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Abstract

This paper aims to solve the group of units problem for 3-cyclic real and rational refined neutrosophic rings and
4-cyclic real and rational refined neutrosophic rings, where ring isomorphisms between the real/rational 3-cyclic
and 4-cyclic refined neutrosophic rings and the direct product of some field extensions of Q and R. These
isomorphisms will help in classifying the group of units of each studied ring in terms of direct products of
classical well-known abelian groups. Also, we use the classification isomorphisms to determine all ideals in
these classes of algebraic rings.
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1. Introduction

The group of units classification is considered as one of the most well-known open problems in ring theory [9].
This problem concerns with writing the group of units of a given ring as direct product of known groups [10-11].
The concept of n-cyclic refined neutrosophic rings and modules was proposed in [12] as a novel extension of
classical rings. These rings opened a wide door for the study of group of units problem.

The group of units for 2-cyclic integer refined rings was studied by Sadiq [1], and it was classified as the direct
product Z, X Z, X Z,. In [7], Sankari, and Abobala solved the problem for the rational and real 2-cyclic refined
rings by building an algebraic isomorphism between the 2-cyclic refined rational/real ring and the direct product
of Q or (R) with itself three times . Also, algebraic homomorphisms between 2-cyclic rings and plithogenic rings
were presented in [8].

The group of units problem for 3-cyclic and 4-cyclic refined rings of integers was studied by Von Shtawzen in
[2-3], where the classification of the group has been linked with non-linear Diophantine equations by two
conjectures. These conjectures were totally proved by the efforts of Sankari and Abobala in [6], where authors
proved that the groups of units (It is also called Von Shtawzen's groups) of 3-cyclic/ 4-cyclic refined rings of
integers are finite with order that is divisible by 6 and 8 respectively.

In [4], Basheer et.al proposed more than 30 open problems about n-cyclic refined rings and algebraic structures.
Most of them are still open research problems.

In [5], Katy et. Al have generalized Von Shtawzens' conjectures by the following conjecture:

Generalized Von Shtawzen's conjecture: The group of units of the integer n-cyclic refined ring is finite with
order that is divisible by 2n. (It is still an open problem).

In this paper, we study the classification of Von Shtawzen's group in four different special cases, and we classify
the desired groups as direct product of well-known abelian infinite groups in the rational/real cases.
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For definitions of 3-cyclic/4-cyclic refined rings, see [6].

2. Main results

Theorem:

Let Q be the rational field, Qs(l) be the corresponding

3- Cyclic refined ring, then Q;(I) = Q x Q x Q(iV3).

Proof:

Define f: Q;(I) = Q x Q x Q(iv/3) such that:

flxg +x.0 + x50, + x313) = (%9, %9 + X1 + x5 + X3, %9 —

f is well defined

IfX =xo+ X %l =y =y + X1 vi

thenx; =y; 0 <i < 3,and f(x) = f(y), that is because:
Xotx; +X2+x3=Yo+y1 +Y2t )3

{xo

- xl;xz +x3 + gi(% —X3) = Yo — yl;yz +y3 + ?i(}ﬁ —Y2)
f preserves addition / multiplication operations.
For X = xo + %oy X:1;, ¥y = Yo + X1 ¥ I; € Q3(I), then
x+y=(x+yo) + X1 (xi + ¥l
x.y = XYo + (Xo¥1 + X1 Y0 + X135 + X3¥1 + X2Y2) 11 + (Y2 + X2Y0 + X1 Y1 + X2¥3 + x3Y2) ]z + (XeYs +
X3Yo + X1Y2 + X1 + x3Y3)13
flx+y) =M, M, M,), where:

My = xo + yo, My = Xi_o(x: + y1), A
1 3.

