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Abstract

The foundational concepts of subalgebra, ideal, and homomorphism within the domain of BF-algebra were
originally introduced by Andrzej Walendziak [A. Walendziak, On BF-Algebras, Math. Slovaca, 57(2) (2007), 119-
128]. In this paper, we introduce innovative concepts related to Neutrosophic BF-Subalgebras and Neutrosophic BF-
Ideals derived from the application of Subalgebra, Ideal, and Homomorphism principles to Neutrosophic sets. We
explore the outcomes concerning a Neutrosophic BF-Ideal with respect to principle of homomorphism,
homomorphic image of a Neutrosophic BF-ldeal satisfying the sup-inf property, and homomorphic pre-images
within the context of a Neutrosophic set embedded in BF-algebra. The outcomes of the above study are equally
applicable to Neutrosophic BF-Subalgebra Lastly, we delve into the conceptual understanding of a level set of a
Neutrosophic BF-ldeal within a BF-algebra. In the future, the above study can be extended to address various types
of implicative ideals and filters within BF-algebra. Moreover, these Neutrosophic BF-Subalgebras and Neutrosophic
BF-ldeals can be applied to neutrosophic soft sets within the context of BF-algebra, which are used for various
decision making techniques.

Keywords: BF-algebra; Ideals; Subalgebras; Homomorphism; Neutrosophic BF-Subalgebra; Neutrosophic BF-
Ideal.

1. Introduction

Uncertainty is a pervasive characteristic encountered in numerous intricate systems and practical contexts, spanning
a wide array of disciplines, including behavioral, biological, and chemical studies. In 1965, Lotfi A.Zadeh Pioneered
the notion of theory of fuzzy sets to grapple with these uncertainties in real-world applications [34], represented as
'f," A fuzzy set assigns values within the range [0,1] to elements from a non-empty set S and its adaptability renders
it valuable across various engineering fields.

In 1990, F.Smarandache expanded the landscape of uncertainty modeling by introducing Neutrosophic logic and set
theory, which evolved from intuitionistic fuzzy sets, paraconsistent sets, and intuitionistic sets [26,27]. Atanassov
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[2] emphasized the importance of the Level of inaccuracy or deviation from the truth(f) and provided insights into
Sets in the context of intuitionistic fuzzy logic. Smarandache coined the term "Neutrosophic", representing a
philosophy of neutral thought. The primary demarcation between 'fuzzy logic and sets ' or ‘Intuition-based fuzzy
logic and sets and logic and sets based on the concept of ‘Neutrosophy’ hinges on the inclusion of a separate
component representing the degree of uncertainty or impartiality. The distinctive attribute of the Neutrosophic set
comprises three constituent elements (t, i, f) = (Veracity, uncertainity, non-Truthhood) and boasts manifold real-life
applications across various disciplines [1,3,4,5,6,11,12,15,16,21].

Y. B. Jun, E. H. Roh, and H. S. Kim broadened the horizon by introducing BH-algebras in [9], encompassing
BCK/BCI/B-algebras. In 2002, Neggers and Kim [17] ushered in a novel concept, B-algebra, as a broader concept
encompassing BCK-algebras, yielding a plethora of results. In 2005, Wang et al. [32,33] Pioneered the idea
concerning intervals in Neutrosophy sets, offering greater flexibility in comparison to Neutrosophic sets that have
single values. Subsequently, Khan et al. [14] proposed the concept of Neutrosophic N-structures and their practical
utilization within the context of semigroups in 2017 and finds utility in a multitude of logical algebraic context
[10,18,23,28]. Walendziak [31] made further contributions to this realm by introducing BF-algebras, a generic form
of B-Algebra, and exploring various characteristics, including ideals and normal ideals in BF-algebras.

Algebraic structures occupy a foundational role with extensive applications in diverse domains, providing a
mathematical framework for modeling various phenomena. The integration of Neutrosophic sets has discovered
applications in numerous logical algebras and practical scenarios [7,13,19,20,29].

The foundational concepts of subalgebras, ideals, and homomorphisms were introduced by Andrzej Walendziak
[31].

. This paper introduces novel concepts within the framework of Neutrosophic sets (NS) in BF-algebras:
Neutrosophic BF—subalgebra (NSA), Neutrosophic BF-Ideal (Ni), and Homomorphism principles to NS.

o We establish that a Ni with respect to a homomorphism is a Ni, a homomorphic image of a Ni satisfying the
sup-inf property is a Ni, homomorphic pre-images of a NS within the context of BF-algebra is a NS, while
examining a range of associated attributes. The results of these studies hold good for NSA also. And we
delve into the concept of level sets within a NS in BF-algebras, analyzing its attributes.

The table provided showcases a collection of acronyms.

