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Abstract

This research aims to introduce a novel notion in mathematical morphological operations on a quadri-partitioned
neutrosophic set, which is a particular case of the neutrosophic refined set. In neutrosophic theory, the set is divided
into three parts: the true set, the false set, and the indeterminancy set. The indeterminacy is studied in depth in quadri
neutrosophic. The primary intention is to reduce uncertainty. The suggested study extracts the core concepts of
morphological operations and explains their algebraic properties. Some features of morphological operators linked
to quadri-partitioned neutrosophic sets are also derived.

Keywords: Mathematical morphological operations; Quadri partitioned neutrosophic set.
1. Introduction

F. Smarandache created the neutrosophic set theory, which is applied in a variety of domains such as image
processing, decision technology, algebraic structures, and more [6]. Neutrosophy introduces a novel concept that
represents uncertainty about an eventand can handle some concerns that fuzzy logic cannot [2]. Using neutrosophic
set theory, Eman.M. EI-Nakeeb et al. established the essential idea of mathematical morphological operations. Basic
concepts and algebraic properties are also covered. Chatterjee et al. (2016) introduced the quadri-partitioned
neutrosophic set as a idea. It is an example of a neutrosophically polished set. The membership function of truth (T),
the membership function of contradiction (C), the membership function of ignorance (U), and the membership
function of falsity (F) define the quadr-partitioned neutrosophic set. This work presents a novel idea of mathematical
morphological procedures based on a quadripartitioned neutrosophic set. The fundamental definitions are based on
quadri-partitioned neutrosophic set theory. The algebraic properties are also discussed. Mathematics is increasingly
being used in biology, genetics, and medicine to depict and grasp complex biological processes. Mathematical
modelling facilitates the analysis of biological processes, the simulation of disease propagation, the study of
population dynamics, and the development of treatment programmes. Statistics and probability theory are also used
in data analysis and experimental design. In general, the mathematics notion in morphology works with shapes
through the use of mathematical set theory. Georges Matheron and Jean Serra pioneered mathematical morphology
in image processing in 1964. In image processing, the core morphological operators are erosion, dialation, opening,
and closing [1]. Given that morphology is the study of shapes, the fundamental focus of mathematical morphology is
the mathematical concept of using set theory to describe shapes. The core morphological operators dilation, erosion,
opening, and closing comprise the principles of this image processing paradigm. [2]. A morphological operator
transforms one image into another by using a user-selectable structural element. Morphology differs from typical
linear image processing because its basic operations are non-linear and use a different form of algebra than linear
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algebra [3]. Initially, the theory was centred solely on the concept of sets and operations, which were designed
particularly for binary cases. The theory of lattices was eventually enlarged to include grayscale images as a result of
its progress, and as a result, an image processing illustration theory was provided in [4]. Mathematical morphology
is still a challenging subject to study [5]. In this work morphological operators are discussed for the
quadripartitioned neutrosophic sets.

2. Preliminaries

Definition 2.1 Neutrosophic Dilation The two sets of neutrosophic sets will be X and Y. When the neutrosophic
set's dilation is given as [2],
X®Y = (Txgy, Ixgy Fxgy ) where for the each a,, a, €Z?
Txgy(a2) = Sup min(Tx(a; + &), Ty(a,))
a €

koy(az) = SuIZ)2 min(Ix(a, + a;), Iy(ay))
a,€

FX@Y(az) = airel£2 max(l —Fx(a; +a;),1— FY(al))
1

Definition 2.2 Neutrosophic Erosion Let X and Y be the two neutrosophic sets. Then the erosion of the
neutrosophic set is defined as [2].
X6 Y = (Txoy, Ixoy, Fxoy ) Where for the each a,, a, €Z?

Txoy(ay) = aifc}gz max (Tx(a; + a;),1 — Ty(ay))
1

Ixov(az) = aifggz max (Iy(a; + a;), 1 —Iy(ay))
1

Fxov(az) = sup min(1 - Fx(a, + a,), Fy(ay))

a, €72

Definition 2.3 Neutrosophic Opening Let X and Y should be the two neutrosophic sets.Then its opening
operation is defined as [2]
XoY = (Txoy, Ixoy, FXOY ) Where a;,a,,as EZZ

Txey(az) = sup min( inf max (Tx(a, —a; +as),1— TY(a3)),TY(a1))
alezz ZERN

Ix.y(az) = sup min( inf max (Ix(a, — a; + az), 1 — Iy(c)), Iy(a1)>
alezz Z€eRN

Fr.y(az) = airelgz max (ZSSRQI min (1 —Fx(a; —a; + a3),Fy(ay)), 1 - FY(al))

Definition 2.4 Neutrosophic Closing .Let X and Y be the two neutrosophic sets. Then its closing operation is
defined as [2].
X*Y = (Txuy, Ixey, Fxoy ) Where a,,a,, a; € Z2

Tx.y(az) = ai2£2 max (SUP min (Tx(a; — a; + a3), Ty(az)), 1 - TY(a1)>
1

ZERN
Ix.y(az) = inf max| sup min (Ix(a, — a; + a3),1y(a3)), 1 —Iy(a,)
alezz z€ERN

Fry(a,) = sup min  inf max (1 = Fx(a, = @y +a;), 1= Fy(a, = & + ), Fy(a,))
z

a,€72

3.Mathematical Morphology

Morphological theory can benefit from any mathematical framework which deals with shapes, combinations of
them, or how they have developed Mathematical morphology has drawn ideas and methods from a wide range of
mathematical disciplines, including algebra (lattice theory), discrete geometry, geometrical probability, integral
geometry, partial differential equations, and topology [8]. Mathematical morphology essentially uses sets to
represent the parts of an image[14,15]. Standardised set symbols can be utilized to clarify image operations when the
image is viewed as an universe as a whole with values denoting the pixels that comprise the image [7].
Definition 3.1: Quadri Partitioned Neutrosophic set .A Quadri Partitioned Neutrosophic set Q on the universal
set A is defined as [11,13]:
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Q=<Ty Cq Uy, Fo >Where Ty Cq, Uqg, Fq :— [0,1] for Aallain A
0 <+Cq +Uq + Fg < 4 Here, To(a) is the function of true membership, Cq(a) is the function of contradiction
membership, Ug(a) is the function of ignorance membership, Fo (a) is the function of false membership.

Definition 3.2:Complement of Quadri Partitioned Neutrosophic set . The Quadri partitioned neutrosophic
set[QPN] complement Q is denoted as Q¢ and is defined as [11] :

¢ =(Tg,CG, UgFG) Where Tg, Cg, UG, Fg: A— [0,1] forallain A. Tg = 1 —Tg,CG =1 —Cq, UG =1—
Ug, F(g2 =1-Fo. The empty set of Quadri partitioned neutrosophic set of A is defined as @qpy =< 0,0,1,1 >
where 1(a) = 1 and 0(a) = 0, forall a € A. The Quadri partitioned neutrosophic set of A is 1qpy = (1,1,0,0)
where 1(a) =1 and 0(a) = 0 ,forall a € A.

4. Mathematical Morphology for Quadri-Partitioned Neutrosophic

Here is the idea of quadri-partitioned neutrosophic morphology with the base of the morphological operator
using fuzzy set operators and neutrosophic operators. The context of an quadri-partitioned neutrosophic set can
therefore be used with these terms.Here the set of all quadri partitioned neutrosophoic subset of A by Q(A).In the
following definitions, E is consider as Euclidean space and two quadri partitioned neutrosophic subsets of A: X,Y €
Q.
Definition 4.1: The structuring element Y mirror reflection in its origin is defined as [2] : -Y
(=Ty,—Cy—Uy,—Fy) , where —Ty(a;) = Ty(—a;), —Cy(a;) = Cy(—a,), —Uy(a;) = Uy(—a;),and —Fy(a,)
Fy(—a;). The translation of X into E for each p by p€ Z? is X, = (Txp, Cxp, Uxp, Fxp) Where Tx,(a;) =
Txp(a; + p), Cxp = Cgp(as + p), Uxp = Uxp(a; + p),and Fxp, = Fx,(a; +p).  Most of the Quadri partitioned
neutrosophic morphological operations can be derived from the combining theoretical operations of Quadri
partitioned neutrosophic set with dialation and erosion which are the two basic operators.

5.Quadri partitioned Neutrosophic Morphological Operations

The quadri partitioned neutrosophy notion is introduced to morphology by the degree to which the structuring
component fits within the image at the four levels of trueness, contradiction, ignorance, and falseness. In terms of
their membership, contradiction, ignorance, and non-membership functions, the operations of quadri-partitioned
neutrosophic erosion, dilation, opening, and closing of a quadri-partitioned neutrosophic image by a quadri-
partitioned neutrosophic structuring element have never before been defined to our knowledge.

5.1 The Operation of Dilation

Dilation operations are described as the structuring of component X on image Y and the movement of the
element through the image in a manner similar to convolution. The dilation operator's two main inputs are the image
that needs to be dilated and a set of coordinates called a structuring element, which can be thought of as a kernel.
This structural element determines the precise dilation impact on the input image [9,10]. Different types of
neutrosophic operations are explained [16-22].

Definition 5.2: Quadri partitioned neutrosophic dilation. Let X and Y be the two neutrosophic sets that are
quadri-partitioned. The quadri partitioned neutrosophic set's dilation is therefore defined as
X®Y = (Tygy, Cxey » Uxey, Fxey) Where for the each a,, a, €Z?

TX@Y(az) = Sup min(TX(az + ay), TY(al))

a €72

Cxgy(az) = SUPZ min(CX(az +a,), CY(al))

a€Z

UX@Y(aZ) = ai2£2 max(l - Ux(a; +a,),1 - UY(al))
1

FX@Y(az) = ai2£2 maX(l —Fx(a, +a;),1— FY(al))
1
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5.3 Numerical Example for Quadri partitioned neutrosophic dilation

Let X={(a,0.7,0.2,0.3,0.5 ), (b,0.9,0.1,0.6,0,4 ), {c, 0.4,0.3.0.2.0.8 )} and
Y={(u, 0.6,0.1,0.2,0.4 ), (v, 0.8,0.3,0.5,0.6 ), {w, 0.3,0.2,0.4,0.7 )} be the two neutrosophic sets that are quadri-

partitioned. Consider z = {0,1,2} ,then the quadri partitioned neutrosophic set's dilation is
Txgy(az) = Su1232 min(TX(az +ay), TY(a1))
a €

Txgy(2) = Slégz (min(TX(Z + ‘11)'TY(¢11))
= Sup (min(Tx(2 + 0), Ty(0)), min(Tx(2 + 1), Ty(1)), min(Tx (2 + 2), Ty(2)))

a €72

= Slé]z)z (min(Tx(2), Ty(0)), min(Tx(3), Ty (1)), min(Tx (4), Ty(2)))
= §up (min(0.4,0.6), min(0.4,0.8), min(0.4,0.3))

a €72
= Sup (0.4,0.4,0.3)
a €72
=04
CX@Y(az) = Sulz)z (min(cx(az +a), CY(al))
a.€

