 < ¢(3.,9) < 1,0 < ¢(3.,9) < 1 and 0 < 9(5,,9) < 1;
(NSN. 3)¢ (3., 9) > 0;

(NSN. 4)¢(3.,9) =1 & 3, = 8,
. Te o~ _il= i T -
(NSN. 5) ¢ (£5,,9) = ¢ <ne, |i&|)and £+ 0,
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(NSN. 6)$ (B, + B,r, 9 + &) S ¢(3.,9) * p(B,,¢),

(NSN. 7)¢(3,,") be a continuous in R(E)* with non-decreasing function as well as
lim (3., 9) =1

(NSN. 8)¢(3,.,9) < 1,

(NSN. 9)¢(3,,9) = 0 © 5, = 8y,

(NSN. 10) ¢ (£5.,9) = ¢ (ne, )and £ #0,

#|
(NSN. 11)¢ (3 + B, , 9 + ¢) £ (8., 9) ¢ ¢(B,,¢),

(NSN. 12)¢(3,,") be a continuous in R(€)* with non-increasing function as well as
lim ®(3.,9)=0

(NSN. 13)(3,,9) < 1;

(NSN. 14) ¥(3.,9) = 0 & 5, = 8,

(NSN. 15) 3 (£5,,9) = ) <ne, )and £+ 0,

4
(NSN. 16)3) (3, + B, , 9 + ¢) L (8., ) * (B, ¢),

(NSN. 17)3(®,,") be a continuous in R(E)* with non-increasing function as well as
Jim (3, 9) = 0

Furthermore, assume that(Z, ¢, ¢, 1,*,e,%) satisfying the following conditions:
(NSN.18) ¢ *a=a,aca=aand a xa = a,Va € [0,1],

(NSN. 19) ¢(8.,9) > 0,¢(3.,9) < 1 andy(3,,9) <1,vI S0 =5, =6,

Example(3.3):Let (&, ||. ||)be a SNLS along with consider thatd « b = &.5,& o b = min{1,d + b}and
@b =min{1,d + b}forall §,5 € [0,1], $, », 9 be a FS within SSP(E) x R(E)*defined as:

¢ (5., 9) = ~@)" (5§ = el "nllvell
(ne,ﬁ)—h@ i (p(ne,ﬁ)—&@ T ||and ¥(3.,9) = =Sifor every A, %, m,n €

R*. After that(u,¢> @,,%0,%) be an NSNLS. In particular, WhenlL ic m=mn=1, we get

= &l g & e“
é(3..9 )_5+||%e||' @ (3. )—19+”De|| and ¥(3.,9) ="=Hor all 95 0. In this case, we said

(£, ¢, @, 1),*,0,%)standard NSNLS.

Definition(3.4):Let (&, ¢, ¢,1),%,0,x) be a NSNLS as well as consider {ﬁgj}denotes a sequence of
soft vectors withinZ, after that:
1) A sequence {%g‘j}is said to be converges to %gjwith respect to( ¢, ¢, ¥), if for each « € (0, 1)and
9 S0, then exists n, € z*such that ¢ (%g; - %2}.,5) S1-a,¢ (%g; - 32}.,19) < aqand
¥ (87, — B2 ,19) < a for every n > n,. (orequivalently %qu’) (%g; - 32}.,19) =1, lim ¢ (3?}. -
9. 19) = Oand :;il?oll} (%gj - %2}.,19) =0, when d — o).
2) A sequence {ﬁg‘j}is said to be a Cauchy Sequence (CS) w.r.t(¢, ¢, ), when for each a € (0, 1)as well
asd S 0, there is n, € z*exist which means ¢ (52}. - %Z'j‘, 19) S1—a,¢ (%3}. - %g’;, 19') Za
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andy) (5;3. — 57,

§ {9') < a for every n, m > n,. (or equivalently 1~;im ) (%g; -3, 19) =1,

] J
{’!i—lllo(p (%Z‘j - %g';,é) = Oand{,],i_r)goll) (%Z‘j - 52}?, 19) =0, asd — o).
Definition(3.5):Let (&, ¢, ¢,3),%,0,%) be a NSNLS. Then (&, ¢, @, 1),%,0,%) is said to be complete
when every CS within SSP(Z) converge towards the soft vector of SSP(E).

