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Abstract

This paper introduces the concept of the neutrosophic Laplace distribution (LDy), a probability distribution derived
from the Laplace distribution. The LDy offers a versatile framework for describing various real-world problems.
We highlight the neutrosophic extension of the Laplace distribution and explore its applications in different areas.
Extensive investigations into the mathematical properties of the distribution are presented, including the derivation
of its probability density function, mean, variance, raw moment, skewness, and kurtosis. To estimate the
parameters of the LDy, we employ the method of maximum likelihood (ML) estimation within a neutrosophic
environment. Furthermore, we conduct a simulation study to assess the effectiveness of the maximum likelihood
approach in estimating the parameters of this new distribution. The findings demonstrate the potential of the LDy
in modeling and analyzing real-world phenomena. Eventually, some illustrative examples related to system
reliability are provided to clarify further the implementation of the neutrosophic probabilistic model in real-world
problems.
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1. Introduction

The Laplace distribution is a probability distribution that can be derived from the exponential distribution and is
commonly used for analyzing and modeling real-world problems. It is also known as the "law of the difference
between two exponential distributed random variables,” which highlights its connection to exponential
distributions. This distribution is sometimes referred to as the "two-tailed distribution” or the "double exponential
distribution.” While its tails decay faster than those of the Cauchy distribution, they are less sharp compared to the
Gaussian distribution [1].

The renowned economist J.M. Keynes [2] discussed the Laplace distribution in one of the earliest English language
sources, describing it as a law of error. This distribution [3] finds applications in various fields such as economics,
life sciences, and stochastic modeling. It plays a similar role under geometric summation as the Gaussian
distribution does under ordinary summation. Additionally, the Laplace distribution characterizes errors in timing
devices subjected to periodic excitation, as demonstrated by McGill in 1962 [4].

While the normal distribution [5] has commonly been used as an alternative to the Laplace distribution, the Laplace
distribution has gained significant interest due to its intriguing applications in modeling. One of its key features is
its ability to represent the likelihood of deviations or mistakes from a central value. In the field of astronomy,
several astronomers are currently working on determining the distance of celestial objects from different points on
Earth [6]. Hsu [7] discusses instances in sea and air navigation where accurately predicting the distribution of
position mistakes in vessels and aircraft, obtained by combining data from complex navigation systems, is crucial.
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Simon [8] is credited with discovering this distribution in 1774. In recent years, the Laplace distribution and similar
distributions have garnered attention due to their resilience qualities, making them appealing for various applied
research fields [9].

This work introduces the notion of the LDy with the main goal of integrating unclear knowledge about the research
variables. The best of our knowledge, no research has previously examined the neutrosophic structure of the
laplace districution. The key mathematical properties of the suggested neutrosophic laplace distribution have been
discussed in this study. Uncertain study parameters must be included in the model that represents a data-generating
process since they cannot be ignored for practical analysis. This study proposes a unique extension to increase the
application of the Laplace distribution in applied statistical research. Specifically, when fitting pollutant
concentration data, the LD_N group is incorporated, which consists of several elements exhibiting a highly
reasonably frequent distribution.

The motivation for this generalization stems from Smarandache's exploration of neutrosophy, a concept that deals
with claims that are false, true, inconsistent, neutral, uncertain, or somewhere in between [10]. Neutrosophy logic
[11]-[13] helps in studying data that exhibit indeterminacy in various real-world scenarios [14]-[17]. Neutrosophic
statistics is employed to handle such data, as it extends classical statistics to address incomplete, ambiguous,
confusing, or uncertain measurements [18]-[20]. Recently, the utilization of neutrosophic statistics has gained
significant attention due to its favorable qualities, particularly when traditional statistics fail to accommodate the
types of data [21]-[23]. Applied research has also employed neutrosophic statistics, as seen in literature references
[24]-[26]. Furthermore, neutrosophic statistics has contributed to the study of indeterminacy effects in statistical
process control [25]-[31].

The study remaining sections are organized as follows: The introduction of LDy provides in Section 2. The
mathematical strategy used to identify unidentified distributional variables is described in Section 3. In Section 4,
a Monte Carlo simulation is performed to verify the theoretical outcomes of the neutrosophic model. An
application of the suggested model is described in Section 5. The major study findings are finally presented in
Section 6.

