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Abstract

The notion of neutrosophic nil radicals of neutrosophic ideals in rings is introduced, and related properties are
investigated. In addition, we study some relations between the nil radical of the neutrosophic polynomial ideal
of the polynomial ring R[z] induced by a neutrosophic ideal of a ring R and the nil radical of a neutrosophic
ideal of R. Finally, we find the result of neutrosophic nil radicals of neutrosophic ideals from the epimorphism
of rings.
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1 Introduction

The concept of fuzzy sets was proposed by Zadeh!® The theory of fuzzy sets has several applications in
real-life situations, and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The integration
between fuzzy sets and some uncertainty approaches, such as soft sets and rough sets, has been discussed
in'34 The idea of intuitionistic fuzzy sets suggested by AtanassovZ is one of the extensions of fuzzy sets
with better applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multicriteria decision-making©*® The notion of neutrosophic sets was
introduced by Smarandache!l' in 1999, which is a more general platform that extends the notions of classic
sets (intuitionistic) fuzzy sets and interval-valued (intuitionistic) fuzzy sets. Neutrosophic set theory is applied
to various parts, which is referred to on the site http://fs.unm.edu/neutrosophy.htm. Smaran-
daché!® generalized the intuitionistic fuzzy set, paraconsistent set, and intuitionistic set to the neutrosophic
set. Cetkin and Aygun® introduced an approach to single-valued neutrosophic ideals over a ring. Hameed et
al? introduced the notions of y-single valued neutrosophic subrings, y-single valued neutrosophic ideals, and
the sum and product of y-single valued neutrosophic ideals.

This article introduces the concept of neutrosophic nil radicals of neutrosophic ideals in rings and explores
features that are connected to it. Furthermore, we examine some connections between the nil radical of the
neutrosophic polynomial ideal of the polynomial ring R[z] induced by a neutrosophic ideal of a ring R and the
nil radical of a neutrosophic ideal of R. Finally, using the epimorphism of rings, we determine the outcome of
neutrosophic nil radicals of neutrosophic ideals.
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2 Preliminaries

Let’s start by reviewing the definition of a neutrosophic set as it was defined by Smarandache'! in 1999.

Let R be a nonempty set. A neutrosophic set A on R is defined to be a structure

A= {(z, (@), 7(2), ¢ (2)) | € R}, ()

where ;1 : R — [0,1] is a truth membership function, v : R — [0,1] is an indeterminate membership
function, and ¢ : R — [0, 1] is a false membership function. The neutrosophic set in (I)) is simply denoted by

A= (pa,va,%4).

In this section, we review some definitions which will be used in the later section. Throughout this paper
unless stated otherwise all rings are commutative rings with identity.

Definition 2.1. A neutrosophic set A = (14,7v4,%4) of aring R is said to be a neutrosophic subring of R if

pa(r —y) > min{pa(z), pa(y)}
(Vz,y € R) | va(z —y) > min{vya(z) m(y()} ; (2)
A

alz — y) < max{a (), a(y)}
pa(zy) > min{pa(x), pa(y)}

(Vey € R) | valzy) > min{ya(z), va)} |- 3)
azy) < max{ea(x), ba(y)}

Definition 2.2. A neutrosophic set A = (pa,7v4,t%4) of aring R is said to be a neutrosophic ideal of R if it
satisfies (2) and
pa(zy) = max{pa(x), pa(y)}
(Va,y € R) | va(zy) > max{va(z),7a(y)} |- €
Ya(ry) < minfia(z), Paly)}

Sometimes the notation min{a, b} is denoted by a A b, and max{a, b} is denoted by a V b.

Definition 2.3. Let A = (ua,7v4,%4) and B = (up,v5,¥s) be neutrosophic sets in a ring R (not neces-
sarily commutative). The neutrosophic sum A = (ua,7v4,%4) and B = (up,vp,¥p) is defined to be the
neutrosophic set A + B = (ia+B,YA+B, ¥ A+p) in R given by

V (naly) App(2) ifz=y+z
payp(x) = { v=y+tz

0 otherwise,

V (vay) Ays(2)) ifz=y+2z
Yatp(x) = Qv=y+2

0 otherwise,

N (aly) Vipp(z)) ifz=y+=
Yayp(x) = (7=vtz

0 otherwise.

