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Abstract

In this paper, we have studied for the first time the concept of n-potent fuzzy groups and n-potent anti-fuzzy
groups. Many related properties will be proved such as the intersection of n-potent fuzzy groups, the product of
n-potent anti-fuzzy groups, and the factor groups formed by these structures.
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1. Introduction and preliminaries

The algebra associated with fuzzy sets plays a major role in many studies in the field of theoretical mathematics,
where we find that these sets have been widely used in the study of groups, rings, vector spaces, and also
matrices [1-7].

On the other hand, many algebraic structures have appeared that are related to Fuzzy sets, which represent a
generalization of them, such as neutrosophic and refined neutrosophic sets and their wide applications [8-12].

Fuzzy groups have been studied by many researchers, where a lot of their properties have been deduced such as
subgroups, normal groups, solvability, and also their homomorphisms, see [2-4].

In this research paper, we focus our effort on taking advantage of the natural powers of group elements [13-14]
and relating them to fuzzy groups, where we define for the first time the concept of n-potent fuzzy groups and n-
potent anti-fuzzy groups. Many related properties will be proved such as the intersection of n-potent fuzzy groups,
the product of n-potent anti fuzzy groups, and the factor groups formed by these structures.

2. Main discussion

Definition:

Let (G, u) be a fuzzy group, we say that it is n-potent fuzzy group if and only if u(x™) = u(x) forall x € G.
Example.

Consider Z5* = {1,2,3,4} with u: Zs* — [0,1] such that:

WD) = 0,4(3) = 3
1
W@) = u4) = 3

(Zs", ) is a fuzzy group that is because:
1 1 1
pB =p@) =pB3) = 5,u@) = @) = u@) =5, w@ D =p® = 4
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1(2,3) = p(1) < min(u(2), (1))

1
{r@24) = u(B3) =3 <min(u(2), u(4))
1
uB4) = u(2) = 3 < min(u@3), u(4)
(Z5", w) is a 3-potent fuzzy group, that is because:

1
u(3*) =u) ===u@)

3
1

u(2®) =u@B) = 3=HD)
)

u(4®) = u4
Definition.
Let (G, u) be a fuzzy group with a subgroup H < G, hence H is called n-potent fuzzy subgroup if and only if
ulx™ =ulx)oralx e H.
Theorem.
Let (G, u) be a fuzzy group, H, K are two subgroups of G, hence:
1). If G is an n-potent fuzzy group, then H is an n-potent fuzzy subgroup.
2). If G is n-potent, then H N K is n-potent.
3). If H, K are two n-potent fuzzy subgroups, then H n K is n-potent.
Proof.
1). Vx € H, then x € G, so that u(x™) = u(x), thus H is n-potent.
2). It holds by a similar argument.
3).Letx e HN K, thenx € H and u(x™) = u(x), this implies that H N K is n-potent fuzzy subgroup.
Theorem.
Let (G, u) be a fuzzy group, and H be a normal subgroup of G with j: G/H — [0,1] such that:
{ﬂ(xH) =u(x);x € H
fi(xH) = p(e);x € H
If G is n-potent fuzzy group and u(h) = u(e) for all h € H then G/H is n-potent fuzzy group if x™ & H for all
x & H.
Proof.
Letx ¢ Hand x™ ¢ H, then i(x™"H) = u(x™) = u(x) = ji(xH).
If x € H, then i(x™H) = u(e) = u(x) = g(xH).
Thus the proof is complete.
Theorem.
Let (G, u) be a fuzzy group, and H, K are two subgroups of G, if H is n-potent and K is m-potent, then H N K is
an nm-potent fuzzy subgroup.
Proof.
Letx e HNK,thenx € Hand x € K, sothat u(x"H) = u((x™)™) = u(x™) = u(x), thus H n K is mn-potent
subgroup.
Theorem.
Let G, T be two groups, with u: G - [0,1], a: T - [0,1], where (G, u), (T, ) are two fuzzy groups, then if G and
T are two n-potent groups, then G x T is n-potent fuzzy group.
Proof.
Define B: G X T — [0,1] such that:
B(g,t) = min(u(g), a(t)), first we prove that (G x T, ) is fuzzy group.
Let g1, 9, € G,ty,t, €T, then:
Bl(g1, t1) (g2 t2)] = (9192 tits) = min(ﬂ(glgz): a(tltz))-
We have:

{u(glgz) < min(u(g1), u(g2))

a(tyt,) < min(a(tl),a(tz))

