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Abstract 

In this work the author introduces new separation axioms and Studies of its basic characteristics. In addition, he 

studied  to the implication of these new separation axioms among themselves and with the well- known separation 

axioms binray − T0  , binray − T1and binray − T2 are obtained previously. Finally, we explore some results 

implementing , binary continuous  , binary contra continuous  based on our defined definitions. 
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1.Introduction 

 In 1982 [1], Tong introduced the notion of  D − sets by using open sets and used the notion to define some 

separation axioms namely  Di − space , i = 0,1,2 .The impression of binary topological space  from     to ＊ is 

introducedin 2011 by Nithyanantha  Jothi and Thangavelu [2] , we also introduced the impression of  binary closed 

, binary closure , binary interior and binary continuity . On the other hand, the impression of base and subbase of a 

binary topological space are introduced and discussed. As well, in 2012, S.N. Jothi  [3], [4] introduced the concept 

of  binray − T0  , binray − T1, , binray − T2  , binray − T3, and binray − T4 spaces . 

The destination of this paper, is to exploration binray − D0  , binray − D1, and  binray − D2  spaces in binary 

topological spaces and describe their fundamental properties, and discuss its relations with the axioms mentioned 

above. 

2.Preliminaries 

Throughout this article, a space (Y , τ) means a topological space on which no separation axioms are assumed unless 

otherwise mentioned,  ∁l() and int() are denoted the closure of a subset  and interior of a subset  in  a 

topological  space (Y, τ) .  C denotes the complement of  in (Y , τ) . Any subset  of a topological space (Y, τ) be 

named  D − set if there are two open set  U and V such that U ≠ Y and A = U − V [1].  

Definition 𝟐. 𝟏. [𝟏]. Let  and ＊ be any two nonempty sets. A binary topology from  to ＊ is a binary structure  

 ⊆ () × (＊) that satisfies the axioms: 

(i) (,) and ( ,＊) ∈  . 

(ii)  (0 ∩ 1 , 0 ∩ 1)  ∈   whereas (0 ,0)  ∈   and (1,1)  ∈ . 

(iii) If {(γ ,γ) ∶  γ ∈ ∆} is a family of members of  , then (⋃ γγ∈∆ , ⋃ γγ∈∆  )  ∈  .  

 

Definition 𝟐. 𝟐 [𝟏]. If  is a binary topology from  to ＊ , then the triplets  ( , ＊,) is said to be a binary 

topological space [for shorting , B − T − S   ] and the any members(0 ,0)  of  ( , ＊,)  are named binary 

open sets of   − T − S . The elements of    ＊are said to be the binary points of the   − T − S ( , ＊,)  . 

Definition 𝟐. 𝟑. [𝟏]. Let  and ＊ be any two non−empty sets and let (0 ,0)  , (1 ,1) ∈  () × (＊). We 

say that (0 ,0)  (1 ,1) if 0  ⊆  1 and 0  ⊆ 1 . 
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Definition 𝟐. 𝟒. [𝟏]. Let ( , ＊,) be a  − T − S and  0  , 0 ＊ . Then (0 ,0)  is said to be  binary 

closed in ( , ＊,) if (− 0 , ＊ − 0)  ∈  . 

Definition 𝟐. 𝟓. [𝟏]. Let ( , ＊,) be a  − T − S and (0 ,0)    ( , ＊),  

(i)  The ordered pair ((0 ,0)1∗, (0 ,0)2∗)  is called the binary closure of (0 ,0 ) [denoted by  −
∁l(0 ,0 )] where 

(0 ,0)1∗ = ∩ {γ: (γ ,γ) is binary closed and (0 ,0)  (γ ,γ) } and 

(0 ,0)2∗ = ∩ {γ: (γ ,γ) is binary closed and (0 ,0)  (γ ,γ) }. 

(ii) The ordered pair ((0 ,0)1∗, (0 ,0)2∗)  is called the binary interior of (0 ,0 ) [denoted by  −
int(0 ,0 )] where 

(0 ,0)1 = ∪ {γ: (γ ,γ) is binary open and (0 ,0)  (γ ,γ) } and (0 ,0)2 = ∪

{γ: (γ ,γ) is binary open and (0 ,0)  (γ ,γ) } 

Definition 𝟐. 𝟔. [𝟏]. Let ( , ＊,)  be a   − T − S and let (с , с＊)   ∈  (  ＊)  . The binary open set (0 ,0) 

is said to be a binary neighbourhood of  (с , с＊) if  с ∈ 0 and  с＊ ∈ 0. 

Theorem 𝟐. 𝟕. [𝟏]. Let (0 ,0)   (1 ,1)  ⊆  ( , ＊)  and ( , ＊,)   be a TS. Then the following 

statements are fulfilled: 

(i)  − int(0 ,0)   (0 ,0). 

(ii) If (0 ,0 ) is binary open if and only if   − int(0 ,0) = (0 ,0).  
(iii)  − int(0 ,0 )     − int(1 ,1 ) . 

(iv)  − int(B − int(0 ,0 ))  =   − int(0 ,0 ) . 

(v) (0 ,0 )    ∁l − (0 ,0 ) . 
(vi) If (0 ,0 ) is binary closed if and only if  − ∁l(0 ,0 )   =  (0 ,0 ) . 
(vii)  − ∁l(0 ,0 )     − ∁l(1 ,1 ) . 

