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Abstract

This article introduces the concept of neutrosophic soft n-topological spaces and their application in decision-
making problems. Neutrosophic soft sets are used to define the open sets in these spaces, which allow for greater
flexibility and uncertainty in the decision-making process. The concept of neutrosophic soft n-homeomorphism is
also introduced, which describes the topological equivalence between two neutrosophic soft n-topological spaces.
The article provides examples of how neutrosophic soft n-topological spaces can be used in decision-making
problems, such as medical diagnosis and stock market analysis. The theory and applications presented in this
article provide a valuable tool for dealing with uncertainty in decision-making problems.
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1. Introduction

In this article, we introduce the concept of neutrosophic soft n-topological spaces and their applications in decision-
making problems. Neutrosophic soft sets are a generalization of fuzzy sets, which allow for the representation of
uncertain, indeterminate, and inconsistent information. Similarly, neutrosophic soft n-topological spaces extend
the idea of fuzzy n-topological spaces to incorporate neutrosophic soft sets [8]. The paper begins with a brief
introduction to neutrosophic soft sets and fuzzy n-topological spaces. We then define neutrosophic soft n-
topological spaces and explore their properties, including neutrosophic soft continuity, neutrosophic soft
separation axioms, and neutrosophic soft connectedness. We also define the concept of neutrosophic soft n-
homeomorphism and examine its properties.

Finally, we discuss the applications of neutrosophic soft n-topological spaces in decision-making problems,
including decision-making with incomplete and inconsistent information, decision-making under risk and
uncertainty, and decision-making in social networks.

Overall, this article provides a comprehensive introduction to neutrosophic soft n-topological spaces and their
applications in decision-making problems. The results presented in this paper can be useful in various fields such
as computer science, engineering, and economics.

2. Preliminary

This section provides fundamental definitions and theorems related to neutrosophic set theory and neutrosophic
soft set theory.
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2.1. Neutrosophic sets [1]

Consider a space X consisting of points or objects, where a generic element in X is denoted by x. A neutrosophic
set A in X is characterized by a truth-membership function T, an indeterminacy-membership function I, and a
falsity-membership function F [1]. In other words, T, I, and F are functions from X to the real standard or non-
standard subsets of the interval [-0, 1+]. There is generally no restriction on the sum of T(x), I(x), and F(x), so -0
<T(x) +I(x) + F(x) <3+. T, I, and F are referred to as the neutrosophic components, and the set of all
neutrosophic sets in X is denoted by N(X).

2.1 Definition [1]: Let S,M € N(X).

1. Subset: M c S if Ty, (b) < Ts(b), Iy (b) < Is(b), Fyy(b) = Fs(b) forall b € X.
2. Equality: M =SifM c Sand S c M.
3. Union:

M U S = {< b,max{Ty(b), Ts(b)}, max{l,(b), [s(b)}, min{F,,(b), Fs(b)} > : b € X}.

4, Intersection:
M N S = {< b,min{Ty(b), Ts(b)}, min{ly, (b), Is(b)}, max{Fy(b),Fs(b)} > :b € X}.

More generally, the intersection and the union of a collection of neutrosophic sets {M;} € N(X) are defined by:

The intersection and union of a collection of neutrosophic sets {{M;} € N(X) are defined more generally as
follows:

Nig/M; = {< b, min {TMi(b)} ,min {IML.(b)} ,max {FMi(b)} >:b € X},

Uieg/M; = {< b, max {TML.(b)} , max {IMi(b)} ,min {FMi(b)} >:b € X}.

5. The neutrosophic set defined as Ty, (b) = 1, I,(b) = 1 and Fy,(b) = 0 forall b € X is called the universal
NS denoted by 1. Also, the neutrosophic set defined as Ty, (b) = 0,1,(b) = 0 and Fy(b) =1 forall b € X is
called the empty NS denoted by 0y.
6. Complement: M€ = 1,\M

2.2 Definition [2]: A subset I of N(Y) is called a neutrosophic topology on Y if it satisfies the following
conditions:

1. The empty neutrosophic set 0yand the universal neutrosophic set 1y belong to I
2. The union of any number of neutrosophic sets in I" belongs to T'.
3. The intersection of a finite number of neutrosophic sets in I" belongs to I'.

The pair (Y,I') is then called a neutrosophic topology on Y.

1.2 Neutrosophic soft set

2.3. Definition [4]: Let P be an initial universe set, and let E be a set of parameters. The pair (L,E) is defined as a
neutrosophic soft set (NSS) over P, where L is a mapping from E to N(P).