NS Neutrosophic set
NSA Neutrosophic BF—subalgebra
Ni Neutrosophic BF-Ideal

2.Major contributions of the work

e In Section 3, a literature review of a few definitions with examples regarding subalgebra and ideal of BF-
algebras is provided.

e In Section 4, we explored the idea of a NSA and Ni of BF-algebra are introduced and illustrated with
examples .

e In Section 5, we discussed the relationships of NSA and Ni of BF-Igebra under homomorphism principles.
e In Section 6, we discussed the charateristcs of a level set of a NS within BF-algebra.
3. Preliminaries

Definition 1[31]: A BF-algebra is a structure S:=(S#0@,x,0) satisfying:

() p x p=0, (1)
(1 p x 0=p, (2)
(1 0x(pxgq)=9gxp, VpOES (3)

Example[31]:Let S = {0, 1, 2, 3} with the composition table
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is a BF-algebra.

Definition 2[31]: Consider a BF-algebra S: =(S#0,x,0). Let M(#@) contained within S is defined as a Subalgebra if
vp, gEM, pxgeM 4

Example[31] : Let S={0, 1, 2, 3} with the composition table

X 0 1 2 3
0 0 1 2 3
1 1 0 1 1
2 2 1 0 1
3 3 1 1 0

is a BF-algebra then M = {0, 1} is a subalgebra within S.
Definition3[31]: Consider a BF-algebra S:=(S#0,x,0). LetM(# @) contained within S is defined as an Ideal if

0E M ()
vp, €S, pxgeEM, g EM=p € M (6)

Example[31]:M= {0,2,3} qualifies as an ideal in the framework of Definition 2, pertaining to a BF-algebra.

Definition 4[8,22,31]: A mapping f from BF-algebras S:=(S#@ ,x,0) to S":=(S'#0,A,0) is a homomorphism if
f(pxq) = f(p) A f(q), V p,q€S @)

p, ifqg=0
Example:LetS = (R, %, 0) where x is givenbypxq = {q, if p=0

0, otherwise
where (R, x, 0) is the set of real numbers is a BF-algebra[1] and (S'={0",1',2'},A,0") is a BF-algebra[31] is defined as
A o |V 2!
0’ o |V 2!
1 1 |0 0’
2! 2 |0 0’

A mapping f:R-> S'as f(R-{0})=1", f(0)=0" is a homomorphism.
From here S:=(S£@ ,x,0) and S":=(S'#£@,A,0") are considered as BF-algebras

Note[22]: If f is a homomorphism from S to S’ then f(0) = 0'. (8)

Definition 5[8]: A mapping f from S to S’ is said to be an epimorphism if i) f(pxq) = f(p) A f(q),V p, g€S

and ii)f is onto (9)

4. Neutrosophic concept on BF-algebra [24,25,29,30]

Let y(S, [0,1]) be the family of mappings from a set S to [0,1]. A NS over a universe S #Qis
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So= - { P /pes)
(Pxo I, X) — Wpx(P), Ix(P), ¥x(P))

Where py, Iy and Xy are mappings on S which are truthfulness membership mapping, the unfixed membership
mapping and fallaciousness membership mapping respectively on S.

A NS Sy over S holds if
VpeS, 0= px(p)*+ Ix(p)+ Ry(p) <1

Note:From here , aA{p1.p2}=min{p1.p.} and v{ps p2}=max{pip.}.

Definition 6: ANS Sy within S is called a NSA if

1) px(p x @) 2a{px(p), px(A)} (10)
ii) Ix(p x @) = a{lx(p), Ix(9)} (11)
i) Ry x ¢) < v{Rx(P), Rx(9)}, VP.GES (12)

Example: The following NS is defined within the context of BF-algebra example 3.13[31].

Sy 0 1 2

ps | 0453 | 0.177 | 0.081

Iy 0.459 0.295 0.155

Ny 0.088 0.528 0.764

Definition7: ANS Sy = (o, Ix, Xx)within S is a Ni if

(1) px(0) = px(p), Ix(0) = Ix(p) and Rx(0) < Ry(p),VpeS (13)
(2) px(p) = afpx(p xq).px (@)} (14)
(3) Ix(p) = aflx(pxq).Ix(9)} (15)
(4) Rye(p) < v{Rx(pxq), Ry(q)}, VP,q €S (16)

Example: The following NS is defined within the context of BF-algebra example 3.2[31].