 

Definition 𝟐. 𝟖. [𝟑]. Let ( , ＊,)   be a  − T − S and (0 ,0 )   ( , ＊,) . The ordered pair 

((0 ,0)1∗∗, (0 ,0)2∗∗)  is called the binary kernel of (0 ,0 ) [denoted by  − Ker(0 ,0 )] where 

(0 ,0)1∗∗ = ∩ {γ: (γ ,γ) is binary open and (0 ,0)  (γ ,γ) } and 

(0 ,0)2∗∗ = ∩ {γ: (γ ,γ) is binary open and (0 ,0)  (γ ,γ) }. 

Theorem 𝟐. 𝟗.  Let ( , ＊,)   be a  − T − S and (z , z＊) ∈    ＊, then  − Ker(0 ,0 ) = {(с , с＊) ∈

   ＊: − ∁l({с} , {с＊})  ∩ (0 ,0 ) ≠ (,)} . 

Proof: Let (с , с＊)  ∈   − Ker(0 ,0 ) &  suppose that {(с , с＊) ∈    ＊: − ∁l({с} , {с＊})  ∩ (0 ,0 ) =

(,)}  . Hence (с , с＊)  [( ,＊) − ( − cl({с} , {с＊}))] , since (с , с＊)  ∈   − Ker(0 ,0 ) which is a 

binary open set containing (0 ,0 ). This is ridiculous . Consequently,  − ∁l({с} , {с＊})  ∩  (0 ,0 )  ≠
 (,) . Next, let  − cl({с} , {с＊})  ∩  (0 ,0 )  ≠  (,) & suppose that (с , с＊)   − Ker(0 ,0 ) , then  

there exists a binary open set (1 ,1 ) containing (0 ,0 ) &  (с , с＊)  (1 ,1 ). Let (е , е＊) ∈   −
∁l({с} , {с＊})  ∩  (0 ,0 ) . Hence, (1 ,1 ) is a binary neighborhood of (е , е＊) which (с , с＊)  (1 ,1 ). 

By  this contradiction  (с , с＊)  ∈  − Ker((0 ,0 )). 

Theorem 𝟐. 𝟏𝟎. Let ( , ＊,)   be a  − T − S and (с , с＊) ∈    ＊, then (е , е＊) ∈  − ker({с} , {с＊}) if 

and only if  (с , с＊) ∈  − ∁l({е}, { е＊}). 

Proof: Suppose that (е , е＊)   − ker({с} , {с＊}), then there exists an binary open set (0 ,0 ) such that 

(с , с＊) ∈ (0 ,0 ) but (е , е＊) (0 ,0 ); therefore, we have (с , с＊)   − ∁l({е}, { е＊}). With similar steps, 

we can prove the reverse case. 

Theorem 𝟐. 𝟏𝟏. If (с , с＊) and (е , е＊) any points in a  − T − S ( , ＊,)  , then the following phrases are 

equivalent: 
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(i)  − ker({с} , {с＊}) ≠   − ker({е} , {е＊}) . 

(ii)  − ∁l({с}, { с＊}) ≠  − ∁l({е}, { е＊}) . 

Proof: (i) ⇒ (ii) Let  − ker({с} , {с＊}) ≠  B − ker({е} , {е＊}) ,then there exist (с0 , с0
＊) ∈    ＊ such that 

(с0 , с0
＊) ∈   − ker({с} , {с＊}) &   (с0 , с0

＊)  − ker({е} , {е＊}), since (с0 , с0
＊) ∈   − ker({с} , {с＊}) it 

follows that ({с} , {с＊}) ∩  − ∁l({с0}, { с0
＊})  ≠  (,) , from this we get  (с , с＊) ∈   − ∁l({с0}, { с0

＊}), by 

(с0 , с0
＊)   − ker({е} , {е＊}) we have (е , е＊)  ∩   − ∁l({с0}, { с0

＊})  = (,)  , since (с , с＊) ∈   −
∁l({с0}, { с0

＊}),  − ∁l({с}, { с＊}) ⊂   − ∁l({с0}, { с0
＊}) & (е , е＊)  ∩  − ∁l({с}, { с＊}) =  (,) ; therefore 

 − ∁l({с}, { с＊}) ≠   − ∁l({е}, { е＊}).   

(𝑖𝑖)  ⇒  (𝑖) Suppose  − ∁𝑙({с}, { с＊}) ≠  − ∁𝑙({е}, { е＊}) , then there exist (е 0, е0
＊) ∈      ＊ such that  

(е 0, е0
＊) ∈  − с𝑙({с}, { с＊}) & (е 0, е0

＊)   − ∁𝑙({е}, { е＊}), then there exist  binary open set including 

(е 0, е0
＊) & therefore (с , с＊)  but not (е , е＊)  , that means  (е , е＊)    − ∁𝑙({с}, { с＊}) ,  hence  −

𝑘𝑒𝑟({с} , {𝑧＊}) ≠   − 𝑘𝑒𝑟({е} , {е＊}). 

Definition 𝟐. 𝟏𝟐.  A binary point (с , с＊)  ∈    ＊  which has only    ＊as the binary neighborhoods is called 

a binary neat point. 

Definition 𝟐. 𝟏𝟑. A   − 𝑇 − 𝑆 ( , ＊,)  is called  binary symmetric if for (с , с＊) and (е , е＊) in    ＊ 

, (с , с＊)  ∈ 𝐵 − ∁𝑙({е}, { е＊})  implies (е , е＊) ∈  − ∁𝑙({с} , {с＊}). 

Definition 𝟐. 𝟏𝟒. [𝟏]. Any two binary open sets (0 ,0 ) and (1 ,1 ) are called  disjoint 𝑖𝑓 (0 ∩ 1 ,0 ∩
1 ) = (,). 

Definition 𝟐. 𝟏𝟓. [𝟐].  The binary points (с , с＊) , (е , е＊)  ∈    ＊ are distinct if с ≠ е  𝑎𝑛𝑑  с＊ ≠   е＊. 

Definition 𝟐. 𝟏𝟔. [𝟏]. Let 𝜌 ∶  𝑌 →    ＊ be a function, let 0   𝑍 and 0   ＊ . We define 𝜌−1(0 ,0 )  =
{е ∈  𝑌 ∶  𝜌(е)  =  (с , с＊)  ∈  (0 ,0 )}. 

Definition 𝟐. 𝟏𝟕. [𝟐]. Let ( , ＊,)   be a  − 𝑇 − 𝑆 and let (𝑌 , 𝜏) be a topological space, let 𝜌 ∶  (𝑌 , 𝜏) →

 ( , ＊,) be a function, then 𝜌 is said to be binary continuous if   𝜌−1(0 ,0 ) 𝑖𝑠 open set in (𝑌 , 𝜏), for each 

binary open set (0 ,0 ) 𝑖𝑛  ( , ＊,) . 

For example : Consider 𝑌 =  {𝑒1 , 𝑒2 , 𝑒3} ,   =  {с1, с2}  and  ＊ =  {с1
＊, с2

＊} .   Let τ = { , Y, {𝑒1}} and    =

 {(,), ( ,＊), ({с1}, {с1
＊})}.  

Then  τ  is a topology on Z and  is a binary topology from   𝑡𝑜  ＊. 

 Define 𝜌 ∶  (𝑌 , 𝜏) →  ( , ＊,)  , 𝑏𝑦 𝜌 (𝑒1)  =  (с1, с1
＊) and 𝜌 (𝑒2) =   𝜌 (𝑒3) = (с2, с2

＊) . Clearly 𝜌 is binary 

continuous. Since  𝜌−1 (,)  =  {𝑒 ∈ 𝑌 ∶  𝜌 (𝑒) ∈  (,) } =  , 𝜌−1 ( ,＊)  =  {𝑒1 , 𝑒2 , 𝑒3} =  𝑌 and 

𝜌−1 ({с1}, {с1
＊}) =  {𝑒1}. Thus inverse image of every binary open set in ( , ＊,)   is open set in (𝑌 , 𝜏) . 

Definition 𝟐. 𝟏𝟖. [𝟓]. Let (𝑌 , 𝜏) be a topological space and ( , ＊,)  be a binary topological space . We say 

that the function  𝜌 ∶  (𝑌 , 𝜏) →  ( , ＊,)  is binary contra continuous if  𝜌−1(0 ,0 ) is open in (𝑌 , 𝜏)  for 

every binary closed set (0 ,0 ) 𝑖𝑛 (    ＊,) . 

 

 

3. Binary D -Sets Αnd Binary Αssociated Separation Αxioms  

Definition 𝟑. 𝟏. [𝟒]. Let (0 ,0 ) be a subset  of a  − 𝑇 − 𝑆 ( , ＊,) , we say that (0 ,0 ) 𝑏𝑖𝑛𝑎𝑟𝑦 − 𝐷 −

𝑠𝑒𝑡 if there are (1 ,1 ) and (2 ,2 ) two binary open sets , so that (1 ,1 ) ≠  ( , ＊) and  (0 ,0 ) =

 (1 − 2 ,1 − 2) .  

For Example : Let  𝑍 =  {с, 𝑒, 𝑡} 𝑎𝑛𝑑  ＊  =  {с＊, 𝑒＊, 𝑡＊}  with a  𝐵𝑇𝑆   =

 {
( ,＊)  , (,)  , ({е}, {с＊}), ({с, е}, {с＊, е＊}) , ({е}, {}) ,

({с, е}, {е＊}) , ({с, е}, {  ＊})
} ,then ({с}, {е＊}) , ({с}, {с＊, е＊}), ( , {𝑡＊})   are 

𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡𝑠 and every binary open set different from ( , ＊)  is  𝑏𝑖𝑛𝑎𝑟𝑦 − 𝐷 − 𝑠𝑒𝑡. 

https://doi.org/10.54216/GJMSA.090206


Galoitica: Journal of Mathematical Structures and Applications (GJMSA)              Vol. 09, No. 02, PP. 49-55, 2023 

52 
Doi: https://doi.org/10.54216/GJMSA.090206  
Received: June 29, 2023  Revised: September 25, 2023  Accepted: December 17, 2023  

Definition 𝟑. 𝟐. [𝟐]. A    − 𝑇 − 𝑆 ( , ＊,) is said to be  

(i) 𝑏𝑖𝑛𝑟𝑎𝑦 − 𝑇0 [𝑠ℎ𝑜𝑟𝑡𝑙𝑦 ,  − 𝑇0] if  any  pair of elements (с , с＊) 𝑎𝑛𝑑 (е , е＊) of    ＊are different , 

there is a binary open set  of  ( , ＊,)  containing (е , е＊) but not (с , с＊) or a binary open set of  ( , ＊,) 

containing (с , с＊) but not (𝑒 , 𝑒＊) . 

