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Abstract

The notion of neutrosophic nil radicals of neutrosophic ideals in rings is introduced, and related properties are
investigated. In addition, we study some relations between the nil radical of the neutrosophic polynomial ideal
of the polynomial ring R[x] induced by a neutrosophic ideal of a ring R and the nil radical of a neutrosophic
ideal of R. Finally, we find the result of neutrosophic nil radicals of neutrosophic ideals from the epimorphism
of rings.
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1 Introduction

The concept of fuzzy sets was proposed by Zadeh.13 The theory of fuzzy sets has several applications in
real-life situations, and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The integration
between fuzzy sets and some uncertainty approaches, such as soft sets and rough sets, has been discussed
in.1, 3, 4 The idea of intuitionistic fuzzy sets suggested by Atanassov2 is one of the extensions of fuzzy sets
with better applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multicriteria decision-making.6–8 The notion of neutrosophic sets was
introduced by Smarandache11 in 1999, which is a more general platform that extends the notions of classic
sets (intuitionistic) fuzzy sets and interval-valued (intuitionistic) fuzzy sets. Neutrosophic set theory is applied
to various parts, which is referred to on the site http://fs.unm.edu/neutrosophy.htm. Smaran-
dache12 generalized the intuitionistic fuzzy set, paraconsistent set, and intuitionistic set to the neutrosophic
set. Cetkin and Aygun5 introduced an approach to single-valued neutrosophic ideals over a ring. Hameed et
al.9 introduced the notions of γ-single valued neutrosophic subrings, γ-single valued neutrosophic ideals, and
the sum and product of γ-single valued neutrosophic ideals.

This article introduces the concept of neutrosophic nil radicals of neutrosophic ideals in rings and explores
features that are connected to it. Furthermore, we examine some connections between the nil radical of the
neutrosophic polynomial ideal of the polynomial ringR[x] induced by a neutrosophic ideal of a ringR and the
nil radical of a neutrosophic ideal of R. Finally, using the epimorphism of rings, we determine the outcome of
neutrosophic nil radicals of neutrosophic ideals.
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2 Preliminaries

Let’s start by reviewing the definition of a neutrosophic set as it was defined by Smarandache11 in 1999.

Let R be a nonempty set. A neutrosophic set A on R is defined to be a structure

A := {⟨x, µ(x), γ(x), ψ(x)⟩ | x ∈ R}, (1)

where µ : R → [0, 1] is a truth membership function, γ : R → [0, 1] is an indeterminate membership
function, and ψ : R → [0, 1] is a false membership function. The neutrosophic set in (1) is simply denoted by
A = (µA, γA, ψA).

In this section, we review some definitions which will be used in the later section. Throughout this paper
unless stated otherwise all rings are commutative rings with identity.

Definition 2.1. A neutrosophic set A = (µA, γA, ψA) of a ring R is said to be a neutrosophic subring of R if

(∀x, y ∈ R)

 µA(x− y) ≥ min{µA(x), µA(y)}
γA(x− y) ≥ min{γA(x), γA(y)}
ψA(x− y) ≤ max{ψA(x), ψA(y)}

 , (2)

(∀x, y ∈ R)

 µA(xy) ≥ min{µA(x), µA(y)}
γA(xy) ≥ min{γA(x), γA(y)}
ψA(xy) ≤ max{ψA(x), ψA(y)}

 . (3)

Definition 2.2. A neutrosophic set A = (µA, γA, ψA) of a ring R is said to be a neutrosophic ideal of R if it
satisfies (2) and

(∀x, y ∈ R)

 µA(xy) ≥ max{µA(x), µA(y)}
γA(xy) ≥ max{γA(x), γA(y)}
ψA(xy) ≤ min{ψA(x), ψA(y)}

 . (4)

Sometimes the notation min{a, b} is denoted by a ∧ b, and max{a, b} is denoted by a ∨ b.