S |0 1 2 3

ps |04 |04 |01 |01

I, (04 |04 |01 |01

Ny | 0.2 0.2 0.3 0.3
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5.Applications of Homorphism principles on a NS
Definition8:Let w be a homomorphism from S to S'.For any NS, Sx=( px, It, 8g)in S’,We define a new NS

Sy = (py, Ig, Ng) within S as

Py (@) = pr(w(P)) (17)
I?() = Kw®) (18)
Re (@) = Ri(9(P) (19) Vpes

Theorem 1: Let oy be an epimorphism from S to S’

a) If Sg=( pg, Ix, Ng) represents a Ni within S’ then
Sy = (py, Iy, Ny) similarly characterizes as a Ni within S.
b) If S = (py, Iy, Ny) represents a Ni within S then

Se=( px, I, Ry) similarly characterizes as a Ni within S'.
Proof: Let oy be an epimorphism from S to S’
a) Suppose that Sg=( px, I, X% )is Ni within S’
Also since w: S— S’ is onto
Forany p’ € S'3at least one pe S>3 w(p) =p’
Let’s Consider py (0) = pi(w(0)) = pk(0"= pi(@") = pi(w()) = py (P)by (17&8&13)
In simpler terms, pg(0) = pg(p) Vp €S
Let’s Consider Iy (0) = It(0(0)) = I;(0") = It(@") =L(w(p)) = I (p)by (18&8&13)
In simpler terms, I’ (0) = I (p) Vp €S
Let’s Consider Xy (0) = Ri(0(0)) = 84(0")< Ri(p') < Ri(w(p)) < KY (p)by (19&8&13)
In simpler terms, 8y (0) < XJ(p) Vp € S
Let pe Sand q' € S', since w is onto then 3 atleast one q € S 3 w(q) = q'and
(e @) = pi(w®) = a{ok(9(PIAG"), pi(q')} by(17 & 14)

> A {px(w(P)Ay(9)), px(a')}

> a{p(0((x ), pk(0(g)} by (7)

Sy @) 2 a{pg (pxq),pd (@)} V p,q € Sby (17)

(DI P) = I(0(P) = a {Ii(9(P)AQ"), Ik(q')} by (18 & 15)

= MIx(w(P)Aw(q)), Ix(w(@)}
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> a{k(w(pxa)), k(@ (@)} by(7)
S () = a{ly (pxa), Iy (@)} ¥ p, q € Shy(18)
(UDRY () = Re(0®)) < v{Rs(w(P)Aq"), Rx(g)} by(19 & 16)
< v{Rx(0(P)Aw(q)), Rx(0(9))}
< v{®e (0 (Px)), Ri(w (@)} by(7)
S RYP) < V(RS (), RY(D} YV p,g €S
Hence S’ is a Ni within S.
b) Suppose that S’ is a Ni within S,since o is onto
vp',q' € S'J atleastone p, g€ S be 3 w(p) =p'and w(q) =q'
Let us consider py (w(0)) = py (0) = pg () = px(w(P))V p € S by(17 & 13)
L(w(0)) = 1 (0) = 1) () = I(w(p))V p € S by(18 & 13)
Ni(0(0)) = X(0) < XJ(p) < Ry(w(@))V p € S by(19& 13)
and (i)px(p") = px (9 ()= pg () = afpg (pxa), py (@)} = a{px(w (Pxa)), pi(w (@)} by(17 & 14)
> afpk(0®)A0(@)), pi(w(9))} by(7)
Sopx(P) = alpx(p'Aq"), pr(a)} V', q € S’
(i (") = Kk(9®@) = I () = ally (pxq), I (@)} = a{li(w(pxq)), Ik (w(q))} by(18& 15)
> a{li(w@)Aw(@), Ik(9(@))} by(7)
S (') 2 ally(p'Aq"), Ik(g)} Vp'.q" € S
and (iR (p") = Ri(@(p)'= R () < v{RY (pxq), X (@)} < v{Ry(w(pxq)), Ry (0(g))} by(19& 16)
< v{Ri(w(@)Ax()), ¥ (9(g)} by(7)
SRk () = viRg('Aq), Ry ()} V', q" €S
Hence S} is a Ni within S'.
Proposition1: Every Ni over S is a NSA over S.

Proof:The proof follows a direct path by using (1), (2) and definition (7)

The subsequent illustration involving Sy demonstrates that the opposite of Proposition 1 might not be valid within
the framework of BF-algebra as in Definition 1.

Sx 0 1 2 3

o | 01 | 0 |01 ] o1

161
Doi: https://doi.org/10.54216/1]NS.230213
Received: June 19, 2023 Revised: September 12, 2023 Accepted: December 27, 2023



https://doi.org/10.54216/IJNS.230213

International Journal of Neutrosophic Science (IINS)

0l 23, No. 02, PP. 156-173, 2024

Iy | 01

0.1

0.1 0.1

0.1

px(®) = px(1) = 0 & A {px(pxq) = px(1x2) = px(3) = 0.1, px(q) = px(2) = 0.1}

Theorem 2: Let oy be an epimorphism from S to S.

a) If Sg=( px, I, Ny) represents a NSA within S’ then

!

Sy = (py, Iy, RY) similarly characterizes as a NSA within S
b)If S’ = (py, Iy, RY) represents a NSA within S then

Se=( p, Iy, X )similarly characterizes as a NSA within S’.

Proof: The proof follows a direct path, as indicated by Proposition 1 and theorem 1.