2. Proposed Model

A continuous random variable Z is said to follow neutrosophic Laplace distribution (LDy) with two parameters if
its pdf is of the form:
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Figure 1: PDF plots of the proposed model
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where py= [W, 1] is the neutrosophic location and Ay = [A;, A, ] is the neutrosophic scale parameters respectively
of the LDy . Note that when y, = p, = pand A} = A, = ALDy convert to the current Laplace distribution.

Another key function of the LDy is the cumulative function (CDF). This CDF is used to estimate the likelihood
that a certain number of operational objects will fail in less than or equal to the specified period. If it’s CDF is the
form of:
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Figure 2: CDF plots of the proposed model

Definition 1: If Z follows the LDy then E(Z) = uy

Proof: By definition the mean of the LDy is:

E(2) =ffow2ﬁexp( lz- “N')dz 3)
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Un = [y, 1] » hence proved.
Definition 2: If Z follows the LDy, The variance of Vy(2) = 223

Proof: Noting that variance of the LDy is:

W (2) = E(Z2?) — [E(2)]? ()
And
E(Z?) = [© Zz—exp( \z- ”N')dz (6)
1 HN Z - l,lN 1 © _Z + HN
= 2 i 2 _~2'PN
) Z exp( . )dZ + 2 ), Z exp( . )dZ
1w — W — Ky
— 2 2
2}\1 Z exp ( X ) dz, 27\u i Z exp ( . ) dZ]
-Z4+ 1 (= -Z+ uu)
2 2
+ lef Z exp( y )dZ'ZAu.[uuZ exp( . dz

Further simplification provides;
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And

[%f:zz exp <Z ;uuu> dz + ziu f:zz exp <%‘:Hu> dZ] =2 + 22
Thus becomes equ (6)
Vn(2) = [2A%,2A2] = 2A% , hence proved.
Definition 3: Show that k' raw moment of the LDN is pf

Proof: Noting that the k™ moment of the LDy is:

Hin(2) = 7, 2% exp (-2 az W
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And

So,
uk = [uK, uk] , where k = 1,2, ..., the k™ moment about the origin of the LDN distribution.
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WiN = HiN = HN
Man = Mzn — (H1n)? = 1§ + 22%
Man = Mn — 3Hznbin + 2(kin)* = KR + 6pyA%
MoN = Hin — 4u5a iy — 3(upn)? + 1205, (1Y) % — 6(ufn)* = uy + 12pRA% + 242
Definition 4: Show that the coefficient of skewness for the LDy is O.

Proof: The coefficient of skewness for LDy is given by:

’ P-gN

MmN =3 C)]
(1zn) /2

Where
Moy = BY + 2A% and pay = kY + 6puNAR
By substituting (9) provides;

Y+ 6uNAY
N= T 3

(W +223) 72

I

nin = [0,0], hence proved.
Definition 5: Show that the coefficient of kurtosis for LDy is 6.

Proof: By definition the coefficient of kurtosis is given by:

Mon = 2% (10)

2N
Where Wy = uy + 12u&A% + 2425 and why = ug + 223
By substituting (9) provides;

, uy + 12p%A% + 2423
Mon =
A TR

where
n,n = [6,6], hence proved.

Note that the mean, variance are indeterminate values whereas sknewness and kurtosis are crisps values. For
different values fixed value of uy = [0, 0] and different values of Ay are calculated and shown in Table 1

Table 1: Descriptive statistics based on analytical results of the proposed model

Ay Mean Variance Mode Skewness Kurtosis
[0.5,1] [0, 0] [0.5, 2] [0, 0] [0, 0] [6, 6]
[1.5,2] [0, 0] [4.5, 8] [0,0] [0, 0] [6, 6]

[3,4] [0, 0] [18, 32] [0,0] [0, 0] [6, 6]
[4,5] [0, 0] [32, 50] [0,0] [0, 0] [6, 6]

Table 1 reveals an intriguing finding: when the scale parameter varied, it introduced a certain level of uncertainty
in estimating the variance of the suggested model. Nevertheless, it is important to point out that intervals with
equal lower and upper bounds consistently produced accurate and clear values, aligning with what was expected
from the model.

