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Abstract

In this paper, we introduce the notion of the neutrosophic polynomial ideal A, of a polynomial ring R[z]
induced by a neutrosophic ideal A of a ring R and obtain an isomorphism theorem of a ring of neutrosophic
cosets of A,. It is shown that a neutrosophic ideal A of a ring is a neutrosophic prime if and only if A, is a
neutrosophic prime ideal of R[z].
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1 Introduction

The concept of fuzzy sets was proposed by Zadeh® The theory of fuzzy sets has several applications in
real-life situations and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The integration
between fuzzy sets and some uncertainty approaches, such as soft sets and rough sets, has been discussed
inX2% The idea of intuitionistic fuzzy sets suggested by Atanassov? is one of the extensions of fuzzy sets
with better applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multicriteria decision-making>*Z The notion of neutrosophic sets was
introduced by Smarandache® in 1999, which is a more general platform that extends the notions of classic sets,
(intuitionistic) fuzzy sets, and interval-valued (intuitionistic) fuzzy sets. Neutrosophic set theory is applied to
various parts, which is referred to on the site http://fs.unm.edu/neutrosophy.htm. In this paper, we introduce
the notion of the neutrosophic polynomial ideal A, of a polynomial ring R[x] induced by a neutrosophic ideal
A of aring R and obtain an isomorphism theorem of a ring of neutrosophic cosets of A,. It is shown that a
neutrosophic ideal A of a ring is a neutrosophic prime if and only if A, is a neutrosophic prime ideal of R[z].

2 Preliminaries

Let R be a nonempty set. The neutrosophic set® A on R is defined to be a structure
A= {(z, wl(x),y(x), () | z € R}, (1
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where 1 : R — [0,1] is a truth membership function, v : R — [0,1] is an indeterminate membership
function, and ) : R — [0, 1] is a false membership function. The neutrosophic set in (T)) is simply denoted by

A= (pa,va,%4).

In this section, we review some definitions which will be used in the later section. Throughout this paper,
unless stated otherwise, all rings are commutative rings with identity.

Definition 2.1. Let R be a ring. A neutrosophic set A = (114,v4,%4) of R is said to be a neutrosophic ideal
of R if
pa(z —y) > min{pa(z), pay)}
(Va,y € R) 7A($ y) = min{ya(z),7a(y)} |,
Ya(z —y) < max{ya(z), Ya(y)}

pa(zy) > max{pa(x), pa(y)}
A(zy) > max{ya(z),va(y)}
Ya(ry) < min{ya(z),Ya(y)}

Definition 2.2. Let R and S be any sets, and let f : R — S be a function. A neutrosophic set A of R is called

an f-invariant if £(z) = £(y) = pa(@) = a(y)74(2) = 74(y), and Ya() = ¥a(y), where ,y € R. If
Ajis any f-invariant neutrosophic set of R, then f~1(f(A)) = A.

(Vx,y € R)

Lemma 2.3. Let R and S be any sets and f : R — S be any function. If A and B are neutrosophic sets of R
and S, respectively, and f-invariant, then AU B and AN B are f-invariant.

Lemma 2.4. Let Rand S be any sets and f : R — S be any function. Let A and B be f-invariant neutrosophic
sets of R. If A C B, then f(A) C f(B).

Let R be a commutative ring with identity and let R[z] be the ring of polynomials where x is indeterminate.

Definition 2.5. Let f : R — R’ be a homomorphism of rings. A map f, : R[z] — R'[z] defined by

fo(>" azz;) = > f(a;)x; is obviously a ring homomorphism, and we call f, an induced homomorphism by

i=0
I

3 Neutrosophic polynomial ideals

In this section, we introduce the notion of neutrosophic polynomial ideals of a ring and study their properties.
The set of all real numbers is denoted by R.

Lemma 3.1. Let a;,b; € R (i = 1,2,...,n). Then min;(min{a;,b;}) = min{min;(a;), min;(b;)} and
max; (max{a;, b;}) = max{max;(a;), max;(b;)}.

Lemma 3.2. Let a;,b; € R (i = 1,2,...,n). Then min;(max{a;,b;}) > max{min;(a;), min,;(b;)} and
max;(min{a;, b;}) < min{max;(a;), max;(b;)}.

Lemma 3.3. Let A = (4,74, ) be a neutrosophic set of a ring R. Then for all a;,b; € R, we have

palarby, + asbyp_1 + -+ ayby) > max{miin{(uA(ai)), Hliin{MA(bi)}}7

,VA(albn + CL2b'nfl + -+ anbl) Z max{miin{(’y,q(ai)), mlln{’YA(bz)}}?

Yalaby +azby—1 + -+ anby) < min{max(¢a(ai)), max{ya(bi)}}-

Proof. Since A = (ua,v4,%4) is a neutrosophic set of a ring R, for any a;,b; € R (i = 1,2,...,n),
pa(arbn + azbp—1 + - +apby) > mini{pa(aibpi1-:)}

> min{max{pa(a;), pa(bny1-:)}}

> max{mini{pua(as), pa(bi)}},
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min;{ya(aibpt1-:)}
min;{max{ya(a;),va(bny1-:)}}
max{ming{ya(a;),va(bs)}},

va(aiby + agbp_1 + - -+ aybr)

VIV IV

max; {1 a(aibny1-i)}
max;{min{t(a;), Ya(bnt1-:)}}
min{max;{ta(a;),¥a(b;)}}.

ha(arbn + agbp_1 + - + anby)

INININ

O

Theorem 3.4. Let A = (ua,va,%a) be a neutrosophic ideal of a ring R and f(x) = Z a;z; € R[z].

Define a neutrosophic set Ay = (pa,,va,,¥a,) on Rlz] by pa,(f(z)) = mlnz{MA(az)} V4. (f(@)) =
min;{va(a;)}, and Y, (f(z)) = max;{¢a(a;)}. Then A, is a neutrosophic ideal of R|x].

Proof. Let f(x) = > ajz;, g(x) = Y. bjx; € R[z]. Then by Lemma we have
i=0

=0

min;{pa(c;)}, wherec; = a; — b;
min;{pa(a; — b;)}

min; {min{za(a;), pra(bi)}}
min{min; {4 (a;)}, mlnz{uA( i)}
min{pa, (f(2)), pa, (9(2))},

min;{va(c;)}, where c; = a; — b;
min; {ya(a; —b;)}

min, {min{ya(a:),va(b;) }}
min{min;{v4(a;)}, min;{ya(b;)}}
min{vya, (f(2)), 7. (9(x))},

max;{1a(c;)}, where ¢; = a; — b;
maxi{wA(ai — bi)}

max; {max{ta(a;), ¥a(b;)}}
max{max; {14 (a;)}, max;{t4(b;)}}
max{va, (f(x)), ¥a, (9(z))}.

pa, (f(z) —g(x))

v

Ya, (f(z) — g(2))

([ [V |

A I

Also,

n+m

pa,(f(x)g(x)) = mini{pa(d;)}, whered; = Z atbprm—i

min; {max{sa(ai)}, {#a(bntm—i)}}
min; {max{114(a;), pa(bi)}}
max{min;{a(a;)}, mlnz{MA( i)}
max{pa, (f(2)), pa, (9(x))},

n+m

= min;{ya(d;)}, whered; = Z aibptm—i

v IV

2
hN
8
—
~
—~
8
S~—
Q
—
g
|

mml{max{’y,q az)} {'YA( n+m— 1)}}

(
min;{max{ya Eaz) ya(bi)}}
),

IR AVAAVAN]

max{min;{ya(a;)}, min;{ya(b;)}}
max{ya, (f(2)), 74, (9(x))},

n+m

max;{a(d;)}, whered; = Z aiby g m i

max;{min{tra(a;)}, {4 (bntm— 1)}}
max; {min{e 4 (a;), ¥a(b;)}}
min{max;{t(a;)}, max;{tha(b;)}}
min{ta, (f(2)), ¥4, (9(z))}

Hence, A, is a neutrosophic ideal of R[z]. O

Ya, (f(z)g(x))

AN IA

Definition 3.5. The neutrosophic ideal A, discussed in Theorem [3.4]is called the neutrosophic polynomial
ideal of R[x] induced by a neutrosophic ideal A of a ring R.
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Proposition 3.6. Ler f : R — R’ be a homomorphism of rings and let f, : Rlx] — R'[x] be an induced
homomorphism of f. If A is a neutrosophic ideal of the ring R and A, is its neutrosophic prime ideal of R|x),
then A is f-invariant if and only if A, is f.-invariant.

Proof. Assume that A is f-invariant. Let f,(r(z)) = f.(s(x)), where r(z) = i a;z;, 8(x) = i biz; €
i=0 1=0
R[]. Then gf(ai)m _ gf(bi)xi, s0 f(as) = f(bs),¥i = 1,2,..,m. Thus,
pa, (r(z)) = min{pa(a;)} = minfpa(bi)} = pa, (s(2)),
T, (@) = minfya(a)} = minfya(b)} = 7. (s(2)).
Ya, (r(z)) = max{ya(a;)} = max{ya(bi)} = va, (s(2))-
Hence, A, is fx-invariant.

Conversely, assume that A, is f,-invariant. If f(a) = f(b), then f,(a) = f.(b). Since A, is f,-
invariant, we have 4, (a) = pa, (b), va,(a) = va,(b), and ¥4 _(a) = 4, (), which implies that p4(a) =
1a(b), va(a) =~va(b), and 4 (a) = 14 (b). Hence, A is f-invariant. O

Proposition 3.7. Let A be a neutrosophic ideal of a ring R. Then the set S = {f(z) € R|z] : pa,(f(z)) =
14, (0), 74, (f (#)) = 74, (0), ¥4, (f(x)) = ¥4, (0)} is a subring of Rx].

Proof. Let f(x), g(x) be any two elements of S. Then

=
b
=
—~
|
=2
=
V
=
]
—
=
h
I
"\H
B
=
b
I
o
—~
53
S~—
S~—
—
1
=
b
I
=
:_/

(
Ya, (f(z) — g(x)) > min{ya, ( . .
Ya, (f(x)g(x)) < max{a, (f(r)),va,(9(x))} = 1a,(0).

Also,
4, (f(2) = g(2)) =2 minfpa, (f(2)), pa, (9(2))} = pa. (0),
A, (f(x) = g(x)) = min{ya, (f(2)), 74, (9(2))} = 74,(0),
W (f(x)g ( ) < max{ya, (f(2)),a,(9(x))} = Pa,(0).
On the other hand, pa_(f(x)) < pa,(0), va,(f(2)) < v4,(0), and P4 _(f(z)) > 14, (0) for all f(z) €
Rz]. So, f(z) — g(z), f(x)g(x) € S Hence, S is a subring of R[z]. O

Remark 3.8. Let A be a neutrosophic set of aring R. We denote alevel cutset A, by A, = {x € R: pa(z) =
14(0),va(x) = v4(0),va(x) = 1¥a(0)}. It is proved that if A is a neutrosophic ideal of a ring R, then A,
is an ideal of R. Note that if A is a neutrosophic ideal of a ring R, then u4(0) > pa(z),74(0) > ~va(z),

and 14 (0) < ¥ (z) for all z € R. We denote A.[z] = {f(z) € R[z] : f(z) = > aixi,a; € A,Vi =
i=0

1,2,...,n}.

Theorem 3.9. Let A be a neutrosophic ideal of a ring R. Then (Ay), = Aylx].

Proof. Now,

(As)s = {f(z) € Rlz]: f(z) = ;ZIO ai%i, pa, (f(2)) = pa,(0), 74, (f(2)) = 74,(0),

Va,(f(z)) =va,(0)} .

= {f(z) € R[z]: f(z) = i;) a;z;, ming{pa(a;)} = pa(0), mini{ya(a;)} = va(0),
max;{1a(a;)} = wA(O)}

= {f(z) € R[z]: f(z) = Z ai%;, pra(ai) = pa(0),valai) = va(0),
Yala;) = ¥a(0), V%—l 2 ,n}

= {f(z) € R[z]: f(z) i;)ax“alEA*,W:LQ,...,n}

= Az

https://doi.org/10.54216/IJNS.220401 11
Received: May 12, 2023 Revised: July 07, 2023 Accepted: November 01, 2023



International Journal of Neutrosophic Science (IJNS)

Vol. 22, No. 04, PP. 08-19, 2023

Theorem 3.10. Let A and B be neutrosophic ideals of a ring R. Then

(1) (ANB), =A,NB
(2) (AUB), 2 A, UB
(3) Ay + By C (A+ B)g,
(4) A,B, C (AB),.

Proof. Let f(x) = > a;z; be any element of R[x].

(1) (AN B).(f(z)) = (wans), (f(®)),vanB),(f(®)), pansy, (f())), where

tanB), (f(x))

Yans), (f(x))

Yeans), (f(2))

Hence, (AN B), = A, N B

mlnz{ﬂAﬁB( z)
min; {min{pa(a;), p
min{min; {4 (a;), u
min{min;{pa(a;)}, m
min{pia, (f(2)), s, (f
KA, NB, (f( ))a

ai)}}
ai)}}
ini{pp(a;)}}
()}

B(
B(

min; {yans(a;)

min; {min{ya(a:), v5(a:)}}
min{ming{14(e:), 75 (a)}}
min{min, {74 (a) }, ming {75 a0)}
min{ya, (f(x)), v, (f(2))}
VA.0B, (f(2)),

max;{t)anp(ai)}
max;{max{ta(a;),¥p(a;)}}

)

(
max{max; {4 (a;), ¥V (a:)}}
max{max; {4 (a;)}, max;{tp(a;)}}
max{¢a, (f(z)), ¥p, (f(z))}
Ya,ns, (f(2)).

() peaus), (f(z) = (N(Au;.)m (f()),vauB), (f (@), Yaun), (f(x))), where

HeauB)y, (f(x))

YauB), (f(z))

Yeaun), (f(x))

https://doi.org/10.54216/IJNS.220401

I | T AV (|

L I A VA R |

1 | (R VAN (|

min;{paus(a;)}
min;{max{pa(a;), up(a;)}}
max{min;{p(a;), pp(a:)}}
max{min;{pa(a;)}, mlnz{MB(az)}}
max{pa, (f(x)),us,(f(x))}
HAmUBm(f( ))7

min; {yauB(a:)}

mini{max{’YA (az) B(al)}}
max{min;{va(a;),v5(a;)}}
max{min;{va(a;)}, min;{vs(a;)}}

max{7va, (f(z)), 75, (f(x))}
Ya,0uB, (f(x ))’

max; {’(/}AUB ( z)

max;{min{y4(a;), ¥5(a:)}}
min{max; {4 (a;), ¥ (a:)}}
min{max; {4 (a;)}, max;{¢)p(a;)}}
min{ya, (f(2)), ¥s, (f(z))}

Ya,uB, (f(x)).
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Hence, (AU B), 2 A, U B,.
(3) Now, (A; + By)(f(2)) = (pa,+5. (f(2), va,+ 8. (f(2)), Ya,+B, (f(2))), where

pan (F@) = | max  {min{u, (9@). po (h(@)}}

where g ) Z bizi, h ) Z Cilg

oy w){mm{mmz{m( b ming ()1

max {mln{mlnz{uA( i)}, ming{pp(ci)}}}

a;=b;+
< windmax{min{pa(), an(c)} )
= mlnz{/‘A+B (GZ)}
= pa+s),(f(z)),
Ya.+8,(f(2)) = PO ){ in{ya, (9(x)), 7B, (h(x))}},
where g(z) = szz, h(z) = Zczzz
= o hax ){mln{mlnz{%( )} min;{vp(c;) }}}
= almbai {min{min; {y4(b;)}, min;{vp(ci)}}}
< ming{ o max {min{ya(b:),ve(ci)}}}
= mlnz{7A+B(az)}
= Y(A+B). (f(z)),
Vase (f@) = win - fmax(ua (o). s, ()},
Whereg( )= szz, h(z) = chzrz
= e x){max{maxz{l/m( )} max; {15 (i)} }}
= min {max{max;{4(b;)}, maxi{yp(ci)} }}
> max{ min {max{va(®0), vs(e) 1)}
= maxz{¢A+B(a2)}
= w(A-&-B)I (f()).
(4) Now, (A, B;)(f(x)) = (pa, B, (f(2)),va, B, (f(2)),Ya, B, (f(x))), where
pa, s, (f(x) = sup  {min{pa, (9(2)), up, (h(z))}},

f(@)=g(z)h(x)
where g(z) = bez, h(z) = Zczxz, n+m=p
=0
= sup {min{min, {ja (b:)}, min (s (cosm—0)} 1}

n+m=p
a;= ;} (bicntm—i)
= sup {min;{min{pa(b;)}, mini{pp(cntm—i)}}}
n4m=p
a;= Eo (bicntm—i)

min, { sup {min{pa (i)}, min;{pp(cnym—i)}}}

IN

1
=
B
—_—
= 8
h
s}
8
=

:U'(AB)z(f(x))v
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V4.8, (f(2) = sup  {min{ya, (9()), 75, (h(x))}},
f(@)=g(2)h(z)

where g(z) = Ebazl, h(z) = Zczxz,n—&-m P

- . Sup B {mm{mmz{%f( b)Y, ming{v5 (Cnsm_i) 1}
Gi= 2 (bicntm—i)
— sup {min;{min{y4(b;)}, min; {7y (crim_i)}}}

{min{ya(bi)}, mini {5 (cnym—i)}}}

IN
2
B
—~—
wn
=
T

=P
a;= 'Z:o (biCntm—i)

= min;{yap(a;)}
= ”Y(AB)JC (f(2)),
Ya,B,(f(z) = e g( {maX{w (9(2)),¥B, (h(2))}},

where g(x) = ;}bixi, h(z) = écixi, n+m=p

= b {max{max (600}, maxi (Ys(ensm )} 1
= 3 (bicntm—i)

= b {masmax{va(0)}, maxi (Ys(ensm )11
ai= = (bicntm—i)

> max;{ inf {max{ya(b;)}, max; {1 B (Crpm—i)} }}

n+m=p
a;= .Z:O (bianrm,.;)
= max{Yap(a;)}
= YunB), (f(z)).
Hence, A, B, C (AB),. O

Theorem 3.11. Let f : R — R’ be a homomorphism from R onto R'. If A and B are neutrosophic ideals of
R/, then

(1) f~/YAnB)=f ,
2) f[T'(AUB) = fY(A) U f'(B).

Proof. Letx € R.
(1) Now, f~1(AN B)(x) = (uy-1(anB) (), V-1 (anB) (%), ¥r-1(anp) (2)), where

pr-1anB)(®) = pane)(f(z))
= min{ua(f(2)), us(f(2))}
= min{py-1(a) (@), pp-1(m) (@)}
= Hp-rans- ) (@),

Yr-1anB)(T) = Yanp)(f(2))
= min{ya(f(z)), fB(f(x))}
= min{yp-104)(2),vs-1(3)(2)}
= 'Vf—l(A)ﬂf—l(B)(x)»
Vi-1anB)(®) = Yanp)(f(z))
= max{¢a(f(2)),¢s(f(2))}
= max{¥s-104)(2), Y51 (2)}
= Ypryus) (@)
Hence, f~1(ANB) = f~YA4)n f~1(B).
(2) Now, f1 (AU B)(x) = (ng-1(auB) (), V-1 (auBy (%), Y51 (aus) (2)), where

pi-1auB)(®) = paus(f(z))
= max{pa(f(z)), fB(f(z))}
= max{pus-1a)(), Nf 1) (7)}
= Hf-rAur-1 )\
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V-1aup) (@) = vaus(f(z))
= max{va(f(z)), fB(f(z))}
= max{vs-1.4)(2),7r-1(B)(®)}
Yr-1ayus-1(s) (),

Yi-1aup)(®) = Yaus(f())

= min{ya(f(2)), ¥s(f())}

= min{Y 1) (7), Ys-1(3)(7)}
Yr-1yns-1(m) (2)-

Hence, f~1(AUB) = f~Y(A)U f~1(B). O

Corollary 3.12. Let f : R — R’ be a homomorphism from R onto R'. Let f, be an induced homomorphism
of f. If A and B are neutrosophic ideals of R’, then

(1) f7{((ANB)) = fr ' (Ax) N £ (By).
(2) f71((AUB)2) 2 £771(A2) U fH(Ba).

Proof. (1) It follows from Theorem [3.10](1) and Theorem[3.11](2) that f;*((AN B),) = f; '(A, N B,) =
fo ' (Ae) N M (Ba)-

(2) By Theoremn(2) we have A, UB, C (AU B)m, so fio ( UB,) C f (AU B) ) By applying
Theoremn(Z) and Theoremn(Z) we obtain f 1 (A,)Uf Y (B:) = f; 1 (A, UB,) C f-1((AUB),),
which proves (2). ]

Theorem 3.13. Let f : R — R’ be a homomorphism from R onto R’ and let f, be an induced homomorphism
of f. If A is a neutrosophic ideal of R, then (f~1(A)). = f. 1(Az).

n
Proof. Letr(x) = > a;x; be any element of R[x]. Then
i=0

(f7HA))2(r(x) = (i1 ay, (@), Y1 Ay, (1), Yp-1(ay), (r(z))), where

sy, (D) = mineliy s ()
min;{pa(f(ai))}

= Mf;l(Am)(r(x))y

V1A, (r(@) = ming{yy-1(ay(ai)}
min; {ya(f(ai))}
Ya, (fo(r(z)))
= Vfgl(AI)(T(I)),

Yir-1ay, (r(@) = maxi{y-1(a)(a;)}
max;{1a(f(a;))}
Ya, (fo(r(z)))
= ¢f;1(Aw)(T(x))'

Hence, (f~1(A)). = f.1(AL). O

Theorem 3.14. Ler f : R — R’ be a homomorphism from R onto R’ and let f, be an induced homomorphism
of f. If Ais an f-invariant neutrosophic ideals of R/, then (f(A))z = fz(Az).

Proof. For any polynomial s(z) = 3 bx; € Rz], we let h;(z) = Z bj;x; € Rlx]. Then A, (h;(z)) =

(1 100) 3. O o, (6 e, Oy ) = i), 7., 1) = i {4 (050
and 4, (hj(x)) = min;{¢a(a;;)}. Assume that f,(h;(x)) = s(x)and f,(hi(x)) = s(z). Then Y~ f(aj;)z; =

i=0
Z b;x; and Z flari)x; = 3 bix;. It follows that f(aj;) = b; = f(aw), Vi = 1,2,...,m. Hence,
i=0 i=0
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pa, (hj(z)) = mini{pa(a;;)} = min;{pa(ag;)} = pa, (hg(x)). Similarly, we can show that v4_ (h;(x))
min; {y4(a;:)} = mini{7a(ax;)} = 7a, (hi(x)) and Ga, (h(2)) = Y, (hi(2)). Now. (fo(Ar))(s(x)) =
(tf, (an)(8(2)),%g, a,)(5(x))), where

ffan(s(@) = sup{pa, (h;(@)) : hy(z) = g:% a; such that f, (h;(z)) = s(z)}
= sup{mini{ualag)}i = 1,2}
= pa, (hi(x)),

Vioan)(s(@)) = sup{ya,(h;(x)) : hy(x) = Z aj;x; such that fo(h;(x)) = s(z)}
= sup{min;{va(a;,)},j =1, 2 .
= a4, (h(z)),

Vroan)(s(x)) = f{pa, (h;(@)) : h(x) = Zo%wz such that fy.(h;(x)) = s(x)}

= inf{max;{¢a(a;,)},j =1,2,...}
= ¢a,(h;(2)).

Now, let 7 = 1,2,...,m. Since A is f-invariant, we have (f(A))(b;) = (trca)(bi), Vay(bi), Y rca)(bi)),
where

tpay(bi) = sup{palaji),aj € R, flaj) =bi} = palao) = palari) = ... = palaj),
Yreay(bi) = sup{va(aji), aji € R, f(aji) = bi} = yalaoi) = va(ari) = ... = va(azi),
VYpay(bi) = inf{alaji),a € R, flaj) = bi} = Yalan:) = Yalari) = ... = Palag).

It follows from Theorem [3.4] that

ppcay, (s(@)) = ming{gpa)(bi)}
mini{uf(A)(bo)7Mf(A)(b1)7~-~}
= mini{ﬂA(ajO)aﬂA(ajl)v'"}

= pa.{ i aji}
= Hp(a,)(8(2)),

Vran. (s() = ming{ypa)(bi)}
= min;{y¢a)(bo), vrca)(b1),...}
= mini{VA(ajo) yalaji),. .-}

= Ya, {Za;z}
= %(A )( s(x)),

Yipay, (s(x) = max;{tpay(bi)}
= maxi{wf(A)(bo)7wf(A)(bl),~"}
= maXz{¢A(ajo)a¢A(aj1)7"'}

= Ya, {Z aj; }
= YA, )( s(x)).
Hence, (f(A)). = fz(4L). -

Definition 3.15. Let A be a neutrosophic ideal of a ring R and let A, be a neutrosophic polynomial ideal of
R|x]. For any f(z) € R[], define a neutrosophic set f(z) + A, on R[z] by
(@) + Az = (Hf(a)+Ans V@) + AL Vi (2)+A, ) Where

tf(2)+a, (9(2) = pa, (f(z) — g(2)),
Vi(@)+4, (9(2) =74, (f(x) = g(2)),
Vr(o)+4,(9(@) = va, (f(z) — g(2))
for all g(x) € R[z]. Then f(z) + A, is called a neutrosophic coset of R[x] determined by f(x) and A,.
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Theorem 3.16. Let A be a neutrosophic ideal of a ring R and let A, be a neutrosophic polynomial ideal of
R[x]. Then Rlx] = A,, the set of all neutrosophic cosets of A, form a ring under the composition defined by

(f(z) + Az) + (9(z) + A) = (f(2) + 9(x)) + Aq

and

(f(@) + Az)(9(x) + As) = (f(2)g(2)) + Az
forall f(x),g(z) € R[x].

Proof. Straightforward. O

Lemma 3.17. Let A be a neutrosophic ideal of a ring R and let A, be a neutrosophic polynomial ideal of
Rla]. Then (x) + A, = g(z) + A, if and only if A,((x) — g(x)) = A,(0) forall f(v),g(x) € Rlx].

Proof. Firstly, assume that f(z)

= g(x) + Ay Then (f(2) + A2)(f(2)) = (9(x) + A2)(f(2))
() = (@) = (pa,(9(x) = f(2)),¥a,(9(x) — f(z))), that is,

+
implies that (pua, (f(z) — f(2)), ¥4, ( (z)
(14,(0),44,(0)) = ( A.(9 (x) - ( ), ¥a,(9(z) — (ff))))- Thus i, (9(x) — f(x)) = pa,(0) and
Va,(9(z) — f(2))) = ¥4, (0)). Hence, Ay (g(z) — f(z)) = As(0).

Conversely, assume that A, (g(x) — f(x)) = A,(0) forall f(z), g(x) € R[x]. Let h(z) € Rla]. Then

K ()+a, (h(2)) pa, (h(z) — f(x))
pa, (h(z) —g(z) + g(z) — f()

~—

> min{p,, (M) - g(x)), pa, (9(z) — f(2))}
= min{ua, (h(z) — g(2)), pa,(0)}
= pa, (W) - g())
= Hg(z)+As (h(z)),
Vi@ +4, (R(2) = va,(h(z) = f(x))
= a4, (h(z) —g(z) + g(x) — f(2))
> min{y,,, (A(z) = g(x)),74. (9(x) = f(2))}
= min{ya, (h(z) — g(2)),74,(0)}
V4, (h(z) — g(x))
= Yg)+a, (h(2),
Vi@)+a, () = Ya,(h(z) - f(z))
= ¢a, (Wz) - g(z) +g(x) — f(2))
< max{yy,, (M) —g(2)), a, (9(x) = f(z))}
= max{ya, (h(z) — g(z)),va, (0)}
= Ya,(h(z) - g(z))
Thus g(z) + A, C f(z) + A,. In the same way, we can show that f(z) + A, C g(z) + A,. Hence,
f(@) + Ay = g(z) + As. O

4 Prime neutrosophic polynomial ideals

In this section, we study some properties of prime neutrosophic polynomial ideals.

Definition 4.1. A neutrosophic ideal P of a ring R, not necessary constant, is said to be a neutrosophic prime
ideal if for any neutrosophic ideals A and B of R, AB C P implies that either A C Por B C P.

Proposition 4.2. Let A be a neutrosophic prime ideal of a ring R. Then A, is a prime ideal of R.

Theorem 4.3. Let A be a neutrosophic ideal of a ring R. Then A is a neutrosophic prime ideal of R if and
only if A, is a neutrosophic prime ideal of R|x).
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Proof. Let A be a neutrosophic prime ideal of R. Then A, is a prime ideal of R. By Theorem [3.4] we have

A, is a neutrosophic ideal of R[x]. To show that A, is a neutrosophic prime ideal of R[z], we have to show

that, by Theorem [3.9] (A,) = A.[z] is a prime ideal of R[x]. Assume that A,[z] is not a prime ideal of
L m

R[z]. Then there exist polynomials f(z) = ) a;z;,9(x) = > byx; € R[z] such that f(z)g(x) € A.[z],
i=0 =0

but f(x),g(x) ¢ Axlx]. Let i be the first smallest non-negative i_nteger such that 14 (a;) # 1a(0), va(a;) #
v4(0), and ¥4 (a;) # 14(0) and let j be the first smallest non-negative integer such that p4(b;) # 14(0),
it+j
va(bi) # v4(0), and 1 4(b;) # 14(0). Since f(z)g(x) € Ai[x], we have > apby € A,, because
p,q=0,p+q=i+j
ap (where p = 0,1,...,i— 1) and b, (where p = 0,1,...,j — 1) are all in A,. Thus a;b; € A,. Since A,
is a prime ideal of R, either ua(a;) = 1a(0), va(a;) = v4(0), and ¥4 (a;) = ¥a(0) or pa(b;) = 1a(0),
va(b;) = v4(0), and 1 4 (b;) = 14 (0), a contradiction. Hence, A, is a neutrosophic prime ideal of R|[x].

Conversely, assume that A, is a neutrosophic prime ideal of R[x|. We claim that A, is a prime ideal
of R. Leta,b € R be such that ab € A,. Then (az)(bz) = abz? € A.[z] = (A,). Since (A,) is a prime
ideal of R[z], either (ax) € (A,) or (bx) € (A,), which shows that either a € A, orb € A,. Hence, A is a
neutrosophic prime ideal of R. O

Theorem 4.4. Let f : R — R’ be an epimorphism from R onto R’ and let B be a neutrosophic ideal of R'. If
B is a neutrosophic prime ideal of R/, then f~1(B) is a neutrosophic prime ideal of R.

Proof. Firstly, assume that B is a neutrosophic prime ideal of R’. