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Abstract

This paper introduces a broadened concept of fuzzy semi-open sets by framing them in the context of fuzzy ideals.
Where many of their elementary properties will be presented in terms of theorems and lemmas. Also, many related
examples about the validity of semi-open sets and their relationships with fuzzy ideals will be provided and
discussed.
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1. Introduction

By Zadeh [2], the fuzzy set concept was first presented. This was done to measure the degree of belonging of an
element to a set, and then this concept played a big role in the study of many concepts in Applied Mathematics,
specifically those related to intelligent systems [9] and Computer Science [10-12] in general. Chang also
introduced the fuzzy topological space [1]. Several fuzzy topologists have endeavored to investigate fuzzy closed
sets and the related principles of fuzzy topology from diverse perspectives. This becomes apparent in the initial
sections of various studies, where exploration is conducted on subjects like “fuzzy semi-open sets” and
“generalized fuzzy closed sets”. For further details, you may refer to the cited works [1-6]. The idea of utilizing
fuzzy topological ideals to describe fuzzy topological ideas has been a fascinating area of research for a while now
[see some of the pioneering papers in 7, 8, 9]. This concept is pertinent to our present study. It is essential to recall
that a non-empty collection represents a “fuzzy ideal” on a “fuzzy topological space” (M',t). This fuzzy ideal
pertains to fuzzy subsets of M" exhibiting the fuzzy heredity property, meaning that if uM" < pN" and pP™ < pM’,
then uP" < uN'. Additionally, the fuzzy ideal adheres to fuzzy finite additivity, which implies that if uM and pN’
are both less than or equal to uP, then the maximum of uM™ and PN’ is also less than or equal to pP".

In this study, we delve into various aspects of “fuzzy semi-open sets” and characterize them in relation to a “fuzzy
ideal” . Specifically, our concept of fuzzy semi- -openness encompasses both the traditional notion of fuzzy ‘semi-
openness’ and the concept of fuzzy semi -openness considered in previous research. We focus on a fuzzy
topological space (M',t) (or simply M") throughout, without assuming any separation axioms. The standard
notation (k) (Q") will be used to denote the closure, and int represents the interior of a fuzzy subset Q within the
fuzzy topological space (M',7).

Basic concepts of fuzzy set
Definition (1-1) [2] is as follows:

Consider w as a non-empty set representing a vague set. The characteristic of B in Y is determined by a
membership function pB: w — [0,1]. This fuzzy collection can be represented as:

C>={(y, uB(Y)): y E X, uB(y) < 1}
When J*y = {C: C is a fuzzy-set in y}, the set comprising all fuzzy-sets in = will be represented as J"y.

Definition (1-2) [2] :- The backing of a fuzzy-set C is the set of all y € Y such that pC(y) > 0 and is represented
by S(C).
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Definition (1-3) :- The fuzzy-set in d corresponding to the degree of membership p is a fuzzy element Q%:

~an _ (a,if c=d
QC(d)_{O,ifc *d

When 0< a < 1,d is the support of Q4(c) .

Definition (1-4) [2]:- A ‘fuzzy set’ D is termed finite if its support, denoted as S(D), comprises a finite set of
elements.

Remark (1-5):-

1) An inhabited set “a” is a ‘fuzzy set’ with degree of membership p;(a) =1,V a € A and “a” is referred to as a
crisp set.

2) For any element “a” in set A, membership-function pz(a) =0, Va€ A is characterizing an empty set and
expressed by @.

Definition (1-6) [2]:- Let MZ be a ‘fuzzy point’ and D be a fuzzy set in non- empty set C . Subsequently, M~ is in
D or D contains MZ if uMZ < uD(c) for all ¢ € C and denoted by c € S(D ).

Definition (1-7) [2] :- Let M and N by fuzzy sets of a universal set R then

1) M c Nifandonly if pgz(r) < pg(),VreR

2) M = Nifandonly if pugz(r) = pg(r) forallre R

3) M€ is the complement of a fuzzy set 7 with membership function pgc = 1—Mg(r)

4) € = M U N necessary and sufficient condition if ps(r) = max { pgz(r) , ux(N},VreRr
5) D= M n N necessary and sufficient condition uz(r) = min{ ugz(r) , ug(N},VreRr

6) More generally , for a family of fuzzy sets { M,,,: m € A where A is the any index set }
the union € = U,,,ex Mm and the intersection D = N,,c, Mm and defined respectively by
ue(r) = supmen {um(r) ;T€R }

up(r) = infmex {nm(r) ;TR }

2. Fuzzy Semi-openness With Respect To an fuzzy ldeal

Assume that the topological space / is fuzzy. Remember that if there is a fuzzy open-set R such that uR” < G’
<u(k) (R), then a fuzzy-subset G of M is considered fuzzy ‘semi-open’. This inspires our initial definition.

Definition 2-1:- If there is an open set R that is fuzzy and such that uR" — uG <r and uG — uk) (R) <p , then
a fuzzy-subset G of M is considered fuzzy semi-open’ with regard to a fuzzy ideal g (written as fuzzy g_-semi-
open). It is evident that M is fuzzy g -’semi-open’ if uM  <ug . Furthermore, for each fuzzy ideal {> on X, every
fuzzy open set M is fuzzy ‘semi-open’, and every fuzzy ‘semi-open’ set (N ) is fuzzy { -’semi-open’) for any
fuzzy ideal g on M.

Example 2-2:- Let M = {(5, 0.1), (¢, 0.1), (§, 0.1)} and = = {@, {(3, 0.1), (g, 0.0), (¢, 0.0)}, {(5, 0.1), (&, 0.0), (&,
0.1)}, M} be a fuzzy topological space. Select U = {@, {(8, 0.0), (¢, 0.1), (¢, 0.0)}, {(5, 00) (g, 0.1), (€, 0.1)}, {(3,
0.0), (¢, 0.1), (C, 0.1)}, and note that {(5, 0.0), (s 0.1), (¢, 0.0)} is a fuzzy ‘semi-open’ U; on the other hand, {(5,
0.0), (g, 0.1), (€, 0.0)} is not fuzzy ‘semi-open’ in the sense that there is no fuzzy open set R such that uR < {(3,
0.0), (¢, 0.1), (€, 0.0)} < u(g)(R). Therefore, a fuzzy set may not be fuzzy semi open in the conventional sense even
if it is fuzzy semi open.

The following scenario illustrates how fuzzy semi-openness and fuzzy g semi-openness coincide for a fuzzy ideal
g that is not countably additive.
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Theorem 2-3:- On a fuzzy topological space M, the subsequently are the same as a fuzzy ideal :

1. g is the fuzzy minimal ideal on M; that is, { = {® J}; 2. There is no distinction between fuzzy semi-openness
and fuzzy g-semi-openness.

Proof. Assume first that' = {@ }. It is sufficient to demonstrate that a fuzzy-set G is always fuzzy ‘semi-open’ in
the conventional sense if it is fuzzy —semi open. In fact, if G is fuzzy g -’semi-open’, then pR — pG, pG —
U(K) (R) <p ={@ },and so uR < uG < (k) (R), demonstrating that G is fuzzy ‘semi-open’. On the other hand,
assume that a fuzzy set G is fuzzy ‘semi-open’ whenever it is fuzzy -’semi-open’. Assume uH < I.

Hence, H is assumed to be fuzzy ‘semi-open’ and fuzzy -’semi-open’. Thus, p(Vl) <pH <u(cl) ((Vl) ) implies
the existence of a fuzzy open set (V1). Max{ pH, u(Vl) } <ug since uH <ug and p(Vl) <uH implies that
u(V1) <u. This means that there is a fuzzy open set (V2) for which pu(V2) < max{ uH’, u(V1) } < u(cl)y ((V2))
because max{ pH’, u(V1) } is fuzzy ™ >semi-open’. The fuzzy open set (V3) is similarly defined so that p(V3) <
max{ uH ', u(V1),u(Vv2) } < u(cl) ((V3)). This means that if we keep going, we will have an endless number of
fuzzy open sets (V1), (V2), (V3),..., such that max{ uH’, u(V1),u(v2), (v3)..} <u{, which is not feasible
since the fuzzy ideal is not fuzzy closed under countable additivity. Hence, u(V1) = @ (in a similar manner for
the other Vi ’s); consequently, p(cl) (V1)) =@, and the relations pu(V1) < puH < p(cl) ((V1)) subsequently yield
uH =@, demonstrating that pc: 1 & ={@ }.

Proposition 2-4:- Let M be a fuzzy topological space, and let g and g’ and be two fuzzy ideals on it.
1. If W< u'; every fuzzy G -’semi-open’ set G is fuzzy ™' p -’semi-open’

2.If G: is concurrently ‘semi-open’ with respect to fuzzy g -’semi-open’ and fuzzy p ' -’semi-open’, then it is
min{ U } -’semi-open’.

Corollary 2-5:- Remember that &' _G = { min{ uG , uS } | uS < p{ } is also a fuzzy ideal on M for a fuzzy subset
G of M and a fuzzy ideal on M.

1. A fuzzy-set H > is considered fuzzy -’semi-open’ if and only if it qualifies as fuzzy h -’semi-open’.

2. The smallest fuzzy ideal is | _G=p{ { @}=0  if uG =@ . If a fuzzy set C fuzzy W _@ -’semi-open’, then it is
also fuzzy [ -’semi-open’.

Proposition 2-6:- If their union, expressed as max {uG ,uH }, is fuzzy g -’semi-open’, then both sets G and H
are deemed ‘semi-open’ with respect to the fuzzy ideal g

Proof. Assuming the specified conditions are satisfied. To demonstrate max {uG , pH} is fuzzy g -’semi-open’,
We are required to generate. an fuzzy open set R such that uR — max {uG , pA} < pg and max {uG , pH}— pk(R)
< ug .Since Gand H are both fuzzy g -’semi-open’, there exist fuzzy open sets R1 and R such that

MR1-pG < pg , uG— pk(R1) < pg, pR2 —pH < pg, pH — pk(R2) < pg .
Choose uR =max{ uR1, uR2 } and observe that
(max{ UR1, pR2 }) — (max {uG , pH}) = max {(UR1 — pG) — pH ), (MR2 — pH) —pG )} < 1 .
Also,
max {uG , pH} — pk (max{ puR1, pR2 3) =max{(( uG — pk(R1)) - pk(R2)),(( uG — uk(R2)) — uk(R1)} < g .
Therefore, by definition, max {uG , uH} is fuzzy § -’semi-open’.

Proposition 2-7:- Under the conditions of a fuzzy topological space M, where there exists an open single subset
{h'} such that the degree of membership of its closure p(k) ({h }) equals pM , and for any fuzzy ideal g on M
with p{h } <ug, the following conditions hold:

1. Every individual fuzzy subset M within exhibits ‘semi-open’ properties in relation to g .
2. Each finite fuzzy subset of (M) is characterized by being ‘semi-open’ with respect to g .

Proof. Under the given conditions, let's assume {5} is a fuzzy single subset of M. Considering ({} is fuzzy open
and) p{h} — n{8} = p{h} < g , and u{s} —uci{ay) = p{s} — uM = @ < g, it follows that ;-{53} is fuzzy g -

123
Doi: https://doi.org/10.54216 /1]NS.220411
Received: July 21, 2023 Revised: September 12, 2023 Accepted: October 21, 2023



https://doi.org/10.54216/IJNS.220411

International Journal of Neutrosophic Science (IINS) Vol 22, No. 04, PP. 121-126, 2023

’semi-open’; thereby establishing (1). To confirm (2), holds, let pG ={51, 52, §3 ,..., §n} be a fuzzy finite subset
of M.

Since uG = max{{s1}, {52}{33}...., {8n}}, the outcome can be derived from recognizing that each individual
fuzzy singleton subset { si} (wherei=1, 2, 3,..., n) is ‘semi-open’ with respect to the fuzzy ideal g , combined
with multiple applications of Proposition 2 stated earlier.

Proposition 3 lacks validity for any chosen fuzzy ideal.

Example 2-8:- Contemplate M = {(3, 0.6), (¢, 0.6), (¢, 0.6)}, ) = {4, {(3, 0.6), (¢, 0.0), (C, 0.0)}, {(3, 0.6), (s,
0.0), (¢, 0.6)}, M}, and observe that p g ({(8, 0.6), (g, 0.0), (¢, 0.0)}) = uM. If we opt for the smallest possible
fuzzy ideal.

If we consider uZ = {@} on M, then the fuzzy singleton subset 1(8,0.0), (¢, 0.6), (€, 0.0)} does not qualify as fuzzy
- ’semi-open’. This is due to the absence of a fuzzy open set R meeting pR — n{(g, 0.0)} <pg and pu{(g,0.0)}
—ung (R)<ug concurrently.

