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Abstract

In recent years, neutrosophic soft bitopological spaces have emerged as a promising framework for handling
uncertainty and imprecision in various domains, particularly in the context of decision-making problems. This
paper presents a comprehensive study of advanced decision-making techniques using generalized close sets in
neutrosophic soft bitopological spaces. The primary objective of this research is to develop a better
understanding of the theoretical underpinnings of generalized close sets and their practical applications in
decision-making under uncertain conditions. We begin by providing a detailed introduction to the key concepts
of neutrosophic sets, neutrosophic soft sets, and neutrosophic soft bitopological spaces. Subsequently, we
introduce generalized close sets and discuss their properties and interrelationships with other relevant constructs
in the field. The paper then delves into the decision-making aspect, presenting various methodologies for solving
decision-making problems using generalized close sets in the context of neutrosophic soft bitopological spaces.
Numerous illustrative examples and case studies are provided throughout the paper to demonstrate the
applicability and effectiveness of the proposed techniques in handling complex decision-making problems in
real-world scenarios. The results of this research not only contribute to the existing body of knowledge in the
field but also offer valuable insights for practitioners and researchers seeking to employ advanced decision-
making techniques in uncertain environments.

Keywords: Neutrosophic Soft Bitopological Spaces; Generalized Close Sets; Decision-Making; Uncertainty;
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1. Introduction

In today's rapidly changing world, decision-makers are frequently faced with complex and ambiguous situations
that involve uncertainty, imprecision, and vagueness. Traditional mathematical tools and techniques often fall
short in effectively addressing these challenges. As a result, there is a growing need for more advanced and
flexible frameworks that can accommodate the complexities of real-world decision-making problems. One such
framework is the neutrosophic soft bitopological space, which has emerged as a powerful tool for modeling and
analyzing uncertain situations. Neutrosophic logic and its applications played a central role in the study of pure
mathematical branches such as geometry, matrix theory, space theory, and computer science [9-13].
Neutrosophic soft bitopological spaces combine the strengths of neutrosophic sets, soft sets, and bitopological
spaces, offering a robust and versatile structure for handling uncertainty and imprecision. In recent years, there
has been a surge of interest in the development and application of neutrosophic soft bitopological spaces in
various fields, such as engineering, economics, and social sciences. However, the potential of these spaces in the
context of decision-making problems remains largely unexplored.

The primary focus of this paper is to investigate the potential of generalized close sets in neutrosophic soft
bitopological spaces for solving advanced decision-making problems. We will begin by providing a thorough
introduction to the key concepts of neutrosophic sets, neutrosophic soft sets, and neutrosophic soft bitopological
spaces. This will be followed by a detailed discussion of generalized close sets, their properties, and their
relationships with other constructs in the field.

Next, we will explore various methodologies for solving decision-making problems using generalized close sets
within the framework of neutrosophic soft bitopological spaces. This will include the development of new
algorithms and techniques for modeling and analyzing decision problems under uncertain conditions. To
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demonstrate the practical applicability and effectiveness of the proposed methods, we will provide numerous
examples and case studies from diverse domains.

By presenting a comprehensive study of advanced decision-making techniques with generalized close sets in
neutrosophic soft bitopological spaces, we aim to contribute to the existing body of knowledge in the field and
provide valuable insights for practitioners and researchers working in uncertain environments.

2. Preliminary

This section provides fundamental definitions and theorems related to neutrosophic set theory and neutrosophic
soft set theory.

2.1. Neutrosophic sets [1]

Consider a space X, composed of points or objects, where a generic element in X is represented by x. A
neutrosophic set A within X is defined by a truth-membership function T, an indeterminacy-membership
function 1, and a falsity-membership function F [15]. In essence, T, I, and F are functions mapping X to real
standard or non-standard subsets of the interval [-0, 1+]. Typically, there are no constraints on the sum of T(x),
I(x), and F(x), resulting in -0 < T(x) + I(x) + F(x) < 3+. The neutrosophic components are T, I, and F, and the
collection of all neutrosophic sets in X is represented by N(X).

2.1 Definition [1]: Let S,M € N(X).

1. Subset: M c S if Ty, (b) < Ts(b), Iy (b) < I;(b), Fy(b) = Fs(b) forall b € X.
2. Equality: M =SifM c Sand S c M.
3. Union:

M U S = {< b,max{Ty(b), Ts(b)}, max{l,,(b), [s(b)}, min{F,(b), Fs(b)} > : b € X}.
4. Intersection:
M N S = {< b,min{Ty(b), Ts(b)}, min{ly, (b), Is(b)}, max{Fy(b),Fs(b)} > :b € X}.

