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Abstract

This paper is dedicated to studying the foundations of 7-plithogenic and 8-plithogenic number theory, where the
central concepts about symbolic 7-plithogenic/8-plithogenic integers will be discussed such as symbolic 7-
plithogenic/8-plithogenic Pythagoras triples and quadruples, symbolic 7-plithogenic/8-plithogenic linear
Diophantine equations, and the divisors. On the other hand, we prove that Euler's theorem is still true in the case
of the symbolic 7-plithogenic/8-pithogenic number theory.

Keywords: symbolic 7-plithogenic integer; symbolic 7-plithogenic congruencies; symbolic 7-plithogenic phi-
Euler's theorem; symbolic 8-plithogenic phi-Euler's theorem.

1. Introduction

Numerical systems that expand integers play an important role in the study of pure mathematics, and also
through many applications that relate to the theory of cryptography and the construction of algorithms related to
it [12].

The traditional number theory [24] was initially generalized through the system of neutrosophic integer numbers,
where these numbers were used in the generalization of the EI-Gamal, and RSA algorithms [10-11].

Many researchers around the world have studied plithogenic structures, where the plithogenic sets introduced by
Smarandache [4,18] were used to generalize matrices, rings, special functions, and also vector spaces [1-3,5-6,
13-17, 19-21].

The study of the theory of plithogenic numbers began in [7,16, 22-23], where they were studied for special cases
of n values between 2 and 6.

In this research paper, we followed up the tireless efforts made by the researchers, where we studied in details
the foundations of symbolic 7-plithogenic and 8-plithogenic humber theory, and presented many theorems with
proofs to explain the novelty of our work.

2.  Main discussion
Definition:

The ring of symbolic 7-plithogenic integers is defined as follows:

7—SP; ={to+ X1 t; P;t; € Z}, where P; X P = Praxcijy Pi° = P;.

Definition.

LetT =ty + X/t P,C=co+Xl_1c;P,D=dy+ Y/ d; P, € 7— SP,, we say that:
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1). T\ C ifthereexists D € 7 — SP, suchthat T.D = C.
2).T =C(mod D)ifD\T —C.
3).D = gcd(T,C)ifD\X,D\Yandif Y \C,Y \T,thenY \ D.
4).T,C are realtively prime if gcd(T, C) = 1.
Theoreml.
LetT = tO +Zl-7=1tiPl-,C = Co +ZL"7=1CL'PL"D = dO +ZZ=1diPi € 7—SPZ,then:
1). Z = gcd(T, C) if and only if:
do = .QCd(Co' to)

JZd = gcd Z l,ch ;1<j<7
L i=o i=0
2).T = C(mod D) if and only if Y ooti =2 ci(mod ¥)_,d;), where 0 < j < 7.
3. IfT\ CthenY!_ t; \ZL 0Ci;0<j<7.
Theorem2.
LetT =ty + Y/, t; P,C=co+ X1 PuD =dog+ Y1 d; P L=1og+ Y, L, P,K=ko+ X, k; P;,G =
go + X711 g; P, € 7 — SPy, then:
1).1fD\T,D\ C,then D \ LT + KC.
2). If D = gcd(T, C), then there exists L, K € 7 — SP, such that LT + KC = D.
3). If T = C(mod D), then:
T+G=C+G (modD) (I)
T—G=C-G(modD) (II)
T.G = CG (mod D) (I1I)
Theorem3.
Let TX + CY = D be symbolic 7-plithogenic Diophantine equation in two variables, T,C,D,X,Y € 7 — SP,,
hence itis solvable if and only if:
oti Zl 0 Xi +ZL OchL oYi = Z{:O d;;0 <j < 7aresolvable, i.e. gcd(Z{zO t;, {:0 ci) \Z{:o di;0<5j <
7
Theorem4.
(T, C, D) is a symbolic 7-plithogenic Pythagoras triple i.e. it is a solution of the non linear Diophantine equation
T? + C% = D2, ifand only if (Z{zo ti,2{=0 Ci ,Z{zo d;); 0 < j < 7 is a Pythagoras triple in Z.
Theorem5.
(T,C,D,L) is asymbolic 7-plithogenic Pythagoras quadruple i.e. it is a solution of the non linear Diophantine

equation T2 + C2 + D? = [2, ifand only if (X_ot;, X/ o ci, 2o di, B/, Li); 0 < j < 7 is a Pythagoras
quadruple in Z.
Proof of theoreml.
1). We put
1 2 2 2
=d, +Zd P;,dy = gcd(cy, ty), Zd = gcd (ZC“Z tl)'z d; = gcd (Z C“z t,)
i=1 i=1 i=1 i=1 i=1
3 3 3 4 4 4 5 5 6
Zdl=gcd<2q,2ti>,2di=gcd<ch, tl>, dl=gcd(2ci, tl), d;
i=1 i=1 i=1 i=1 i=1 i=1 i=1 i=1 i=1 i=1
6 6 7 7 7
= gcd (Z ci,z t‘)’z d; = gcd (Z Ci’z tl>
i=1 i=1 =1 i=1 i=1

Assume that K = k0 + X7 1k P; with K\ C,K \ T, hence:

Zdi\ztirzdi\zci;oﬁjs7
Zk \Z l.zk \ch,o <j<7

So thatZ’_lk \Z dl,O <j<7hence K\ Dand D = gcd(C,T).
2) (= T(mod D) |f andonly if D\ T — C, which is equwalent to

—0d; \Z_O(cl t);0<j<7, henceZl oti =Xy ci (mod Zl 0di)i0<j<7.
3). Assume that T \ C, hence:
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tody = co (1)
tod, + t1dy + t;dy = ¢; (2)
tod, + tidy + tod, + tydy + tdy = ¢, (3)
tods + tids + tyds + tzds + tzdy + tzdy + tzd, = ¢3 (4)
tody + tidy + tyd, + tgdy + tudy + tady + tudy + tud, + tyds = ¢, (5)
tods + tids + tyds + tzds + tuds + tsds + tsdy + tsdy + tsd, + tsds +tsdy, =5 (6)

tode + tidg + todg + t3dg + tadg + tedg + tedg + tedy + tedy + ted, + teds + tedy + teds = ¢ (7)
tod; + tid; + tyd, + tzd, + tud, + tsd; + ted, + t,d; + t,dy + t;dy + t,dy + trds + tyd, + tyds + t,dg = ¢, (8)
By adding (D+(2),(D+@)+B), MM +@D+B)+ @M, M+ +B)+H+G)M+@+0B)+
@D+G)+6) DL+ +B+@B+BG)+®+(7),(M+@)+B)+ @) +(B)+(6) +(7) +(8) we
get:

todo = ¢o

1 1 1
E ti di = Z C;
i=1 i=1 i=1
2 2 2

& d; = G
i=1 i=1 i=1
3 3 3

tl di = Ci
i=1 i=1 i=1
4 4 4

4

& d; = G
i=1 i=1 i=1
5 5 5

& d; = G
i=1 i=1 i=1
6 6 6

& d; = G
i=1 i=1 i=1
7 7 7
E ti E di = Z Ci
i=1 i=1 i=1

Which means that ¥/_ t; \ X/_,c;;0<j <7
Proof of Theorem 2.
1). Assumethat D \ T, D \ C, then we get:
Lo di\Xl_, ti, and _Z{=0 d; \ _Z{=0 Cis 0<j<7.
Sothatd \ (T/_oLiXi_oti + Xl okiXl_oc;)for0<j<7andD\LT +KC.
2). Assume that D = ged (T, C), then J_ d; = ged(T)_oti, Xi_,ci) forall 0 < j < 7.
According to Bezout's theorem, we can write:
There exists I, k; € Z suchthat X7_ d; = [, Xt + & T, ¢
by putting
L=1ly+ U —lp)P+ (L= )P, + (3 — )Py + (L — [3)Py + (Is — L) Ps + (g — I5)Ps + (L, — L) P,
K =ko+ (ky — ko)Py + (ky — ky)P, + (kg — kp)Ps + (ky — k3)Py + (ks — ky)Ps + (kg — ks)Pg +
(ky; — k¢)P;, we get:
D =LT+ KC.
3). Assume that T = C(mod D), then:

{:_0 d; \ Z{zo(ti —¢;) forall 0 <j < 7, hence:

(J j
Zdi\Z(ti - 9gitgi—c)
i=0 i=0
Jj Jj
tz d; \Z(ti +9i—9itc)

i=0 i=0
Hence T + G = C + G(mod D), also:

oA\ T ti— )T pgiie X di \ T t: X0 9i
Hence TG = CG(mod D).

- Z{:o gi Z{:o ]
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Proof of theorem3.
It is easy to check that TX 4+ CY = D is equivalent to:

J J J J J
Ztlle-'_zclz% ZZdl,O S]S7
i=0 i=0 i=0 i=0 i=0

The previous eight Diophantine equations are solvable if and only if:

J ] ]
ged Zti,ZCi \Zdi;o <j<7
i=0 i=0 i=0

And the proof holds.
Proof of theorem4.
T2 + C? = D? implies that:
to? + co? = d,?

Which implies the pro
Proof of Theorem 5
T? + C% + D? = L? implies that:

() (2

f.

o
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i=0 i=0 i=
5 5 2 5 2
i=0 i=0 i=0 i=0
6 6 6 2 6 2
i=0 i=0 i=0 i=0
7 7 7 2 7 2
B q)+( ) - (S
i=0 =0 i=0 i=0
Which implies the proof.
Definition.

LetS = 5o+ Y7y s;P; € 7 — SP;, hence we say that S > 0 ifand only if s, > 0,YK (5, >0;1<k <7
Forexample: S =3+ P, + P, + 5P; — 2P, + P, > 0.

If] = jo+ X7_1jiP; €7 —SP;, weaythatS > Jifand only if s, = jo, Y5 o5, = ¥¥ ji; 1<k <7.
Definition.

LetT =ty + X/, t;P;,C =cy + 27— c; P; = 0, hence:

1 Yi=oCi 2 Tiooci 1 TisoCi
TC =ty + P, (Z ti> —t°| + P, (Z ti> - (Z ti>
i=0

i=0 i=0

3 2 4 3
YizoCi

G ORI R R 0 e
2o ()

5 6 5 7
Xi=0Ci Yi=0Ci Xi=0Ci

S O
|

7 Tl-oci 6
o (z> (Z

i=0

Definition.
LetT =ty + X/_, t; P > 0, then:

o(T) = (ty) + Py | (i tl-) —pt)|+P; | (i ti) - (i tl> +Ps | (i ti) - (Zz: ti)l
i=0 4 3 i=0 5 i=0 4 i=0 i=0
+ P, w(Zti>—<p<ztl> + P; w(Zn)—q)(Zti)
i=0 i=0 i=0 i=0
+P6<p<6ti>—<p<stl> +P7<p< ti>—<p<6tl>]
i=0 i=0 i=0 i=0

Where ¢ is Euler's function on Z.
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Theorem 6.

Let XT =ty + X/ t;P;,C =co+ Xy ¢; P,0 €7 —SP;,gcd(T,C) =1and T,C > 0, hence:
T?© = 1(mod C)

Proof.

gcd(ty, co) = 1, hence t,*© = 1(mod c,).

ged(Tizoti, Xizoc:) = 1, hence (Ti-, ti)(p(zl'l=oci) = 1(mod X}, ¢;)

By a similar argument, we get:

