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Abstract

Neutrosophic set has been developed as a mathematical method for procuring indeterminate and incomplete
information. Neutrosophic fuzzy set is a powerful generic system that has been recently developed. In several
areas, including data and information analysis, data science, information and decision, have successfully
applied neutrosophic concept. Not just that but also the important problems we experience in variety of fields,
such as computing, life science, social development, and technical work are represented by neutrosophic
fuzzy sets. In this paper, we have presented the idea of an implication-based (7,) neutrosophic fuzzy (§)
subgroup over a finite group and a j, neutrosophic § normal subgroup over a finite group. Further, we have
established a few fundamental properties of a 7, neutrosophic § subgroup over a finite group and j,
neutrosophic § normal subgroup over a finite group.
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1 Introduction

In 1971, a comparable application of the basic idea of groupoid and groups were presented by Rosenfeld [[10].
M.S. Ying [[17] conveyed the concept of a new method to § topology (I) and described its features. In 1999,
Smarandache [13]] created neutrosophy to deal with the unknown and unclear information that is common in
everyday life. Xuehai Yuan [18] initiated the definition of an 7, - § subgroup of a group in 2003. Vildan C.
Etkin [3[] highlighted a method for studying neutrosophic subgroups, as well as their fundamental features
and characterization. A. A. Salama [11]] modeled neutrosophic data sets in 2014. M. Selvarathi [12] described
the idea of j,, - § normal subgroup in 2015. In 2016, J.Martina Jency [7|] pointed out the importance of §
neutrosophic subgroupoids by combining the concept of § neutrosophic product with a few neutrosophic
product and subgroupoid features. In 2016, Kalyan Mondal [8]] developed a data mining technique using
single-valued neutrosophic information. = Smarandache, F. [[I4] extended a quantum computer that
incorporates indeterminacy in 2016. Thao Nguyen Xuan et al. [[15] proposed the new idea of soft computing
using support neutrosophic set, which is the combination of a neutrosophic set with an § set in 2017.
Azeddine Elhassouny [4] explored the contributions and hybridization of machine learning algorithms with
single-valued neutrosophic numbers in modeling imperfect information. In 2020, Ashour Amira S., and
Yanhui Guo [2] examined the concept of the optimization algorithm and also included the neutrosophic sets
in computer-aided diagnosis systems. Xin, Ling, et al. [16] explored the main idea of computing with words
by using neutrosophic information in 2020. In 2021, Fernandez et al. [6]] used a mathematical technique
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called the Project Evaluation and Review Technique in a neutrosophic environment. Adebisi, S. A., and F.
Smarandache [1f] discovered classical morphisms between refined neutrosophic groups G(I1; 12) and
neutrosophic groups G(I) in 2022. Zail et al. [[19]] introduced some new results of a generalization of
neutrosophic BCK-algebra ({2-BCK-algebra) in 2022. Farooq et al. [5]] described an innovative approach to
listing the fuzzy subgroups of a finite group in 2023. Al-Quran et al. [9] introduced the Q-Complex
neutrosophic soft sets associated with groups and subgroups in 2023.

In this paper, we have introduced the concept of an 7, neutrosophic § subgroup over a finite group and j,
neutrosophic § normal subgroup over a finite group and also illustrated a few important characteristics of the
7, neutrosophic § subgroups over a finite group. This research will offer a new perspective in the field of j,
-§ subgroup over a finite group by spplying the concept of neutrosophic § sets.

The remaining sections of the research are as follows: Section 2 discusses the preliminaries. An example of
the 7, neutrosophic § subgroup over a finite group using the Kleene-Dienes implication operator is showed in
Section 3 and conclusions are provided in Section 4.

2 Preliminaries

Definition 2.1. [10] Let ¥ be a group then p : ¥ —[0, 1] is called as § subgroup if

(1) p(ve) = min(u(v), u(s)) forall v, ¢ €
() pvYH > ) forallv € X.

Let V be the universe of discourse and (¥, *) be a finite group. The truth value of a § proposition « is
represented by [«] in § logic.The § logical and the corresponding set-theoretical notations used in this paper
are

(v eA)=AW),

(o A B) = min{[a],[ 81},

(a — B) =max(1 - «, B),

Vv a(v)) = inf,eva(v)],

Qv a(v)) = sup, ey [a(v)],

javif and only if [a] =1 for all valuations.