Definition(3.6):Let (£, ¢, @, 1,%,0,x)be a NSNLS. After that the open ball B(3,,, ¢,9), the closed
ball B[3,,, 0,9] and a sphere &(3,,, 0,9) with center at 5, € SSP(E) as well as radius 0 < ¢ < 1,
9 S Oare defined as follows:

B(..,0,9) = {%ez € SSP(E): (B, — ®e,,9) S 1—0,9(e, — B, 9) < 0 }

and (3, — %.,,9) < 0
BlEe, 0.9 = (e, E5SP(2):6 (5o, — Be, 0) S 1-0,0(Fe, — B, 9) 20
and (3., — %, 9) £ o}
e e
Definition (3.7):Let (&, ¢, ¢, 1),%,0,+)be a NSNLS and 2 be a subset of SSP(E). Afterwards:

1) Wis said to be open set when for each %el € U, after that 9 S Oexists along with 0 < ¢ < 1 which
means B(%,,,0,9) € A.

2) Alissaid to be closed set when for any sequence {%2}.} within 2 converges towards 32}. € .

3) Uis said to be bounded set when there is 9 S 0Oexists along with 0< ¢ < 1 which means
$(3.,9) S 1-0,¢(3.,9) < 0and ¥(3,,9) < 0,V 5, EA.

4) Ais said to be compact set when for any sequence {%Z‘j} within 2 has a subsequence which is
converges towards an element of 2.

Theorem (3.8):In NSNLS there is an open sets with finite numbers of intersection is open.
Proof

Let (£ ¢, @, 1,0,%)be an NSNLS and let open set with finite collection {8;:i = 1,2,3, ..., n}in
NSNLS, Let $ = {8B;:i = 1,2,3,...,n} we must to demonstrate § is an open set. Consider 5, € §

=%, €V, Vi=1,2,3,....,n andB; be an open set Vi

= 3p; € (0,1)andd; > 0s.t.8B(3,,0,9;) EB;,i =1,2,3,...., 1.
Let 3, = max{dy,3,,Js, ..., 9, Jand ¢, = min{oy, 0,03, .-, 00}
= B(B,, 0,9 ) EBiforalli =1,2,3,....,n

= B(8,, 01, 9;) ENB;

= B(3., 000 9) € H

= $is an open set.

Theorem (3.9):

In NSNLS, union of collection of open sets with an arbitrary is open.

Proof
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Let (£, é, @, 1,%,0,%)be an NSNLS in addition let {;: 2 € A}be a collection of an open set with an
arbitrary withinZ. Let ® =U {®;: 1 € A}Jwe must demonstrate that ® is an open set. By, consider
9. € ® after that 3, € ®, for certain 1 € A.Given that G, provides an open set

= there is ¢ € (0,1) exist,d S 0 which means B(3,,0,9) € 6,as well as since 6, € G
= B(3.,09)EG

= ® is an open set.

Theorem (3.10):

Let (£, &, ¢, 3,%,0,%)be an NSNLS when U is open set within soft linear space Zas well as B € &
after that 2 + B is an open set withinZ.

Proof

Let 5, € SSP(E) as well as @, € U.Since is an open set

= there is ¢ € (0, 1)exist,d S 0 which means 8(d,,0,9) €U

= B(ad,,0,9)+5, EA+ 3,

= B(d, + B.,09) EA+ 5,

= U + B,which is an open set within Zfor every 5, € SSP(Z) as well as since
A+B=U{A+Db:b € B}

= A + Bwhichis an open set within Z.

Theorem (3.11):

Every convergent sequence is Cauchy sequence.

Proof

Let a sequence {%g‘j}within an NSNLS(E, ¢, ¢, 1,%,0,%). Consider {%Z‘j}converges to 82}.
=when for each a € (0, 1)andd S 0, there is n, € z* exist which means

¢ (%gj - %2}.,19) S1-a,¢ (5?}. - %2}.,5) Z aandy (%2}. - %2}.,5) < a for every n > n,.