Cxpy(2) = Slégz(min(CX(Z +a,),Cy(ay))
= Sup (min(Cx(2 + 0),Cy(0)), min(Cx(2 + 1), Cy(1)), min(Cx(2 + 2),Cy(2)))

a,€Z2

= Sup (min(Cx(2),Cy(0)), min(Cx(3),Cy(1)), min(Cx(4),Cy(2)))

a, €72

= Sup (min(0.3,0.1), min(0.3,0.3), min(0.3,0.2))

- a, €72
— Sup (0.1,0.3,0.2)
a, €72
=03
Uxpy(a,) = Jnf, max(1 — Ux(a, + a;),1 = Uy(a,))
1

Uxgy(2) = airelgz (max(1 — Ux(2 + 0),1 — Uy(0)), (max(1 — Ux(2 + 1),1 — Uy(1)) (max(1 — Ux(2 + 2),1

= Uy(2)))
air61£2 (max(1 — Ux(2),1 — Uy(0)), max(1 — Ux(3),1 — Uy(1)),max(1 — Ux(4),1 — Uy(2)))

in£2 (max(1 —0.2,1 — 0.2), max(1 — 0.2,1 — 0.5), max(1 — 0.2,1 — 0.4))
a,€

= inf_(0.8,0.8,0.8)
a,€72

=0.8
Fxov(az) = Jnf, max(1 — Fx(a, + a,),1 — Fy(a;))
1
Fxgy(2) = inf, (max(1 — Fx(2 + 0),1 — Fy(0)), (max(1 — Fx(2 + 1),1 — Fy(1)) (max(1 — Fx(2 + 2),1
a,€

—Fy(2)))
inf, (max(1 — Fx(2),1 — Fy(0)), max(1 — Fx(3),1 — Fy(1)),max(1 — Fx(4),1 — Fy(2)))

in£2 (max(1 —0.8,1 — 0.4), max(1 — 0.8,1 — 0.6) ,max(1 — 0.8,1 — 0.7))
a,€

= inf_(0.6,0.4,0.3)
a, €72
=0.3

5.4 The Operation of Erosion

Since the process of erosion is identical to that of dilatation, the pixels are changed to "white" rather than
"black.” The image that is to be degraded and a structural element are the erosion operator's two primary inputs. This
structural element determines the precise impact of the erosion on the supplied image. For grey- scale images,

erosion is defined mathematically as follows [2] :
Definition 5.5: Quadri partitioned neutrosophic Erosion.Let X and Y be the two Quadri partitioned neutrosophic
sets. Then the erosion of the quadri partitioned neutrosophic set is defined as

80

Doi: https://doi.org/10.54216/1JNS.230207
Received: June 28, 2023 Revised: September 12, 2023 Accepted: November 26, 2023


https://doi.org/10.54216/IJNS.230207

International Journal of Neutrosophic Science (IINS) 10l 23, No. 02, PP. 77-90, 2024

X O Y = (Txoy, Cxov, Uxoy, Fxoy) Where for the each a,, a, €Z?
Txov(az) = inf max(Ty(a; + @), 1 - Ty(ay))
1

CxeY(az) = airel£2 max(cx(az +a;),1— CY(al))
1
UxeY(az) = sup min(l — Ux(a; + a4), UY(al))

a,€Z2
Fov(a) = sup min(1 - Fx(a; +a,), Fy(ay))
a €
5.6 Numerical Example for Quadri partitioned neutrosophic Erosion
Let X = { (a0.7,020305) , (b090.1,06,04)(04,03.0208) } ad Y =

{(u,0.6,0.1,0.2,0.4 ),(v,0.8,0.3,0.5,0.6 ),{w, 0.3,0.2,0.4,0.7 )} be the two neutrosophic sets that are quadri-
partitioned.Consider z = {0,1,2} ,then the quadri partitioned neutrosophic set's erosion is

Txoy(a,) = ailrelgz max (Tx(az +a;),1- TY(al))

Txoy(2) :airégz {max (Tx(2 + 0),1 — Ty(0)), max(Tx(2 + 1), 1 — Ty(1)), max(Tx(2 + 2),1 — Ty(2))}
:ailrelgz{max (Tx(2),1 — Ty(0)), max(Tx(3), 1 — Ty(1)), max(Tx(4), 1 — Ty(2))}
:ailrégz{max(OA,OA),max(0.4,0.2),max(0.4,0.7)}

:ailrc}gz {0.4,0.4,0.7}
=04

Cxoy(2) :ailrelgz {max (Cx(2 + 0),1 — Cy(0)), max(Cx(2 + 1),1 — Cy(1)), max(Cx(2 + 2),1 — Cy(2))}
Iailrelgz{max (Cx(2),1 = Cy(0)), max(Cx(3),1 — Cy(1)), max(Cx(4),1 — Cy(2))}
:ailrelgz{max(o.3,0.9),max(0.3,0.7),max(0.4,0.8)}