Definition 2.3. Let A = (µA, γA, ψA) and B = (µB , γB , ψB) be neutrosophic sets in a ring R (not neces-
sarily commutative). The neutrosophic sum A = (µA, γA, ψA) and B = (µB , γB , ψB) is defined to be the
neutrosophic set A+B = (µA+B , γA+B , ψA+B) in R given by

µA+B(x) =

{ ∨
x=y+z

(µA(y) ∧ µB(z)) if x = y + z

0 otherwise,

γA+B(x) =

{ ∨
x=y+z

(γA(y) ∧ γB(z)) if x = y + z

0 otherwise,

ψA+B(x) =

{ ∧
x=y+z

(ψA(y) ∨ ψb(z)) if x = y + z

0 otherwise.

Definition 2.4. LetA = (µA, γA, ψA) andB = (µB , γB , ψB) be neutrosophic sets in a ringR (not necessarily
commutative). The neutrosophic product of A = (µA, γA, ψA) and B = (µB , γB , ψB) is defined to be the
neutrosophic set A ∗B = (µAB , γAB , ψAB) in R given by

µAB(x) =
∨ ∧

1≤i≤k

µA(ai) ∧ µB(bi) :

n∑
i=1

aibi = x, k ∈ N

 ,

γAB(x) =
∨ ∧

1≤i≤k

γA(ai) ∧ γB(bi) :
n∑

i=1

aibi = x, k ∈ N

 ,
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ψAB(x) =
∧ ∨

1≤i≤k

ψA(ai) ∨ ψB(bi) :

n∑
i=1

aibi = x, k ∈ N

 ,

if we can express x =
n∑

i=1

aibi for some ai, bi ∈ R, where each aibi ̸= 0 and k ∈ N. Otherwise, we define

AB = 0, that is, µAB(x) = 0, γAB(x) = 0, and ψAB(x) = 1.

Theorem 2.5. 10 Let A = (µA, γA, ψA) be a neutrosophic ideal of a ring R and let f(x) =
m∑
i=0

aixi ∈ R[x].

Define the neutrosophic set Ax = (µAx
, γAx

, ψAx
) on R[x] by µAx

(f(x)) = mini{µA(ai)}, γAx
(f(x)) =

mini{γA(ai)}, and ψAx(f(x)) = maxi{ψA(ai)}. Then Ax is a neutrosophic ideal of R[x].

3 Radical of the neutrosophic polynomial induced by a neutrosophic ideal

In this section, we study some relations between the nil radical of the neutrosophic polynomial ideal of R[x]
induced by a neutrosophic ideal of a ring R and the nil radical of a neutrosophic ideal of the ring.

Definition 3.1. Let A = (µA, γA, ψA) be a neutrosophic ideal of a ring R. Then the neutrosophic nil radical
of A is defined to be a neutrosophic set

√
A = (µ√

A, γ
√
A, ψ

√
A) by µ√

A(x) =
∨
n≥1

µA(x
n), γ√A(x) =∨

n≥1

γA(x
n), and ψ√

A(x) =
∧
n≥1

ψA(x
n) for all x ∈ R and for n ∈ N.

Proposition 3.2. If A = (µA, γA, ψA) and B = (µB , γB , ψB) are neutrosophic ideals of a ring R, then

(1) A ⊆
√
A,

(2) if A ⊆ B, then
√
A ⊆

√
B,

(3)
√√

A =
√
A.

Proof. (1) Let x ∈ R. Then

µ√
A(x) =

∨
m≥1

µA(x
m) ≥ µA(x

m) ≥ µA(x),

γ√A(x) =
∨

m≥1

γA(x
m) ≥ γA(x

m) ≥ γA(x),

ψ√
A(x) =

∧
m≥1

ψA(x
m) ≤ ψA(x

m) ≤ ψA(x).

Hence, A ⊆
√
A.

(2) Let x ∈ R and A ⊆ B. Then

µ√
A(x) =

∨
m≥1

µA(x
m) ≤

∨
m≥1

µB(x
m) ≤ µB(x),

γ√A(x) =
∨

m≥1

γA(x
m) ≤

∨
m≥1

γB(x
m) ≤ γB(x),

ψ√
A(x) =

∧
m≥1

ψA(x
m) ≥

∧
m≥1

ψB(x
m) ≥ ψB(x).

Hence,
√
A ⊆

√
B.