More generally, the intersection and the union of a collection of neutrosophic sets {M;} € N(X) are defined by:
The intersection and union of a collection of neutrosophic sets {{M;} € N(X) are defined more generally as
follows:

NietM; = {< b,min {Ty,(b)}, min {1y, (b)} , max {Fy,(b)} >:b € X},

UierM; = {< b,max {Ty,(b)}, max {I,y,(b)}, min {Fy,(b)} >:b € X}.

5. The neutrosophic set defined as Ty (b) = 1,1,(b) =1 and Fy,(b) =0 for all b € X is called the
universal NS denoted by 1. Also, the neutrosophic set defined as Ty, (b) = 0,1,(b) = 0 and Fy,(b) = 1 for all
b € X is called the empty NS denoted by 0.

6. Complement: M€ = 1,\M

2.2 Definition [2]: A subset I' of N(Y) is termed a neutrosophic topology on Y if it fulfills the following
conditions:

The empty neutrosophic set 0, and the universal neutrosophic set 1y are elements of T'.

The union of any number of neutrosophic sets in I is also an element of T

The intersection of a finite number of neutrosophic sets in I is an element of T.

The pair (Y, I') is then called a neutrosophic topological space on Y.

2.3. Neutrosophic Soft Set

Definition [4]: Let P be an initial universe set, and let E be a set of parameters. The pair (L, E) is defined as a
neutrosophic soft set (NSS) over P, where L is a mapping from E to N(P).

The set of all neutrosophic soft sets over P is denoted by NSS(P). A neutrosophic soft set (L, E) can be expressed
as follows:

(L, E) = {(e,{< %, Ty (¥), I(e) (X), Fiey (x) >}:x € P,e € E}.
2.4 Definition [4]:

Let X be an initial universe set, and let E be a set of parameters. Then, the neutrosophic soft set x° g,y is
defined as:

xe(a,ﬁ,y) = {(X9 T(X,(l), I(X,B), F(X,’Y)) | X € X}!
where T(x,0), I(x,8), and F(x,y) are the truth-membership, indeterminacy-membership, and falsity-membership

functions, respectively, defined on X. The values of these functions are given by:
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T(x,a) = {0, 1, a}, I(x,p) = {0, 1, B}, and F(x,y) = {0, 1, v},
where 0 <o,y < 1.

Thus, the neutrosophic soft set x°. z,) assigns to each element x in X a truth-membership value a, an

indeterminacy-membership value B, and a falsity-membership value v.
2.5 Definition [3]: Let (w,E), (M,E) € NSS(P). Then forall x € P

1. Subset: (w,E) € (M, E) if T,y (%) < Tay(ey (), L) (X) < Iyey(x) and F, ey (x) = Fyyey(x) for all
e€E,
2. Equality: (w,E) = (M, E) if (w,E) € (M,E) and (M,E) c (W, E),
3. Intersection:
w,E)Nn (z,E) = {(e, {< X, min{TW(e) (x), Ty(e (x)}, max{]w(e) (), I (e (x)}, max{FW(e) (x), F(e) (x)} >}: e
€ E},
4. Union:
w,E)U (z,E) = {(e,}{< X, max{Tw(e) (x), Ty (x)}, min{lw(e) (), Iz e (x)},min{Fw(e) (%), Fze) (x)} >}: e
e Ej.

More generally, the intersection and the union of a collection of {(w;, E)} € NSS(P) are defined by:
Uigg(Wi, E) = {(e, {< X, max {Twi(e) (x)} , max {Iwi(e)(x)} ,min {Fwi(e)(x)} >}:e € E}
Nie; (W, E) = {(e, {< X, min {Twi(e) (x)} ,min {le.(e) (x)},max {Fwi(e)(x)} >} ie € E}

5. The NSS defined as and F,,.)(x) = 0, for all e € E and x € P is called the universal NSS denoted by
1(p,r)- Also, the neutrosophic set defined as T, ) (x) = 0, Iy (x) = 0 and F,,)(x) = 1 foralle € E and x €
P is called the empty NSS denoted by 0p .
The NSS defined as T, ) (x) = 1, L) (x) = 1, and Fy,)(x) = 0 for all e€E and x€P is called the universal
NSS and is denoted by 1p . Similarly, the NSS defined as as T, ¢y (x) = 0, L,y (x) = 0, andF,,)(x) = 1 for
all e€E and x€P is called the empty NSS and is denoted by 0p .
6. Complement: (w, E)¢ = 1(p 5)\(W, E) = {e, {x, Fiy(e) (%), 1 — Ly () (%), T(e) (x) >}: € € E}
Clearly, the complements of 1x ) and 0 gy are defined:

Q) =1ep\lepr ={(e{<x001>}:e € E} = 04pp

O, =1pn\0pr ={(e,{<x,100 >}e € E} = 1pp
O(v;) and 1(y15)(X, 1, T2 E), (X, 71, E), (X, 75, E) and (X, 73, E) (X, 71,75, 73, E)

2.6 Definition [4]: The neutrosophic soft topology on a set Y is defined as follows: Let I be a subset of NSS(Y).
I" is called a neutrosophic soft topology on Y if the following conditions hold:

NST1) The empty NSS( 0 ) and the universal NSS (1p g) belong to T".

NST2) The union of any number of NSSs in I" again belongs to T'.

NST3) The intersection of a finite number of NSSs in I" belongs to I'.

The pair (Y,I') is called a neutrosophic soft topological space. The elements of I" are called neutrosophic soft
open sets. An NSS whose complement is neutrosophic soft open is called a neutrosophic soft closed set.

2.7 Definition [5]: A neutrosophic soft supra topology on Y is denoted by I' < NSS(Y) that satisfies the
following conditions: Oy, and 1y gy belong to I, and the union of any number of NSSs in I" is again a member
of I'.

2.8 Definition [6]: A neutrosophic soft bitopological space is denoted by (X, 14,7, E), where (X,t,,E) and
(X, t,, E) are two neutrosophic soft topological spaces. The sets belonging to t; are called neutrosophic soft i-
open sets for i=1,2.

2.9 Definition [7] [8] : If (X, 1y, E), (X, 74, E) and (X, 75, E) are three neutrosophic soft topological spaces, then
(X, 14,75, 73,E) is named as a neutrosophic soft tri-topological space. The sets belonging to z; are called
neutrosophic soft i-open sets for i=1,2,3. [8]
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3. Generalized Close Sets in Neutrosophic Soft Bitopological Spaces
3.1 Definition :Let (X, U, 74, ;) be the neutrosophic soft bitopological space defined above, and let (N, U)
be a neutrosophic soft subset of X. Then, we can define the following generalized closed sets:

1. ij-neutrosophic soft preclosed (ij-NSPC) if (( (N, E)) (N, E).

2. ij-neutrosophic soft semi-closed (ij-NSSC) if (( (N, E)) (N, E).

3. ij-neutrosophic soft b-closed (ij-NSBC) if ((N, E)) N (( (N, E)) < (N, E).
4, ij-neutrosophic soft B-closed (ij-NSBC) if( ( (N, U))) < (N, U).

Note thati,j= 1,2, and i #].
Example 4.2 continued: Let us find some generalized closed sets in the neutrosophic soft bitopological space (X,
U, 11, 12) defined in the previous example.

1. neutrosophic soft pre-closed sets:

o (A, U) is not neutrosophic soft pre-closed since its interior in tl,
(A,U)={(x2,<0.1,0.8,0.4>)} does not contain (B, U).

. (B, U) is not neutrosophic soft pre-closed since its interior in 12,
(B,U)={(x1,<0.1,0.3,0.4>)} does not contain (A, U).

. (C, U) is neutrosophic soft pre-closed since

={(x1,<0.2,0.1,0.4>), (x2,<0.2,0.1,0.4>), (x3,<0.3,0.3,0.7>)}
Contains and ={(x1,<0.2,0.1,0.4>), (X2,<0.5,0.1,0.7>), (X3,<0.5,0.1,0.4>)} contains (B, U).

) (D, U) is not neutrosophic soft pre-closed since its interior in Tz,
={(X2,<0.1,0.6,0.8>)} does not contain (A, U).
2. neutrosophic soft pre-closed sets:
) is not neutrosophic soft pre-closed since its interior in Tz,
={(x2,<0.1,0.8,0.4>)} does not contain (B, U).
. is neutrosophic soft pre-closed since

={(x1,<0.2,0.7,0.8>), (x»,<0.5,0.6,0.7>), (x3,<0.1,0.8,0.8>)} contains .
. is not neutrosophic soft pre-closed since its interior in 11,
={(x2,<0.2,0.1,0.4>)} does not contain (D, U).
. is not neutrosophic soft pre-closed since its interior in 11, ={(X2,<0.1,0.3,0.9>)} does
not contain (C, U).
3. neutrosophic soft pre-closure of (A, U):

The neutrosophic soft pre-closure of (A, U) is given by cli2(AU) = {(x2,<0.1,0.8,0.4>), (x3,<0.3,0.4,0.8>),
(x1,<0.2,0.1,0.9>), (x1,<0,0.1,0.9>), (x1,<0.6,0.1,0.7>)}.