2\ P(Zoc) 2 3\ #(EEoc)
(Z tl-) 1 (mod Z cl-) , (Z ti>

3
= =1 (mod Z cl-)
i=0 i=0 i=0 i=0
4 ‘/’(Z‘izo ¢i) 4 5 ‘P(Ziszo ci) 5 6 ‘/’(Z?=oci)
(Z tl-) =1 (mod Z cl-) , (Z ti> =1 (mod Z cl-) ,( ti>
i=0 i=0 i=0 i=0 i=0
6 7 @(Si=o 1) 7
=1 (mod Z ci> ,( tl-) =1 (mod Z cl-)
i=0 i=0 i=0
This implies
T*© = 1(mod Y).
Definition:

The ring of symbolic 8-plithogenic integers is defined as follows:
8 —SP, ={ty+ X5, t; P;; t; € Z}, where P; X P; = Praxqijy, P> = Pi.
Definition.
LetT = tO +Z?=1tiPi,C = Co +Zi8=1CiPi,D = dO +Zi8=1dipi € 8_SPZ,Wesaythat:
1). T\ Cifthereexists D € 7 —SP, suchthat T.D = C.
2).T =C(mod D) ifD\T —C.
3).D = gcd(T,C)ifD\X,D\YandifY\C,Y \ T, thenY \ D.
4).T,C are realtively prime if gcd(T,C) = 1.
Theorem?.
LetT =to+ Y5 t; P, C=co+ X8, ¢ P,D=dy+ Y5 ,d; P, € 8— SP,, then:
1). Z = gcd(T, C) if and only if:
dy = ged(co, to)

Ji J ]
Zdi:ng Zti,zci ,1S]S8
Li:O i=o i=0

2).T = C(mod D) ifandonly if ¥/_ t; = %)_  ¢; (mod ¥.1_, d;), where 0 < j < 8.
3. IfT\CthenY!_ t;\ X/, ci;0<j<8.
Theorem8.
LetT =ty + X8 t; P, C=co+Xiq¢iPyD =do+ X di P L =1+ 30, i P,K =ko+ X,k P, G =
Jo + X8, 9: P, € 8 —SP,, then:
1).1fD\T,D\ C,then D\ LT + KC.
2). If D = gcd(T, C), then there exists L, K € 7 — SP, such that LT + KC = D.
3). If T = C(mod D), then:

T+G=CH+G (modD) (I)

T—G=C-G(modD) (II)

T.G = CG (mod D) (I1I)
Theorem9.
Let TX + CY = D be symbolic 8-plithogenic Diophantine equation in two variables, T,C,D,X,Y € 8 — SP,,
hence it is solvable if and only if:
ot i+ XXl o yi =Yi_di;0<j < 8aresolvable, i.e. gcd(T/_oti, X/ oci) \Zlodi;0<j <

8.
Theorem 10.
(T, C,D) is a symbolic 8-plithogenic Pythagoras triple i.e. it is a solution of the non linear Diophantine equation
T? +¢* = D?,ifand only if (X)_,t;, X_ i, %) , d;); 0 < j < 8 is a Pythagoras triple in Z.
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Theorem 11.
(T,C,D,L) is a symbolic 8-plithogenic Pythagoras quadruple i e it is a solution of the non linear Diophantine
equation T2 + C2 + D2 = 2, ifand only if (X_,t;, X o ¢, Yoo di, X, 1;); 0 < j < 8 is a Pythagoras
quadruple in Z.
Proof of theorem?.
1). We put
1 1 2 2 2
=d,+ Zd P;,dy = gcd(cy, to), Zd = gcd (ZC“Z tl)'z d; = gcd (Z Ci'z ti>
i=1 i=1 i=1 i=1 i=1 i=1
3 3 3 4 4 5 5 6
Zdl gcd(Zci,ZtL),Zdi=gcd<2cl,2tl>, d; = gcd(Zci, ti>, d;
i=1 i=1 i=1 i=1 i i i= i=1 i=1 A i=1

—gcd(ch,i ) 7 dl=gcd<2q,itl>,idi=gcd<Zci,iti>

Assume that K = ko + Y5, k; P; with K \ C K\ T, hence:

(idi\itpidi\ZCi;OSjSB
kzk \Z “Zk \ch,o <j<8

SothatZ k \Z dl,O <j<8,hence K\Dand D = gcd(C,T).
2) C= T(mod D) |f andonly if D\ T — C, WhICh is equwalent to
d\Z’ oci—t);0 <j <8 hence ¥/_, cl(modz 0di);0<j<8.
3). Assume that T \ C, hence:
todg = co (1)
tody + tpdy + t1dy =¢; (2)
tod, + tid, + td, +tydg + t,dy = ¢, (3)
tods + tids + tods + tads + tzdg + t3dy + tsd, = ¢ (4)
tods + tidy + tydy + tady + t,dy + tydy + tydy +t,d, +t4ds; =, (5)
tods + tids + tods + tzds + tuds + tgds + tsdy + tsdy + tsd, + tsds +tsdy, = ¢5 (6)
tode + t1dg + todg + t3dg + tadg + tedg + tedg + tedy + tedy + ted, + teds + tedy + teds = ¢ (7)

tod; + tid; + tyd; + tzd; + t,d; + tsd, + ted, + t,d, + t,dy + t,dy + t,dy + t,ds + t,d, + tods + t,dg = ¢, (8)

todg + tidg + -+ tgdg + tgdy + tgd + - tgd; = cg (9)
By adding (D +(2), () +@)+B)M+@D+B)+@ D+@D+B)+@+G)D+@+B)+
Egg +G)+6O) MW+@D+B+@B+G+OB+(MD.M+@D+B+@B+G)+(6)+ (D +(B) +

we get:
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todo = o

1 1 1
=1 =1 i=1
2 2 2

t; ) d; ==:E: Ci
=1  i=1 i=1
3 3 3

t; ) d; ==:E: Ci
=1 =1 i=1
4 4 4

t; ) d; ==:E: Ci
=1  i=1 i=1
5 5 5

t; ) d; ==:E: Ci
=1 =1 i=1
6 6 6

t; ) d;= Ci
=1 i=1 i=1
7 7 7

tl di = C;
=1 i=1 i=1
8 8 8
=1 i=1 i=1

Which means that ¥./_, t; \ )_,c;;0 < j <8
Proof of Theorem 8.
1). Assumethat D \ T, D \ C, then we get:
Lo di\Z1_, ti and _Zf:o d; \ _Z{:o c;0<j<8.
Sothatd \ (T/_oLiXloti+ 2l _oki Xl oc)for0<j<8andD\LT +KC.
2). Assume that D = gcd(T, C), then ¥.)_, d; = ged(X)_ot;, X)_,c;) forall 0 < j < 8.
According to Bezout's theorem, we can write:
There exists I, k; € Z suchthat X/_  d; = [, X0_ t; + I X0, ¢
by putting
L=1l+ U —1)Pr+ (= L)P + (I3 — )Ps + (Iy — 3)Py + (Is — L) Ps + (I — I5)Ps + (I; — lg) Py,
K =ko+ (ky —ko)Py + (ky — kq)P, + (kg — kp)P3 + (kg — k3)Py + (ks — ky)Ps + (kg — ks)Pg +
(k; — kg)P; + (kg — k;)Pg, We get:
D =LT+ KC.
3). Assume that T = C(mod D), then:

lodi\ z{=0(ti —¢;) forall 0 < j < 8, hence:

j j
zdi\Z(ti —gi+9i—¢c)
i=0 i=0

J )
Zdi\z(ti +9i—9git+c)
i=0 i=0

Hence T i_G = C + G(mod D), also:

Y odi \ X oti —c) Xl ogiie Xl odi \ Xl oti Xl_09: — Xioo 9i Xieo i
Hence TG = CG(mod D).

Proof of theorem 9.