(3) Let x ∈ R. Then

µ√√
A
(x) =

∨
m≥1

µ√
A(x

m) =
∨

m≥1

∨
n≥1

µA((x
m))n =

∨
k≥1

µA(x
k) = µ√

A(x),

γ√√
A
(x) =

∨
m≥1

γ√A(x
m) =

∨
m≥1

∨
n≥1

γA((x
m))n =

∨
k≥1

γA(x
k) = γ√A(x),

ψ√√
A
(x) =

∧
m≥1

ψ√
A(x

m) =
∧

m≥1

∧
n≥1

ψA((x
m))n =

∧
k≥1

ψA(x
k) = ψ√

A(x).

Hence,
√√

A =
√
A.
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Theorem 3.3. If A = (µA, γA, ψA) is a neutrosophic ideal of a ring R, then
√
A is a neutrosophic ideal of R.

Proof. Let x, y ∈ R. Then

µ√
A(x) ∧ µ√

A(y) = (
∨

m≥1

µA(x
m)) ∧ (

∨
n≥1

µA(y
n))

=
∨
n≥1

(
∨

m≥1

µA(x
m) ∧ µA(y

n)),

γ√A(x) ∧ γ√A(y) = (
∨

m≥1

γA(x
m)) ∧ (

∨
n≥1

γA(y
n))

=
∨
n≥1

(
∨

m≥1

γA(x
m) ∧ γA(yn)),

ψ√
A(x) ∨ ψ√

A(y) = (
∧

m≥1

ψA(x
m)) ∨ (

∧
n≥1

ψA(y
n))

=
∧
n≥1

(
∧

m≥1

ψA(x
m) ∨ ψA(y

n)).

Let m,n ∈ N. Since R is commutative, each term in the binomial expansion of (x + y)m+n contains either
xm or yn as a factor. Hence, there exist r, t ∈ R such that (x+ y)m+n = rxm + tyn. Thus

µA(x
m) ∧ µA(y

n) ≤ (µA(x
m) ∨ µA(r)) ∧ (µA(y

n) ∨ µA(t))
≤ µA(rx

m) ∧ µA(ty
n)

≤ µA(rx
m + tyn)

= µA((x+ y)m+n)
≤

∨
k≥1

µA((x+ y)k)

= µ√
A(x+ y),

γA(x
m) ∧ γA(yn) ≤ (γA(x

m) ∨ γA(r)) ∧ (γA(y
n) ∨ γA(t))

≤ γA(rx
m) ∧ γA(tyn)

≤ γA(rx
m + tyn)

= γA((x+ y)m+n)
≤

∨
k≥1

γA((x+ y)k)

= γ√A(x+ y),

ψA(x
m) ∨ ψA(y

n) ≥ (ψA(x
m) ∧ ψA(r)) ∨ (ψA(y

n) ∧ ψA(t))
≥ ψA(rx

m) ∨ ψA(ty
n)

≥ ψA(rx
m + tyn)

= ψA((x+ y)m+n)
≥

∧
k≥1

ψA((x+ y)k)

= ψ√
A(x+ y).

Notice that
µA(x− y) ≥ µA(x) ∧ µA(y) ⇔ µA(x+ y) ≥ µA(x) ∧ µA(y),

γA(x− y) ≥ γA(x) ∧ γA(y) ⇔ γA(x+ y) ≥ γA(x) ∧ γA(y),

ψA(x− y) ≤ ψA(x) ∨ ψA(y) ⇔ ψA(x+ y) ≤ ψA(x) ∨ ψA(y),

respectively. Next, we have

µ√
A(x) ∨ µ√

A(y) = (
∨
n≥1

µA(x
n)) ∨ (

∨
n≥1

µA(y
n))

=
∨
n≥1

(
∨
n≥1

µA(x
n) ∨ µA(y

n)),
(5)

γ√A(x) ∨ γ√A(y) = (
∨
n≥1

γA(x
n)) ∨ (

∨
n≥1

γA(y
n))

=
∨
n≥1

(
∨
n≥1

γA(x
n) ∨ γA(yn)),

(6)