Implications used here is that of Kleene-Dienes implication operator.

Definition 2.2. [12]] If a § subset A of a group X satisfies

) weAANGeEA) > (vseA)foranyrv,c € X

() fvreA) =@ ltecAforanyrvc X
then A is called a fuzzifying subgroup of . The concept of p- tautology was introduced by Ying [17], i.e.,
Jp(c) if and only if () > p for all valuations

Definition 2.3. [12] Let A be a § subset of a group X and p € (0, 1] is a fixed number. If for any v, ¢ € ¥

i) (v eA)A(EA) = (vs € A)and

(i) J,veA) = €A

then A is called a 7, - § subgroup of 3.
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3 7, Neutrosophic § Subgroup Over a Finite Group

Definition 3.1. Let (X, *) be a finite group. A neutrosophic § set N' = (N, N, Ny) of a finite group X is

called a j, neutrosophic § subgroup over a finite group 3, if it satisfies for any v,¢ € 3.

1) (v eN)AGeN)) = (s eN)

i.e.,

jp((U EN}) N (§ EN})) — (Z/C €N>)
Jp(( € Ni) A (s € Ni)) — (vs € Niw)
jp (s € No) =((v e No) V (se No))

() 7,(weN) =@ eN)
1.e.,
T eN) — v leN)
j'p(l/ S N[x]) — (V_l S /\/pq)
jp (V_1 eNyY) — (v eNy

Where (v € N, ) denotes the truth membership value, (v € Ny) denotes the indeterminacy membership value
and (v € N,) denotes the falsity membership value such that,
0<(weN)+weN+weNy)<3.

Example 3.2. 3 = {0,1,2,3,4,5} is a finite group of order 6 with respect to the addition modulo 6. Cayley’s
closure table [T] of the group X is given below

Table 1: Closure table

+¢ 0 1 2 3 4 5
o o0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
33 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

Consider the neutrosophic set A: 3 — [0, 1] x [0, 1] x [0, 1] defined by the following membership values

(0 € N)=(0.270, 0.215, 0.115); (1 € N) = (0.150, 0.135, 0.315)
(2 € N') = (0.165, 0.200, 0.235); (3 € ) = (0.155, 0.125, 0.320)
(4 € N') = (0.250, 0.210, 0.140); (5 € A) = (0.220, 0.120, 0.260)

Tables and [4] give the meet and join values of the elements of 2

Table 2: Meet of the truth membership values of 3

A

(0]

(1]

(2]

(3]

(4]

(3]

(0]
(1]
(2]
(3]
(4]
(5]

0.270
0.150
0.165
0.155
0.250
0.220

0.150
0.150
0.150
0.150
0.150
0.150

0.165
0.150
0.165
0.155
0.165
0.165

0.155
0.150
0.155
0.155
0.155
0.155

0.250
0.150
0.165
0.155
0.250
0.220

0.220
0.150
0.165
0.155
0.250
0.220
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Table 3: Meet of the indeterminate membership values of

A

[0]

(1]

(2]

(3]

(4]

(3]

(0]
(1]
(2]
(3]
(4]
[S]

0.215
0.135
0.200
0.125
0.210
0.120

0.135
0.135
0.135
0.125
0.135
0.120

0.200
0.135
0.200
0.125
0.200
0.120

0.125
0.125
0.125
0.125
0.125
0.120

0.210
0.135
0.200
0.125
0.210
0.120

0.120
0.120
0.120
0.120
0.120
0.120

Table 4: Join of the falsity membership values of X

V

[0]

(1]

[2]

(3]

(4]

(3]

(0]
(1]
(2]
(3]
(4]
(3]

0.115
0.315
0.235
0.320
0.140
0.260

0.315
0.315
0.315
0.320
0.315
0.315

0.235
0.315
0.235
0.320
0.235
0.260

0.320
0.320
0.320
0.320
0.320
0.320

0.140
0.315
0.235
0.320
0.140
0.260

0.260
0.315
0.260
0.320
0.260
0.260

With p = 0.6 and the implication operator is that of Kleene-Dienes, then N = (N, N, Ng) is a ), neutrosophic

§ subgroup over a finite group.