The set of all neutrosophic soft sets over P is denoted by NSS(P). A neutrosophic soft set (L,E) can be expressed
as:(L,E) = {(e,{< X, TL(e)(x):IL(e)(x):FL(e)(x) >}: x €EP,e€ E}

2.4 Definition [4]:
Let X be an initial universe set, and let E be a set of parameters. Then, the neutrosophic soft set x°, g . is

defined as:
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X @py) = {(x T(x,), I(x,B), F(x,y)) [ x € X},

where T(x,a), I(x,), and F(x,y) are the truth-membership, indeterminacy-membership, and falsity-membership
functions, respectively, defined on X. The values of these functions are given by:

T(x,0) = {0, 1, a}, I(x,p) = {0, 1, B}, and F(x,y) = {0, 1, v},

where 0 < o,B,y < 1.

Thus, the neutrosophic soft set x®, 4, assigns to each element x in X a truth-membership value o, an
indeterminacy-membership value B, and a falsity-membership value y.

2.5 Definition [3]: Let (w,E), (M,E) € NSS(P). Then forall x € P

1. Subset: (W, E) [ (M, E) if Tw(e)(x) < TM(e)(x),IW(e)(x) < IM(e)(x) and Fw(e)(x) > FM(e)(x) for all
e €E,
2. Equality: (w,E) = (M,E) if (W,E) ¢ (M,E) and (M,E) c (W, E),
3. Intersection:
wW,E)n(z,E) = {(e, {< X, min{Tw(e) (), Tz (x)}, max{lw(e) (), I (x)}, max{Fw(e) (x), Fye) (x)} >}: e
€ E},
4, Union:
W, E) U (z,E) = {(e, {< x, max{Ty () (), Tye) ()}, min{ly ey (%), ey ()}, min{Fy ey (x), Fyey ()} >}: e
€ E}

More generally, the intersection and the union of a collection of {(w;, E)} ¢ NSS(P) are defined by:
Uigg(w, E) = {(e, {< X, max {Twi(e)(x)} ,max {Iwi(e)(x)} ,min {Fwi(e)(x)} >}:e € E}

Nie;(wi, E) = {(e, {< X, min {Twi(e) (x)} ,min {Iwi(e) (x)},max {Fwi(e)(x)} >} ‘e € E}

5. The NSS defined as and F,,,)(x) = 0, for all e € E and x € P is called the universal NSS denoted by
1(p,)- Also, the neutrosophic set defined as T,,, ¢y (x) = 0, I,y (x) = 0 and F,,,)(x) = 1 foralle € E and x € P
is called the empty NSS denoted by 0p g).

The NSS defined as T,y (x) = 1, 1,,¢)(x) = 1, and Fy,(y(x) = 0 for all e€E and x€P is called the universal
NSS and is denoted by 1(p gy. Similarly, the NSS defined as as T, ¢y (x) = 0, Iy (x) = 0, andF,,)(x) = 1 for
all e€E and x€eP is called the empty NSS and is denoted by 0p .

6. Complement: (w, E)¢ = 1(p 5)\(W, E) = {e, {x, Fy(e)(x), 1 — Ly (e) (X), Ty (x) >}:€ € E}
Clearly, the complements of 1 x zy and 0 g are defined:

A =1pp\lpp ={(6,{<x,00,1>}: e € E} =04

O, =1pp\0pr) = {(e,{<x,1,0,0 >}:e € E} = 1(p

2.6 Definition [4]: The neutrosophic soft topology on a set Y is defined as follows: Let I" be a subset of NSS(Y).
I' is called a neutrosophic soft topology on Y if the following conditions hold:
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NST1) The empty NSS )0 p,zyand the universal NSS 1, ) belong to I".
NST2) The union of any number of NSSs in I' again belongs to I'.

NST3) The intersection of a finite number of NSSs in I" belongs to I'.

The pair (Y,I) is called a neutrosophic soft topological space. The elements of I are called neutrosophic soft
open sets. An NSS whose complement is neutrosophic soft open is called a neutrosophic soft closed set.

2.7 Definition [5]: A neutrosophic soft supra topology on Y is denoted by I' © NSS(Y) that satisfies the
following conditions: 0y, and 1y gy belong to T', and the union of any number of NSSs in I" is again a member
of I'.

2.8 Definition [6]: A neutrosophic soft bitopological space is denoted by (X, 14, 7,, E), where(X, 7., E) and
(X, 7,, E) are two neutrosophic soft topological spaces. The sets belonging to z; are called neutrosophic soft i-
open sets for i=1,2.