L (En Sm — A (En Sm S0 S0 g
=@ (nei B Dei'ﬁ) = (De,- ~Dej + D, — Dei"?)

H < < < < a < < < 5 H < < l§
= ¢)((nf;j —ngj) + (UZ’}— ngj),ﬂ) = ¢<n2‘j —ngj,5>*¢(ng';— ngj,i)
S-a)«(1—-a)=1-aq,

. (Sn Sm &) _ . (Sn  Sm S0 S0 5
=@ (De]- - Dej'ﬁ) =9 (Dej T De; + De; — Dej'ﬁ>

~ ~ ~ —_ ~ ~ 3 ~ ~ 3
. Xxn X0 xm %0 o[ xn X0 [ xm %0 =
< —] 0 —_ O —
((Ue]- Ue]-) + (Dej Uej),ﬁ) S Q@ (Uej Dej, 2) @ (Dej Dej, ) <aoa=aAnd

b —52,9) S 1—a,¢ (B - 522.0) 2 aandyp (37, — 32, 9) L aforall n,m = n,
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anda € (0, 1),Hence, the sequence {9 { } is CS.

Theorem (3.12):In NSNLS has a sequence, if a limit exists that is unique.
Proof
Let sequence {% }W|th|n a NSNLS(E, ¢, ¢, 9,%,0,%), such that lim qb( — B, 19) =1,
. . (Sn _ S 3§ _ -3,
%ﬂw(ne. ne,ﬁ) =0, andll_r)gol,b( ¢ ne,ﬁ) = Oandjlm qS( Be, 9, ) 1, 1m (p(
B, ,19) =0, and 1;1m P (ne - 381,5) = 0 these are three I|m|ts to asequence{% }After that by

definition there are positive integers 7, 72,exists which meansg (Bg‘j - 59,19) l1—a, ¢ (ne]. -

38,9) Z aandy (3?}. — B, 5) < a forall n > n,as well as a € (0, 1)and

¢ (52}. - %er,é) S1-a,¢ (5;‘}. - %er,ﬁ) < aandy) (5;‘}. - %e:,ﬁ) < a forall n > n,as well as
a€(0,1).

Choose n = ny, ny = min{n,, n,}

= ¢(B, — 8., 9) S 1—a,¢(3, — B,r,9) < aandyp (3, — 5,,9) <

= lim ¢ (3, — 3,7, 9) = 1, lim @(%. —¥,,,9) =0,and lim Y8, —5.,9) =0

Mn—00
= ¢(3, — B, 9) = 1,¢(B, — B.,9) = Oandyp(3, — B,/,9) =0
By using the collections (NSN. 4) and (NSN. 9), we get

_ g
e = Dg.

d(l

=0, =

8Q
d(l

e

Theorem (3.13):Let{§?j}, {B7 Jbe a sequences in NSNLS(E, ¢, @,1),%,0,x )along with for every a; €
(0, D)itexists a € (0, 1)whichmeansa *a > a;, a ¢ a = a;and a x a = ay:

1) IF82 - B.then B2, — €5, ¢ € R\(0} (s field).
2) |If %g}. - B.and B}, - B,/then B nej +BE, - B + B,

Proof

1) Since B}, - B,
= for each a € (0,1)as well as 9 S 0 ,after thatrn, € z*exists which gives
¢'>(%g —38,19) S1-a, <p(%:,‘j—%e,z§) < aand 1/)(%;‘].—39,19)2 a forall n > mn, Putd =

iz |such that 9, S 0, ¢ € &\ {0}
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n—oo

lim ¢ ((nej + m;f‘l) — (3, +
% -

= for each « € (0,1)and 9 S 0 ,after that n, € z* exists which gives
i (3 z 9\ ~ sn g 9\ ~ i (g c I\ ~
qb(nj}}.—ne,z) > 1—a,go(n ,5) <aand1/z(vj}}.—ne,;) < aforallm = mn,.