It is easy to check that TX 4+ CY = D is equivalent to:

J J J J J
Ztlle-'_zclz),l =Zdl,0 S]SB
i=0 i=0 i=0 i=0 i=0

The prgvious eig_;ht Dinhantiné equations are solvable if and only if:

Dot: https://doi.org/10.54216/1]NS.220404
Received: October 30, 2023 Revised: November 24, 2023 Accepted: December 21, 2023

51


https://doi.org/10.54216/IJNS.220404

International Jonrnal of Neutrosophic Science (IINS)

Vol 22, No. 04, PP. 44-55, 2023

Jj J Jj
ged Zti,ZCi \Zdi;o <j<8
i=0 i=0 i=0

And the proof holds.

Proof of theorem 10.

T2 + €? = D% implies that:
to? + co? = d,?

(2) -(2) -2

Which implies the proof.
Proof of Theorem 11
T2 4+ C? + D? = L? implies that:

Dot: https://doi.org/10.54216/1]NS.220404
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S5 -5 -5
S (5 55
S5 (5o -5
55 (55
5 (5 (55
S0 (55 (5
S (5 (55
(8 (5 ) -G

Definition.

LetS = 5o+ Y7y s;P; € 7 — SP;, hence we say that S > 0 ifand only if s, > 0,YF (s, >0;1<k <8
If] =jo+X7_,jiP, €7 —SP;, weaythatS >Jifand only if s = jo, YK o s; > ¥*  ji;1 <k <8.
Definition.

LetT =ty + X5, t;P;,C=co+ X8, ¢; P, =0, hence:

1 Tisoci Tiooci 1 TisoCi
TC =t + P, (Z ti> -t + P, ( ) (Z tl>

i=0 i=0
2

[ 3 Tioci 2 lOCl— Tioci
+p3( ti> _< ti> +p4< tl> (
i=0 i=0 i=
[ 4 Z?:oci-
i=0 l
6 ( )
=0

5
+p, (z )
Z?:o Ci: ZL oCi
(2 )
i i= i

i=0
) + Pg

3

i= ocl—
tl>
Eiszo Ci:
tl>
EZ:O Ci_
tl)

5 6
Xi=0Ci Yi=oCi

Mﬂ sz EMw

[ 7 Tl-oci

i=0

Il
o

Definition.
LetT =t, + Y5, t; P, > 0, then:
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¢(ift>-¢(itf> @ﬁ)%@ﬁ)l

4

o(T) = p(ty) + Py |

+ P w(%n) <p<:5
S i
np(3e)-(3

Where ¢ is Euler's function on Z.

Theorem 12.

LetT =ty + X5 t;P,,C=co+ X% ,c; P, €8—SP,;,gcd(T,C) =1and T, C > 0, hence:
T?© = 1(mod C)

Proof.

gecd(ty, co) = 1, hence t,?0) = 1(mod c,).

ged(Tloti, Yioc) = 1, hence (B, t)?Ei=0%) = 1(mod Yo c;)

By a similar argument, we get:
2 o(Zioci) 2 3 3
(Z tl-) 1 (mod Z cl-) s (Z ti> =1 (mod z ci>
i=0 i=0 i=0 =
4 o(Ztoci) 4 5 ?(Zi=oct) 5 6
(Z tl-) =1 (mod Z cl-) , (Z ti> =1 (mod ci> , (Z ti>
i=0 i=0 i=0 i=0 i=0
‘/’(ZL?:O ci) <l”(z?=0 ci)

This implies N (mod ZC><E7: ti) - <m0d 2 C><i ti) = <m0d ic’)

T*© = 1(mod Y).

+ P

‘P(Z?:o ¢i)

‘/’(Z?:o ci)

5. Conclusion
In this paper, we have presented the foundations of symbolic 7-plithogenic and 8-plithogenic number theory. We
have discussed the central concepts such as symbolic 7-plithogenic/8-plithogenic congruencies, and some types of
linear and non-linear Diophantine equations.
Also, we have proved that the Euler's phi-theorem is still true in the case of the symbolic 7-plithogenic and 8-
plithogenic number theory.
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