ψ√
A(x) ∧ ψ√

A(y) = (
∧
n≥1

ψA(x
n)) ∧ (

∧
n≥1

ψA(y
n))

=
∧
n≥1

(
∧
n≥1

ψA(x
n) ∧ ψA(y

n)).
(7)

https://doi.org/10.54216/IJNS.220407
Received: May 12, 2023 Revised: July 12, 2023 Accepted: November 01, 2023

85



International Journal of Neutrosophic Science (IJNS) Vol. 22, No. 04, PP. 82-92, 2023

Also
µA(x

n) ∧ µA(y
n) ≤ µA(x

nyn)
= µA((xy)

n)
≤

∨
k≥1

µA((xy)
k)

= µ√
A(xy),

γA(x
n) ∧ γA(yn) ≤ γA(x

nyn)
= γA((xy)

n)
≤

∨
k≥1

γA((xy)
k)

= γ√A(xy),

ψA(x
n) ∨ ψA(y

n) ≥ ψA(x
nyn)

= ψA((xy)
n)

≥
∧
k≥1

ψA((xy)
k)

= ψ√
A(xy).

It follows that µ√
A(xy) ≥ µ√

A(x) ∧ µ√
A(y), γ√A(xy) ≥ γ√A(x) ∧ γ√A(y), and ψ√

A(xy) ≤ ψ√
A(x) ∨

ψ√
A(y). Hence,

√
A is a neutrosophic ideal of R.

Corollary 3.4. If A = (µA, γA, ψA) is a neutrosophic ideal of a ring R, then
√
A is a neutrosophic subring

of R.

Proof. Let x, y ∈ R. Then by Theorem 3.3,
√
A is a neutrosophic ideal of R. Thus

(∀x, y ∈ R)

 µ√
A(x− y) ≥ min{µ√

A(x), µ
√
A(y)}

γ√A(x− y) ≥ min{γ√A(x), γ
√
A(y)}

ψ√
A(x− y) ≤ max{ψ√

A(x), ψ
√
A(y)}

 ,

(∀x, y ∈ R)

 µ√
A(xy) ≥ max{µ√

A(x), µ
√
A(y)}

γ√A(xy) ≥ max{γ√A(x), γ
√
A(y)}

ψ√
A(xy) ≤ min{ψ√

A(x), ψ
√
A(y)}

 .

On the other hand, we have

µ√
A(xy) ≥ max{µ√

A(x), µ
√
A(y)} ≥ min{µ√

A(x), µ
√
A(y)},

γ√A(xy) ≥ max{γ√A(x), γ
√
A(y)} ≥ min{γ√A(x), γ

√
A(y)},

ψ√
A(xy) ≤ min{ψ√

A(x), ψ
√
A(y)} ≤ max{ψ√

A(x), ψ
√
A(y)}.

Hence,
√
A is a neutrosophic subring of R.

Theorem 3.5. If A = (µA, γA, ψA) and B = (µB , γB , ψB) are neutrosophic ideals of a ring R, then

(1)
√
A ∩B =

√
A ∩

√
B,

(2)
√
A ∪B =

√
A ∪

√
B,

(3)
√
A+

√
B ⊆

√
A+B,

(4)
√
A
√
B ⊆

√
AB.

Proof. (1) Since A ∩ B ⊆ A and A ∩ B ⊆ B, it follows from Proposition 3.2 (1) that
√
A ∩B ⊆

√
A and√

A ∩B ⊆
√
B and so

√
A ∩B ⊆

√
A ∩

√
B. For another inclusion, let x ∈ R. Then

µ√
A∩

√
B(x) = µ√

A(x) ∧ µ√
A(y)

= (
∨

m≥1

µA(x
m)) ∧ (

∨
n≥1

µA(y
n))

=
∨

m≥1

∨
n≥1

(µA(x
m) ∧ µA(y

n)),
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γ√A∩
√
B(x) = γ√A(x) ∧ γ√A(y)

= (
∨

m≥1

γA(x
m)) ∧ (

∨
n≥1

γA(y
n))

=
∨

m≥1

∨
n≥1

(γA(x
m) ∧ γA(yn)),

ψ√
A∩

√
B(x) = ψ√

A(x) ∨ ψ√
A(y)

= (
∧

m≥1

ψA(x
m)) ∨ (

∧
n≥1

ψA(y
n))

=
∧

m≥1

∧
n≥1

(ψA(x
m) ∨ ψA(y

n)).