And since B, - B,/

= foreach a € (0 DandJd > 0, after that N, € z* exists which gives

¢(me -, )>1—a (p(me —®, , )<aand1/)(me -, )<af0rz:1l|44,>/n2
Take n, = min{n,, n,}for all « € (0, 1), there exists n, € z*, (a is arbitrary)

b (5 +82) - G+ 50),9) = 6 (52, - 5.) + (2 - %el)ﬁ)

)*(;l')(t%gli—t%er;)S(l—a)*(l—a)zl—a,

By taking lim,
M- 00

lim ¢ (( + B2 ) — (B, + B, ,5) =1, lim ¢ <(ne + mel) — (B, +®,1), 19) = 0 and
n—-oo

Theorem (3.14):Let {%”.} {B2 Jbe a sequence in NSNLS(E, ¢, ¢, ,%,0,%)such that C". - B.and
B2 > B, & f € K\{0} then a#( ) + Bg(®2) - a(3.) + fg(®,) whenever #andg are
two identify function.

Proof

Since 57, - 5,

<

= for each € € (0,1)and 9 S 0, there exists 72, € z* such that ¢ (32}. — B, ﬁ) S1-¢ ¢ (52}. -

< 9
) < eand llJ(De] — D,

2|al

d(l

o 20l )Zeforallnzfnl.

And since B — B

= for each e € (0,1)and 9 S0 , there exists n, € z* such that ¢>( — 1, %) S1-—k¢
(i)(%g‘i —®,, IBI) <eandz/}(r‘~f)g‘i — B, |ﬁ|) Zeforall n > n,.

Take 1, = min{ny, n,}forall € € (0, 1), there exists n, € z™, (e is arbitrary)
¢ <(‘7# (32) + Ba(®2)) - (a#(5.) + ﬁg(%eo),é)
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- (a(s38) - ﬁ(%e)) +B(a(®2) - 4(%90)9)

ifsn _ % i wd [ En <= j I _ " _
=¢<nej De'ZIéZI) ¢><mei W, 2|[>’|>>(1 e)x(1—e¢€)

=1—g¢
¢ ((‘” (55) + Bo(®2)) - (as(E.) + ﬁg(r%ef)).é)
— o (a(# (35) - £62)) +BoEE) - 9(B,).9)

9

, Sn < . =2 W= i
(p(’ﬁ' (Dej) _’ﬁ(ne)' zldl) ¢ Qo(g*'(mei) g’(me’)12|g|>

IA

- k] - = 3\~
=@ (D% — —)o@p | D —® — o€ =
0] (nej D€'2|a|) @ (mei me"ZIBI) <eoe=c¢and

b ((af (32) + Ba(®2)) - (a#(5.) + ﬁg(t%e,)),é)
= (a(#(55) - #G.)) +F(a(E2) - 9®.).9)
_ 9
|)*¢<9( ?)—g(mef),m>

S (e oV
= V/n,—v , v@—v =T 2 =
w(nef v zldl)*lp(me’ e 2|ﬁ|> ere=e

Therefore,a# (ﬁe ) + Bg(Bz) —» af(3.) + Bg(B,).

Theorem (3.15):An NSNLS(E, ¢, ¢, 3,%,0,%)in which every CS has a convergent subsequence is
complete.

Proof
Let {%g‘j}be a CS within an NSNLS(E, ¢, ¢, 1,%,0,% Jand {%gf‘}be a subsequence that converges to%‘e’]
We prove that {%g‘j}converges toﬁgj

Letd S 0and a € (0,1).

S
Since {% }be a CS, ny € z* exists likewiseg (%e nﬁ‘] ) S1-a, <p( —ne, )< a and

1,[)(139]—135‘, )<af0ralln/é>n0

Since {C""}converges toﬁg , L, > nyis a positive integer exist which gives,

& (5 -50,5) S 1- g (3 - 8,5) L wand v (55 - 5,5) 2

Now

46
Doi: https://doi.org/10.54216/]NFS.070105
Received: January 26, 2023 Revised: May 21, 2023 Accepted: June 26, 2023



https://doi.org/10.54216/JNFS.070105

Journal of Neutrosophic and Fuzzy Systems (IINEFS) Vol 07, No. 01, PP. 37-50, 2023