Definition 9: Let o) be a mapping onaset Sand Sy = (py, Ix, Rx) be a NS within S then pg, Iy 8y on w(S)is

defined by pg(q)= Suppx(p),p € ¥~ (q)

Ii(q) = Suplk(p),p € ®~*(q)

Ri(q) = infRe(P),p € 7 1(q),V q € w(S) is called the image of Sy under w.

If py, Ix, Xy are fuzzy sets in  (S), then the fuzzy set py = py 0w, Iy = Igow and Ry = Ny ow is the Pre-image

of pg, Iy and R respectively covered by w.

Example: Let’s examine a BF-algebra S:=(S={0s,15,2s},A,05) that possesses the subsequent table..

A 0s |1s |25
0s 0s | L 25
1s 1; | Os 0s
2s |25 |05 |0

and BF-algebra S":=(S'={0s',15",25'},A,0s')that possesses the subsequent table..

A 0s" | 1§ 25
05’ 0s' | 1s' 25
1’ 15" | O 05’
2 SI 25, OS, OS,
Define : S— S’as w(05)=0s, w(1s)=1s" 0y(2s)=1s
Define a NS Sg=( px, Iy, 8y) within S’ as
Se [os [1 |2

Dot: https://doi.org/10.54216/1]NS.230213
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pt 101 |04 [o03

I |06 |01 |01

R, |03 |05 |04

then w~1(Sg) isa NS in S given by

Se |05 |1 |2

px |01 |04 |04

I, |06 |01 |01

R¢ |03 |05 |05

Definition10:A NS Sy = (px, Ix, Xx) Within S exhibits the 'sup-inf' property when, for any T subset of S, the
following condition holds:3p, € T 3 px(p,) = Suppx(t),t €T, Iy(p,) = Suplx(t),t € T and

Ra(p,) = inf Ry(t),t €T
Theorem3:Let @:S — S’ be an epimorphism.

If NS Sy = (px, In, ¥x) is @ Ni within S that possesses the 'Sup-inf' property, then the image of Syunder mapping o
also constitutes a Ni within S'.

Proof: Let @:S — S’ be an epimorphism
Suppose that Sy = (px, Iy, Xy) is @ Ni within S that possesses the “Sup-inf” property
for any pe S, px(0) = px(p)
Ix(0) = Ik(p)
Ry (0) < Ry(p)
The image of Sy covered by o) is denoted as Sg=( py, Iy, Rx) and is defined as
px + " = [0,1] by px(q") = Sup px(P),p € ©7'(q)Vq €S’
Iy:S" > [0,1] by It(q") = Sup Iy(p).p € &' (¢)Vq ES’
Ry : $" - [0,1] by 8y(q") = inf Re(p),p € w7 '(q')Vq €S’
Since Sy is a Ni within S
Thus pg(0") = Sup px(p) = px(0) = px(@). P € ®'(0)VpES

= px(0) = px(p), Vp €S
In addition, pg(p") = Sup px(P),p € 9 (PIVP' €S’
Hence pg(0") = Sup px(») = p(@").p € 97 ' (®")
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= pg(0) = pi(p), Vp' €5’
I;(0") = Sup Ix(p) = Ix(0) = Ix(p),p € 9 ' (0)Vp ES
= 1;(0") = Iy(p),Vp €S
In addition, Ix(p") = Sup Iy(p),p € 9™ (PIVp' €S’
Hence Ix(0") = Sup In(p) = kk(»"),p € 9™ (p")
= I;(0") = I(p'), Vp' €S’
and R (0) = InfRy(p) = 8x(0) < Rx(P), p € 9~ '(0)VPES
= X (0") < Ry(p), Vp €S
In addition, Ny (p") = Inf Re(p),p € 9 ' (P')Vp' € S’
Hence 8x(0") < Inf Ry(p) = Rx(p").p € 9~ (p")
= Ri(0) < Ri(p'), Vp' €S’

Since o is onto, V p’, q', € S'J atleastoner,q €S 3 w(r) =p’, w(g) = q’
Hence pi(»") = pi(w(®))

= Sup px(),t € 9~ (0(P))

= px(7)

> aflpx (%), px (@)} = a{pi(h(rxq)), pi(h(9))}

> a{pi(0(Aw(@)), pi(w(@)}
oo = a{pk(p'Aq), pr(g)}VDP', q', € S’

K@) = Ko@)
= Sup Iy(t), t € 9™ (0 (p))
= Iy(r)
= a{lx(rxq), Is(q)}
> Ak (9(rxa)), K(w(@))}
> M (9@A (@), Kk(w(@))}
Sk = ally('Aq'), Ii(@)3vVD' q' E S’
K@) = Xi(w®)
= Sup Ry (), t € © ™ (w(p))
= Ry(1)

< v{Rx(rxq), Rx (@)}
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< v{Ri(w(rx)), Xe(w(@))}

< v{®e(9(MA9(9)), Rs(9(@))}

SRk (P) = viRi(p'Aq"), Ry (gD}VP'. q' € S
Hence image of Sy under w is a Ni within S"'.
Theorem 4:Let o): S — S’ be an epimorphism.