Now, let m,n ∈ N. Then

µA(x
m) ∧ µB(y

n) ≤ µA(x
mn) ∧ µB(y

mn)
= µA∩B(x

mn)
≤

∨
k≥1

µA∩B(x
k)

= µ√
A∩B(x),

γA(x
m) ∧ γB(yn) ≤ γA(x

mn) ∧ γB(ymn)
= γA∩B(x

mn)
≤

∨
k≥1

γA∩B(x
k)

= γ√A∩B(x),

ψA(x
m) ∨ ψB(y

n) ≥ ψA(x
mn) ∨ ψB(y

mn)
= ψA∩B(x

mn)
≥

∧
k≥1

ψA∩B(x
k)

= ψ√
A∩B(x).

Thus µ√
A∩

√
B(x) ≤ µ√

A∩B(x), γ√A∩
√
B(x) ≤ γ√A∩B(x), and ψ√

A∩
√
B(x) ≥ ψ√

A∩B(x). Hence,√
A ∩B =

√
A ∩

√
B.

(2) The proof follows similar to the proof of (1).
(3) The proof follows from the Definition 2.3.
(4) The proof follows from the Definition 2.4.

If A is a neutrosophic ideal of a ring R, then Ax is a neutrosophic ideal of a polynomial ring R[x] by Theorem
2.5 and the neutrosophic set

√
Ax is the neutrosophic nil radical of Ax.

The following theorem gives that the two neutrosophic nil radicals have the same value.

Theorem 3.6. If A = (µA, γA, ψA) is a neutrosophic ideal of a ring R, then (
√
Ax)x = (

√
A)x.

Proof. Let f(x) =
m∑
i=0

aix
i ∈ R[x]. By Theorem 2.5, we have Ax = (µAx , γAx , ψAx), where

µAx
(anj ) = µAx

(anj + 0x+ 0x2 + · · ·+ 0xm)
= min{µA(a

n
j ), µA(0), . . . , µA(0)}

= µA(a
n
j ),

γAx
(anj ) = γAx

(anj + 0x+ 0x2 + · · ·+ 0xm)
= min{γA(anj ), γA(0), . . . , γA(0)}
= γA(a

n
j ),

ψAx(a
n
j ) = ψAx(a

n
j + 0x+ 0x2 + · · ·+ 0xm)

= max{A(anj ), ψA(0), . . . , ψA(0)}
= ψA(a

n
j ).
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Since
√
Ax is a neutrosophic ideal of R[x], we have (

√
Ax)x = (µ(

√
Ax)x

, γ(
√
Ax)x

, ψ(
√
Ax)x

), where

µ(
√
Ax)x

(f(x)) =
m
min
i=0

{µ(
√
Ax)x

(ai)}

=
m
min
i=0

{
∨
n≥1

µAx
(ani )}

=
m
min
i=0

{
∨
n≥1

µA(a
n
i )}

=
m
min
i=0

{µ√
A(ai)}

= µ(
√
A)x

(f(x)),

γ(
√
Ax)x

(f(x)) =
m
min
i=0

{γ(√Ax)x
(ai)}

=
m
min
i=0

{
∨
n≥1

γAx
(ani )}

=
m
min
i=0

{
∨
n≥1

γA(a
n
i )}

=
m
min
i=0

{γ√A(ai)}
= γ(

√
A)x

(f(x)),

ψ(
√
Ax)x

(f(x)) =
m

max
i=0

{ψ(
√
Ax)x

(ai)}

=
m

max
i=0

{
∧
n≥1

ψAx
(ani )}

=
m

max
i=0

{
∧
n≥1

ψA(a
n
i )}

=
m

max
i=0

{ψ√
A(ai)}

= ψ(
√
A)x

(f(x)).

Hence, (
√
Ax)x = (

√
A)x.