O N A
2(1)(52‘].—5%,—)*¢<‘ﬁ;’;—‘ﬁg}.,i)>(1—a)*(1—a)>l—a,

on = o
c(gn g0 2\ o[%n %k L S %0 2 4 7
(p (DEJ' DEJ" 2) (p (DEJ' Dej' + De]' De]"z + 2)

~ . (= cip 9 . (i s0 9\ ~

= Wn_vlk_)o (v&_vo _) R

< (nel. Beir3 @ (De; — e <aoa< aand
e o D e sin  sin on D D

h[Sn S0 2| — . &n _ Slp Sl 20 e

v (De" Py 2) v (De" Pej T 0¢; ~ej 3

~ i (en  =p O\ . i(sis w0 T\~

= (Gn _ %k _)* (vﬁ_vo _) " _

<y (nej 0g5 P B, — e <arxa<a

Therefore{%z‘j} converges to ﬁg}. in (£, ¢, ¢,3,%,0,%) and hence it is complete.

Definition (3.16):Let (¢, @,1,%0,%)be an NSNLS satisfying the condition (NSNLS.18) and
(NSNLS.19).Definel|5 || = inf {§ S 0:¢(5.,9) = @, ¢(8.,9) £ 1 - aandy(3.,9) <1~
a,a € (0,1)}. ]l .are called @ —soft norms on SSP(Z) corresponding to the NSNLS.

Theorem (3.17):Let|||l,, « € (0,1), be defined in definition (3.16), then {||‘|l,: « €
(0, 1)} provides ascending family as part of @ —soft norms depending on SSP(Z).

Proof

(1) From definition [|3.|| S Oand let [|3,|| =0

= inf{3S50:¢(3.,9)S a, ¢(3.,9) 21— aandy(3,9)<1-a,a€e(0,1)}=0

= Foralld S0: ¢(3.,9) S a S0, ¢(3.,9) <1 -a<1and(3.,9)S1-a<1,a€(0,1).
By condition (NSNLS.19), we getd, = 6.

Conversely, lets, = §,.

= 3(8.,9) = 1,6(8,,9) = 0andM(3.,9) =0,vI S0

= Foralla € (0,1)

inf (950 ¢(3,,9) S a, ¢(3,,9) 21— aandy)(3,9) 21 -a,a€(0,1)}=0

= [[3ell, =0

(2) Forall ¢ #0

|6 Be]l, = inf (¢S 0: $(¢8e,¢) S @, @(cBe,¢) £ 1~ aandyp(e5,,¢) 21— a,a € (0,1)}

=inf(sS0:¢ (5 5) S a, ¢(5.5) 21— aandy (8e,|i) 21-aa€(0,1)

€| ‘|

= inf{|¢]9 S 0: p(3.,9) S a, @(3.,9) L1 —aandy(3,,9) 21 —a,a € (0,1)}

|elinf(d S 0: $(8.,9) = @, ¢(3.,9) L1~ aandp(3,9) S 1—a,a € (0,1)} = [¢][|5]| ,

=0 =10

o
8Q
3

(=14}

ife=0o | Al =1l vee s

| = 03],

3 |3l + 1B,

e

a7
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=inf{d S0: ¢(3.,9) S a, ¢(3.,,9) <1 —-aandy(3.,9) £ 1—-a,a € (0,1)}
+inf{¢S 0: $(B,,¢) S a, ¢(B,,¢) 21 —aandP(®,,¢) <1 -a,a € (0,1)}
=inf{d+¢50: ¢(3.,9) * p(Ber,¢) S @, ¢(3e,9) 0 p(B,r,¢) 1 —aand

Y (Be,9) *P(B,,¢) 21— a,a € (0,1))

Sinfd+¢S50: ¢, +B,,9+¢)Sa, @8, +B,,9+¢) <1 —aand

Y8, + B, 9+¢) 21 —a,a €(0,1)}

=inf{S0:p(3. +%,,0) S a, ¢(B, +,,6) <1—aand

(8. +8,,0) S1—aa € (0,1)} = |5 + B Thus [[B. + B[] < |15l + 1Bl
Then |||l ,is @ —soft norm on SSP(Z). We show that for any 0 < a; < a, < 1.
Then|[5.||, 2 [5. ], -