Definition 2.4. Let A = (14,74,%4) and B = (up,v5, ¥ ) be neutrosophic sets in a ring R (not necessarily
commutative). The neutrosophic product of A = (ua,7va,%a) and B = (up,v5, %) is defined to be the
neutrosophic set A * B = (uap,vaB,Yap) in R given by

pap@) =\ N pala)Apsb; Zazb—xkeN :

1<i<k i=1

'YAB(iU):\/ /\ yala;) Avyp(b; Zalb =z,keNy,

1<i<k i=1
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wAB(x)z/\ \/ wA(ai)\/¢B(bi):Zaibi:x,keN ,

1<i<k i=1

if we can express x = Y a;b; for some a;,b; € R, where each a;b; # 0 and k € N. Otherwise, we define
i=1
AB =0, thatis, pap(z) =0, vap(x) =0,and Yap(x) = 1.

m
Theorem 2.5. 9 Let A = (j14,7v4,14) be a neutrosophic ideal of a ring R and let f(x) = > a;r; € R[z].

Define the neutrosophic set Ay = (jia, 14, 64,) on Rla] by pa, (f(2) = mine{pa(a)}, 7a, (f(2)) =
min;{va(a;)}, and Y4, (f(z)) = max;{ea(a;)}. Then A, is a neutrosophic ideal of R[x)].

3 Radical of the neutrosophic polynomial induced by a neutrosophic ideal

In this section, we study some relations between the nil radical of the neutrosophic polynomial ideal of R[z]
induced by a neutrosophic ideal of a ring R and the nil radical of a neutrosophic ideal of the ring.

Definition 3.1. Let A = (14,74,%4) be a neutrosophic ideal of a ring R. Then the neutrosophic nil radical
of A is defined to be a neutrosophic set /A = (yzvvm Yya) by nyg(@) = V pala™), v z(z) =
n>1

V 7va(z"),and ¢ z(z) = A a(a")forallz € R and forn € N.

n>1 n>1

Proposition 3.2. If A = (ua,va,%a) and B = (up,vB,¥5) are neutrosophic ideals of a ring R, then

(1) AC VA,
(2) if AC B, then VA C VB,
(3) VVA=VA

Proof. (1) Letx € R. Then

— :"L\;m(x’n) > ya(e™) > 7a(2),
Y a(r) = /§1 pa(x™) < Pa(a™) < Palx).

Hence, A C VA.
(2)Letz € Rand A C B. Then

Hence, VA C v/B.
(3) Let x € R. Then

pyE@ =V orga@™) = VY pal@)" =V pa@h) = pyz@),

17a® = Vo va@™) = VoV qal@m)" = V qa@h) =150,

bya@ = A vua@m = A A val@m)" = A $alt) = vy
Hence, VA = VA. O
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Theorem 3.3. If A = (pa, V4, A) is a neutrosophic ideal of a ring R, then VA is a neutrosophic ideal of R.

Proof. Letx,y € R. Then
pya@) Apyzy) = (V pa@™)ACV paly™))

m>1 n>1

= VOV pal@™) Apaly™)),

n>1 m>1

Ya@ Avyay) = (V ya@™) AV valy™))

m>1 n>1

= V.V yal@™) Ayaly™),

n>1 m>1

Yya@) Vi aly) = (A al@™) V( />\1¢A(y”))

m>1

n_
= ACA $a@@™)Vvaly)).
n>1 m>1
Let m,n € N. Since R is commutative, each term in the binomial expansion of (z + )" contains either
x™ or y™ as a factor. Hence, there exist r, ¢t € R such that (x + y)™ " = rz™ + ty™. Thus

(a(@™) V pa(r)) A (pa(y™) vV pa(t))
pa(rz™) A pa(ty™)

pa(rz™ +ty™)

pa((x +y)mt"

k\>/1 pal(@+y)*)

pa(z™) A pa(y™)

VAN VAR VAR VA

(va(@™) V ya(r
Ya(rz™) Avalt
ya(rz™ —l—ty)

va((z +y)mtr

k\>/17A((fE+y)’“)

Y@ +y),

(Ya(@™) AYa(r) Vv (ba(y™) Aa(t))
Yalra™) Va(ty™)

Yalra™ + ty™)

Ya((z+ y)”””")

k/>\1 al(z+y)h)

bala+y).