Theorem 3.7. If A = (µA, γA, ψA) and B = (µB , γB , ψB) are neutrosophic ideals of a ring R, then

(1) (
√
A ∩B)x = (

√
A)x ∩ (

√
B)x,

(2) (
√
A)x ∪ (

√
B)x ⊆ (

√
A ∪B)x,

(3) (
√
A)x + (

√
B)x = (

√
A+B)x,

(4) (
√
AB)x ⊆ (

√
A)x(

√
B)x.

Proof. Let A and B be neutrosophic ideals of R. Then Ax and Bx are neutrosophic polynomial ideals of R[x]
by Theorem 2.5.
(1)

(
√
A ∩B)x = (

√
(A ∩B)x)x

= (
√
Ax ∩Bx)x

= (
√
Ax ∩

√
Bx)x

= (
√
Ax)x ∩ (

√
Bx)x

= (
√
A)x ∩ (

√
B)x.

(2)
(
√
A ∪B)x ⊇ (

√
(A ∪B)x)x

= (
√
Ax ∪Bx)x

⊇ (
√
Ax ∪

√
Bx)x

= (
√
Ax)x ∪ (

√
Bx)x

= (
√
A)x ∪ (

√
B)x.
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(3)
(
√
A)x + (

√
B)x = (

√
Ax)x + (

√
Bx)x

⊆ (
√
Ax +

√
Bx)x

= (
√
Ax +Bx)x

⊆ (
√
(A+B)x)x

= (
√
A+B)x.

(4)
(
√
A)x(

√
B)x = (

√
A)x(

√
B)x

⊇ (
√
Ax

√
Bx)x

= (
√
AxBx)x

⊇ (
√

(AB)x)x
= (

√
AB)x.

Theorem 3.8. Let f : R → R′ be a homomorphism of rings and let B be a neutrosophic ideal of R′. If fx is

the induced homomorphism of f , that is, µx(
n∑

i=0

aixi) =
n∑

i=0

f(ai)xi, then f−1(
√
B)x =

√
f−1(B))

x
.

Proof. Let g(x) =
n∑

i=0

bixi ∈ R[x]. Then
√
f−1(B)

x
= (µ√

f−1(B)
x

, µ√
f−1(B)

x

, ψ√
f−1(B)

x

), where

µ√
f−1(B)

x

(g(x)) =
m
min
i
{µ√

f−1(B)
(bi)}

=
m
min
i
{
∨
n≥1

µf−1(B)(b
n
i )}

=
∨
n≥1

m
min
i
{µf−1(B)(b

n
i )}

=
∨
n≥1

m
min
i
{µB(f(b

n
i ))}

=
∨
n≥1

m
min
i
{µB(f(bi)

n)}

=
m
min
i
{
∨
n≥1

(f(bi)
n)}

=
m
min
i
{µ√

B(f(bi))}
= µ(

√
B)x

(µx(g(x)))

= µµ−1
x (

√
B)x

(g(x)),

γ√
f−1(B)

x

(g(x)) =
m
min
i
{γ√

f−1(B)
(bi)}

=
m
min
i
{
∨
n≥1

γf−1(B)(b
n
i )}

=
∨
n≥1

m
min
i
{γf−1(B)(b

n
i )}

=
∨
n≥1

m
min
i
{γB(f(bni ))}

=
∨
n≥1

m
min
i
{γB(f(bi)n)}

=
m
min
i
{
∨
n≥1

(f(bi)
n)}

=
m
min
i
{γ√B(f(bi))}

= γ(
√
B)x

(γx(g(x)))

= γγ−1
x (

√
B)x

(g(x)),
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ψ√
f−1(B)

x

(g(x)) =
m

max
i

{ψ√
f−1(B)

(bi)}

=
m

max
i

{
∨
n≥1

ψf−1(B)(b
n
i )}

=
∧
n≥1

m
max

i
{ψf−1(B)(b

n
i )}

=
∧
n≥1

m
max

i
{ψB(f(b

n
i ))}

=
∧
n≥1

m
max

i
{ψB(f(bi)

n)}

=
m

max
i

{
∧
n≥1

(g(bi)
n)}

=
m

max
i

{ψ√
B(g(bi))}

= ψ(
√
B)x

(ψx(g(x)))

= ψµ−1
x (

√
B)x

(g(x)).