If NS Sy = (px, Ix, Xx)is a NSA within S that possesses the 'Sup-inf' property, then the image of Sy under mapping o
also constitutes a NSA within S'.

Proof: The proof follows a direct path, as indicated by Proposition 1 and theorem 3.

Definition11:(11.1)Let 0):S—S’ be a homomorphism and Sy be a NS within S then the homomorphic image of Sk
covered by o is denoted by w(Sy) is a NS within S’ defined by o (Sx)={(p’, (px)(P"), w(Ix)(P"), W(Rx)(P'))/P'ES’}

where w(pg)(®) = {sup{(px)(p)/p € w ()} if 97 (p) # 0 20)

0, otherwise
n = (sup{I)(®)/p € w(P"},if ' (p) # @
U)(IN)(D)_{ 0, ' otherwise (21)
. e 1
and o(R)(p’) = {mf{(Nx)(?)/p € (r:) Zielrfw?s ) @)+ 0 22)

(11.2) If Sy is a NS within S’ then the homomorphic pre-image of Sgunder the mapping o forms a NS within S
defined as by o*( S)(p)= {(P. &™(oR)(P), & (I)(P), W™ (R)(P))/ p ES}which can be expressed as{ (p, px (w(P)),
I (9(p)), Ri(w(p)) /p€S }-

Theorem 5 :Let @) be a homomorphism from Sto S'. If Sy be a NS within S and Sg be a NS within S’ then
1) o (w(S%)) = Sk and 2) o) H(0)(Sx)) = S
Proof: Let oy be a homomorphism from Sto S'.
1)Let's examine the equation wy(w 2(ox)(p"))=sup{ & *(ot)(P)/PE w 1(p")}as given by equation (20). This equation
simplifies to sup{ox(w(p)/pES and wy(p)= p'}, which ultimately equals py (p'), ¥p'€S'. Similarly for w(w (%) (p"))=
I(p"), Vp'€S'by equation (21) and also examine the equation ay(w (Xg)(P")) = inf{ @ 1(RL)(P) / p€ w 1(p")} as given
by equation(22) which simplifies to inf{&Xg(w(p)) / p€ S and wy(p)=p'}= Rx(p'), Yp'€S’. Hence (1) proved.
2) Let’s consider @ (0(px))(p) = 0)(px)h(p)= sup{px(p)/PE ® (p")} =px(p)

@ @ (x)(P) = w(lx) 9(P) = sup{lk(P)/PE 0 *(p)}=Ix(P)
@ {w(Ry))(P) = w(Rx)o(p)= inf{Rx(p) / peh(p')}=Rx(p). Hence, (2) proved.

Theorem6 :Let o) be an epimorphism from S to S’ then Sy is a Ni within S iff the pre-image o) "( Sg) of Sg is a Ni
within S.

Proof: Let ay be an epimorphism from Sto S’
Suppose that S’y is a Ni within S’
Since w is onto,¥p’, q'€S’, 3 atleast one p,q € Sbe 3 w(p)=p’ and w(g)=q’

Let’s consider @ *(px)(0)= px(w(0))= px(0)= px () = px (w(p)) by(8 & 13)
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In simpler terms, o *(pg)(0)= w *(px)(p) ¥PE S
Let’s Consider o *(Iy) (0)= Ik(w (0))= I (0)= Ik (p") = It (w(p)) by(8 & 13)
In simpler terms, o "(I)(0)> o (I)(p) Vpe S
Let’s Consider o) (Rg) (0)= Xg(w(0))= Rk(0')< Xy (p") < R( (p)) by(8 & 13)
In simpler terms, o (R)(0)< o *(Xk)(p) Vpe S and
(i) & H(pR)(P) =pk(@ (P)=A{ p(w(P) A o (@), px(w(a))} by (definition 11.2 & 14)
2a{ px(w(p xq)), px(w(@))} by(7)
= @ HpR)(P2a{ @ Mok (p X)), @ (ox(A)}VP.gE S
(it) 0 (Ix)(P) = Ix(w(P)=a{ It (w(P)Aw(a)), Ik(w(a))} by(definition 11.2 &15)
>a{lx(o(p xq)), Iz(w(a))} by(7)
= @ IR (P)=a{ 0 k(P xq)),  *(Ix(@)}Vp.ge S
(i) o *(RR)(P) = (o () =V{ Ri(@(p) A w(@), Ri(w(a)}oy (definition 11.2 & 16)
<v{ Ri(w(p xq)), R(w(a))} by(7)