Proposition 2-9:- Consider fuzzy subsets G and H within a fuzzy topological field M. Suppose G is fuzzy open,
UG < pH and G is fuzzy dense in H (that is, uG < pk(G)). In that case, H is ‘semi-open’ with respect to any fuzzy
ideal ¢ on M . This conclusion remains true, especially when the degree of membership of B equals the closure
of G.

Remark 2-10: Their intersection min {uG, pH} may not necessarily be ‘semi-open’ with respect to ¢, even if two
fuzzy sets G and H are ‘semi-open’ with respect to the fuzzy ideal g . For instance, consider the fuzzy topological
space M = {{(5,0.8),(c,0.8),(C,0.8)}} with a specific fuzzy topology 6 = {@, {(8,0.8),(€,0.0),((,0.0)},
{(3,0.0),(£,0.0),(,0.8)},  {(5,0.8),(6,0.0),((,0.8)}, M}. Note that p g({(5,0.8),(0.0),0.0)}) =
{(5,0.8),(£,0.8),(,0.0)} and pf({(5,0.0),(£,0.0),(,0.8)}) = {(3,0.0),(5,0.8),(¢,0.8)}; moreover, the fuzzy subsets
{(3,0.8),(¢,0. 8) (£,0.0)} and {(5,0.0),(¢,0.8),((,0.8)} exhibit ‘semi-open’ characteristics in relation to the mlnlmal
fuzzy ideal p g = {@}, as demonstrated in Proposition 4. Nevertheless, the specific fuzzy singleton subset p{ g }
=min{{(5,0.8),(¢,0.8),(,0.0)}, {(8,0.0),(¢,0.8),({,0.8)} } does not adhere to the criteria for being fuzzy ‘semi-open’
under the fuzzy minimal ideal p g = {@}.

Certainly, if both G and pH are less than or equal to pg, then min {uG , pH } will exhibit fuzzy ‘semi-open’
properties under the fuzzy ideal g . However, for fuzzy subsets not belonging to the fuzzy ideal g, a stringent
condition ensuring their intersection is fuzzy ‘semi-open’ under the fuzzy ideal ¢ is outlined below.

Proposition 2-11:- In a fuzzy topological space M, where every non-empty fuzzy open-subset M is dense, and
the fuzzy open-subsets M satisfy the property of finite intersections, let be considered as a fuzzy ideal.

1. If H is also ‘semi-open’ with respect to the same fuzzy ideal g , given that nG < uH, then M is half-open
relate to the fuzzy ideal g .

2.1f G is half-open relate to the fuzzy ideal g , then the maximum of G and uH, denoted as max {uG , uH '},
is also ‘semi-open’ for any fuzzy subset G of M .

3. If their intersection min {uG ", uH} is also ‘semi-open” under the same fuzzy ideal , then both G and H are
half-open relate to the fuzzy ideal g .

Proof. (1) Assume G is ‘semi-open’ under the fuzzy ideal g, and pG < pH . There exists an open fuzzy set R
satisfying pnR* — pG < pg and pG — p(k) (R) < ug . Given that we are considering subsets of M™ not belonging
to the fuzzy ideal & , it's imperative to note that such an open set R* must be non-empty. Because pG <pH , the
uR — pH < pR — 4G < pg ; moreover, pH — pk(R) = pG — pM = p@ < g . Thus, H is fuzzy § -’semi-open’.

(2) Since uG <pH < max{ uG ,uH }= uH, (2) is a direct consequence of (1).

(3) Assume both G and H are ‘semi-open’ under the fuzzy ideal g . Without loss of generality, consider min{
UG uH }#@; if it were empty, min{ pG ,uH } would be trivially ‘semi-open’ under g . According to the given
conditions, there exist open fuzzy sets R and S such that uR — uG, pG — (k) (R) <pug,and pV — pH, uH —
(k) (S) < ng . Consider the fuzzy open set obtained from the intersection of pR™ and pS’, affirming its non-
emptiness owing to the fuzzy finite intersection property. Since the difference between this set and min{ uG ,uH
} is bounded by ug , and the difference between min{ uG ,uH } and its closure in 1 min{ uR ,uS™ } is also within
ug , it can be concluded that min{uG ,uH } is ‘semi-open’ under the fuzzy ideal g .
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Remark 2-12:- The fuzzy singleton subset, composed of elements such as {(8,0.0),(e, 0.6), (C 0.0)}, revealed
specific characteristics in Example 2 was not ‘semi-open’ under the minimal fuzzy ideal ug = {@}. However, it's