(ii)  𝑏𝑖𝑛𝑟𝑎𝑦 − 𝑇1[𝑠ℎ𝑜𝑟𝑡𝑙𝑦 , − 𝑇1] if  any  pair of elements (с , с＊) 𝑎𝑛𝑑 (е , е＊) of     ＊ are different, 

there is a binary open set  of  ( , ＊,)  containing (е , е＊) but not (с , с＊) and a binary open set of ( ,

＊,) containing (с , с＊) but not (е , е＊) 

(iii) 𝐵𝑖𝑛𝑟𝑎𝑦 − 𝑇2 [𝑠ℎ𝑜𝑟𝑡𝑙𝑦 , − 𝑇2] if  any  pair of elements (с , с＊)𝑎𝑛𝑑 (е , е＊) of    ＊ are different, 

there are  two binary open sets  (1 ,1 ) and (2 ,2 ) of  ( , ＊,) containing (с , с＊) and (е , е＊) , 

respectively and (1 ,1 ) ∩ (2 ,2 ) = (, ) . 

Definition 𝟑. 𝟑. A    − 𝑇 − 𝑆 ( , ＊,) is said to be 

(i) 𝐵𝑖𝑛𝑟𝑎𝑦 − 𝐷0 [𝑠ℎ𝑜𝑟𝑡𝑙𝑦 , − 𝐷0] if  any  pair of elements (с , с＊) 𝑎𝑛𝑑 (е , е＊) of    ＊are different, 

there is a 𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡  of  ( , ＊,)  containing (е , е＊) but not (с , с＊) or a 𝑏𝑖𝑛𝑎𝑟𝑦  𝐷 − 𝑠𝑒𝑡 of ( ,

＊,) containing (с , с＊) but not (е , е＊), 

(ii) 𝐵𝑖𝑛𝑟𝑎𝑦 − 𝐷1 [𝑠ℎ𝑜𝑟𝑡𝑙𝑦 , − 𝐷1] if  any  pair of elements (с , с＊) 𝑎𝑛𝑑 (е , е＊) of    ＊are different, 

there is a 𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡  of  ( , ＊,)  containing (е , е＊) but not (𝑧 , 𝑧＊) and a 𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡 of ( ,

＊,) containing (с , с＊) but not (е , е＊) 

(iii) 𝐵𝑖𝑛𝑟𝑎𝑦 − 𝐷2 [𝑠ℎ𝑜𝑟𝑡𝑙𝑦 , − 𝐷2] if  any  pair of elements (с , с＊)𝑎𝑛𝑑 (е , е＊) of    ＊ are different, 

there are  two 𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡𝑠  (1 ,1 ) and (2 ,2 ) of ( , ＊,) containing (с , с＊) and (е , е＊) , 

respectively and (1 ,1 ) ∩ (2 ,2 ) = (, ). 

Remark 𝟑. 𝟒. the following diagram is explain  relationship between above two definitions   

 

       

 

 

 

 

 

  For Example :                𝑍 =  {с, 𝑒} 𝑎𝑛𝑑  ＊  =  {с＊, 𝑒＊}                    =

 {( ,＊)  , (,) , ({с}, {с＊}), ({𝑒}, {с＊}), (𝑍, {с＊} )}   is  − 𝐷0  but not   − 𝐷1. 

 

Theorem 𝟑. 𝟓.  A  − 𝑇 − 𝑆  ( , ＊,) is said to be  − 𝑇0 if and only if it is   − 𝐷0 

Proof : Necessarily,  let ( , ＊,) be  − 𝐷0 , for any  pair of elements (с , с＊)𝑎𝑛𝑑 (е , е＊) of     ＊ are 

different , at least one of  (с , с＊) , (е , е＊) say (с , с＊) belongs to  𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡 (0 ,0 ) but (е ,

е＊)  (0 ,0 ), let (0 ,0 ) =  (1 − 2 ,1 −  2) where (1 ,1 )  ≠ ( , ＊) 𝑎𝑛𝑑 (1 ,1 ), (2 ,2 ) are 

binary open sets  , then (с , с＊) ∈ (1 ,1 ) and for (𝑒 , 𝑒＊)  (0 ,0 ) we have two cases : first  (с , с＊) ∈ 

(1 ,1 ) but (е , е＊)  (1 ,1 ) , second   (е , е＊) ∈  (2 ,2 ) but (с , с＊) (2 ,2 ).  Hence 𝑋 𝑖𝑠   − 𝑇0 . 

The sufficiency is stated in Remark (2.3). 