0 H(RG) (P) < v{ @ Ry (p xq), @ Ry (A)}VP.gE S
Hence, o (S'x) is a Ni within S.
Conversely, suppose that oy "*(Sk) is a Ni within S
since w is ontoV p’, q'eS’,3 atleast one p,q € She 3 w(p)=p' and w(q) =q’
Let’s consider (pg)(0")=px (v (0))= w *(px)(0) = o (o) (P) Zpx(® (p)) by (8 & definition 11.2)
In simpler terms, (0%)(0")> (p%)(p')VpE S
Let’s consider (14)(0")= Ii( (0))= o (1) (0) > o X(I5)(p) = Ii(w(p)) by (8 & definition 11.2)
In simpler terms, (Ig)(0")> (Ig)(p')Vpe S
Let’s consider (¥¢)(0")= Rx(w (0)= 0 *(Xy) (0)< o) (R)(P) < Rk(wy(p)) by (8 & definition 11.2)
In simpler terms, (Xg)(0")< (Rg)(p")Vpe S and
(1) (px) (") =px(w(p))

= w Y(pg) (p) by (definition 11.2)

>r{ @ H(ox(p %)), © Hpg(0))} by (14)

>a{px(@(p x9)), px(0(q))}oy (definition 11.2)
>a{px(@(P) A 0(9)), pr(w (@)} by(7)

>rM{ox(p'Aq’), pr(q')}

~(pR)(P")= Mk (p'Aq’), px (')} VP,GE S
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(i) (I)(P") = I(0(P))
= o "}(I}) (p)by (definition 11.2)
>r{ @ Ik xq)), o *(Ix(a))} by (15)
>a{ Ix(w(p xq)), Is(0())} by (definition 11.2)
>a{ Ix(w(p) & 0(a)), Ix(w(@))} by (7)
2a{ Ix(p'Aq’), Ix(q")}
~(IR(P)= a{ Ix(p'Aq"), Ix(a')}, VP.GE S
(iii)) (Ri)(p) = Re(w(p))
= oy "}(R)(p) by (definition 11.2)
< v{ 0 {(Rk(p x9)), 0 (Rk(a))}oy (16)
<V{ R (@ (p ¥q)), Ry (w(9))}oy (definition 11.2)
<SV{ Xx(0(p) A w(q)), Ri(w(a))}(by 7)
<V{ Rx(p'Aq"), Rx(q)}
~(RQ(P)= v {Ri(p'Aq"), Ri(g")} vp,ge S
Hence, Sy is a Ni within S'.

Theorem?7 :Let ) be an epimorphism from Sto S’ then Sy is a NSA within S iff the pre-image o) *( Sx) of Sy isa
NSA within S.

Proof: The proof follows a direct path, as indicated by Proposition 1 and theorem 6.
6.Level set of a Neutrosophic set

Definition 12: Let Sk be a NS within Sand let £, £,,£5 € [0,1] be such that 0 < £, + £, + £5 < 1 then the set
S§£1'£2’£3) ={p €S/ px(p) = £, Ix(p) = £,,and Rx(p) < £5} is called as (£,, £,, £5) level subset of S.

Theorem8: Let a NS S be a Ni within S, then SE+£2) is an ideal within S, V (£, £,, £5) € Im(py) X Im(ly) X
Im(ROWith 0 < £, + £, + £5 < 1.

Proof:Let a NS Sg be a Ni within S.
(E1.£2.£3)
let q € Sq = px(q) = £1,Ix(q) = £,, and Rx(q) < £
since Sy is a Ni within S = py(0) = px(q) = £4,Ix(0) = Ix(q) = £,and Ry (0) < Ry(q) < £3
= 0 € s{Ets),

Letp,g e She 3pxqandq € S§£1,£2,£3)

= px(pxq) = £,and py(q) = £,
Iy(pxq) = £yand Ix(q) = £,
167
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Re(pxq) < £3and Ry(q) < £3

Since Sy is a Ni, then (i)px(p) = afpx(pxq), px(q)} = A{Ey, £43

= px(p) =2 £,,VDES
(i) Ik(P) = a{lx(pxq), Ix(q)} = A{£;, £2}

= I(p) = £, VpES
and (iii) Ry (p) < v{Rx(pxq), Rx(q)} < V£, £3}

= Ne(p) <£5,VpEeES
= p € SEEED
Hence, S{*2*%)forms an ideal within S.
Theorem 9:Consider a NS Sy within the set S,where S§£1‘£2'£3)represents an ideal within S. If (£, £,,£3) €

Im(pg) X Im(Iy) X Im(Ry) with 0 < £, + £, + £5; < 1then Sy is a Ni within S.
Proof: Suppose that Sk is a NS and S§£1‘£2'£3) is an ideal within S.
Let Sx(p) = (£1, £2, £5)VPES