M; =x+ ¥y _E(xl +y1+x,+y,) + (x5 +y3) +7l[(x1 +y1) — (2 +y2)],
hence f(x+y) =f(x) + f(y).
f(.x. y) = (Mo, Ml’ Mz), Where:
My = x¢yo, My = Z?,j:o XiYi = (Z?:O’Q’)(Z?:O%):

1
M; = xpyo — g(xoh + X1Yo + X1Y3 + X3Y1 + X¥2 + XY + X3Y0 + X1 Y1 + X3Y3 + X3Y,) + (XoYs + X3y +

V3.
X1Y2 + Xy1 + X3Yy3) + 71(950)’1 + X1Yo + X1Y3 + X3Y1 + XY, — XoY2 — X2Yo — X1Y1 — X2¥3 — X3Y2)-
On the other hand, we have:

xX1+x2
2

+ x3 +?i(x1 —x3))

+ V3. + V3. 1
(xo = x12x2 +x3 + (0 —%2). (o — hzys T3+ 51 —¥3)) = XYo +, (Y1 + X1y, + Xy, +

X2Y2) — § (xoy1 + %0y2) + Xo¥3 + ?i(xo)ﬁ — Xo¥2) — 2 (x1y3 + x2¥3) — ?i(xﬂ’l —X1Y2 + X2V — X2Y2) —
X3¥o —%(x3y1 + x3y;) + X3y3 + gi(xﬁﬁ —X3Y,) + ?i(xﬂ’o — X2)0) — ?i(x1y1 + X1V, = X2¥1 — X2¥2) +
g {(X1y3 — %2¥3) — z(xﬂ’l —X1Y2 = XY1 + X2Y2) — 2 (10 + X2¥0) = XoYo — 2 (xXoy1 +x1Y0 + X117 +
XoYo + XYz + X3Y1 + X3V, + X2V + X135 + X2¥3) + (Xo¥3 + X3Y0 + X1¥2 + XoY1 + X3Y3) + \/Z—gi(xoyl -

X1Y1 X1Y2 X2Y1 X2Y2 X1Y1 X1Y2 X2Y1 X2Y2N
XoY2 T X3Y1 = X3Yo + X1Y3 = XpY3 + X1Yo — XYoo ———+ -~ - ==+ =) =

2 2 2 2 2 2 2
fOOf ),
hence f is a homomorphism.
Let X = xo + Yo, x;I; € ker (f), then £(x) = (0,0,0).
X9 =0
X +x,+x3=0

_%'Fxg +§l(x1_.x2) =0
x0=0
X1 +x2 +X3 =0

_%(xl +x2)+X3 =0

xl—x2=0

1 1 1\ /x 0
= —% —% 1 <x2>=<0>=>A.X=0.
1 -1 0/ '3 0

det A = 3 # 0, then A is invertible, which implies that the previous system has zero as unique solution, hence
ker(f) = {0}, and f is injective.

To prove that f is surjective; we take an arbitrary element (y,,v1,¥,) € Q X Q x Q(iv/3), and we must find x €
Q5 (D) such that f(x) = y.

=
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First, y, = y,’ +y2”73i € Q(/31), take:

1 1, . 1 5, 1 1, 1 5 1 2
X=y,+ [EY1 32 +EYZ 1L+ [g)ﬁ —3Y2 =32 1 + [53’1 — Yot 372 115 € Q3 (D).
f(x) = (Ny, Ny, Ny), such that:

1 1, 1 . 1 1, 1 4. 1 2,

No =0, Ny = Yo +(EY1 32 +EYZ )+(§}’1_§3’2 32 )"‘(53’1 —Yo +§J’2 ) =1,

1.1 1, .1 4 1 1, 1 g0, g1 2 44 V3.1 1, 1 4,
N, =y, _E[gh —3Y2 +53\;E +§)’1_§3’2 +EJ’2 ]+[§J’1_3’0 +§3’2 ] +7l[§J’1_§3’2 +E3’2 -
1 1 ’ 1 17} 1 3., 1
Ity t3) 1=y TSy =Ya
Thus, f is surjective, and then it is an isomorphism.