Theorem 𝟑. 𝟔.  A  − 𝑇 − 𝑆 ( , ＊,) is said to be  − 𝐷2 if and only if it is   − 𝐷1 

Proof: Necessarily , suppose that  ( , ＊) be  − 𝐷1, then for any  pair of elements (с , с＊)𝑎𝑛𝑑 (е , е＊) of  

   ＊ are different , we have 𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡𝑠 (1 ,1 ) , (2 ,2 ) such that (с , с＊) ∈ (1 ,1 )  &  (е ,

 − 𝑇2    − T1  

 

 − T0  

 − D2    − D1    − D0  
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е＊)  (1 ,1 )   ;  (е , е＊)  ∈ (2 ,2 ) & (с , с＊)  (2 ,2 ) . Let (1 ,1 ) = (𝐻1 − 𝐻2 , 𝐺1 − 𝐺2 ) & 
(2 ,2 ) = (𝑈1 − 𝑈2 , 𝑉1 − 𝑉2 ) & (𝐻1 , 𝐺1 )  , (𝐻2 , 𝐺2 ) , (𝑈1 , 𝑉1 )  , (𝑈2 , 𝑉2 ) are binary open sets such that 

(𝐻1 , 𝐺1 ) , (𝑈1 , 𝑉1 )  ≠ ( , ＊) . From (с , с＊)  (2 ,2 ), it follows that either (с , с＊)  (𝑈1 , 𝑉1 ) or (с ,

с＊)  ∈  (𝑈1 , 𝑉1 ) &  (𝑧 , 𝑧＊) ∈  (𝑈2 , 𝑉2 ) . We have two cases separately . First case :  (с , с＊)  (𝑈1 , 𝑉1 )  . By 

(е , е＊)  (1 ,1 ),  we have two subcases: 

a) (е , е＊) (𝐻1 , 𝐺1 ) . From (с , с＊)  ∈  (𝐻1 − 𝐻2 , 𝐺1 − 𝐺2 ), it follows that (с , с＊)  ∈  (𝐻1 −
(𝐻2 ∪ 𝑈1) , 𝐺1 − (𝐺2 ∪ 𝑉1) )  &  by (е , е＊) ∈ (𝑈1 − 𝑈2 , 𝑉1 − 𝑉2 ) we have  (е , е＊) ∈ (𝑈1 − (𝐻1 ∪ 𝑈2) , 𝑉1 −
(𝐺1 ∪ 𝑉1) ) . Therefore , (𝐻1 − (𝐻2 ∪ 𝑈1) , 𝐺1 − (𝐺2 ∪ 𝑉1) ) ∩ (𝑈1 − (𝐻1 ∪ 𝑈2) , 𝑉1 − (𝐺1 ∪ 𝑉1) ) =  (,). 

b) (𝑒 , 𝑒＊) ∈ (𝐻1 , 𝐺1 ) & (е , е＊) ∈  (𝐻2 , 𝐺2 ). With (с , с＊) ∈  (𝐻1 − 𝐻2 , 𝐺1 − 𝐺2 ) , (е , е＊) ∈ 
(𝐻2 , 𝐺2 ) & (𝐻1 − 𝐻2 , 𝐺1 − 𝐺2 ) ∩ (𝐻2 , 𝐺2 ) = (,) . 
Second case : (с , с＊) ∈  (𝑈1 , 𝑉1 ) &  (𝑧 , 𝑧＊) ∈  (𝑈2 , 𝑉2 ). We have (е , е＊) ∈  (𝑈1 − 𝑈2 , 𝑉1 − 𝑉2 ), (с , с＊) ∈
 (𝑈2 , 𝑉2 ) & (𝑈1 − 𝑈2 , 𝑉1 − 𝑉2 ) ∩ (𝑈2 , 𝑉2 ) = (,) .Therefore,  (с , с＊) is  𝐵 − 𝐷2. 

The sufficiency is stated in Remark (2.3). 

Theorem 𝟑. 𝟕. Let   ( , ＊,) be an   − 𝑇 − 𝑆   𝑎𝑛𝑑   − 𝑇0 ; then ( , ＊,)  is  − 𝐷1 if and only if  has no 

binary neat point. 

Proof: Necessity ,if ( , ＊,) is  − 𝑇0 ,  for any  pair of elements (с , с＊) 𝑎𝑛𝑑 (е , е＊) of     ＊ are 

different  , at least one of them, the elements  (с , с＊) has a binary neighborhood (0 ,0) consisting (с , с＊) 

&  𝑛𝑜𝑡  (е , е＊) . Thus (0 ,0)  Which varies from ( , ＊) is an 𝐷 − 𝑠𝑒𝑡 . If ( , ＊) has no  binary neat point 

; then  (е , е＊) is not a binary neat point . This leads to a binary neighborhood  (1 ,1) of (е , е＊) such that  

(1 ,1)  ≠  ( , ＊) . Thus (е , е＊) ∈ (1 − 0 ,1 − 0) but not ( , ＊) and (1 − 0 ,1 − 1) is 

an 𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡. Hence ( , ＊,)   𝑖𝑠 𝑎𝑛   − 𝐷1  . 

Sufficiency , since ( , ＊,)   is  − 𝐷1 &  − 𝑇0, so each point (с , с＊)of ( , ＊) is contained in a 

𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡 (0 ,0) =  (1 − 2 ,1 − 2) and thus in (1 ,1). By definition (1 ,1)  ≠  ( , ＊) . This 

implies that (с , с＊) is not a  binary  neat point. 