= px(p) = £4, Ix(p) = £2 & Ry(p) = £3VpES
Since eSS 12
= px(0) > £1=px(p)
I13(0) = £2=Ix(p)
Rx(0) < £5= Ry(p), VPES
Let p,qES be BSN(pxq) = (£11 '£21, £31)
= px(pxq) = £11, In(pxq) = £21, Rx(pxq) = £a1
=>pxq € S§£1’£2'£3)and Sx(Q) = (122, £32)
Px(0) = £12, I(0) = £22& Ry(q) = £xothen g € 57122255
Let us assume that £11 < £3,
=>£ <E£xand £31>£3
swithout loss of generality, it follows that §{1#22%32) ¢ g(1rf21£30)
=So that pxq € L2153V and q e sE1rFarEsy

=p € S¢121ED ginge s{F11£21531) s an jdeal of S.

= px(p) > £11=7{px(pxq), px(0)}
Ix(p) > £21=a{Ix(pxq), I'x(q)}
and Ry(p) < £21= V{Rx(pxq), Ry(q)}
Hence, Sy is a Ni within S.
Note:S$ 2= {peS / py(p) 1, In(p) = £2, Ry(P) <E}
={P€S/ px(p) Z£.}N{ PES /Ix(p) = £2}N { p € S / Rx(p) <Es}
= SELE2E) = p(p£1) N I(Ig£2) N R(RyiEa).

Corollaryl:Let Sy be a NS within S then Sy is a Ni within S iff p(py;E1), I(Ix;E2), R(Ry;£3) are ideals within S
VEL€[O, px(0)],£2€[0, I (0)] and £3€[Ry(0),1] with 0 < £+ £,+ £3< 1.

Theorem 10:Consider M(#@)contained within S and a NS Sy defined within S as follows:

£ ifpeM
= P’
Px(P) {£1, otherwise
(£, IifpeM
Ix(p) = {EZ, otherwise and
(£v fpeEM
NN(p)_{£3, otherwise

VpeS where 0< £,< £4, 0< £, £, 0< £g< £3 and £,+ £+ £4< [LE1+ £+ £3< ]
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In this context, Sk is Ni within S while M constitutes an ideal within S.

Proof: Let's assume that a Sy is a Ni within S and M is a subset within S.

Let pe M.
= px(0) 2px(p) =£,
I1x(0) 2Ix(p) =£i
Ry(0)= Ry (p)= £x
=0e M
Let p,q€ S be 3pxqeM and qeM, since S is a Ni within S
Then (i) px(p)= A{px(pxq), px(A)} 2A{E, £p} = £,
Ix(p) = a{lx(pxq), Ix(@)} 2A{E£1}=E)
and Ry(p) < v{Rx(pxq), Rx(q)} <V{Ex, £x}= £x
=pe M.
Hence, M constitutes an ideal within S.
Conversely suppose that M constitutes an ideal within S.
(i) Let pes.
Case (i): if p € M then px(p) =£ p
Ix(p) =£i
Rx(p)= £x, VPES
Since 0 € M.
= pN(O) :Ep
IN(O) :£|
Ry (0)= £x,
Hence, px(0) =px(p)
I4(0) =I(p)
Ry (0) =Rx(p)
Case (ii): If p&M then
= px(p) =£1
Iy(p) =£2
NN(p):£3!
Now py(0) =£,<£;= px(p)

Ix(0) = £1<£,= Ix(p)
N (0) = £x<£5= Xy (p)
Hence, in either case
px(0) Zpx(p), Ix(0) = Ix(p) and Ry(0) < Ry(p),VpeES
(ii) Let p, €S be 3pxgeS and geS
Case (i) : If pxgeM and qeM
Since M constitutes an ideal within S
=peM
(1) px(p) = £5= A{£p, £}
> A {px(px ), px(a)}
(i) Ix(p) = £= A {£1,£1}
>a {Ix(pxq), Ix(0)}
and(iii) Rg(p) = £x= V{£x, £x}

<v{Rx(px q), Rg(Q)}
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Case (ii) : If p xqeM and q¢M

=pgM
(1) px(p) = £4= A{E, £}

>a{px(px q), px(A)}

(ii) Ix(p) = £2= A {£1,£2}
> {Ix(px @), Ix(a)}

and (iii) Xx(p) = £3= V{£x, £3}
<v{Rx(px q), Ry(0)}
Case (iii) : If p xq€M and geM

=>peM
(1) px(p) = £1=4 {£1, £, }

>a {px(px q), px(9)}
(i) Ix(p) = £2=r {£2,£:1}
>a {Ix(px q), Ix(9)} and
(i) Ry(p) = £5= V{£s, £x}
<v{Rx(px q), Rx(9)}
Case (iv) : If p xq€M and ggM

=pgM
(1) px(p) = £1=a {£1,£1}

> {px(px ), px(A)}

(i) Ie(p) = £2=A {£2,£2}

>a {Ix(px q), Ix(9)}

and (iii) Rx(p) = £3= v{£s, £}
S V{Nx(pXQ)a Nx(q)}v Vp,qES

Hence, Sy is a Ni within S.