Theorem 3.3. Let N'= (N, N, Ny) be a J, neutrosophic § subgroup over a finite group . Then for all

v € X, we have

(i) Jp(veN)—(eeN)
ie.,
j‘p(l/ €N>.)4)(€ €N>.)
Jo(V € Ni) = (e € Nia)
Jp (e e Ng) =(v e Ny)

(ii) T eN) = (veN)
ie.,
vt eENL) = (vENL)
TVt € Ni) = (v € Niw)
T (vENY = (v e Ny)

Proof:
Letv €3,

(i) Jp(v €N,-)

— (v eN) AWt €N )since, T,(v e N.) =(v=t e N, )

— (v teN)
—>(€ €N>)

Therefore J,(v € N..) — (e € Ny) for all v € X.

j;,(I/ ENm)

— (v € Nw) A (v € Niw) since, T(v € Nw)—= (v~ € M)

— (vvt e My)
— (e EN[X])

Therefore J,(v € Ni) — (e € Ni) forall v €

j},(e S Nq)

— (vv=t € Ny ) since, 7, (v™1 € No)—(v € No)
—SweNyVvteN,)

—>(V€N<1)

Therefore j,(e € No) = (v € Ny ) forall v € X.

(i) (vt eN.) = (e €N,)

—(wrteN)
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—SWeN )NV LeN)
—>(V€N>)
Therefore J,(v~' € Ny.) = (v € N ) forallv € ©
fp(ufl € Nx) = (e € Nw)
— (vrt e M)
— (W eN) A1 eN
—>(V€N[><)
Therefore 7,(v™' € Ny) = (v € Niw) forallv €
J(VENG) = (eeNYV (v eN)
—wleNy
Therefore T,(v € Ng) — (v™1 € N) forall v € %.

Theorem 3.4. Let N'=(Ny., N, No) be a J, neutrosophic § set. Then N is a j, neutrosophic § subgroup

over a finite group Y if and only if forall v, ¢ € &
(v eN)N(SeEN)) = (vt eN)

ie.,

TV eN) AN (s ENL)) — (1™t eNL)

Tp((v € Niw) A (s € Niw)) = (vs ™1 € Nix)
Tn(vs™H e No) —=((v € No) V (s € Ny))

Proof:

Let N = (N, Ny, No) be a 7, neutrosophic § subgroup over a finite group X.

Letv,c e X
Tol(VEN)AN(SENL)) = (VEN)A(sTEEN)
—)(V§_1 €N>)
Jp((v € No) A (s € Nw)) = (v € Ni) A (7 € Niw)
— (vs~t € Nw)
To(vsTLENG) = (v ENY V (7L eNY)
— (v ENY V(s ENY
Conversely,
Let for each v,s € X such that
Assume that:

T(weN)N(ceN)) = (1 eN,)
To((V € No) A (s € Ni)) = (571 € Niw)
j'p(ug_l eNY) = ((veN)V (s eNY))

To prove: N is a J, neutrosophic § subgroup over a finite group X.
Let c=v in (1)
j;,((l/ €N>)/\(C €N>)) —)(I/ €N>.)/\ (I/ €N>.)
S teN,)
—>(e€/\/;)
Therefore J,((v € N) A (s € Ny)) = (e € Ny)
Jp(s ENL) = ((e € NL) A (s €NL))
—(esteN)
= (cTteN)
Therefore T,(s € Nv.) = (¢ € Ny)
T EN)ANGSEN)) > (WEN)A(TLEN)
= ()T EN)
%(V§EN>.)
Lets=vin [2)
Jo((V € Nsa) A (s € Niw)) = (v € Noo) A (v € Nia)
— (vv~t e M)
—)(EENN)
Therefore J,((v € Nx) A (s € Nix)) — (e € Nx)
T (s € Nii) = ((e € Nua) A (s € Ni))
— (e € Niw)
— (¢t e Nw)
Therefore J,(s € Ny) — (s e Nu)
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Tol(V € Noa) A (s € N)) = (v € Noa) A(s™1 € Nia)
= (v(s™H) ™t e Nw)
— (vs € M)

Lets =vin (@)
(vt e NG = (v e NGV (v € NG))
Tofe € No) (v € Ny)
J(vTtEN) = (ev™t e NG)
— (e € NV (v ENy
—>(V€N<])
Therefore T,(v— € No) = (v € No)

To(vs Tt eEN) = (v (s eN)
= ((veN)V (st eN))
—((veN)V(seN))

Thus, N is a J, neutrosophic § subgroup over a finite group X.