Since a; < a,

= {050:¢(3,,9) S ay, ¢(3.,9) 21— azandyp(3,,9) L1 —ay,a, € (0,1)}
EWPS0:6(3.,9)S ar, 9(3.,9) 21— ajandip(3.,9) 21— ay,a; € (0,1)}

= inf (95 0: ¢(3.,9) S @z, ¢(3.,9) 21— apandp (3., 9) 21— ez, € (0,1}
Sinf(dS0: ¢(3.,9) S ay, ¢(B,,9) 21— ayandy(3,,9) £1—ay,a, € (0,1)}

= [I5ell,,, = [I5ell,,,- Then {Il-lla: e € (0, 1)} provides ascending family as part of & —soft norms
depending on SSP(Z)corresponding NSNLS.”

Theorem (3.18):Every NSNLS is a Neutrosophic soft metric space.

Proof

Let (£ 6, @,9,x0%)be an NSNLS. Define the NSMS by A(%,,, B, 9) = $(B., — B.,, ),
V(Be,, Be,, )= @(Be, — Be,,J) and £ (B, Be,, §)= (., — B,,J) for every 5, ,%,, € SSP(E).
After that it is obvious to demonstrate that the axioms of the NSMS are satisfied.

(NSM.1) A(3,,, B,,,9) + V(Be,, Be,, 9) + £ (Be,, Be,, 9) = ¢(B, — Be,, 9) + (8, — B, 9) +
P(Be, — B, 9) <1
(NSM. 2) A(B,,, B,,,9) = ¢ (5., — B,,,J) >0

(NSM. 3) A(B,,, ®,,,9) = (8., — B,,,J) = 1ifand only ifs, — ®,, = G,if and only if

8Q

€1

oQ

ey
(NSM. 4) A(Be,, Be,, 9) = b (Be, — B, 9) = d(Be, — Fe,, 9) = A(Be,. B, 9)
(NSM. 5) A(B,,, Be,,J +¢) = d(B, — B, I +¢) = d(Be, — Fe, + Fe, — B, I +¢)
S ¢(Be, —Fep D) * PGy — Be, §) = AR, Eey F) * ARy, B, €)

From definition of NSNLS, we get

(NSM. 6) A(3,,, ®,,," ): R(E)* - [0,1]is continuous.

Similarly with respect tog andy), we get conditions
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(NSM. 7) V(3,,, B,,,9) = ¢(8 — B, J) < 1

(NSM. 8) V(3,,, ®,,,9) = ¢(8., — B,,, ) = 0ifand only if 5,, — ®,, = ,if and only if

8Q

€1

8Q

o
(NSM. 9) V(3,,, ®,,,9) = ¢(B., — Be,,9) = ¢(B,, — B, 9) = V(B,,5,,,9) and
(NSM. 10) V(3,,, B,,, 9 + ¢) = ¢(Be, — Be,, 0 + ¢) = ¢(Be, — Fe, + Ze, — B, 0 + )
2 9(Be, — %, 0) 0 9o, — Doy §) = V(Be,, Feyy D) 0 V(Eey) By 6)-

(NSM. 11)V(3,,, B,,," ): R(€)* - [0,1]

(NSM. 12) £ (B,,, ®,,,9) = (3, — B, 9) < 1

(NSM. 13)% (¥,,, ®,,,J) = (8., — B.,,J) = 0ifand only if 5, — ®,, = ,if and only if

ga

€1

Q

o
(NSM. 14) < (3,,, B,,,9) = Y (8e, — Be,, ) = (B, — B, I) =% (B, Be,, 9) and
(NSM. 15) £ (B,,, B, 9 + ¢) = (8, — Be,, 9 +¢) = P(Be, — Fe, +Fe, — B, 9 +€)
ZP(Be, — %oy 9) * Yoy — B, §) =% (8o, Fey s 9) * £ (e B, ).

(NSM. 16)% (B,,, B, ): R(E)" > [0,1]

Therefore (£, A, V, %,%,0,%) is an NSMS.
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