:ailrelgz {0.9,0.7,0.8}

Uxoy(az) =06;s;élz)2 min(1 — Ux(a, + a;), Uy(a,))
Uxey(2) = asllélz)z {min(1 — Ux(2 + 0),Uy(0)), min(1 — Ux(2 + 1), Uy(1)), min(1 — Ux(2 + 2), Uy(2))}
= asllégz{min(l — Ux(2), UY(O)), min(l - Ux(3), UY(l)), min(l — Ux(4), UY(Z))}
= sup. {min (0.8 ,0.2),min (0.8,0.5) , min (0.8 ,0.4)}
= asljgz{o.z, 0.5 ,0.4}
05
Fxoy(ay) = asllégz min(1 — Fx(a, + a;), Fy(a,))
Fxoy(2) = asllélz)z {min(1 — Fx(2 + 0),Fy(0)), min(1 — Fx(2 + 1), Fy(1)), min(1 — Fx(2 + 2), Fy(2))}
= ailélzjz{min(l — Fx(2), FY(O)), min(l —Fx(3), FY(l)), min(l — Fx(4), FY(Z))}
= sup. {min (0.2,0.4),min (0.2,0.6) , min (0.2,0.7)}
= zﬁeé{o.z, 0.2 ,0.2}
05

6.The Opening Operation and Closing Operation

Dilation and erosion, the two main procedures, can work together to produce more complex sequences.
Opening and closure are the most crucial of all for morphological filtration. Erosion and dilatation using the same
structural part are considered opening operations. The opening operator requires two basic inputs: a structural
element and an image that has to be opened. The grey-level opening is produced by grey-level dilatation after grey-
level erosion [12].
Definition 6.1 : Quadri partitioned Neutrosophic Opening.Let X and Y be the two Quadri partitioned
neutrosophic sets. Then its opening operation is described as
X oY = (Txoy, Cxoy> Uxoy » Fxoy) Where a,,a,, az€Z?
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Tyy(a,) = sup min (_inf max (Tx(@, — @, +a5),1 - Ty(a;)), Ty(ay))

a,€72

Cxoy(a;) = sup min| inf max (Cx(a, —a; + as),1 — CY(a3)),CY(a1)>
a1622 ZERN

Ux.y(a;) = inf max| sup min (1 —Ux(a, — a; + a3), Uy(a,)), 1 — Uy(a,)
a1€ZZ ZERN

Fx.y(a,) = inf max| sup min (1 —Fx(a, — a; + a3),Fy(a,)), 1 — Fy(ay)
a1 €722 ZeRN

Definition 6.2: Quadri partitioned Neutrosophic Closing. Let X and Y be the two Quadri partitioned
neutrosophic sets. Then its closing operation is defined as
X#Y = (Typan, Cviens Umten, Fuen ) Where ay, az, a3 € Z2

Tx.y(az) = inf max( sup min (Tx(a, — a; + a3), Ty(as)), 1 — Ty(a,)
aleZZ ZeRN

Cx.y(az) = inf max| sup min (Cx(a, — a; + a3),Cy(as)), 1 — Cy(a,)
aleZZ ZERN

Uxer(@) = sup min ( inf max (1 = Ug(a = a +a3), 1 = Uy(a)), Uy(ar))

a,€Z2
Fry(a2) = sup min (/inf max (1 - Fx(a, - @, + a5),1 = Fy(a)), Fy(ay)
a,€Zn
7. Algebraic Properties in Quadri partitioned neutrosophic
7.1 Proposition Duality Theorem for Dilation. Let X and Y be the two Quadri partitioned neutrosophic sets.
Quadri-partitioned neutrosophic erosion and dilation are dual operations.That is ,
XCPDYC=(T where for each a,,a, € Z?

Proof:Let
Tixeg)® (@) = 1~ Tocoy (@)

ocan® Cacan)® Upcan® Fxcan !

=1 — sup min (Tyc(a, + a;), Ty(a,))

a,€Z2

inefzz[l — min(Tyc(a; + a,), TY(al))]
ai
irégz[maX(l-Txc (az + a1),1 — Ty(ay))]
ai
= inf_max[ (Tx(a, + a;),1 — Ty(a;))]
a,€72

= Txgy(az)
C(xCan)c(aZ) = 1= Cocoy)(a2)
= 1— sup min (Cyc(a, + a;),Cy(a))

a,€72

= infz[l — min(CXc (az + a1); CY(al))]

a,€Z

= ailréfzz[max(l'cxc (a; + a1),1 - Cy(ay))]
=a112£2max[ (Cx(az + a;),1 — Cy(ay))]
= CxeY(az)

U@ = 1= Voo @)
=1- airelgz max ( (1 — Uyc(a, +a;), 1 —Uy(ay)))
= sup [1 —max(1 — Uyc(a, + a;), 1 — UY(al))]

a,€72

= sup min[ (1-Ux(a, + a,), Uy(a,))]

a €72
= Uxov(az)
F(XCGBY)C(aZ) =1- F(XC@Y) (az)
=1 - airelgz max (1 — Fyc(b + a;),1 — Fy(a;))
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= sup [1 —max(1 — Fyc(a, + a;),1 — FY(al))]

aleZ2

= sup [min(1-Fx(a, + a,), Fy(a;))]

a €72
= Fxov(ay)

(T(XC®Y)C'C(XCGBY)C’U(XCGBY)C’F(XC®Y)C> ={ Txev, Cxov.Uxev, Fxev)
Hence the elements of two sets(True, contradiction, ignorance, falsity), one generated from operations on (X¢ @ Y),
and the other from operations on X © Y are equivalent.
7.2 Proposition of Duality Theorem for closing

The two quadri-partitioned neutrosophic sets M and N shall be dual operations, including quadri-partitioned
neutrosophic opening and quadri-partitioned neutrosophic closing..That is, XCxY)¢ =