To compute the neutrosophic soft pre-closure of (A,U), we first need to calculate the pre-interior of (A,U) with
respect to both topologies. Using the definitions of pre-interior, we have:

int12(A,U) = {X1} int21(A,U) = {X2,X3}

Next, we take the closure of these pre-interiors with respect to the other topology. Using the definitions of
closure, we have:

claz(int12(A,U),U) = {X1,<0.6,0.1,0.7>} cliz(int21(A,U),U) = {X2,<0.1,0.8,0.4>), (x3,<0.3,0.4,0.8>)}

Finally, we take the intersection of these two sets to obtain the neutrosophic soft pre-closure of (A,U):

= {x,<0.6,0.1,0.7>} N {x2,<0.1,0.8,0.4>), (x5,<0.3,0.4,0.8>)} = {(x2,<0.1,0.8,0.4>), (x3,<0.3,0.4,0.8>),
(%1,<0.2,0.1,0.9>), (x1,<0.6,0.1,0.7>)}

Example 4.2. Let the neutrosophic soft bitopological space (X, U, 11, 12) be defined as follows: X = {x1, x2,
x3}, U= {el, e2}, 11 = {0(X,U), 1(X,U), (A, U), (B, U), (C, U), (D, U)}, 12 = {0(X,U), 1(X,U), (E, U), (F, U),

(G, U), (H, U)}
1. The tabular representations of the neutrosophic soft sets (NSSs) are as follows:
(A, U):
X €1 €2
X1 <0.2,0.1,0.9> <0.6,0.1,0.7>
X2 <0.1, 0.8, 0.4> <0.1,0.1,0.8>
X3 <0.3,0.4, 0.8> <0.5,0.1, 0.4>
(B,U) =
X €1 €2
X1 <0.1,0.3,0.4> <0.2,0.7,0.8>
X2 <0.2,0.1, 0.5> <0.5,0.6,0.7>
X3 <0.3,0.3,0.7> <0.1, 0.8, 0.8>
(C V)=
X €1 €2
X1 <0.2,0.1, 0.4> <0.6,0.1,0.7>
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X2 <0.2,0.1,0.4> <0.5,0.1,0.7>
X3 <0.3,0.3,0.7> <0.5,0.1,04>
(O, U) =
X €1 €2
X1 <0.1,0.3,0.9> <0.2,0.7,0.8>
X2 <0.1, 0.8, 0.5> <0.1, 0.6, 0.8>
X3 <0.3, 0.4, 0.8> <0.1,0.8,0.8>
(E.U) =
X €1 €2
X1 <0.2,0.6,0.3> <0.1,0.1,0.9>
X2 <0.3,0.7,0.4> <0.3,0.4, 0.6>
X3 <0.3,0.5,0.8> <0.6,0.1, 0.8>
(F,U) =
X €1 €2
X1 <0.1,0.1,0.8> <0.1,0.8,0.9>
X2 <0.3,0.2,0.5> <0.3,0.5,0.7>
X3 <0.7,0.5, 0.6> <0.1,0.7,0.7>
G U)=
X €1 €2
X1 <0.2,0.1,0.3> <0.1,0.1,0.9>
X2 <0.3,0.2,0.4> <0.3,0.4, 0.6>
X3 <0.7,0.5, 0.6> <0.6,0.1,0.7>
(H U) =
X €1 €2
X1 <0.1, 0.6, 0.8> <0.1,0.8,0.9>
X2 <0.3,0.7,0.5> <0.3,0.5,0.7>
X3 <0.3,0.5,0.8> <0.1,0.7,0.8>
Let an NSS (W, U) be defined as:
(W, U):
X €1 €2
X1 <0.3,0.7,0.2> <0.8,0.2,0.3>
X2 <0.4,0.8,0.3> <0.6, 0.4, 0.6>
X3 <0.5,0.5,0.7> <0.7,0.2,0.3>
Then intt1(W, U) = (A, U), intt2(W, U) = (E, U).
(W, U) is a subset of clt2(A, U):
X €1 €2
X1 <0.8,0.9,0.1> <0.9,0.2,0.1>
X2 <0.5,0.8,0.3> <0.7,0.5,0.3>
X3 <0.6, 0.5,0.7> <0.7,0.3,0.1>
Then (W, U) is a 12-NSO set.
(W, U) is a subset of clt1(E, U):
X €1 €2
X1 <0.4,0.7,0.1> <0.8,0.3,0.2>
X2 <0.5, 0.9, 0.2> <0.7,0.4,0.5>
X3 <0.7,0.7,0.3> <0.8,0.2,0.1>
Then (W, U) is also a 21-NSO set.
cltl(W, U):
X €1 €2
X1 <0.4, 0.9, 0.2> <0.7,0.9,0.6>
X2 <0.4, 0.9, 0.2> <0.7,0.9,0.5>
X3 <0.7,0.7,0.3> <0.4,0.9,0.5>
clt2(W, U):
X €1 €2
X1 <0.8,0.9,0.1> <0.9,0.2,0.1>
X2 <0.5,0.8,03> <0.7,05,0.3>
X3 <0.6,0.5,0.7 > <0.7,0.3,0.1>
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Then (W, U) is a 12-NSO set.
(W, U) ccltl(E, U)=