Theorem 𝟑. 𝟖. A   − 𝑇 − 𝑆 ( , ＊,)  is  − 𝑇0  if and only if for any  pair of elements (с , с＊) 𝑎𝑛𝑑 (е , е＊) 

of     ＊ are different ,   − с𝑙({с}, { с＊}) ≠ 𝐵 − 𝑐𝑙({е}, { е＊}) . 

Proof: Necessity , suppose that (с , с＊) , (е , е＊)  ∈    ＊ &  (с , с＊)   ≠ (𝑒 , 𝑒＊)   𝑤𝑖𝑡ℎ  − с𝑙({с}, { с＊}) ≠

 − с𝑙({е}, { е＊})  , let (𝑠 , 𝑠＊) ∈    ＊ such that (𝑠 , 𝑠＊) ∈  − с𝑙({с}, { с＊}) but (𝑠 , 𝑠＊)  −
с𝑙({𝑒}, { 𝑒＊}) . We Claim that (с , с＊)   − с𝑙({е}, { е＊})  , if (с , с＊) ∈  − с𝑙({е}, { е＊}) ,  then  −
с𝑙({с}, { с＊})    − с𝑙({𝑒}, { 𝑒＊}) , this contradicts with (𝑠 , 𝑠＊)  − с𝑙({е}, { е＊}) , consequently (с , с＊)  ∈
[𝐵 − 𝑐𝑙({𝑒}, { 𝑒＊})] 𝐶  which ({𝑒}, { 𝑒＊})   [ − с𝑙({е}, { е＊})] 𝐶  , that’s mean  ( , ＊,)  is  − 𝑇0 . 

Sufficiency ,   let ( , ＊,)  be  − 𝑇0 space ,   (с , с＊) , (е , е＊) ∈    ＊  & (с , с＊) , (е , е＊) , there exists 

an 𝑏𝑖𝑛𝑎𝑟𝑦  𝑜𝑝𝑒𝑛  (0 ,0) containing (𝑧 , 𝑧＊) or (е , е＊) , then [0 ,0]𝐶  is an 𝑏𝑖𝑛𝑎𝑟𝑦 closed set which(с ,
с＊) [0 ,0]𝐶  & (е , е＊)  ∈ [0 ,0]𝐶   , since 𝐵 − 𝑐𝑙({е}, { е＊}) is the smallest 𝑏𝑖𝑛𝑎𝑟𝑦 closed set containing  

(𝑒 , 𝑒＊) ,  − с𝑙({е}, { е＊})  [0 ,0]𝐶    & (𝑧 , 𝑧＊)  − 𝑐𝑙({е}, { е＊}) , hence    − с𝑙({с}, { с＊}) ≠  −
с𝑙({𝑒}, { 𝑒＊}) . 

Corollary 𝟑. 𝟗. A   − 𝑇 − 𝑆 ( , ＊,)  is  − 𝐷0  if and only if for any  pair of elements (с , с＊) 𝑎𝑛𝑑 (е , е＊) 

of     ＊ are different ,  − 𝑘𝑒𝑟({с} , {с＊}) ≠   − 𝑘𝑒𝑟({е} , {е＊}) . 

Theorem 𝟑. 𝟏𝟎. A   − 𝑇 − 𝑆 ( , ＊,)  is binary symmetric if and only if ({𝑧}, {𝑧}＊) is binary closed for each 

(𝑧 , 𝑧＊) ∈     ＊ 

Proof: Assume that (с , с＊) ∈  − с𝑙({е}, { е＊}), but (е , е＊)  − с𝑙({с} , {с＊}). This means that [ −
с𝑙({с} , {с＊})]𝐶 contains (е , е＊) , this implies that  − с𝑙({е}, { е＊}) is a subset of  [ − с𝑙({𝑧} , {𝑧＊})]𝐶 . Now 

[ − с𝑙({с} , {с＊})]𝐶contains ({с} , {с＊}) which is a contradiction.  

Conversely, suppose that ({с} , {с＊})  (0 ,0 )  ( , ＊,)   but  − с𝑙({с} , {с＊}) (0 ,0 ). This means 

that  − с𝑙({𝑧} , {𝑧＊}) ∩ (0 ,0 )  ≠ (,)  , let (е , е＊) ∈ { − с𝑙({с} , {с＊}) ∩ (0 ,0 )} . Now we have 
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({с} , {с＊}) ∈   − с𝑙({е} , {е＊}) which is a subset of (0 ,0 )𝐶 and (с , с＊) (0 ,0 ) . But this is a 

contradiction. 

Corollary 𝟑. 𝟏𝟏. If A   − 𝑇 − 𝑆 ( , ＊,)   is  − 𝑇1, then it is binary symmetric. 

Corollary 𝟑. 𝟏𝟐.  A   − 𝑇 − 𝑆 ( , ＊,) is binary symmetric and −𝑇0 ,    − 𝐷1 . 

Theorem 𝟐. 𝟏𝟑.  For a  − 𝑇 − 𝑆  ( , ＊,) with at least two elements ,if   ( , ＊,) is  − 𝐷1 , then   −

𝑘𝑒𝑟({с} , {с＊})  ≠  ( , ＊,) .  