This result emphasizes how changes in the scale parameter affect variance and underscores the dependability of
the model within particular parameter intervals.
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There are some important functions in context of Laplace distribution that commonly used in reliability theory. In
probability and statistics, the survival function is fundamental to the study and practice of modelling data with
survival or lifespan features. The survival function plays a crucial role in elucidating the characteristics and
practical utility of the Laplace distribution. The survival function of the proposed model can be defined as:

1 1Z — pl
Sn(z) =PlZ>z]| = Kexp B dz
N N
Z

Simplifying the integral provides:
= _Zoewl
Sn(@) = exp (=52 1D

The graph of Sy (z) function for different values of different values of neutrosophic parameters are shown in Figure
3
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Figure 3: Survival curve of the proposed model

Figure 3 shows that the suggested model exhibits a clear exponential decay pattern in its survival curve, making it
highly suitable for modeling data with survival or lifetime characteristics. This implies that as time or the event
being studied progresses, the likelihood of the event not happening decreases exponentially. Additionally, an
essential aspect of reliability theory is the hazard function, which can be defined for this proposed model as
follows:

1

_8n@ _ 1
Hy() = B0 - L 12)

The hazard curve of the proposed model is depicted in Figure 4.
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Figure 4: Hazard function of the proposed model
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The hazard function of the suggested model is a constant, indicating that the hazard does not change with z. This
means that the hazard rate remains the same regardless of the value of time or the point on the x-axis. The constant

hazard rate % dicates that the risk of the event occurring is uniform and does not change over time. This property
N

is unique to the Laplace distribution and stands in contrast to many other survival distributions where the hazard
rate changes over time. Thus, the hazard function of the Laplace distribution is distinguished by a steady, flat line
that indicates a consistent and uniform hazard rate. This specific characteristic is exclusive to the Laplace
distribution and carries significance in comprehending the distribution's features, its relevance in survival analysis,
and its resilience against outliers and extreme values.

3. Estimation Procedure

The estimation procedure of the LDy involves using maximum likelihood estimation (MLE) to estimate the
parameters. MLE aims to find the parameter values that maximize the likelihood of observing the given data. In
the case of the Laplace distribution, the parameters to be estimated are the location parameter () and scale
parameter (Ay). By maximizing the likelihood function, we can obtain estimates for py and Aythat best fit the
observed data.

Let a dataset Z = {z,, z,, ...z, } assumed to be independently and identically distributed according to the proposed
neutrosophic model with parameters py and Ay.

The likelihood function for the LDy is

|Zi—HN]|
§C kA 12) = TTiL, 55— exp (— ) (13)

N

By simplifying calculations, the natural logarithm of the (13) can be taken without altering the position of the
maximum.

1
In §(py, An 12) = —nIn(2Ay) — i ic1lzi — pwl (14)
To maximize with respect to py, we differentiate the (14) with respect to py and set the derivative equal to zero.

sng(py, A [2) _ 1

. - TIL, sign(z; — ) = 0 (15)

Solving (15) for uy leads to:

i=1 sign(z; — py) = 0 (16)

Equation (16) states that the sum of the signs of the deviations of the data points from py is zero. This leads to the
MLE of py, which is the median of the data.

To maximize with respect to Ay, we differentiate the log-likelihood function with respect to Ay and set the
derivative equal to zero.

This yields:

1

Ay = ; i1lzi — pwl 17)
Thus expressions (16) and (17) provide neutrosophic estimates for the location and scale parameters that maximize
the likelihood of the observed data under the proposed LDy.

4, Simulation Assessment

In this section, we have explored the theoretical foundations and examined some important distributional
characteristics of the proposed NLD in the neutrosophic framework. For simplicity, the distribution characteristics
that are parameterized as shown in (6) and (7) are provided below:

The quantile function of the LDy, also known as the inverse CDF, is a mathematical function that calculates the
value at which a given probability is reached. It is commonly used in statistical analysis and modeling to determine
percentiles and critical values associated with the Laplace distribution. The following assertion is the basis of the
inverse transformation approach, which acts as a general method for simulating a random sample from the
neutrosophic model.
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The quantile function (inverse cumulative distribution function) of the LDy with location parameter uy and scale
parameter Ay is given by:

e(t, in, An ) = pn — Aysign(t — 0.5)In(1 — 2t — 0.5]) (18)

Here, o(t, iy, Ay ) represents the quantile value corresponding to the cumulative probability t, p is the location
parameter, y is the scale parameter Ay, and sign(t) returns +1 for positive values of t and -1 for negative values
oft. The cumulative probability t is in the range zero and 1. This formula maps a given cumulative probability t to
the corresponding quantile value from the Laplace distribution with the specified parameters. The quantile function
is commonly used in statistics to determine the value at which a given probability occurs in a distribution. It allows
for the calculation of specific percentiles or quantiles, such as the median or quartiles, based on the location and
scale parameters of the distribution. This function can be harnessed to generate random data that accurately reflects
the density outlined in equation (1). The analytical outcomes encompassing mean, variance, and estimated values
of parameters can undergo validation through Monte Carlo simulation.