noteworthy that the fuzzy set {{(8,0.6),(€,0.6),((,0.0)} = max{ {(3,0.6),(¢,0.0),((,0.0)} , {( 6,0.0),(¢,0.6),(C0.0)}}
is ‘semi-open’ under ug = {@ }. This is because the non-empty open singleton subset {( 5,0.6),( €,0.0),( {,0.0)} is
densely distributed in M, which aligns with Proposition 5(2) mentioned earlier.

Proposition 2-12:- In the context described in Proposition 5, G is ‘semi-open’ under the fuzzy ideal g ifand only
if the closure of G, denoted as (k) (G ), is also ‘semi-open’ under the same fuzzy ideal g .

Proof. If G is ‘semi-open’ under the fuzzy ideal g , then, because G < u(k)~(G~), its closure (k) (G') is also ‘semi-
open’, as stated in Proposition 5(2). On the other hand, if (k)N(G~) is ‘semi-open’ under the fuzzy ideal g, an open
fuzzy set exists R such that uR - (k) (G )<ug and (k) (G )— (k) (R) < pg . It's important to note that U must
be non-empty; otherwise, (k) (R') = u@ , which implies pG < ug - asituation we aim to steer clear of situations
involving subsets that do not fall within the fuzzy ideal g . To establish G as ‘semi-open’ under the fuzzy ideal g,

consider the fuzzy open set uS = R — p(k) (G)), obtained from the assumption that pR™ and p [(((k) (G))) “c <
ug . It is evident that uS — pG = min{pR’, p [(((K)(G))) "c,uG " c} < pg due to the heredity property.
Additionally, uG — u(k) (S) = uG — (k) (min{ uR" , p [(((K) (G))) ~c}) = UG — UM = u@ < ug. This
demonstrates that G qualifies as ‘semi-open’ under the fuzzy ideal g .

Proposition 2-14:- For a fuzzy subset G of M, the conditions listed below are interchangeable:

1. The set uM — puG exhibits ‘semi-open’ properties under the fuzzy ideal g .

2. A closed fuzzy set exists (W ) such that Jint(W) — unG < pg and pG — uW <pg.

Proof. Let's begin by assuming that uM — pG  is ‘semi-open’ under the fuzzy ideal g . This implies the existence
of an open fuzzy set R such that pR — (uM — uG ) < pug and (uM — uG ) — u(k) (R) < pg . Since uR” — (R —
WG is equivalent to G — (UM — pR) and (UM — uG) — p(k) (R)) corresponds to int(LM™ — pR’) — pG', we can
satisfy condition (2) by selecting the fuzzy closed set uM —uR as W Conversely, assumlng condition (2) holds,
choosing the fuzzy open set pR = pM — uW demonstrates that uM — uG is ‘semi-open’ under the fuzzy ideal

g.

Definition 2-15:- A ‘fuzzy subset’ G of M is deemed semi-closed under the fuzzy ideal g (denoted as fuzzy g
-semi-closed) whenever uM — puG exhibits '“semi-open’' properties under the same fuzzy ideal g .

Proposition 2-16:- If G and H are both semi-closed under the fuzzy ideal g, their intersection min{ pG ,uH" }
also qualifies as semi-closed under the same fuzzy ideal g .

Proof. Assuming the specified conditions are satisfied. Fuzzy closed sets W1 and W2 are exist subject to the
condition that int(W1) — uG , uG — pW1 < pg and int(W2) — uH , pH — pW2 < pg . With pW = min{ pW1 ,
uW23} , we have that Int(min{ uW1 , pW2}) — (min{ pG , pAH}) = max{ min{ int(uW1) — uW , int(uW2) },
min{ int(uW1), int(uW2) — pH }} < ug ,

and

(min{ uG , uH}) — (min{ pW1 , uW2}) = max{ min{ uG — pW1, ul }, min{ pG , pAH - pW2 }} < 13 ;
therefore, min{ uG , uH} is fuzzy g -semi-closed.
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