X €1 €2
X1 <0.4,0.7,0.1> <0.8,0.3,0.2>
X2 <05,0902> <0.7,0.9,05 >
X3 <0.7,0.7,0.3 > <04,0905>
cltl(W, U) =
X €1 €2
X1 <0.4,0.9,02> <0.7,0.9,0.6 >
X2 <0.4,0.9,0.2> <0.7,0.9,05>
X3 <0.7,0.7,0.3 > <04,0905>

Using the given NSSs, we can define the generalized open sets in the neutrosophic soft bitopological space (X,
U, 11, 12) as follows:
(ij — NSPO) = {N € X|(N,U) <€ intti(cltj(N,U))}fori,j=1,2 and i #]

(ij - N SSO) = {N < X | (N, U) € cltj(intti(N, U))} fori,j=1,2 and i #j

(ij - N SbO) = {N < X | (N, U) < clri(inttj(N, U)) U inttj(clti(N, U)))} fori,j=1,2 and i #]j

(ij - N SBO) = {N < X | (N, U) < cltj(intti(cltj(N, U)))} fori,j=1,2 and i #j

Note that each of the above sets contains subsets of X that satisfy the corresponding generalized openness
condition with respect to the neutrosophic soft bitopological space

Definition 4.3. Let (X, E, 11, T2) be a neutrosophic soft bitopological space and (N, E) € NSS(X, E). Then (N, E)
is called:

1. ij-neutrosophic soft preclosed (ij - NSPC) if (N, E)c is an ij - NSPO set. Equivalently (N, E) is called ij -
NSPC if (N, E) o cl.(int;(N, E))

2. ij-neutrosophic soft semi-closed (ij - NSSC) if (N, E)c is an ij - NSSO set. Equivalently (N, E) is called
ij - NSSC if (N, E) o intj(cl«(N, E))

3. ij-neutrosophic soft b-closed (ij - NSbC) (N, E)c is an ij - NSbC set. Equivalently (N, E) is called ij -
NSbhC if (N, E) 2int.(cl(N, E)) N cly(int:(N, E))

4. ij-neutrosophic soft B-closed (ij - NSBC) (N, E)c is an ij - NSBO set. Equivalently (N, E) is called ij -

NSBC if (N, E) 2 intg(cl.(int;(N, E)))

These definitions provide a precise characterization of various types of closed sets in a neutrosophic soft
bitopological space. The relations between the sets and their properties can be written in a well-organized and
systematic manner using these definitions.

Theorem 4.4. Let (X, E, 11, 12) be a neutrosophic soft bitopological space and (N, E) € NSS(X, E). If (N, E) €
1¢j and ij - NSPO, then (N, E) is an ij - NSSO set.

Proof. Let (N, E) € tcj and ij - NSPO. Then (N, E) = cl;(N, E) and (N, E) cint(cl;(N, E)). Therefore, (N, E) c
int;(N, E) ccly(intti(N, E)).

Theorem 4.5. Let (X, E, 11, 12) be a neutrosophic soft bitopological space and (N, E) € NSS(X, E). If (N, E) €
tcj and ij - NSPO, then (N, E) is an ij - NSSO set.