This implies that:

min(#(glgz): a’(f1t2)) < min (min(ﬂ(éh): ll(gz)), min(a’(tl), a’(tz))) = min(ﬁ(gl, t1), B(ga tz))
On the other hand, we have:

Blgnt) ™ =pg. ™) = min(u(gl_l), “(t1_1)) = min(u(gl), a(t1)) = (g1, t1)
Also,

g t)" = B(g." ") = min(u(gln), a’(t1n)) = min(ﬂ(gﬂ, a’(t1)) = (g1, t1)

T4
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Which implies the proof.
Theorem.
Let (G, w), (T, @) be two fuzzy groups with f: G — T as a group homomorphism, for ji: f(G) — [0,1] with:
{ﬂ(f () = p(x); x & ker(f)
A(f () = pe); x € ker(f)
Then:
1). (f (G), 1) is a fuzzy group.
2). If x™ & ker(f) for all x & ker (f) and G is n-potent fuzzy group, then f(G) is n-potent fuzzy group.
3). If H is n-potent fuzzy subgroup of G with x™ & ker(f) for all x € H — {e}, then f(H) is n-potent fuzzy
subgroup of f(G).
Proof.
1). Vyi, v, € f(G), there exists x;, x, € G such that:

{Jﬁ = f(x1)
y2 = f(xz)
If  x;,x, € ker(f), then a(y,y,) = ﬂ(f(x1)f(x2)) = ﬂ(f(x1x2)) = u(xyx;) < min(ﬂ(%)'ﬂ(xz)) =
min (i(f (), (f (x2)))
If x,,x, € ker(f), then y, =y, = ey, hence:
Lny2) = iey) < min(li()ﬁ):li()’z))
If x, € ker(f) and x, & ker(f), then x;x, & ker(f) and
AGny) = A(f () f () = A(F () = (xy) < min (filen), 1(f (x2)))
Also,
Ay ™) = li(f(x1_1)) =pulx, ™) = pulxy) = .U(f(xl)) = ((yy) for x; & ker(f).
For x; € ker(f), i(y;™) = Ii(f(xfl)) = p(e) = ll(f(xﬂ) =uln)
2). Lety € f(G), then there exists x € G such that y = f(x).
™ = a(f(x™) = uG™) = u@x) = 4(f () = 4.
Thus f(G) is n-potent fuzzy group.
3). Let h € f(H), then there exists h € H such that A = f(h).
a(im) = w(F (M) = p™) = uh) = 4 (£ () = (k).
Thus f(H) is an n-potent fuzzy subgroup.
Definition.
Let (G, u) be an anti-fuzzy group, with u: G — [0,1] and:
{ ™) = px)
uCx,y) = max(u(x), u(y)); vx,y € G
We say that (G, u) is an n-potent anti-fuzzy group if u(x™) = u(x) forall x € G.

Example.
Consider Zs* = {1,2,3,4} with u: Zs* — [0,1] such that:

1
{ MOEE
u(2)=u@)=u#) =0

(Zs", ) is an anti-fuzzy group, that is because:
pB M =p@)=0=p@)u@ M) =p2)=puB)=0,u(¢H=p4) =0
1(23) = p(1) = 5 = max(u(2), u(3))
And 4 u(2,4) = u(3) = 0 2 max(u(2), u(4))
u(34) = u(2) = 0 = max(u@3),u4))
(Zs", 1) is a 3-potent anti-fuzzy group, that is because:
u(3%) =pu2)=0=u@3)
u(2%) =pu) =0=pn()
p*) =p* =0