Proof: Let be  ( , ＊,)   − 𝐷1 & (с , с＊) ∈ ( , ＊) , for a point (с , с＊) ≠ (𝑒 , 𝑒＊), there exists a 

𝑏𝑖𝑛𝑎𝑟𝑦  𝐷 − 𝑠𝑒𝑡  (0 ,0 ) such that (с , с＊) ∈ (0 ,0 ) & (𝑒 , 𝑒＊) (0 ,0 ) , say (0 ,0 ) = (1 −

2 ,1 −  2), where (1 ,1 ), (2 ,2 )  are binary open sets  for & (1 ,1 ) ≠  ( , ＊), thus for the point 

(𝑧 , 𝑧＊) , we have a binary open set (1 ,1 ) such that ({с}, {с}＊) (1 ,1 )  & (1 ,1 ) ≠  ( , ＊), hence , 

 − 𝑘𝑒𝑟({𝑧} , {𝑧＊}) ≠   ( , ＊,). 

4. Applications 

Theorem 𝟒. 𝟏. If function 𝜌 ∶ (𝑌, 𝜏) → ( , ＊,) is a continuous surjective function and (0 ,0)  is a 𝑏𝑖𝑛𝑎𝑟𝑦 

𝐷 − 𝑠𝑒𝑡 of   𝐵𝑇𝑆   ( , ＊,) , then the inverse image of a  𝑏𝑖𝑛𝑎𝑟𝑦 (0 ,0)  is  𝐷 − 𝑠𝑒𝑡 𝑜𝑓 (𝑌, 𝜏) .  

Proof: Let (1 ,1) and (2 ,2) be two 𝑏𝑖𝑛𝑎𝑟𝑦 open sets of  𝐵𝑇𝑆   ( , ＊,) &  (0 ,0) =  (1 − 2 ,1 −

2) be a 𝑏𝑖𝑛𝑎𝑟𝑦 D-set and (1 ,1) ≠  ( , ＊) . We have 𝜌−1((1 ,1)) &  𝜌−1((2 ,2)) be open sets 𝑜𝑓 

(𝑌, 𝜏) such that  𝜌−1((1 ,1))  ≠  𝑌 . Wherefore 𝜌−1((0 ,0)) = 𝜌−1((1 − 2 ,1 − 2)) =

 𝜌−1((1 ,1)) −  𝜌−1((2 ,2)) , this is implies to 𝜌−1((0 ,0)) is an 𝐷 − 𝑠𝑒𝑡 in (𝑌, 𝜏) . 

Theorem 𝟒. 𝟐. If 𝜌 ∶ (𝑌, 𝜏) → ( , ＊,)  is an injective continuous function and   ( , ＊,) is a  − 𝐷1  −

𝑠𝑝𝑎𝑐𝑒 , then (𝑌, 𝜏) is a  𝐷1  − 𝑠𝑝𝑎𝑐𝑒. 

 Proof : suppose that   ( , ＊,) is a  𝐵 − 𝐷1  − 𝑠𝑝𝑎𝑐𝑒  &  ℎ1 , ℎ2   any pair of different elements  in  𝑌 , since  𝜌 ∶ 

(𝑌, 𝜏) → ( , ＊,) is injective & ( , ＊,) is a 𝐵 − 𝐷1  − 𝑠𝑝𝑎𝑐𝑒, then there exists two 𝑏𝑖𝑛𝑎𝑟𝑦  𝐷 − 𝑠𝑒𝑡𝑠 

(ℎ1 ,ℎ1) & (ℎ2 ,ℎ2) of ( , ＊) containing  𝜌(ℎ1)  &  (ℎ1 ,ℎ1)  respectively such that 𝜌(ℎ1) ∉

 (ℎ2 ,ℎ2)  &  (ℎ1 ,ℎ1) ∉  (ℎ1 ,ℎ1) . Hence  𝜌−1((ℎ1 ,ℎ1)) &  𝜌−1((ℎ2 ,ℎ2)) are 𝐷 − 𝑠𝑒𝑡𝑠 𝑖𝑛  a space 

(𝑌, 𝜏) containing ℎ1 & ℎ2  respectively such that ℎ1 ∉  𝜌−1((ℎ2 ,ℎ2))  & ℎ2 ∉  𝜌−1((ℎ1 ,ℎ1))  ,therefore  a 

space (𝑌, 𝜏) is a 𝐷1 – 𝑠𝑝𝑎𝑐𝑒. 

Theorem 𝟒. 𝟑. Let (𝑌, 𝜏) be a 𝐷1 – topological space ,  if  for all  pair of different elements  ℎ1 , ℎ2  𝑌 , then there is 

a surjective continuous function     𝜌: (𝑌, 𝜏) →  ( , ＊,) , wherever ( , ＊,) is a  − 𝐷1  − 𝑠𝑝𝑎𝑐𝑒 such that 

𝜌(ℎ1) 𝑎𝑛𝑑 𝜌(ℎ2) are different. 