Theorem 3.5. Let N7 = (Niy, Nis, Nia), No = (N, Nosa, Now)-+ Nyy = (N, Ny, Nina) be n J,
neutrosophic § subgroups over a finite group ¥. Then N1 N N2 NN N,, is a J, neutrosophic § subgroup
over a finite group 3.
Proof:
N1 NN, NN N, is a J, neutrosophic § subgroup over a finite group X if it is enough to prove by previous
theorem.
Jo((v € N N N2 NN N,) A (s € NN N2 N-NNG,))

—S(wsTteNiINNoN NN, forallv, s €

(i) Jo((v € N1 N Noyw NN Ny ) A (s € N1 N Now N NN ))
— ((v € N1s) and (v € Nay ) and-- and (v € Ny,s.)) A
((s € N1y ) and (s € Nay. ) and--- and (s € N5 ))
— (v eNi) A (s €Ny ))and (v € Noy ) A (s € Nay))
and ---and (v € Nps- ) N (s € Ny )
— (v~ €Ny ) and (vs—t €Ny Jand --and (V™! €N,y )
— (vt e Nip NNy NN N )

(i) Jp((v € Nisa N Navg N0 Nwa) A (s € Nisa 0 Nasg N N Nyua))
— (v € Nix) and (v € Naow) and--- and (v € Nya)) A
((s € Nix) and (s € Nox) and-- and (s € Npx))
— (v € Nix) A (s € Niw)) and (v € Naw) A (s € Nox))
and --and (v € Nyw) A (s € Nuw))
— (157 ENiw) and (vs™t ENosJand ---and (V5™ ENpsa)
— (v € Nisa N Nasg N N Npywa)

(iii) Tp(vs™! € Niq N Nog N N Nya)
—(vsTl € Mg N Nag N N Nyo) and (vs™ € Nig N Nog NN Npo)
(v € Nia N Nag N - - N NR)V(s € Nig MN2g N N Npa))
and ((v € Nig N Nog NN Nypa)V(s € Nig N Nog N N Nog)
—((v E Nig N No<i N N Npo) and (v € N1g N Nog N N Npa) V
((s €N1<1 ﬂqu n--N qu) and(s € N1<1 m~/\/2<1 M- mqu))
= (v € Niq N Nag NN Npa)V((s € Nig N Nog N N Nyo)

Therefore N1 N N NN N, is a J, neutrosophic § subgroup over a finite group X.

Definition 3.6. A j,, neutrosophic § subgroup N = (N, N, No) of X is called a 7, neutrosophic § normal
subgroup over a finite group X if

JwvseN) = (sveN)forally,s € ¥

ie.,

Jpws €EN) = (svEN)

Tp(s € Nwi) = (s v € Nix)

Jo(vs € No) = (sv € No)
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Theorem 3.7. Let N' = (N, Ni, No) of X be a J, neutrosophic § normal subgroup over a finite group X.

Then the following conditions are equivalent.

(i) Jp(vs €N) = (sv e N)forallv, s €T
(i) Jo(vsv P eN) = (seN)forallv,s €%

Proof:

Letv,c €X

(i) = (ii)

Assume that: J,(vs € N) — (sv € N)

ie.

Jp(vs €Ny) = (sv e N)

Jo(vs € Nia) = (sv € Ni)

Jp(vs € No) = (sv € No)

To prove: jp(l/gl/*l eN)—=(seN)forallv,ce X
ie.