Corollary 2: Let M(#@)be a subset within S then Sg within Sdefined by

(1, ifpeM
Px(p) = { 0, otherwise
(1 ifpeM
Ix(p) = { 0, otherwise
(1, ifpeM
N“(p)_{ 0, otherwise Vp.qes

Then the following conditions are interchangeable:

1. Sy is a Ni within S
2.M is an ideal within S.

Proposition 2:Let Sy be a Ni within S and (£414, £51, £31), (E12, £22, £32)€ Im(py) X Im(Ix) x Im (Ry) with

0<Eq; + £5; + £3;< 1 fori=1,2, then SE1F2rFs0=gEr2fa2 Bs2iff (£ £, £.) = (1, £25, £32).
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Proof:If (£11,£21,£31) = (E12,£22, £32) then clearly Sf”‘E“‘E“):Sfu 22 £32),
Assume that S§£11 £21, £31)25}5512 £22, £3Z).

Since (£11,£21,£31), (E12,£22, £32)€ IM(px) X IM(Ix) X IM(Ry) then IpES 3py(p)=£11, Ix(P)=E£,1 and Ry(p)=£34, it
follows that pes{™t 21 Fsv)=g 12 £22:£32) 5 that

£11=px(P) 2E12 , £21=Ix (P)2E2, and £3,=Rx(p)<E3;.
Similarly, we have £,,<£,, , £5,<£,, and £3, = £3,

Hence, (£11,£21,£31) = (E12,£22, £32)

Theorem 11:Let Sy = (px, Iy, Ny) be a NS within S and Im(Sy) = {(0, o, ko), (61, i1, K1), - .- (Eky Uk, K )} Where
(§ir i i) <&, 1y, ;) Where i>

Let {M|r=0,...,k} be a family of Ideals within S Mo c My c... M= S and S (My) = (§,, U, %) that is
ESN(M;‘):Er , ;LSN(M;):Hr where My =M;\M,.; and M., = @.
For r =0,..,k then Sy is Ni within S.
Proof :Since 0 € Mg, we have pg (0) =&, = px (p), Ik (0) = py = Ix (p), Rx(0) = Ky < Rx(p), VPES.
Let p,qeS
Case (i) :If p x q €My and q eM;. = M;\Miand M is a Ideal
=p EM;,
Thus py (p) = & = a{px(px 9), px(9)}
Ix(p) = pe=a{Ix(px q), Ix(a)}
Rx(p) < wr= v{Rx(pxq), ¥x(a)}Vp,q€S
Case (ii) :If p x q €M and q €M then the following cases will arise
Sub-case (i) : If p x g€ S\M,and geS\M;
Sub-case (ii) : If p x geMqand gEM-1
Sub-case (iii) : If p x g€ S\M;and g€M.
Sub-case (iv) : If p x g€EMy.1 and qeS\M;

But in either case

px(P) =a{px(px q), px(a)}
Ix(p) =a{Ix(px q), Ix(0)} and
Rx(p) <V{Rx(pxq), Rx(A)}VP.q€S

Case (iii) : If p x g €M; and q €M,. that either g eM;._; or g €S\M. It follows that either peM; or peS\M,. Thus

px(p) =a{px(px q), px(a)}
Ix(p) =a{Ix(px q), Ix(0)} and
Rx(p) <V{Rx(pxq), Xx(A)}, VP,GES
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Case (iv) :If p x g € My and q eM;then by similar process

px(P) =a{px(px q), Px(a)}
Ix(p) =a{Ix(px q), Ix(0)} and
Ry (p) <V{Rx(pxq), Rx(a)}, VP,GES

Thus Sy is Ni within S.

7. Conclusions

This paper has undertaken an exploration and analysis of key concepts within BF-algebras, specifically focusing on
the notions of NS, NSAs, and Nis. We have delved into their characteristics and properties, shedding light on
homomorphic images of NS and homomorphic pre-images of NS, as well as their association with NSAs and Nis.
Notably, we have established that the level set of NS within a BF-algebra qualifies as an ideal when NS is a Ni.
Following conclusions can be drawn from the study:

e |t was established that a Ni with respect to a homomorphism isa Ni .

e A homomorphic image of a Ni satisfying the sup-inf property is a Ni.

e Homomorphic pre-images of a NS within the context of BF-algebra is a NS, while examining a range of
associated attributes.

e The results of these studies hold good for NSA also.

o Attributes of level set of a NS wthin BF-algebras have also been analyzed.

Looking ahead, our future research endeavours will encompass the examination of Neutrosophic BF-soft sets and its
attributes, and a comprehensive investigation into various types of ideals and filters within the realm of BF-algebras.
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