Remark:
The inverse isomorphism of f is:

fhexQx Q(\/§i); Qs (D):
— ’ V3. 1 1 ’ 1 " 1 1 ’ 1 " 1 2 It
f 0o yu Y2 +y2 S =Yoot Eyi =3y 45 1L+ 5y =5y =5y 1 + 5y — Yo +5y2 1.
Result:
The 3-cyclic refined group of units of Q(I) is isomorphic to Q* x Q* x (Q(+/3i)".
Result:
A 3-cyclic refined rational number X = xy + x;I; + x,1, + x315 is invertible if and only if: x, # 0, xq + x; +
Xy + x5 # 0,x0—x1:x2+x3 # 0, with x; — x, # 0.
Example:
Consider X = §+ L —%IZ — I3, X is not a unit, that is because xy + x; + x, + x3 = %+ 1 —%— 1=0.

ForY =3+ 21, + 2I, — I; is not invertible, that is because: x; —x, =2 —2 =0, x, — xl;xz +x3=3-2—
1=0.
Theorem:

Let R be the real field, R;(I) be the corresponding 3-cyclic refined real ring, then R;(I) = R X R X C.
Proof:
By defining a similar function f:R;(I) = R X R X C with f(xo + x11; + %1, + x315) = (%0, %0 + x4 + x5, +

. V3
xl:xz + x5 + lg(x1 — x,) where x; € R.

We get by a similar discussion that f should be a ring isomorphism, which implies the proof.
Result:
The group of units of the 3-cyclic refined real ring is isomorphic to R* X R* x C*, that holds directly from the
previous theorem.
Applications to ideals:
The classification theorems of Q5 (1), R;(I) will be very helpful in finding all ideals of those rings. It is sufficient
to find all ideals in f(Q5 (1)) or f(R3(I)) and going back by the inverse isomorphism.
Lemma:
1) Thering Q x Q x Q(+/3i) has exactly 6 different ideals up to isomorphism.
2) Thering R X R x C has exactly 8 different ideals up to isomorphism.
Proof:
Since Q, Q(V/3i) are fields, then they have only two ideals I = {{0}, Q}, Ioyz;) = {0}, Q(v/3D)}, thus the ideals
of Q X Q x Q(+/3i) are:
I; = {0} x {0} x {0}, I, = {0} x {0} x Q(3i)
I; = Q x {0} x {0}, 1, = Q x {0} x Q(3i)
Is = {0} x Q x {0}, I = {0} x Q x Q(V3i)
I, =QxQx{0},Ig =QxQxQ(3i)
By a similar discussion to (1), we get:
I; = {0} x {0} x {0}, I, = {0} x {0} x C
I =Rx{0}x{0},I,=Rx{0}xC
[ ={0} xRx {0}, ={0} x Rx C
[, =RxXxRx{0},[g=RXRXC
Remark:
For Q x Q x Q(+/3i), we can see that:
=11, =1
For R X R x C, we can see that:
=11, =1
So that, both rings have 6 different ideals up to isomorphism.