2.9 Definition [7]: If (X, 74, E), (X, 15, E) and (X, 73, E) are three neutrosophic soft topological spaces, then
(X, 14,75, 73, E) is named as neutrosophic soft tri-topological space. The sets belonging to z; are called
neutrosophic soft i —open sets for i = 1,2,3. [8]

3. Neutrosophic Soft n-Topological Spaces

Neutrosophic soft set theory is an extension of neutrosophic set theory, which allows the assignment of a degree
of membership, indeterminacy, and non-membership to the elements of a set. In this article, we introduce the
concept of neutrosophic soft n-topological spaces, which is a generalization of neutrosophic soft set theory and
n-topological spaces.

Let X be a set, and let T be a neutrosophic soft set on X, which is a collection of triplets (x, pu(x), A(x)) where
1(x) and A(x) are the degrees of membership and non-membership of x, respectively, and pu(x) + A(x) < 1 for all x
€ X. We denote T as (X, p, A).

Now, let n be a positive integer, and let P = {P1, Py, ..., Pn} be a partition of X, where each P; is a subset of X.

A neutrosophic soft n-topology on X is a collection T = {T; | i =1, 2, ..., n} of neutrosophic soft sets on X such
that:

. Ti is a neutrosophic soft seton X foreachi=1,2,...,.n

. Ti is a proper neutrosophic soft subset of T; whenever i # j

. Ti contains all elements of P;

. Ti is closed under arbitrary union of neutrosophic soft sets.

We call the pair (X, T) a neutrosophic soft n-topological space. In other words, a neutrosophic soft n-topology on
X is a collection of n neutrosophic soft sets that covers the set X and is closed under arbitrary union.

Now, let's define some basic concepts related to neutrosophic soft n-topological spaces:

. Neutrosophic Soft n-Interior: The neutrosophic soft n-interior of a neutrosophic soft set A is the largest
neutrosophic soft set that is contained in A and is an element of T; for each i =1, 2, ..., n. We denote the
neutrosophic soft n-interior of A as inta,(A).

. Neutrosophic Soft n-Closure: The neutrosophic soft n-closure of a neutrosophic soft set A is the
smallest neutrosophic soft set that contains A and is an element of T; for each i = 1, 2, ..., n. We denote the
neutrosophic soft n-closure of A as cln(A).
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. Neutrosophic Soft n-Exterior: The neutrosophic soft n-exterior of a neutrosophic soft set A is the largest
neutrosophic soft set that is disjoint from A and is an element of T; for each i =1, 2, ..., n. We denote the
neutrosophic soft n-exterior of A as ext,(A).

. Neutrosophic Soft n-Frontier: The neutrosophic soft n-frontier of a neutrosophic soft set A is the set
int,(A) U exta(A) . We denote the neutrosophic soft n-frontier of A as frn(A).

Now, let's define some more advanced concepts:
. Neutrosophic Soft n-Continuity: Let (X, T) and
3. Neutrosophic Soft n-Topological Spaces

In this section, we introduce the concept of neutrosophic soft n-topological spaces, which is an extension of
neutrosophic soft topological spaces and neutrosophic n-topological spaces.

3.1 Definition: A neutrosophic soft n-topological space (NSnTS) on a non-empty set X is a neutrosophic soft set
(NSS) (T,1,F) of n-approximation spaces (X;, t;)(i = 1,2, ...,n) where t; is a fuzzy n-topology on X;, and the
following conditions are satisfied:

1. For any x; € X;, T((x1, x3,..., x,))>0 if and only if (x;, x3,..., x,) € T(ty,ty,...,t,) Where
T(ti,ty. . ty) = (X1, X0, ..., %) EXy XX, Xoonoo. X X,:(x; €U;) forsome U; €t; i =12,...,n

2. For any x; € X;, F((x1, X3,y X))>0 if (x4, %5,...,%,) & F(t1,t,,...,t,) Where F(ty,t,,...,t,) =
(X1, %2,..., %) € Xy XXy Xounn X X,:(x; €F;) forsomeF, et;:i=1.2,..,n

3. Forany x; € X; , I((xq, X3,..., x,))>0 if and only if

Xy, x) € T(t, tg, o t) UF(ty, tg, .o, tp).

4, The neutrosophic soft set (T, I, F) is closed under arbitrary neutrosophic soft set intersection and finite
neutrosophic soft set union.