Hence, f−1(
√
B)x =

√
f−1(B))

x
.

Proposition 3.9. Let f : R → R′ be an epimorphism of rings. If A is a neutrosophic ideal of R, then
f(
√
A) ⊆

√
f(A). Further, if A is constant on Ker f , then f(

√
A) =

√
f(A).

Proof. Clearly, f(A) and f(
√
A) are neutrosophic ideals of R′. If y ∈ R′ and f(x) = y for some x ∈ R, then

f(xn) = yn for all n = 1, 2, . . .. Thus

µ√
A(y) = sup{µ√

A(x) : x ∈ f−1(y)}
= sup{

∨
n≥1

µA(x
n) : x ∈ f−1(y)}

=
∨
n≥1

sup{µA(x
n) : x ∈ f−1(y)}

=
∨
n≥1

sup{µA(x
n) : xn ∈ f−1(yn)}

=
∨
n≥1

sup{µA(z
n) : z ∈ f−1(yn)}

=
∨
n≥1

µf(A)(y
n)

= µ√
f(A)

(y),

γ√A(y) = sup{γ√A(x) : x ∈ f−1(y)}
= sup{

∨
n≥1

γA(x
n) : x ∈ f−1(y)}

=
∨
n≥1

sup{γA(xn) : x ∈ f−1(y)}

=
∨
n≥1

sup{γA(xn) : xn ∈ f−1(yn)}

=
∨
n≥1

sup{γA(zn) : z ∈ f−1(yn)}

=
∨
n≥1

γf(A)(y
n)

= γ√
f(A)

(y),

ψ√
A(y) = inf{ψ√

A(x) : x ∈ f−1(y)}
= inf{

∧
n≥1

ψA(x
n) : x ∈ f−1(y)}

=
∧
n≥1

inf{ψA(x
n) : x ∈ f−1(y)}

=
∧
n≥1

inf{ψA(x
n) : xn ∈ f−1(yn)}

=
∧
n≥1

inf{ψA(z
n) : z ∈ f−1(yn)}

=
∧
n≥1

ψf(A)(y
n)

= ψ√
f(A)

(y).

Hence, f(
√
A) ⊆

√
f(A). Further, if A is constant on Ker f and x0 ∈ f−1(y) is a fixed element, then

µA(x
n) = µA(x

n
0 ), γA(x

n) = γA(x
n
0 ), and ψA(x

n) = ψA(x
n
0 ) for all x ∈ f−1(y), and µA(x) = µA(x

n
0 ),
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γA(x) = γA(x
n
0 ), and ψA(x) = ψA(x

n
0 ) for all x ∈ f−1(yn). Hence,

µf(
√
A)(y) = sup{µ√

A(x) : x ∈ f−1(y)}
= sup{

∨
n≥1

µA(x
n) : x ∈ f−1(y)}

=
∨
n≥1

sup{µA(x
n) : x ∈ f−1(y)}

=
∨
n≥1

sup{µA(x
n) : xn ∈ f−1(yn)}

=
∨
n≥1

sup{µA(z
n) : z ∈ f−1(yn)}

=
∨
n≥1

µf(A)(y
n)

= µ√
f(A)

(y),

γf(
√
A)(y) = sup{γ√A(x) : x ∈ f−1(y)}

= sup{
∨
n≥1

γA(x
n) : x ∈ f−1(y)}

=
∨
n≥1

sup{γA(xn) : x ∈ f−1(y)}

=
∨
n≥1

sup{γA(xn) : xn ∈ f−1(yn)}

=
∨
n≥1

sup{γA(zn) : z ∈ f−1(yn)}

=
∨
n≥1

γf(A)(y
n)

= γ√
f(A)

(y),

ψf(
√
A)(y) = inf{ψ√

A(x) : x ∈ f−1(y)}
= inf{

∨
n≥1

ψA(x
n) : x ∈ f−1(y)}

=
∧
n≥1

inf{ψA(x
n) : x ∈ f−1(y)}

=
∧
n≥1

inf{ψA(x
n) : xn ∈ f−1(yn)}

=
∧
n≥1

inf{ψA(z
n) : z ∈ f−1(yn)}

=
∧
n≥1

ψf(A)(y
n)

= γ√
f(A)

(y).