Proof. Let (N, E) be ij - NSPO. Then (N, E) c int;(cl;(N, E)). Since (N, E) € zcj, then (N, E) = cl;(N, E).
Therefore, (N, E) c intz(N, E) ccly(int:(N, E)).

Theorem 4.6. Let (X, E, 11, T2) be a neutrosophic soft bitopological space and (N, E), (M, E) € NSS(X, E). If (N,
E) isij - NSPO and (M, E) € 11 N 12, then (N, E) U (M, E) is ij - NSPO.

Proof. Let (N, E) beij - NSPOand (M,E) e e 1 N 12

2. Then (N, E) c intri(cltj(N, E)) and intti(M, E) = (M, E). So (N, E) U (M, E) c intri(cltj(N, E)) U
intti(M, E) c intti(cltj(N, E) U (M, E)) c intti(cltj(N, E) U cltj(M, E)) = intti(cltj((N, E) U (M, E))). Therefore,
(N, E) U (M, E) isij - NSPO.

Theorem 4.7: Let (X, E, 11, 12) be a neutrosophic soft bitopological space. Then:

1. Every ij - NSPO set is ji - NSbO.

2. Every ij - NSSO set is ji - NSbO.

3. Every ij - NSSO set is ij - NSBO.

Proof:

1. Let (N, E) € NSS(X, E) be an ij - NSPO set. Then (N, E) c inti(cli(N, E)) < cltj(intti(N, E)) U
intti(cltj(N, E)).

2. Let (N, E) be an ij - NSSO set. Then (N, E) < cly(int4(N, E)) c cltj(intti(N, E)) U intri(cl4(N, E)).
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3. Let (N, E) be an ij - NSSO set. Then, since (N, E) c cl4i(N, E), (N, E) c cly(ints(N, E)) c
clyj(inti(cl(N, E))).

Theorem 4.8. Let (X, E, 11, 12) be a neutrosophic soft bitopological space. Then:
The union of any ij - NSPC sets is ij - NSPC.

The union of any ij - NSSC sets is ij - NSSC.

The union of any ij - NSbC sets is ij - NShC.

The union of any ij - NSBC sets is ij - NSBC.

The intersection of any ij - NSPO sets is ij - NSPO.

The intersection of any ij - NSSO sets is ij - NSSO.

The intersection of any ij - NSbO sets is ij - NSbO.

The intersection of any ij - NSBO sets is ij - NSBO.

N~ WNE

Proof

1. Let (NK, E) be ij - NSPC sets in (X, E, 11, 12) for all k € I. Then, the union of all (NK, E) sets is a subset
of the interior intti(cltj(UKEI(NK, E))). Therefore, the union of any ij - NSPC sets is ij - NSPC.

The rest of the theorem can be proved similarly by considering the unions and intersections of the respective sets
in the context of neutrosophic soft bitopological spaces.

2. Let (Nk, E) be ij - NSSC sets in (X, E, t1, 12) for all k € I. Then, the union of all (Nk, E) sets is a subset
of the closure cltj(intti(UKEI(NK, E))). Therefore, the union of any ij - NSSC sets is ij - NSSC.
3. Let (NK, E) be ij - NSbC sets in (X, E, 11, 12) for all k € I. Then, the union of all (Nk, E) sets is a subset

of the intersection of intri(cltj(UKEI(Nk, E))) and cltj(intti(UKEI(NK, E))). Therefore, the union of any ij - NShC
setsis ij - NShC.

4, Let (NK, E) be ij - NSBC sets in (X, E, 11, 12) for all k € I. Then, the union of all (Nk, E) sets is a subset
of the interior inttj(clti(inttj(UKEI(NK, E)))). Therefore, the union of any ij - NSBC sets is ij - NSBC.

5. Let (Nk, E) be ij - NSPO sets in (X, E, t1, 12) for all k € I. Then, the intersection of all (Nk, E) sets is a
subset of the interior intri(cltj(Nkel(NK, E))). Therefore, the intersection of any ij - NSPO sets is ij - NSPO.

6. Let (NK, E) be ij - NSSO sets in (X, E, t1, 12) for all k € I. Then, the intersection of all (Nk, E) sets is a
subset of the closure clgj(intti(NkeI(NK, E))). Therefore, the intersection of any ij - NSSO sets is ij - NSSO.

7. Let (NK, E) be ij - NSbO sets in (X, E, t1, 12) for all k € I. Then, the intersection of all (Nk, E) sets is a

subset of the intersection of intti(cl(NkEI(Nk, E))) and cly(int;(Nkel(Nk, E))). Therefore, the intersection of
any ij - NSbO sets is ij - NSbO.