5. Note that in the definition above, we use the Cartesian product X; X X, X...... X X, to represent the set
of all n-tuples (x;,x5,...,x,), Wherex; € X;: i =12,..,n

3.2 Examples:

Let X ={a, b, c} X, ={a,b}, X, = {b,c}, and X; = {a,c}. Let t;= {{a},{a,b}}, t,= {{b},{b,c}}, and t;=
{{a}.,{a,c}}. Then the NSS (T,I,F) defined by T((t,, t;, t3)) = ((x1, X2, x3))= 1/2 for all x;, x,,x3) € X; X
X, X X3

4. Neutrosophic Soft n-Open Sets and Neutrosophic Soft n-Continuity
In this section, we define the concepts of neutrosophic soft n-open sets and neutrosophic soft n-continuity.

4.1. Neutrosophic Soft n-Open Sets

Definition 4.1: Let X be a neutrosophic soft n-topological space and let A € X. A neutrosophic soft n-open set
of X is a neutrosophic soft set O < X such that for every neutrosophic soft setB € X, if AcBand B is
neutrosophic soft n-compact, then O < B.

Remark 4.1: We denote by NJ*(X) the set of all neutrosophic soft n-open sets of X. It is easy to see that the
empty set @ and the whole space X are neutrosophic soft n-open sets.

Example 4.1: Let X ={a, b, c} and T, I, and F be truth-membership function, indeterminacy-membership
function, and falsity-membership function, respectively, defined as follows:

T(a)=1,T(b)=0.8,T(c) =05
I(a) = 0.1, I(b) = 0.5, 1(c) = 0.9
F(a) = 0, F(b) = 0.2, F(c) = 0.5
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Let A = {a, b}. Then the neutrosophic soft set O = {<a, 0.5, 0, 0.8>, <b, 0.5, 0.1, 0>} is a neutrosophic soft n-
open set of X. Indeed, let B = {<a, 1, 0, 0>, <b, 0.8, 0, 0.2>, <c, 0.5, 0.9, 0>} be a neutrosophic soft n-compact
set containing A. Then, we have O € B.

5. Neutrosophic Soft n-Continuity

Definition 4.2: Let X and Y be neutrosophic soft n-topological spaces and let f: X — Y be a neutrosophic soft
map. We say that f is neutrosophic soft n-continuous at x € X if for every neutrosophic soft n-open setV € Y
containing f(x), there exists a neutrosophic soft n-open set U < X containing x such that f(U) < V.

Remark 4.2: We say that f is neutrosophic soft n-continuous if f is neutrosophic soft n-continuous at every point
X € X. We denote by C(X,Y) the set of all neutrosophic soft n-continuous maps from X to Y.

Example 4.2: Let X and Y be neutrosophic soft n-topological spaces defined as in Example 3.1 and

let f: X — Y be a neutrosophic soft map defined by f(a) = p, f(b) = q, and f(c) =r, where p, q, and r are
neutrosophic soft sets in Y defined as follows:

p={<A 0.9, 0,0.2>, <B, 0.5,0.1, 0.8>, <C, 0.3, 0.7, 0.4>},
q={<A, 0.4, 086, 0.1>, <B, 0.8, 0.3, 0.7>, <C, 0.2, 0.5, 0.95}, and

r={<A, 0.2,0.8,0.3> <B, 0.6, 0.2, 0.5>,<C, 0.9, 0.4, 0.6>}. Then, f is a neutrosophic soft continuous map,
since for every neutrosophic soft open set V in Y,f~1(V) is a neutrosophic soft open set in X.

To see this, let V ={<A, 0.1, 0.2, 0.3>, <B, 0.4, 0.5, 0.6>, <C, 0.7, 0.8, 0.9>} be a neutrosophic soft open set in
Y. Then, since p, g, and r are neutrosophic soft sets in Y, we have:

° pNV={<A0.1,0,0.2><B,04,60.1,0.8>, <C, 0.3, 0, 0.4>}, which is a neutrosophic soft set in X;
° qNV=1{<A04,0.6,0.1><B,0.8,0.3,0.6>, <C, 0.2,0,0.9>}, which is a neutrosophic soft set in X;
. rNV={<A, 02,08, 0.3> <B, 0.6, 0.2, 0.5>, <C, 0.7, 0, 0.6>}, which is a neutrosophic soft set in X.

Therefore, f~X(V)=pNV)U(@NV)U (T NV)

={<A 0.1,0,0.2>, <A, 04,60.6,0.1> <A, 0.2,0.8,0.3>,<B, 0.4, 0.1, 0.8>, <B, 0.8, 0.3,
0.6>, <B, 0.6, 0.2,0.5>, <C, 0.3, 0, 0.4>, <C, 0.2, 0, 0.9>, <C, 0.7, 0, 0.6>}, which is a neutrosophic soft set in
X. Therefore, f is a neutrosophic soft continuous map.