(T(XC*Y)C' C(XC*Y)C,U(XC*Y)C' F(XC*Y)C>
Proof: Let
Texepye (az) =1 - Txe,y(az) )
Texeuy)e (ay) =1- inf max[ sup min(Txc(a, — a; + a3), Ty(a3)),1 — Ty(a,)]
= Supzmln[ (1 sup min (Tyc(a, — a; + az), Ty(asz)), Ty(a,)]
a,€Z
= Sup min|[ 1nf max (1 — Tyc(a, —a; + az), 1 — Ty(as)), Ty(a,)]
a,€72
= Sup min|[ 1nf max (Tx(a, —a; + a3), 1 — Ty(az)), Ty(a;)]
a,€72
= Txoy(az)
C(XC*Y)C (b) = 1 - CXC*Y(az)

C(XC*Y)C (b) =1- inf ,max[ sup min(Cyc(a, — a; + asz), Cy(az)),1 — Cy(a;)]
= Sup mm[ (1- sup min (Cyc(a, — a; + asz), Cy(asz)), Cy(ay)]
= Saugzzmm[ inf Zrnax (1 — Cyc(a; — ay + az), 1 — Cy(as)), Cy(ay)]
= guep;mm[ inf max (Cx(a; — a; + as), 1 — Cy(a3)), Cy(ay)]
- Cro(@)

U(XC*Y)C (aZ) = 1 - UXC*Y(aZ)
1- Sup min[ inf max (1 - Uxc(az — a5 + a3), 1 — Uy(a3)), Uy(a1)]

a €722
= inf max[1- 1nf max(1 — Uyc(a, — a; + az), 1 — Uy(as)), Uy(a,)]
a,€72
= 1nf max[ sup mln(l — Ux(a, —a; + a3),Uy(a3)),1 — Uy(a;)]
Z€eRN
= UXoY(az)

F(XC*Y)C (b) =1- FXC*Y(aZ)
1- Sup min[ inf max (1 - Fxc(a, - a; +a3), 1 = Fy(as)), Fy(ar)]

a €722
= 1an max|[1- 1nf max(1 — Fyc(a, — a; + as), 1 — Fy(as)), Fy(a,)]
a €
= inf max[ sup mln(l — Fx(a, — a; + a3),Fy(as)),1 — Fy(ay)]
a,€Z2 Z€ER
= Fxoy(az)

(T(xC*Y)C' C(XC*Y)C' U(XC*Y)C' F(XC*Y)C) = {Teow, G Ueow P
This completes the proposition.

Lemma 1: for any X € Q(A) [any Q(A) quadri partitioned neutrosophic set ], and the quadri partitioned
neutrosophic universal set 1o, havethat X @ 1o € X, X D 1o = <Txea1@: Cxo1g Ux@1g erm@)

Proof : Let
Txea1Q(a2)

Sup min (Tx(a, + a;),1)
a, €72

Sup (Tx(a, + ay))

a,€72
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=Tx(az)
CX€B1@ (az) = Supzmin (Cx(az +ay),1)

a,€Z

= Sup (Cx(az +a,))

a,€72
= C)_((az)
UX@lQ (aZ) = ;Ilefzzmax(l - UX(aZ + al)v 1- 0)
=1(ay)
FX@lQ (aZ) = al'?efzzmax(l - FX(aZ + al)f 1 - 0)
=1(ap)
(TX; Cx. l. l) c (Tx. Cx, Ux, Fx) =X
This proved the lemma.

Lemma 2: for any X € Q(A) [any Q(A) quadri partitioned neutrosophic set ], and the quadri partitioned

neutrosophic empty set 0g, have that X € 0 € X, X @ 0g = (TX@OQ, Cxeog Ux@og erao@)
Proof :Let
Tegoq (a2) = Sup min (Tx(a; + a;),0)

a,€Z
=0(az)
Cxprq(@z) = Sup min (Cx(a, + a,),0)

a,€Z
=0(a;)
UXGBOQ (ap) = cgleszmaX(l —Ux(az +a;),1-1)
inf (1 —Ux(a, +a,))

a,€72
=Uyc (az)
FXGBOQ (az) = aiflefzzmax(l —Fx(az +ay),1-1)

Jf‘efzz(l —Fx(b +a))
= Fxc (az)
(0,0, Uyc, Fxc) c (Txc, Cxc, Uy, FXc) =x¢

Hence proved the lemma.
8. Quadri partitioned neutrosophic Morphological Operations

Here, quadri partitioned neutrosophic basic properties of dilation, erosion, opening, and closing morphological

operators are investigated, which are defined in Section 7.
8.1 Quadri partitioned neutrosophic Dilation Properties

Proposition 8.1 .The following given properties are satisfied by the quadri-partitioned neutrosophic dilation: v X,Y

€ Q(Z?%

a) Commutative : XPY=YPX

b) Associativity : X P Y) P Z=XP (YD Z)

¢) Monotonicity : (both arguments are increasing)

) if XS Y = (Txgz Cxoz,Uxez Fxaz) € (Tvez Cvez Uvez Fyez).then

Txez € Tvez » Cxez € Cvoz Uxgz 2 Uygz and Fxgz 2 Fygz

i) if X €Y = (Tzgx Czox Uzex Fzox) € (Tzgy, Czgy, Uzev, Fzey) then

Tzox € Tzey » Czox S Czoyv, Uzgx 2 Uzgy and Fzgx 2 Fzgy

Proof:

The proof of a) ,b), and ¢) are obvious.

Proposition 8.2 .For any family (X;|i € I) in Q(Z?) and A € Q(Z?)

) {To x0v C o xiovU o xevF o xev) € (To xev C o xenl pxenF p cenhthen

T i%lxi@Y g T i%I(XiGaY) ' C i%lxi@Y g C i%I(XiGaY) ' U inGIXian 2 U i%I(XiGBY) and F irélXiGBY 2 F iL(JEI(Xi@Y)

i) if (Tyg n x; Cve n % Uve n x0 Fye n x) € (T h vex) C n voxp,U n vex),F n (vexy).then
i€l S i€l 1€l 1€l 1€l i€l 1€l

T CT 5, C . CC 5, U . 2U y and F . 2F .
Yo [ QI(Y@X‘) Yo X i%I(YeBX‘) Yo X i%l(YeaX‘) Yo X i%I(YeBX‘)
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Proof : Let
DAT o xi0v. C p xiovU o xiovF o xev) S (T xev € o xenl o xenF o xen)
T n xlan(az) = Sup min (T nx; (@ + ap), TY(al))

a,€Z2

= Sup min (mex (a, + ay), TY(al))

a,€Z2

= Sup inf (mmTX (a; + ay), TY(al))

a1622 i€l

<inf Sup (mmTX (a; + a;), Ty(ay))

el g ez2
< T%IXiEBY(az)
1

=Tn xevn

C {;Ixi@Y(aZ) = Sup min (C 0 X; (az + ay), CY(al))

a,€72

= Sup min (mf Cx,(az + ay), CY(al))

a €72

= Sup inf (mmCX (a; + a), Cy(ay))

a €72 i€l

<inf Sup (mmCX (a; + ay), CY(al))

i€l a; €72
<C _rélxieay(az)
1

=Cn xevn

Uoxev(@) = inf max(l —U o x,(a, + @), 1= Uy(ay))

a,€Z2
= inf max (1 - 1nf UX (a; +ay),1— UY(al))
a1€Z

= 1nf ,max (sup (1-Ux(az +ay),1— UY(a1)>

i€l

= mf sup(maxUX (a; +a;),1— UY(al))

a1€Z2 el
> Sup inf (maxUX (a; +a1),1— Uy(al))
jel a1€Z?
> U inf (maxUX (a; +ay),1— UY(al))
i€l a,€72

=U u (x-an)(az)
F n XIGBY(aZ) = a”éfz max (1 —F 0M; (az +ap),1— FY(‘h))
1

= inf max(l - 1nf Fx,(az +ay),1— FY(al))
a,€72

1nf ,max (sup (1 —-Fx(a; +a),1— FY(al))

i€l
= 1nf sup(maxFX (ay +ay),1— FY(al))

a1€Z? el
> Sup inf (maxFX (a; +ay),1— FY(al))
iel a1€Z?
> U inf (maxFX (a; +a;),1—- FY(al))
i€l a €72

=F itél(xieBY)(az)
Hence proved (i)
ii) The proof of (ii) is similar to (i).
Proposition 8.3 : For any family (X;|i € I) in Q(Z?) and Ye Q(Z?)
Dif (T iLéIXi@Y'C i%lxi@Y,U u xi@v,F u x-eay) 2(T u Xi®Y) C u @), U u @), F y (X-EBY)) then
Ti%IXi®Y 2 Tyxey  C u i@y 2 C u X®Y) :U u i@y S U 0 XeY) and F u Xi®Y CF 0 (%)
iel
i) if (T, ,C LU .,F )2 T . ,C on U o F then
) if (Tyg U Xy LY@ U Xp VY@ U Xp Y@ i%[xl) ( u @Yy Ly @y, u e,y an))
Troux 2Ty xev  Cvo ux 2Cu xev  Uve ux S U ey andFyve ux S F o ey
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Proof : Let (ii)
(Tyg y X-'CYEB y X-'UYGB y xi,FyeB y x-) 2(T y (X-GBY)'C i%l(xie]ay),U i%l(xieav),F iLél(xiew))

Ty U X; (ax) = Sup min (TY(az + a1) T u xl(a1))

a €72

= Sup min (TY(a2 +a,), Sup Ty, (al))

a,€Z2

> Sup (Sup min Ty(a, + ay), Ty, (al))

a,€Z2 \ i€l

\Y

), ( Sup minTy(a, + ay), Ty, (a1)>
i

a,€72
v Tx@v) (@2 + a1)
=T y (Yeax-)(az)

Cyo u X; (a) = Sup min (CY(az +a,),C u X; (a1))

a,€72

= Sup min (Cy(az +a,), Sup Cxl(al))

a,€Z2

\Y

> Sup (Sup min Cy(a, + a,), Cx, (al))

a,€Z2 i€l

> ( Sup minCy(a, + a,), Cx, (al))
i€l alez 1

2 U Cxov (a2 + 1)

=C iL(JEI(Y@Xi)(aZ)
Usg i (a2) = inf max (1= Uy(a; +a),1= U (ar)

= inf max (1 —Uy(a, +a;),1— Sup Uy, (a1)>

a,€Z?

= inf max (1 —Uy(a,; + a,), lnf (1 — Uy, (al)))
a,€Z2

< lng inf (max (1 — Uy(a, + al) 1- Uxi(a1)))
a,€Z2 i€

< inf inf (max (1—- Uy(ay, +ay),1— UX.(al)))

i€l a €72 1
< —
< QI allnefZ max( 1— Uy(a, +a;),1—- Uxi(a1))

=Up (Yeax-)(az)
Fyg u X, (a,) = inf max(l —Fy(a, +a;),1— p xi(a1))

a1€72

inf_max (1 —Fy(a, +a,),1 - Sup Fx, (al))

a, €72

= inf max(l —Fy(a, + ay), 1nf (1 — Fy, (a)))
a, €72

< inf inf (max (1— Fy(a, + al) 1 — Fx, (al)))
a €722 i€l 1

< inf inf (max (1— Fy(a, +a,),1 = Fy(ar)))

i€l a,€72 *i
< —_
< 21 (111nefZ max( 1-— Fy(a, +a;),1— in(al))

<F 0 (YOX) (az)
Hence proved the part (ii)
The proof of the (i) similar to (ii)
9. Properties of Quadri partitioned neutrosophic erosion
Proposition 9. 1:The quadri-partitioned neutrosophic erosion satisfies the property of monotonicity for all X,Y,Z €
Q(z?)
Dif XS Y = (Txgz Cxoz Uxez Fxoz) € (Tyez Cyaz Uyez Fyez).then
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Tx@z € Tvez » Cxoz € Cyez: Uxoz 2 Uygz and Fxgz 2 Fygz
i) if X ¥ = (Tzox, Czox Uzox, Fzox) 2 (Tzoy, Czov, Uzoy, Fzoy) then

Tzex 2 Tzov, Czox 2 Czov, Uzex € Uzgy and Fzox S Fzoy
Note that : The erosion operator, unlike the dilation operator, does not meet commutatively and associativity.

Proposition 9. 2: For any family (X;|i € I) in Q(Z?) and Ne Q(Z?)
(i) if (T n x-eY'C n x-eYU n x-eYF n x-eY) (T 0, (Xievy C 0, (e, U n,xiev, F n (xiev)%then

Tir;xley —Tn(XeY)'C nxey € C n (xeY)U n xey 2 2U n (xeY)andF n ey 2 Firgl(xieY)
ii) if (T: .,C L, U .,F ) 2(T .,C AU A F +),then
(i) if (Tyg axv bvo nxv Yve n xi Fre ir;[x) ( nexy b n vexpY n vexy, ina(YeX‘))
Tve nx 2Ty vex) Cve nx 2 Cu voxp) Uve nx; €U o (voxp and Fyg o x; € F o voxy
(_)161 i€l 1€l i€l i€l i€l i€l i€l

Proof :Let (i

TAxoyC .oy U oy F ) c(T ) ,C ) U . F .

(T xev: € o xiovU n xevF o xiev) (T xen € o xem, NCXiOY), n o5ev)
T inEIXieY(az) = inf j.max (T n Xi(az +a;),1- TY(al))

1nf ,max (mf Ty, (az + a1), 1 — Ty(al))

a,€Z2
< lnef 1nef (max (Tx,(az + a1),1 - TY(al)))
aq i
< f T, 1-T
< Oel ;?ez max( x,(az + aq), v(a))
<

OEITxieY(az)
C {élxieY(b) = inf ,max (C n Mi(a2 +a;),1— CY(al))

= 1nf max (mf Cx (az +ay),1— CY(al))

a,€Z2

< inf inf (max (Cx,(az +a;),1— Cy(ay)))
a,€7Z? i€l
< N inf max( Cy (a, + a;),1 - Cy(ay))
i€l a €22
< ﬂ CxieY(az)
U h x;ov(az)= sup min (1 -U nXi (a; +ay), UY(al))
i€l a,€72
= sup min (1 - 1nf UX (a, + ay), Uy(al))
a,€72
= sup min (sup (1-Ux(az + 1)), Uy(a1))
a €72 i€l
> sup sup (min (1 — Uy, (a; + a,), Uy(ay)))
a,€Z? i€l
> U sup mm(l — Uy, (az + ay), Uy(ay))
i€l aleZ

=2U y (xieY)(az)
F 1 x,ov(@z) = sup min (1 —F nXi (a; +ay), FY(al))
iel alezz
= sup min (1 - 1nf FX (a, +ay), FY(al))

a,€72

= sup min (sup (1-="Fx,(az + ay)), FY(al))

a,€72 i€l

> sup sup (min (1 — Fx,(a; + a;), Fy(a,)))

a €722 i€l

> U sup mln(l — Fy,(a; + a;),Fy(ay))

i€l a,€7?
=2F U xov)(az)
Hence proved part (i).
The proof of (ii) is similar to (i).
Proposition 9.3: For any family (X;|i € I) in Q(Z?) and Ye Q(Z?)
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(T y x6v.C u xiev.U uxev Fuxer) 2(Ty xev:Cu xev Uy xen Fu xev) hhen
Ty xiev 2 Tge(lxieY) Cyxer 2Cy e Uyxer SUa ey andFy xiev S F o ey
i) if (Tve y xCve y xv Uve u xi Fre u xi) S (T y vexp, €y vexp U u vexp F y (vexp)then
Tro yx €Tpvexy Crvo ux S Cawexp  Uve ux 2V y vexy andFyg y x, 2 F y vex;

Proof :Let
Ty xevC uxerlU uxevF uxey) 2Ty mevr Cu xen u menF u
(Ty xiev CuxevUyxevF uxer) 2(Ty xen Cy xenUy xenF y xew)

Ty xev(a) = inf max (T, v (e +a,), Ty(ar))

= inf max (sup Ty. (a, + a1).Ty(a1))
a,€22 ier

= inf sup (max Tx. (a, + ay), TY(a1))
a1€Z? e i

= LiJeI aiIlefZZmax( Tx;(az + al)'TY(al))