Ju(vsv P eNL ) = (sEN,) forallv, s €%
Jo(vsv™t € Niw) = (s € Nw) forall v, s € 2
Jn(s ENG) = (vsv~t e Ng) forallv, s € 2

(i) Jptvsv=t e No) = (vs(v 1) e N)
— (v=tug € Ny ) by using (i)
4)(§ €N>.)
Therefore, J,(vsv= € Ni) = (s € Ni)

(ii) Tp(vsv= € Nia) = (vs(v™1) € Nw)
— (v~ 'vs € Nw) by using (i)
— (s € Nw)
Therefore, J,(vsv™" € Ni) = (s € Nix)

(iii) Tp(s € No) = (v vs € No) by using (i)
— (vsv~t e Ny)
Therefore, J,(s € No) — (vev=t e N)

Letv,c€X

(i) = (i)

Assume that: J,(vev™r € N) = (s € N) forallv,c € X
ie.,

Jo(vsv P eENL ) = (s €N, ) forallv, s €%
To(vsv™ € N ) = (s € Nw) forallv, s € 2
Jols ENG) = (vsv=t e Ng) forallv, s €2
To prove: Jy(vs € N) — (sv € N)

ie.,

Jo(vs ENL) = (sv e NL)

Tp(vs € Nw) = (sv € Nw)

Jo(vs € Nog) = (sv € No)

(i) Jp(vs € No) = ((v)(vv™1) e Ni)
— (visvy)r~t e N,)
— (sv € N,.) by using (ii)
Therefore, Jp(vs € N.) = (sv € Ny)

(ii) Jp(vs € Nu) = ((vs)(vv™!) € Nw)
— (v(sv)r~t € Nw)
— (sv € Nx) by using (ii)
Therefore, J,(vs € Niw) — (sv € Nx)
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(iii) Tp(vs € No) = (v (wo)wv= )"t e N)
— (v (wvs)v e Ny)
— (v (sv) e NY)
— (sv € Ny) by using (ii)
Therefore, J,(vs € No) = (sv € Ny)

Theorem 3.8. Let N7 = (Niy, Nisa, N1a), No = (Nop, Now, Now) -+ Noy = (N, N, Nipa) be n J),
neutrosophic § subgroups over a finite group X. Then N1N\N2 N---NN,, be a J, neutrosophic § normal
subgroup over a finite group 3.
Proof:
By theorem[3.5) N1 N N N - N N,, is a J, neutrosophic § subgroup over a finite group X. Then
T ENINNoN- NN, = (st eNTNNo N NN,)
ie.,
j;(C €N1> ﬁ/\/‘2> - ﬂNn>) — (V§V_1 EN1> ﬂN2> m--- ﬁNn>)
Jo(s € Nisa N Napg N -+ N Nopa) — (vsv™t € Nisa N Nasa N -+ N Nosa)
j};(l/gy_l S qu ﬁNQq (RS mNnd) — (s ENM mN2<1 M mqu)
So by the definition of the intersection,
Jo(s € N1 NN N - NN,y )
— (¢ €Ny ) and (s € Noy ) and -+ and (¢ € Ny.)
= (vsv~t € My ) and (vsv=' € Noy ) and -+ and (vsv = € N,y )
— (vt e Ny N Noy N - NN )

Jo(S € N1 N Nag N -+ N Nopa)
— (s € M) and (s € Naow) and - and (s € Npx)
— (vsv™! € M) and (vsv~1 € Now) and - and (vsv™' € Nysq )
— (vt € Misa N Nasg N - N Noya)

5;7 (vsv=t € NigNNag N - N Npa)
— (vsv~t € Mig) and (vsv™ € Naog) and - and (vsv™' € Nipg)
— (s € Nig) and (s € Nag) and -+ and (s € Nypa)
= (s €ENia NNog N - N Noa)
By theorem N1 NN N - NN, is a J, neutrosophic § normal subgroup over a finite group 3.

4 Conclusion

Neutrosophic sets are used in many concepts of computer sciences, namely data analysis, machine learning,
data mining and object-oriented programming techniques. Object oriented programming techniques are
applied in the design and creation of a new system for implementing neutrosophic information transmission.
The benefit of utilizing neutrosophic sets for object-oriented programming is that distortions are avoided.
Further, this research work defines the 7, neutrosophic § subgroup over a finite group and demonstrated some
of the fundamental characteristics in 7, neutrosophic § normal subgroup over a finite group. In future, the
concept of 7, neutrosophic § subgroup can be applied to the fuzzy finite state machine over a group.
Researchers can also introduced the idea anti-fuzzy to 7, neutrosophic § subgroup. Neutrosophic § automata
will be helpful in pattern recognition, medical diagnosis, image processing, databases, medicine and learning
systems.
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