8. Let (Nk, E) be ij - NSBO sets in (X, E, t1, 12) for all k € I. Then, the intersection of all (Nk, E) sets is a
subset of the interior inttj(clsi(int;;(NkEI(NK, E)))). Therefore, the intersection of any ij - NSBO sets is ij - NSBO.
These proofs demonstrate various properties of the unions and intersections of different types of closed sets in
neutrosophic soft bitopological spaces. Understanding these properties can help further explore the relationships
and characteristics of these sets in the context of neutrosophic soft bitopological spaces.

2. After establishing the properties of unions and intersections of different types of closed sets in
neutrosophic soft bitopological spaces, we can now consider some additional properties and relationships among
these sets.

9. Let (NK, E) be ij - NSPO sets in (X, E, 11, 12) for all k € I. The complement of an ij - NSPO set is an ij -
NSPC set. Therefore, the complement of the union of any ij - NSPO sets is the intersection of the complements
of the ij - NSPC sets.

10. Similarly, for ij - NSSO sets, the complement of an ij - NSSO set is an ij - NSSC set. Therefore, the
complement of the union of any ij - NSSO sets is the intersection of the complements of the ij - NSSC sets.

11. For ij - NSbO sets, the complement of an ij - NSbO set is an ij - NSbC set. Therefore, the complement
of the union of any ij - NSbO sets is the intersection of the complements of the ij - NSbC sets.
12. For ij - NSBO sets, the complement of an ij - NSBO set is an ij - NSBC set. Therefore, the complement

of the union of any ij - NSBO sets is the intersection of the complements of the ij - NSBC sets.

These additional properties highlight the relationships between open and closed sets and their complements in
neutrosophic soft bitopological spaces. By understanding these relationships, we can gain a deeper understanding
of the structure and properties of neutrosophic soft bitopological spaces and how they can be applied in various
contexts, such as decision-making, data analysis, and modeling complex systems.

4. The application of neutrosophic soft bitopological spaces in decision-making problems

In this section, we will discuss the application of neutrosophic soft bitopological spaces in decision-making
problems. Decision-making is an essential aspect of our daily lives, and the use of neutrosophic soft
bitopological spaces can provide a more robust framework for solving complex decision-making problems that
involve uncertainty, imprecision, and vagueness.

In this section, we will provide some theorems and examples to demonstrate the properties and applications of
neutrosophic soft bitopological spaces.

14

Doi: https://doi.org/10.54216/GJMSA.0100101
Received: June 20, 2023 Revised: August 25, 2023 Accepted: December 17, 2023



https://doi.org/10.54216/GJMSA.0100101

Galoitica: Journal of Mathematical Structures and Applications (GIMSA) Vol 10, No. 01, PP. 08-16, 2023

4.1 Theorem 1: Let (Y, I') be a neutrosophic soft bitopological space, and let A and B be two neutrosophic soft
sets in Y. Then, the following properties hold:

1. ANP=0
2. AUp=A
3. ANBUC)=(ANB)U(ANC)
4, AUBNC)=(AUB)N(AUC)

Proof: The proof of these properties follows directly from the axioms of neutrosophic soft bitopological spaces
and the properties of neutrosophic sets.

4.2 Example 1: Consider a space Y consisting of four alternatives {al, a2, a3, a4} and three criteria {c1, c2, c3}.
Let us define two neutrosophic soft sets A and B as follows:

A ={<a, (0.8, 0.1, 0.1)>, <ay, (0.5, 0.3, 0.2)>, <as, (0.7, 0.2, 0.1)>, <aq4, (0.6, 0.2, 0.2)>}

B = {<ay, (0.6, 0.2, 0.2)>, <ay, (0.8, 0.1, 0.1)>, <as, (0.5, 0.3, 0.2)>, <as, (0.7, 0.1, 0.2)>}

Then, the intersection of A and B can be calculated as follows:

A N B = {<ay, (0.48, 0.02, 0.02)>, <ay, (0.4, 0.03, 0.02)>, <as, (0.35, 0.06, 0.02)>, <as, (0.42, 0.02, 0.04)>}

4.3 Theorem 2: Let (Y, I') be a neutrosophic soft bitopological space, and let A be a neutrosophic soft set in Y.
If A is a neutrosophic soft i-open set (i = 1, 2), then its complement, A, is a neutrosophic soft i-closed set.