Ya(@™) Ayaly") ))n)A( Ay") vV ya(t))

IA I IAIAIA

Ya(x™)Vpa(y™)

VI IVIVIV

Notice that
pa(e—y) > palx) Apaly) € palz+y) > pale) Apaly),

Ya(@ —y) > va(x) Avaly) & yal@ +y) > yal@) Avaly),
Ya(x —y) <valx) Valy) < dalr+y) <tpalz)Vbaly),

respectively. Next, we have

na @) V) = (V pal) V(Y pa™)

n>1 n>1 (5)

=V (V pa@)Vuay™),

Yva@) Vayaly) = (V yal@) VvV yaly™)

n>1 n>1 (6)

= V(V 7a@™) Vyaly™),
n>1 n>1
Yoa@) A aly) = ( />\1 Ya(z™)) A( />\1 Ya(y™))
n> n> 7
= ACA $ale™) Aday™)). @
n>1 n>1
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Also

pa(x™y™)
pa((zy)™)

V pa((zy)r)

k>1
wyz(Ty),

pa(™) A pa(y™)

IA I IA

ya(z"y")
ya((zy)™)
k\>/1 va((xy)*)

val@y),

Palz"y")
Pa((zy)")
A al(zy)®)

k>1

= Y a(aY).

It follows that u, /7 (zy) > pz(%) A pyz(y)s vya(ey) = vyz(@) Avyzy), and ¥z (zy) < o z(z) v
¥ /7 (y). Hence, /A is a neutrosophic ideal of R. O

Yya(x™) Aya(y™)

IA I IA

Ya(z™) Vpa(y™)

Vv

Corollary 3.4. If A = (j14,74,%4) is a neutrosophic ideal of a ring R, then \/A is a neutrosophic subring
of R.

Proof. Let x,y € R. Then by Theorem 3.3l VAisa neutrosophic ideal of R. Thus

(T —y) > min{p Z(2), pyz(y)}
(Vz,y € R) | vyalz —y) >min{y z(x), v, z1)} |,
V(e —y) <max{y z(x), 9 z(v)}

pyalzy) = max{p, 7 (), /72 (y)}
(Vz,y € R) | vya(zy) = max{y, z(z),7,z(y)}
Y z(ry) < min{y z(z), v z(y)}
On the other hand, we have

pyz(zy) > max{p z(z), pz(y)} = min{p 7 (2), p 7))

Vyaley) = max{y,z(2), v,/z(y)} = min{y7(z),7,21)}
Y a(zy) <min{y z(2),¢,z(y)} < max{y z(2),¥,z(v)}-
Hence, v/A is a neutrosophic subring of R. O

Theorem 3.5. I[f A = (1ua,va,%a) and B = (up, VB, ¥B) are neutrosophic ideals of a ring R, then

(1) VANB=vVANVB,
(2) VAUB =VAUVB,
(3) VA+VBC VAT B,
(4) VAVB C VAB.

Proof. (1) Since AN B C Aand AN B C B, it follows from Proposition (1) that VAN B C VA and
VAN B C vBandsovAN B C vAnN+B. For another inclusion, let z € R. Then

tyinve@) = wyz@) Apyz(y)
= (V pa@™) AV paly™))
m>1 n>1
=V V (a(=™) Apa(y™)),
m>1n>1
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3

Now, let m,n € N. Then

yalx™) Ays(y™)

Ya(z™) VvV Yp(y™)

Thus p005(®) < 1yaas(@), Yvanve(®) < Yvanrs(@), and ¥ 4 5(z) >

VAN B =+AnVB.

(2) The proof follows similar to the proof of (1).
(3) The proof follows from the Deﬁnition@
(4) The proof follows from the Deﬁnition@

VIV AT IA I IA I IA

>1n>1

mn)

pa(x™) A pp(y
pang(x™")

V .UAmB(l’k)
E>1

tyans (@),

Ya(z™) Ay (y™™)
’YAmB(l‘mn)

\/ ’VAmB(UCk)
k>1

Vvans (),
Pa(x™)Vpp(y™)
'(/JAOB (xmn)

/\ wAmB (ﬂfk)

E>1

¥ /ans(@)-

Y /a5 (7). Hence,

O

If A is a neutrosophic ideal of a ring R, then A, is a neutrosophic ideal of a polynomial ring R[z] by Theorem
and the neutrosophic set v/ A, is the neutrosophic nil radical of A,.

The following theorem gives that the two neutrosophic nil radicals have the same value.