To validate theory-derived conclusions, a practical approach is to follow a straightforward process. This involves
selecting specific values for the parameters Ay ranging from 1.5 to 3 and py ranging from 0.5 to 1. By setting these
parameters, a dataset of 10,000 random samples is generated from a uniform distribution. These random samples
are then transformed into 10,000 pseudo neutrosophic random samples using equation (18), effectively
representing the LDy. We utilize simulated datasets which serve as empirical evidence to support the analytical
properties discussed in Section 2 of our study. We conduct a thorough examination and comparison of various
statistical characteristics such as mean, variance, and estimated parametric values of the proposed model. The
results of this analysis are presented in Table 2, enabling us to evaluate the agreement between the theoretical and
simulated outcomes.

Table 2: Estimated values of the proposed model based on simulated data

Sample Size Estimated py Estimated Ay Estimated Mean Estimated Standard
Deviation
20 [1.08, 1.78] [1.15,1.31] [1.08,1.78] [1.63,1.85]
50 [0.72, 1.41] [0.99, 1.99] [0.72, 1.41] [1.40, 2.82]
80 [0.46, 0.92] [1.00, 2.00] [0.46, 0.92] [1.42, 2.84]
100 [0.58, 1.17] [0.77, 1.54] [0.58, 1.17] [1.09,2.18
150 [0.46, 0.93] [0.90, 1.80] [0.46, 0.93] [1.27, 2.54]

Table 2 presents the estimated values of specific statistical properties of the proposed model, which have been
calculated for various sample sizes. In order to simplify the computation process, the sample sizes have been set
at fixed precise values, although they can also be imprecise. These estimated values have been obtained by utilizing
ML estimation as defined in Section 3. As the number of observations in the sample increases, the estimates for
uy and Ay become more accurate and less subject to variation. For instance, when comparing a sample size of 20
to 150, the range of estimated values becomes narrower. This indicates that larger sample sizes allow for more
precise estimates of the parameters. As the sample size increases, both the estimated mean and standard deviation
values show a similar pattern. The range of estimated values becomes narrower, signifying enhanced precision
with larger samples. It is encouraging to see that the estimated parameter values, mean, and standard deviation are
within the specified ranges. This indicates that the simulations are in line with theoretical expectations, which
further supports the validity of the proposed model.

5. Application to Real World Data

In this section, we will examine a genuine dataset that focuses on water levels in Bedfordshire, England. More
specifically, we will analyze data from the Bedford Road Sluice Northampton Automation Monitoring Station.
This dataset consists of daily measurements gathered by the Environment Agency's network of monitoring stations
[32]. Valuable information can be accessed from this separate website where data from different sources is
combined. This website offers a map that displays river levels and flood warnings in one place. Additionally, it
provides in-depth information about each river level monitoring station in England and the corresponding flood
warning areas. To carry out our analysis, we will be using data obtained from this platform. The data will cover
daily observations specific time period from June 5, 2017, to July 2, 2017. Our goal is to apply the proposed
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neutrosophic model to real-world water level observations in order to gain insights and make descriptive analysis.
This analysis will help us better understand water level dynamics and assess potential flood risks in the
Bedfordshire region.

Measuring the water level of a river can be quite challenging because it constantly fluctuates and is always
changing. To overcome this challenge, we record both the lowest and highest water levels during a specific time
period. These important measurements are then summarized in Table 3, giving us an idea of the variability that
exists in the water levels of rivers in this particular region.

Table 3: Real data on water level collected at Bedford Road Sluice Northampton Automation Monitoring Station

Water level

[55.94, 55.95]
[55.92, 55.95]

[55.95, 55.96]

[55.95, 55.99]

[55.92, 55.96]
[55.93, 55.95]

[55.96, 55.98]

[55.99, 56.02]

[55.93, 55.97]
[56.04, 56.05]

[55.96, 55.98]

[56.01, 56.05]

[55.91, 55.98]
[56.00, 56.04]

[55.97, 55.98]

[56.00, 56.02]

[55.88, 55.91]
[55.96, 55.99]

[55.95,55.98]

To ensure the integrity of our analysis, it is crucial to first comprehend the distribution of the data before delving
into our analytical journey and implementing our proposed model. In order to achieve this, we have created basic
probability plots in Figure 5 that illustrate the average water levels over time. These records of average water levels
can be easily obtained from the same reliable data source.
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Figure 5: Basic fitting plots of the flood data

The results of our probability plots, as shown in Figure 5, provide interesting insights. The data demonstrates a
balanced pattern, with observations evenly distributed above and below the central tendency. This symmetrical
distribution implies that the Laplace distribution, which is renowned for its symmetric properties, could be a
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suitable model for the observed data. The Laplace distribution, also known as the double-exponential distribution,
is ideal for situations where data shows symmetry and resilience to outliers. Given the symmetrical nature of the
average water level data, we can confidently consider the Laplace model as a suitable choice for further analysis.

The current form of our dataset presents a challenge for the conventional Laplace model. This is because the
recorded water level values exhibit fluctuations and variability that do not align with the assumptions of a standard
Laplace distribution. The imprecision in these values makes the Laplace model less suitable for analysing our
dataset, which requires a different approach. To address this challenge, we have presented a proposed model that
is tailor-made to handle the intricacies and inaccuracies found in our dataset. This groundbreaking model provides
a versatile framework for efficiently capturing and analysing the water level data.

Table 4: Descriptive analysis of the real data using proposed model

Descriptive measures Estimated values
Location Parameter [55.95, 55.96]
Scale Parameter [291.02, 291.03]
Mean [55.95, 55.96]
Standard Deviation [411.46, 511,53]
Mode [55.95, 55.96]
Skewness [0, 0]

Table 4 displays the outcomes of implementing the suggested model, which demonstrates its ability to effectively
adjust to the distinct features of the water level measurements. Through utilizing this enhanced methodology, our
objective is to obtain more precise and meaningful insights from the collected data. Table 4 displays the outcomes
of implementing the suggested model, which demonstrates its ability to effectively adjust to the distinct features
of the water level measurements. Through utilizing this enhanced methodology, our objective is to obtain more
precise and meaningful insights from the collected data. The analysis presented in Table 4 emphasizes the
importance of accounting for uncertainty in recorded observations. In conventional descriptive statistics, precise
values are typically used to make conclusions about a dataset. However, for data like our water level measurements
that inherently have imprecision and uncertainty, a different methodology is required. In Table 4, we observe a
departure from the conventional, as our statistics take on an uncertain character. This shift acknowledges the reality
that our data may not lend itself to the usual precision associated with statistical summaries. Instead, we embrace
uncertainty as an integral part of our analysis, recognizing that it reflects the complex and dynamic nature of the
recorded water level values. By including uncertainty in our descriptive statistics, we enhance the accuracy of our
analysis and obtain a more realistic portrayal of the dataset. This methodology enables us to consider variations
and uncertainties, leading to a more comprehensive comprehension of the patterns and trends within the water
level data. By embracing this perspective, we can enhance our ability to tackle the difficulties brought about by
uncertain data in the field of hydrology and flood management. Consequently, it empowers us to make more well-
informed decisions.

6. Conclusions

In this work, we have introduced and explored the concept of the neutrosophic Laplace distribution (LDy), a
versatile probability distribution derived from the Laplace distribution. Our findings demonstrate that LDy offers
a reliable approach for addressing diverse real-world challenges. We have broadened the scope of the Laplace
distribution by incorporating it into a neutrosophic context, allowing for its application in various fields. During
our research, we thoroughly examined the mathematical characteristics of the LDy, such as its probability density
function and moments (mean, variance, skewness, and kurtosis). Additionally, we introduced the method of
maximum likelihood (ML) estimation within the neutrosophic framework to accurately estimate the distribution's
parameters. Furthermore, an evaluation of the ML approach in estimating parameters for this innovative
distribution has been carried out through a simulation study. The outcomes obtained from our analysis have
confirmed that LDy has the capability to effectively model and analyze real-life phenomena. To demonstrate the
practicality of our suggested approach, we have applied it to examine water levels in Bedfordshire, England.
Specifically, we have utilized data from the Bedford Road Sluice Northampton Automation Monitoring Station.
This case study showcases how LDy can effectively handle fuzzy environmental data and emphasizes its potential
for future use in different fields.
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