Proof: The proof of this theorem relies on the fact that if A is a neutrosophic soft i-open set, then its complement
with respect to the neutrosophic soft bitopological space will satisfy the conditions for a neutrosophic soft i-
closed set.

4.4 Example 2: Consider the same neutrosophic soft bitopological space Y from Example 1, and let A be a
neutrosophic soft set in Y as defined in Example 1. Suppose A is a neutrosophic soft 1-open set. Then, the
complement of A, denoted as A, can be calculated as follows:

A'={<ay, (0.2,0.9,0.9)>, <ay, (0.5, 0.7, 0.8)>, <as, (0.3, 0.8, 0.9)>, <as, (0.4, 0.8, 0.8)>}

Since A is a neutrosophic soft 1-open set, its complement A" will be a neutrosophic soft 1-closed set in the
neutrosophic soft bitopological space Y.

4.5 Theorem 3 : In a neutrosophic soft bitopological space (Y, I'), the intersection of any finite number of
neutrosophic soft i-open sets (i = 1, 2) is also a neutrosophic soft i-open set.

Proof: The proof of this theorem follows directly from the axioms of neutrosophic soft bitopological spaces and
the properties of neutrosophic sets.

4.6 Example 3 :Consider the neutrosophic soft bitopological space Y and the neutrosophic soft sets A and B
defined in Example 1. Suppose A and B are both neutrosophic soft 1-open sets. Then, their intersection, A N B,
calculated in Example 1, is also a neutrosophic soft 1-open set in the neutrosophic soft bitopological space Y.

5. Decision-Making Problems in Neutrosophic Soft Bitopological Spaces

In this section, we will discuss how to utilize neutrosophic soft bitopological spaces to solve decision-making
problems. Neutrosophic soft sets can be employed to model the preferences and uncertainties of decision-makers
in multi-criteria decision-making problems.

5.1 Decision-Making Problem Formulation

Consider a decision-making problem with a set of alternatives X = {Xi, Xz, ..., Xn} and a set of criteria C = {cy, Ca,
..., Cm}. The decision-maker's preferences are modeled by a neutrosophic soft set A © NSS(X), where the
membership functions T, I, and F represent the truth-membership, indeterminacy-membership, and falsity-
membership of each alternative with respect to each criterion.

5.2 Decision-Making Process
The decision-making process in a neutrosophic soft bitopological space involves the following steps:

1. Construct the neutrosophic soft set A representing the decision-maker's preferences.

2. Determine the neutrosophic soft i-open sets (i = 1, 2) in the neutrosophic soft bitopological space (Y,
).

3. Calculate the intersection or union of neutrosophic soft i-open sets to obtain a new set of alternatives.

4. Evaluate the alternatives based on the new set and select the best alternative(s) according to the

decision-maker's preferences.

5.3 Example 4: Consider a decision-making problem with three alternatives X = {x1, x2, x3} and two criteria C
={c1, c2}. The decision-maker's preferences are represented by the following neutrosophic soft set A:

A ={<x1, (0.7,0.2, 0.1)>, <x2, (0.8, 0.1, 0.1)>, <x3, (0.6, 0.3, 0.1)>}

Suppose the decision-maker prefers alternatives with higher truth-membership values in the neutrosophic soft 1-
open sets. In this case, X2 is the best alternative, as it has the highest truth-membership value of 0.8 with respect
to criterion c1.
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If the decision-maker wants to consider both criteria, they can calculate the intersection of the neutrosophic soft
sets corresponding to each criterion:

Act N Aex = {<x1, (0.49, 0.04, 0.01)>, <x», (0.64, 0.01, 0.01)>, <x3, (0.36, 0.09, 0.01)>}

Now, considering the intersection of the neutrosophic soft sets, the decision-maker can see that X is still the best
alternative, as it has the highest truth-membership value (0.64) when both criteria are taken into account.

The decision-maker can also explore other combinations of neutrosophic soft i-open sets (i = 1, 2) to analyze
different scenarios and make a more informed decision.

6. Conclusion

In this article, we have introduced the concepts of neutrosophic soft bitopological spaces and their applications in
decision-making problems. We have provided several theorems, examples, and a decision-making process to
demonstrate the properties and usefulness of these spaces. Neutrosophic soft bitopological spaces offer a
powerful mathematical tool for modeling complex decision-making problems involving uncertainty and multiple
criteria. By utilizing these spaces, decision-makers can analyze various scenarios and make more informed
choices.
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