Theorem 3.6. If A = (pua,v4,%4) is a neutrosophic ideal of a ring R, then (v/A,), = (VA),.

= min{pa(al), na(0),...

min{’?A(a?), v4(0), ...

’VA(G?)’

Proof. Let f(z) = i a;x" € R[z]. By Theorem
i=0
pa,(af) =
= /U'A(a?)’
Ya,(a}) =
Ya,(aj) =

wA(a?).

https://doi.org/10.54216/IJNS.220407

we have A, = (pa,,va,,%a,), Where

fa, (@} +0x 4 02> 4 - - - + 0z™)

,1a(0)}

va, (@ 4+ 0z + 022 + - - - + 02™)

) VA(O)}

ZZJAm((Z? + 02 + 022 + -4 02™)
max{A(af),¥a(0),. ..

a¢A(O)}
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Since /A, is a neutrosophic ideal of R[z], we have (V' Az) = (u(yag),: VvaD). Y(vas). )» Where

KA. (f(x))

YA (f(z))

Hence, (vVAz), = (VA),.

rﬁg{u(m)x (ai)}
min{ V pa, (o)}

=V p>1

min{ V/ pua(al)}

ggg{u;z(ai)}
1oy, (f (@),

?gé“{”(m)x (a:)}
»3}3{ V ya,(a)}

=V >l

win{ V 7a(a})}
=Y n>1

min{y, (e}
YA, (f(2)),
Iﬁg{w(m)z (a;)}

m

max{ A\ ¢a,(a})}
] A\ va(af)}
I?ragf{¢m(ai)}
Yva, (f())-

Theorem 3.7. If A = (a,va,%a) and B = (up, VB, ¥B) are neutrosophic ideals of a ring R, then

Proof. Let A and B be neutrosophic ideals of R. Then A, and B, are neutrosophic polynomial ideals of R[x]

(VAN B),

(1) WANB), = (VA): N (VB).,
(2) (VA),U((/B), C(VAUB),,
3) (VA + (VB)r = VAT B
(4) (VAB), C (VA).(VB).

by Theorem [2.3]

(1)

)

(VAUB),

https://doi.org/10.54216/IJNS.220407

g Iy

(VAN B)2)s
(VA, N By)s
(VAy NVBy),
(VA2)2 N (VBz)s
(VA): N (VB)..
(V(AUB).)s
(VA, UB,),
(VAy UVBy),
(VAz)z U(VBg)e
(VA): U(VB)..
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3)
(VA)e + (VB),

NN

“)

g

)

8
+
R
8
g

+ |+
g

h>./\$>

ol

Sel
8

N

)2(VB).
\/%)m

5

b

Sy}
5
8

e
g'iou
8

O

Theorem 3.8. Let f : R — R’ be a homomorphism of rings and let B be a neutrosophic ideal of R'. If f, is

the induced homomorphism of f, that is, 1. (> a;x;) =

=0

Proof. Let g(x) = i:obizi € R[z]. Then v/ f~1(B)
wa (9(x)) =
7\/]«?(3)1 (9(x)) =

https://doi.org/10.54216/IJNS.220407

; flai)zs, then =1 (VB), = /F1(B)),.

x = (:u’\/f—1(B)$uu\/f71(B)w,w\/f,l(B)w),Where

mlin{um(bi)}
min{ \/ ps-1(m)(b]")}
g n>1

V min{pus—15)(0})}
n>1 *

V' min{up(f(b2))}

n>1 *

\ min{ps(f(b:)")}

n>1 *

min{ V/ (f(b:)")}

v n>1
min{ye,/5(f(b:)))
m( +(9(2)))
Y VB)a (9(z)),

m?n{vm(bi)}

aiin{ V 7y (1)
Vg0 00)
V ullnfa(F07)
V sitnfom (7))

min{ V (£(b:)")}

v n>1
mln{%ﬁ(f(bi))}
)

nf (12 (g()
v, (9(@))

&9

Received: May 12, 2023 Revised: July 12, 2023 Accepted: November 01, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 22, No. 04, PP. 82-92, 2023

wmw(g(m)) = m?%x{%/fm(bi)}
= miax{ \>/1¢f—1(3)(b?)}

- nélmtéx{wf—l(B)(b?)}
_ n/;\lmgx{z/@(f(b?))}
- n/;\lmtix{ws(f(bi)”)}
= miax{ A (g(b:)")}

= maX{%bf(g(bz) }
)

)
= bz, (alg@)

= Y- l(f)w(g(x))
Hence, f~'(VB). = \/f~1(B)),. O

Proposition 3.9. Let f : R — R’ be an epimorphism of rings. If A is a neutrosophic ideal of R, then
f(VA) € \/f(A). Further, if A is constant on Ker f, then f(v/A) = \/f(A).