Hence, f(
√
A) =

√
f(A).

Theorem 3.10. Let f : R → R′ be an epimorphism of rings and let fx be the induced homomorphism of f .
If a neutrosophic ideal A of R is constant on Ker f , then the neutrosophic polynomial ideal Ax is constant on
Ker fx.

Proof. Let µA(x) = α0, γA(x) = β0, and ψA(x) = δ0 for all x ∈ Ker f , where α0, β0, δ0 ∈ [0, 1] are

constant such that α0 + β0 + δ0 ≤ 1. Let g(x) =
m∑
i=0

bixi ∈ Ker fx. Then 0 = fx(g(x)) =
m∑
i=0

f(bi)x
i,

so f(bi) = 0 for all i = 1, 2, . . . ,m. Hence, bi ∈ Ker f for all i = 1, 2, . . . ,m, that is, µA(bi) = α0,

γA(bi) = β0, and ψA(bi) = δ0 for all i = 1, 2, . . . ,m. Thus µAx
(g(x)) =

m
min
i=0

{µA(bi)} = α0, γAx
(g(x)) =

m
min
i=0

{µA(bi)} = β0, and ψAx
(g(x)) =

m
max
i=0

{µA(bi)} = δ0. Hence, Ax is constant on Ker fx.

Corollary 3.11. Let f : R → R′ be an epimorphism of rings and let fx be the induced homomorphism of f .
If an f -invariant neutrosophic ideal A of R is constant on Ker f , then fx(

√
Ax) =

√
(f(A))x.

Proof. It follows from Proposition 3.9 and Theorem 3.6 that fx(
√
Ax) =

√
fx(Ax) =

√
(f(A))x.
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[4] N. Caǧman, S. Enginoǧlu, and F. Citak, Fuzzy soft set theory and its application, Iranian Journal of Fuzzy
Systems, 8(3), (2011), 137-147.

[5] V. Cetkin and H. Aygun, An approach to neutrosophic ideals, Universal Journal of Mathematics and
Applications, 1(2), (2018), 132-136.

[6] H. Garg and S. Singh, A novel triangular interval type-2 intuitionistic fuzzy set and their aggregation
operators, Iranian Journal of Fuzzy Systems, 15(5), (2018), 69-93.

[7] H. Garg and K. Kumar, An advanced study on the similarity measures of intuitionistic fuzzy sets based
on the set pair analysis theory and their application in decision making, Soft Computing, 22(15), (2018),
4959-4970.

[8] H. Garg and K. Kumar, Distance measures for connection number sets based on set pair analysis and its
applications to decision-making process, Applied Intelligence, 48(10), (2018), 3346-3359.

[9] M. S. Hameed, Z. Ahmad, and S. Ali, Characterization of γ-single valued neutrosophic rings and ideals,
Neutrosophic Sets and Systems, 50, (2022), 47-63.

[10] A. Priya, P. Maragatha Meenakshi, A. Iampan, and N. Rajesh, Polynomial ideals of a ring based on
neutrosophic sets, International Journal of Neutrosophic Science, 22(4), 2023, 8-19.

[11] F. Smarandache, A unifying field in logics: neutrosophic logic, neutrosophy, neutrosophic set, neutro-
sophic probability, American Research Press, Rehoboth, New Mexico, (1999).

[12] F. Smarandache, Neutrosophic set-a generalization of the intuitionistic fuzzy set, International Journal of
Pure and Applied Mathematics, 24(3), (2005), 287-297.

[13] L. A. Zadeh, Fuzzy sets, Information and control, 8(3), (1965), 338-353.

https://doi.org/10.54216/IJNS.220407
Received: May 12, 2023 Revised: July 12, 2023 Accepted: November 01, 2023

92


	1 Introduction
	2 Preliminaries
	3 Radical of the neutrosophic polynomial induced by a neutrosophic ideal