Proof: assume that  ℎ1 & ℎ2   𝑌   & ℎ1  ≠  ℎ2 𝑖𝑛  𝑌 , from hypothesis, then there is a surjective continuous function   

  𝜌  from  a 𝐷1 – topological space  onto  a  − 𝐷1  − 𝑠𝑝𝑎𝑐𝑒 ( , ＊,) such that 𝜌(ℎ1)  ≠  𝜌(ℎ2) . Hence there 

exists disjoint 𝑏𝑖𝑛𝑎𝑟𝑦 𝐷 − 𝑠𝑒𝑡𝑠 (ℎ1 ,ℎ1) & (ℎ2 ,ℎ2) in                  ( ,

＊,) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝜌(ℎ1) (ℎ1 ,ℎ1) &  𝜌(ℎ2) (ℎ2 ,ℎ2). Since 𝜌  is continuous and surjective , then 

𝜌−1((ℎ1 ,ℎ1)) & 𝜌−1((ℎ2 ,ℎ2)) are disjoint 𝑏𝑖𝑛𝑎𝑟𝑦  𝐷 − 𝑠𝑒𝑡𝑠 in a space (𝑌, 𝜏) containing ℎ1 & ℎ2  

respectively. Hence (𝑌, 𝜏) is an 𝐷1 −  𝑠𝑝𝑎𝑐𝑒 . 

Theorem 𝟒. 𝟒. If a  function   𝜌: (𝑌, 𝜏) →  ( , ＊,) , is injective, contra − continuous and ( , ＊,) is a 

Urysohn space, then (𝑌, 𝜏) is 𝐵 − 𝐷2 – 𝑠𝑝𝑎𝑐𝑒 . 

Proof: Let ℎ1 & ℎ2   (𝑌, 𝜏) with ℎ1  ≠  ℎ2 , since 𝜌 is injective , then 𝜌(ℎ1) ≠  𝜌(ℎ2), since ( , ＊,) is a 

Urysohn space, there exists 𝐵𝑖𝑛𝑟𝑎𝑦 open sets (ℎ1 ,ℎ1) & (ℎ2 ,ℎ2)  in ( , ＊,) such that 

𝜌(ℎ1) (ℎ1 ,ℎ1) &  𝜌(ℎ2) (ℎ2 ,ℎ2) & 𝐵 − 𝑐𝑙((ℎ1 ,ℎ1))  ∩ 𝐵 − 𝑐𝑙((ℎ2 ,ℎ2))  =  (∅ , ∅) , since 𝜌 is 

contra − continuous, there exists two open set 𝐻1 &  𝐻2 𝑖𝑛  (𝑌, 𝜏)  such that ℎ1 ∈ 𝐻1 , ℎ2  𝐻2 &  𝜌(𝐻1)   𝐵 −
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𝑐𝑙((ℎ1 ,ℎ1)), 𝜌(𝐻1)   𝐵 − 𝑐𝑙((ℎ2 ,ℎ2)), then  𝜌(𝐻1)  ∩   𝜌(𝐻2)  = (∅ , ∅)  & so   𝜌(𝐻1 ∩ 𝐻2)   = (∅ , ∅)  & , 

this implies that 𝐻1 ∩ 𝐻2  =  ∅ and hence (𝑌, 𝜏) is 𝐵 − 𝐷2 – 𝑠𝑝𝑎𝑐𝑒 . 

5. Conclusion 

In this manuscript, our primary goal was for exploration a new type of binary separation axioms in binary 

topological spaces , which we called the D-binary separation axioms . The case in the study of the characteristics of 

this type of binary separation axioms was fully as a topological spaces in classical environments, we cannot urge the 

importance of some basic definitions in binary topological spaces ,  many properties of separation axioms of this 

type in binary topological spaces are associated with these definitions .Therefore, before delving into the dualistic 

D-binary separation axioms, we recalled and presented in the second section of this article some definitions and 

characteristics that represent the basis for establishing some results that played a decisive role in studying of these 

separation axioms .  At the beginning of the third section, we mentioned the definitions of the binary topological 

spaces 𝑇0, 𝑇1, 𝑎𝑛𝑑 𝑇2, and similarly we defined the binary topological spaces 𝐷0, 𝐷1, 𝑎𝑛𝑑 𝐷2 and examined the 

various properties and relationships associated with these axioms of separation. In the fourth section, we discussed 

the applications of binary continuous functions on this type of binary topological spaces. We hope that our findings 

in this manuscript will be useful to the research community and contribute to the advancement of some different 

aspects of binary topology.   

  

References 

[1] J. Tong, "A separation axiom between T0 and TI", Ann. Soc. Sci. 13ruxelles 96 (1982), 85-90. 

[2] S.N. Jothi, P. Thangavelu, Topology between two sets, J. Math. Sci. Computer Appl. 1(3) (2011), 95-107. 

[3] S.N. Jothi, P. Thangavelu, On binary continuity and separation axioms, Ultra Sci. 24 (2012), 121-126. 

[4] S.N. Jothi, Contribution to Binary Topological Spaces, Ph.D. Thesis, Manonmaniam Sundaranar 

University,Tirunelveli, 2012. 

[5] S.N. Jothi, Binary semi open sets in binary topological spaces, Int. J. Math. Arch. 7 (2016), 73-76. 

[6] S.N. Jothi, Binary Contra Continuous and Binary Contra Semi Continuous Functions in Binary Topological 

Spaces, Int. J,of Math. Trends and Tec. , Vo. 68 Issue 3, 90-93,  2022 . 

https://doi.org/10.54216/GJMSA.090206