X3,x0 -
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Theorem:
The 3-cyclic refined rational ring Q5 (I) has exactly 6 different ideals up to isomorphism.
Proof:
Since Q5(I) = Q x Q x Q(+/3i), then they have isomorphic ideals, which means that Q5 (I) has 6 different ideals
up to isomorphism.
Now, we find all the ideals in Q5 ().
Ji =f71(T) = {0}, Jg = £ (T) = Qs (D).
2 =f71(p) = {(_§YZ’ + %YZ”) I + (_i}’z’ - %Y2”)12 + §Y2’13;YZ’:§Y2” € Q}
J; =71 () = {y, +§Y111 +§Y112 + (§Y1 —vyo)ls; y1,¥0 € Q}
Js = f71(T3) = {yo — Yol3; o € Q}
Js = f71(T5) = {§Y111 +§Y112 +§Y1I3; y1 €Q} =J;
Jo =7 (M) ={yo + (_§YZ’ + %YZ”) I + (_§YZ’ - §YZ”)IZ + (=yo + §Y2’)13; Yoy2'y2' €Q}
Jo =f71(Te) = {(§Y1 - %Yzl + %an) I + (§Y1 - %er - %an)lz + (§Y1 + §Y2’)13J yu Y2,y  €Q =1,
By a similar approach, we can find all ideals in R (I).
Theorem:
Let Q be the rational field, Q,(I) be the corresponding 4-cyclic refined ring, then Q,(I) = Q X Q X Q x Q(i).
Proof:
We define the mapping f: Q,(I) » Q X Q x Q x Q(i), where
fxo +x10; + 2,0, + x315 + x41,) = (X9, X0 + X1 + X + X3 + X4, Xg — X1 + X5 — Xz + X4, X0 + IX7 — Xy —
ix3 + x4).
(f) is well defined:
ForX =xo +x.0 + x50 + x5l +x, 1, =Y =yy +yi1 L + .1, + ysls + y, 0, wehave x; = y; forall 0 < i <
4, thus:
Xo = Yo
Xo+ Xy T X+ X3+ X, =Yoo+ Y1 +Y, Tt Yz3t Vs
Xo—= Xy tXp—X3+ X, =Yg —Y1+tY2—Y3t s
;0 -|}i(x1)— 9}2(‘)1'953 txXs =Yoo+ iy — Y2 — Yzt
Thus f(x) = f(y).
f preserves addition and multiplication, that is because:
For X = Xo + 2?21 xl-Il-, Y = Yo + Z‘i}:lyili, then
X+Y = (xo +yo) + Xizi (i + ¥)1,
f(x+y) = (Mo, My, My, M3); My = x0 + Yo,
My=xo+yo+xi+y1+x+y+x3+ys+x,+y,
My =xo+yo— (%1 +y1) + (xz +y2) — (%3 +y3) + (X4 + ¥s)
Ms = x5+ Yo+ i(xy +y1) — (X2 +¥2) — i(x3 +¥3) + (x4 + Y4)
Sothat f(x +y) = f(x) + f(¥).
XY =x0y0 + (xo¥1 + X1Y0 + X1Va + X4Y1 + X3Y2 + X2¥3) 1 + (XoY2 + X2Vo + X1Y1 + X2Va + X4V, +
X3Y3)la + I3(xoy3 + X3Yo + X1Y2 + X231 + X3Ys + X4Y3) + (XoVa + X4Yo + X1 Y3 + X3Y1 + XYz + X4 Va4
f(x.y) = (No, Ny, N3, N3); No = XY,
Ny = xoYo + Xo¥1 + X1V + X1Ya + X4Y1 + X3V2 + X2z + XoY2 + X2Y0 + X1Y1 + XoYa + X4 Y2 + X33 +
XoY3 + X3Yo + XYz + X2¥1 + X3Ys + X4Y3 + XoVa + XaYo + X1Y3 + X3Y1 + XY, + x4Ys = (X + X + x5 +
X3+ X)) (Yo + Y1+ Y2+ Y3+ Ya)
Ny = x0Yo — (XoY1 + X1 Yo + X1V + X4Y1 + X3Y2 + X3)3) + (XoY2 + X320 + X1 Y1 + X2Vs + X4Y5 + X3Y3) —
(Xo¥3 + X3Y0 + X1 Y2 + X2¥1 + X3Va + X4Y3) + (XoYs + XaYo + X1Y3 + X3y1 + X2Yo + X4Ys) = (X0 — X1 +
Xy = X3+ %) Vo — Y1+ Y2 — Y3+ V)
N3 = xoyo + i1(XoY1 + X1YV0 + X1Ya + X4Y1 + X3Y2 + X2¥3) — (XoY2 + X2Y0 + X1V1 + X2Ya + X4Y2 + X3Y3) —
[(xoY3 + X3Y0 + X1Y2 + X2¥1 + X3V + X4Y3) + (XoVa + X4YVo + X1Y3 + X3V + X35 + X4Ys) = (%o + ix; —
X —ixg + %) (Vo +iY1 — Y2 — Y3 + Yu).
Thus f(x.y) = f(x). f(¥).
ker(f) ={X = xo + x.1; + x,1, + x315 + x,1, € Q,(I); f(x) = (0,0,0,0)}, which implies
X9 =0
Xo+x1+x,+x3+x,=0
—X1+ X, —x3+%x,=0
it —x3)+(=x,+x,) =0
The previous linear system equivalents:
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1 1 1 1\ /% 0