2 Y Ty, ov(az)
= TigI(XiGY)(aZ)
Cyy xiov(az) = inf max (C  x(az + @), Cy(ar))
= inf max (sup Cx,(az + a1), CY(al))
i€l

a,€Z2

= inf sup (max Cx,(az + a1), CY(al))

a1€7% e

> %Jel ailnefzzmax( Cx, (ay + ay), CY(al))

2 Y Cx,ov(az)
=C U e (az)

Uy xev(@) = sup min (1=, x (@ +a),Uy(a))

a €72

= sup min (1 — sup Uy, (a; + ay), Uy(al))
I

a,€Z2 i€
= sup min (inf( 1-Uyx,(a; + ay)), UY(al))
a,€Z2 i€l
= sup inf (min (1 —-Uyx. (a, + ay), Uy(al)))
a,€z2 1€l !
<inf sup (min (1 - Ux.(a; + ay), UY(al)))
iel a €7 1
< N sup min(l — Uy, (az + ay), Uy(al))
i€l a €z

=U Q (XieY)(aZ)
Fyxov(d) = sup min(1—F  y(a; +a),Fy(a))
i€l i€l

a,€ZM

= sup min (1 — sup Fy, (a; + ay), FY(al))
I

a{€Zn i€
= sup min (inf( 1-"Fx,(a; + ay)), FY(al))
a,€Zn i€l
= sup inf(min (1 — Fx,(a; + a,),Fy(a)) )
(11EZ“ i€l 1
<inf sup (min (1 - Fx (a, + a,),Fy(a,)))
i€l alezn 1
< n sup min(1 - Fy (a, + a;),Fy(ay))
i€l alezn 1

<F ) a
0 (ren(a2)

Hence proved part (i).
The proof of (ii) is similar to (i).
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10. Quadri Partitioned Neutrosophic Closing Properties

The following properties are satisfied by the quadripartitioned neutrosophic closing.

Proposition 10.1: The Quadri Partitioned Neutrosophic closing satisfies :

Monotonicity , for all X, Y,Z € Q(Z?)

i) if XS Y = (Tx.z, Cxsz, Uxsz, Fxaz) € (Tyaz, Cyiz, Uyaz, Fyaz),then

Txez S Ty.z » Cxez S Cyuzy Uxuz 2 Uyiz and Fx.z 2 Fy.z

Proposition10. 2: For any family (X;|i € I) in Q(Z?) and Ye Q(Z?)

if (T N XjxYr Cn Xi*Y,U n Xi*Y;F n Xi*Y) = <Tn(Xi*Y)' Cq (Xi*Y)rU n (Xi*Y).F n (Xi*Y))’then
i€l i€l i€l i€l iel i€l i€l i€l

TaxsyET v, Caxsy €EC U axsy2U wnandF o x.y 2F "
A XixY A XixY) 2 = 0 XY A &), = 0 XixY 2 XixY) Q XixY 9 XixY)

Proposition 10.3: For any family (X;|i € I) in Q(Z?) and Y€ Q(Z?)

f Ty x«vCuxsvUuxsyFuxsy) 2(T vy, C U ) F Ly sthen

f« Y Xir V0 L U XisY, U Y X E Y X v) 2 ¢ Y XY U (XieY), B U (X Y),E (X Y))

Tyuxsy2T v, Cuxsy 2C U ux.y EU wnandF §x.y €EF "
LY = TR0 ey XY LOeDE ey =0, 60 U XisY =1 %)

The proof is similar to the procedure used in propositions 8 and 9.

11.The Quadri Partitioned Neutrosophic opening satisfies
The following properties are satisfies by the Quadri Partitioned Neutrosophic opening.
Proposition 11.1: The Quadri Partitioned Neutrosophic opening satisfies :
Monotonicity , for all X, Y,Z € Q(Z?)
i) XS Y = (Txoz, Cxoz) Uxoz Fxoz) € (Tyoz, Cyoz, Uyez, Fyoz)
Txoz © Tyoz , Cxoz  Cyezs Uxez 2 Uyez and Fxoz 2 Fyez
Proposition 11. 2: For any family (X;]i € I) in Q(Z?) and Ye Q(Z?)
MDIf (T o x,0v,C 0 %07,V 0 x3v.F 0 xi0v) ST xiev)» € 0 o, U 0 e, F o xem )i then
1€l 1€l 1€l 1€l 1€l 1€l 1€l i€l
Taxey € Ta e Cnxey €CaxenUn ey 2 Uuxier) and F g xioy 2 F y (xev)
i€l i€l i€l i€l i€l iel i€l i€l
Proposition 11.3: For any family (x;]i € I) in Q(Z?) and Ye Q(Z?)
(T y %07, C u x0%,U u %00, F u x,0v) 2 {Tuxieny € u on,U u om,F u ke )ithen
i€l i€l i€l i€l iel i€l i€l i€l

Tuxoy 2T o), C U xioy 2C U ux.y EU oy andF |, x.v €EF o
e GO0 E Xy = T 0 U XpeY =1 (Xpov)
The proof is similar to the procedure used in propositions 8 and 9.

11. Conclusion

The concept of the quadripartitioned neutrosophic set's mathematical morphology is introduced in this study.
The set theory for mathematical morphology serves as the foundation for its introduction. There were numerous
fundamental definitions for the quadripartitioned neutrosophic set in mathematical morphological operations as well
as explanations of its algebraic features. The concept of quadripartitioned neutrosophic sets' mathematical
morphology will be used in image processing in the future. Medical images, for instance, use image enhancement,
retrieval, and smoothing.
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