Proof. Clearly, f(A) and f(+/A) are neutrosophic ideals of R’. If y € R’ and f(z) = y for some = € R, then
fl@™) =y™foralln =1,2,.... Thus

pyaly) = sup{p z(z) 2 € f7H(y)}
= sup{ \>/1 pa(z)cz € fHy)}
=V supluaa) o € £ )
= n\;/l sup{pa(z™) : 2" € f~H(y")}
- \>/1 sup{pa(z") 1z € f~Hy™)}
= :\_/1uf(A)(3/ )
= um(y),

val) = sup{yz(z):ze f~'(y)}
= sup{ \>/17A($n) rx e [T (y)}
= \>/1 s?ﬂ){’y,q(x") X e fﬁl(y)}
= :\;/1 sup{va(z") : 2" € f~1(y™)}
— n\>/1 sup{va(2") : z € f~1(y")}
= n\;/l’yf(A)(y )
= Wm@),

Yoaly) = inf{y g(@) e 71 (y)}
— inf{ />\11/1A(m”) cxe fH(y)}
- />\1 :Ln}{wA(x”') cx e fi(y)}
— :/;\1 inf{ga(z™) : 2™ € f~1(y")}
- /;\1 inf{1pa(2") : 2 € f~1(y")}
= :/;\1¢f(,4)(y )
= ¥ 5w

Hence, f(v/A) € /f(A). Further, if A is constant on Ker f and zo € f~'(y) is a fixed element, then
= pa(@f), va(z"™) = ya(zf), and Ya(2") = Ya(zf) forall z € f7(y), and pa(z) = palap),
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va(x) = ya(ag), and Ya(x) = Pa(af) forall z € f~(y"). Hence,
trvay(y) = sup{pz(x):z€ (y)}

n

= Sup{V MA)(iv )z € fH(y)}
=V bup{uA(x") ze [y}
(™) :
(") :

=V sup{pa(am)  am € ()
e M)

n
n>1

=V sup{ua(z
n>1

= Ve

= M\/f(T()

Vv () = sup{r z(z

sup{ V ya(z
n>1

n

zef(y)}

x):

(@") sz e f7H(y)}
=V sup{ya(z /-

(

(

n

x €

):
V. ): Y}
=V sup{ya(e") :a € f7H(y")
)

n>1
=V sup{ya(z"):z € f7H(y")}

n>1

= \>/1 Yreay (™)
= ’Y:/m(y),

n

Hence, f(vVA) = /f(A). O

Theorem 3.10. Ler f : R — R/ be an epimorphism of rings and let f,. be the induced homomorphism of f.

If a neutrosophic ideal A of R is constant on Ker f, then the neutrosophic polynomial ideal A, is constant on
Ker f,.

Proof. Let pa(x) = ag, ya(x) = Po, and Y4(x) = dp for all z € Ker f, where ag, So,dp € [0, 1] are

constant such that ag + So + 09 < 1. Let g(x) = Z biz; € Ker f,. Then 0 = f,(g9(z)) = Z f(by)xt,
so f(b;) = 0foralli = 1,2,...,m. Hence, b; ézl%erf forall i = 1,2,...,m, that is, qu(zbg) = o,
va(bi) = Bo, and 4 (b;) = do forall i = 1,2,...,m. Thus pa, (9(z)) = rﬁg{m(bz’)} = @0, 74, (9(2)) =
Iinzigl{,u,q(bi)} = Bo, and Y4, (g9(x)) = I?Zagi{uA(bi)} = do. Hence, A, is constant on Ker f,. O

Corollary 3.11. Let f : R — R’ be an epimorphism of rings and let [, be the induced homomorphism of f.
If an f-invariant neutrosophic ideal A of R is constant on Ker f, then f,(v/Az) = \/(f(A)).

Proof. Tt follows from Proposmonand Theorem . that f,(v/ Ay \/ fe(Ag) = \/ (f(A)),. O
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