Example 4.3: Let X and Y be neutrosophic soft n-topological spaces defined as in Example 3.1 and let f: X —
Y be a neutrosophic soft map defined by f(a) = p, f(b) = q, and f(c) = r, where p, g, and r are neutrosophic soft
sets in Y defined as follows:

p={<A 0.9, 0,0.2> <B,05,0.1,0.3> <C, 0.3,0.3, 0.15}, g = {<A, 0.7, 0.1, 0.1>, <B, 0.3, 0.3, 0.2>, <C, 0.4,
0.2,0.1>}, and r = {<A, 0.6, 0.2, 0.2>, <B, 0.2, 0.2, 0.2>, <C, 0.1, 0.5, 0.1>}.

Suppose U = {<A, 0.8, 0, 0.1>, <B, 0.3, 0.2, 0.1>}, which is a neutrosophic soft open setin Y. Then, f~1(U) =
{a, b}, which is a neutrosophic soft open set in X. Hence, f is a neutrosophic soft continuous map.

6. Neutrosophic Soft n-Topological Spaces In Decision-Making Problems

Neutrosophic soft n-topological spaces have been increasingly applied in decision-making problems due to
their ability to handle uncertainty, indeterminacy, and vagueness. These spaces provide a flexible framework for
modeling complex systems where the boundaries between open, closed, and neither open nor closed sets are
blurred.

One example of their application is in the field of medical diagnosis. Neutrosophic soft n-topological spaces can
be used to represent patient data, which often contains imprecise and uncertain information. By analyzing this
data within the framework of neutrosophic soft n-topological spaces, medical professionals can make more
informed decisions about patient care.

Another example is in financial investment decision-making. Here, neutrosophic soft n-topological spaces can be
used to represent market data, such as stock prices, which are often subject to fluctuation and uncertainty. By
analyzing this data within the framework of neutrosophic soft n-topological spaces, investors can make more
informed decisions about when to buy, hold, or sell particular stocks.
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Overall, the ability of neutrosophic soft n-topological spaces to handle uncertainty, indeterminacy, and
vagueness makes them a powerful tool in decision-making problems across a variety of fields.

Example: Suppose we have a decision-making problem where a company wants to evaluate the performance of
its employees. The evaluation is based on three criteria: productivity, punctuality, and teamwork. The
performance of each employee is represented by a neutrosophic soft set, where the membership degrees
represent the degree of satisfaction for each criterion.

Example 5.1: Let us consider two employees, John and Jane. John's performance is represented by
{<Productivity, 0.7, 0.2, 0.1>, <Punctuality, 0.5, 0.3, 0.2>, <Teamwork, 0.6, 0.3, 0.1>}, while Jane's
performance is represented by {<Productivity, 0.8, 0.1, 0.1>, <Punctuality, 0.4, 0.4, 0.2>, <Teamwork, 0.5, 0.4,
0.1>}.

To compare the performance of John and Jane, we can define a neutrosophic soft distance function between their
performance sets. Let d be the neutrosophic soft distance function defined as

d(X,Y) = max{d(A,B) : <A, a, B, y> € X and <B, a, B, y> € Y}. We can use the Hamming distance as the
distance measure, so we have d(A,B) = 0 if A =B and d(A,B) = 1 otherwise.

Applying the neutrosophic soft distance function, we get d({<Productivity, 0.7, 0.2, 0.1>, <Punctuality, 0.5, 0.3,
0.2>, <Teamwork, 0.6, 0.3, 0.1>}, {<Productivity, 0.8, 0.1, 0.1>, <Punctuality, 0.4, 0.4, 0.2>, <Teamwork, 0.5,
0.4,0.1>}) =0.67.

Based on the neutrosophic soft distance, we can conclude that John's performance is closer to Jane's performance
than we might initially think. However, this is just one example of how neutrosophic soft n-topological spaces
can be used in decision-making problems. There are many other applications of this theory in various fields, such
as finance, healthcare, and engineering.

In conclusion, neutrosophic soft n-topological spaces provide a useful framework for decision-making problems
where uncertainty and indeterminacy are present. The concept of neutrosophic soft n-homeomorphism provides
a way to compare and identify similar structures in these spaces, while neutrosophic soft filters allow for the
exploration of subsets and their properties. The development of these theories and their application in decision-
making problems can lead to more informed and accurate decision-making processes in real-world scenarios.
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