-1 1 -1 1\[*x)_{o 3
o 21 0 1lle]=l,|=ax=0
1 0 -1 0/ \x 0

det A = 8 # 0, thus A is invertible and the system has a unique zero solution, so that x; = x, = x3 =x, =0
and ker (f) = {0}, and f is injective.
To prove that f is surjective, we must find an element
X=xy+x: 5, + x2112 + x3{3 + x4114 such thaltf(x)1= (3’0’1}’1‘3’2‘13’3‘3’41') fOlr any 3’10'}’1'}’12'3’3'3’4 S 1Q )
\1Ne pUI X=y,+ (ZJ’1 vt 53’4)11 + (Z)ﬁ T3Y2 =3V _EJ’3)12 + (Z)ﬁ )2 _EJ’4)I3 + (13’1 LR T
3Yo t5¥3)ls
1 1 1 1 1 1 1 1 1

f(x) = (Lo, Ly, Ly, L3); Lo=Y0, Lp=yo+ (;)’1 — )2 +§3’4) + (z}ﬁ +2Y2—3% _53’3) + (z}ﬁ V2
%Jﬂt) + (%Jﬁ + %YZ - %YO + %}’3) =0
L, =y, — (i)ﬁ _EJ’Z +%Y4) + (%)ﬁ +%YZ - é)’O - é}’3) - (%}ﬁ - iJ’Z - %3’4) + (%3’1 +§3’2 _§3’0 +
%3’3) =Y2-
Ly =yo + Gy — 7Y +39) = Gy + 292 — 3% —3¥3) — iGY1 = 1Y2 —3¥a) + Gy + Y2 —3%0 +
~¥3) = Y3 + Y4
Thus f(x) = (¥, Y1, V2, V3 + Yai) and T is surjective.
So that f is a ring isomorphism and the proof is complete.
Result:
The 4-cyclic group of unit of Q,(I) is isomorphic to Q* x Q* X Q* x (Q(i))".
Theorem:
Let R, (I)be the 4-cyclic refined ring of reals, then:
R,()=2=RXRXRXC
The proof holds directly by defining a similar mapping of the previous theorem.
Result:
The group of units of the 4-cyclic refined ring of reals is isomorphic to R* X R* X R* X C”.
Remark:
A 4-cyclic refined real number X = x, + xI; + x,1, + x315 + x41, is invertible if and only if: x, # 0, x, +
X1+ X+ x3+x, F0, %0 — %3 + X —x3+ x4, 0, (67 —x3 = 0withxy —x, + x4 # 0):
Forexample X = 2 + I; + I, — 313 — I, is not invertible, that is because 2+1+1-3-1=0.
3. Conclusion
In this paper, we have proved the following results about the classification of Von Shtawzen's 3-cyclic and 4-
cyclic refined neutrosophic groups in rational and real cases:

- The group of units of the 3-cyclic refined real ring is isomorphic to R* X R* x C*, that holds directly

from the previous theorem.

- The 3-cyclic refined group of units of Q(I) is isomorphic to Q* x Q* x (Q(+/3i)".

- The 4-cyclic group of unit of Q,(I) is isomorphic to Q* x Q* x Q™ x (Q(i))".

- The group of units of the 4-cyclic refined ring of reals is isomorphic to R* X R* X R* x C*.

In the future, we aim to find the classification of Von Shtawzen's group in the general case of n-cyclic refined
neutrosophic real/rational neutrosophic rings.
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