3 1
@) =pu) =3
Definition.
Let (G, p) be an anti-fuzzy group, with H < G as a subgroup, hence H is called n-potent anti-fuzzy subgroup if
and only if u(x™) = u(x) forall x € H.
Theorem.
Let (G, u) be an anti- fuzzy group, H, K are two subgroups of G, hence:
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1). If G is an n-potent anti- fuzzy group, then H is an n-potent anti- fuzzy subgroup.
2). If G is n-potent, then H N K is n-potent.
3). If H, K are two n-potent anti- fuzzy subgroups, then H N K is n-potent.
Proof.
1). Vx € H, then x € G, so that u(x™) = u(x), thus H is n-potent.
2). It holds by a similar argument.
3).Letx € HN K, thenx € H and u(x™) = u(x), this implies that H N K is n-potent anti-fuzzy subgroup.
Theorem.
Let (G, u) be an anti- fuzzy group, and H be a normal subgroup of G with (: G/H — [0,1] such that:
{ﬂ(xH) =u(x);x¢H
fi(xH) = p(e);x € H
If G is an n-potent anti- fuzzy group and u(h) = u(e) forall h € H then G/H is n-potent anti-fuzzy group if x™ ¢
Hforallx ¢ H.
Proof.
Letx € Hand x™ ¢ H, then g(x"H) = u(x™) = u(x) = g(xH).
If x € H, then g(x™"H) = u(e) = u(x) = g(xH).
Thus the proof is complete.
Theorem.
Let (G, u) be an anti- fuzzy group, and H, K are two subgroups of G, if H is n-potent and K is m-potent, then H N
K is an nm-potent fuzzy subgroup.
Proof.
Letx e HNK,thenx € Hand x € K, sothat u(x"H) = u((x™)™) = u(x™) = u(x), thus H n K is mn-potent
subgroup.
Theorem.
Let G, T be two groups, with u: G - [0,1], a: T - [0,1], where (G, u), (T, ) are two fuzzy groups, then if ¢ and
T are two n-potent groups, then G X T is n-potent anti-fuzzy group.
Proof.
Define B: G X T — [0,1] such that:
B(g,t) = max(u(g), a(t)), first we prove that (G x T, B) is fuzzy group.
Let g1, 9, € G,ty,t, €T, then:
Bl(g1, t1) (g2, t2)] = B(g1 92, t:t;) = max(u(g:92), a(t1t2))-
We have:

{H(gigz) = max(ﬂ(gﬂ'll(gz))
a(tity) = max(a’(tﬂ, a’(tz))
This implies that:
max(,u(glgz), a’(f1t2)) = max (max(u(gl), #(92)): max(a(tl), a(tz))) = max(ﬁ(gl, t1), B(g2 tz))
On the other hand, we have:
Bgut) ™ =Bg Nt = max(u(gl_l), a(tl_l)) = max(ﬂ(gl)» Uf(tl)) = (g1, t1)
Also,
B(g1,tD™ = Blg:" ™) = max(,u(gln), a’(t1n)) = max(u(gl), 05@1)) = (g1, t1)
Which implies the proof.
Theorem.
Let (G, w), (T, @) be two anti- fuzzy groups with f: G — T as a group homomorphism, for ji: f(G) — [0,1] with:
{ﬂ(f(x)) = u(x); x & ker(f)
A(f(0) = p(e); x € ker(f)
Then:
1). (f (G), i) is anti- fuzzy group.
2). If x™ & ker(f) forall x & ker (f) and G is n-potent anti- fuzzy group, then f(G) is n-potent anti-fuzzy group.
3). If H is n-potent anti- fuzzy subgroup of G with x™ & ker(f) for all x € H — {e}, then f(H) is n-potent anti-
fuzzy subgroup of f(G).
Proof.
1). Vy1,y, € f(G), there exists x;, x, € G such that:
{)ﬁ = f(x1)
¥, = f(x2)
It xp,x, & ker(f), then [(y,y,) = Ii(f(x1)f(xz)) = li(f(xﬂfz)) = u(xyx;) = max(#(xﬂ'ﬂ(xz)) =
max (i(F (), A(f (x,)) )
If x,,x, € ker(f), then y; =y, = ey, hence:
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A(y1y2) = fley) = max(ﬂ(h):ﬂ(}’z))
If x; € ker(f) and x, & ker(f), then x;x, & ker(f) and

AGny) = A(f G () = A(F () = rCx2) = max (fiCen), i(f (x2)))

Also,

Ay ™) = ﬂ(f(x1_1)) =uly ™) =ulxy) = .U(f(x1)) = a(y,) for x; & ker(f).
For x; € ker(f), i(y;,™") = ,ti(f(xl_l)) = fi(e) = .u(f(xl)) = u(y1)

2). Let y € f(G), then there exists x € G such that y = f(x).

™ = A(f (™) = u(x™) = u@x) = 4(f (%)) = 4W).

Thus £ (G) is n-potent anti-fuzzy group.

3). Let h € f(H), then there exists h € H such that A = f(h).

() = @(f (M) = ur™) = p(r) = 1 (£ (7)) = a(h).
Thus f(H) is an n-potent anti- fuzzy subgroup.

3. Conclusion

In this paper, we have defined for the first time the algebraic concept of n-potent fuzzy groups and n-potent anti-
fuzzy groups, where many related properties are presented such as the intersection of n-potent fuzzy groups, the
product of n-potent anti fuzzy groups, and the factor groups formed by these structures. We encourage other
researcher to study the solvability and poly-cyclic of n-potent fuzzy/anti-fuzzy groups.
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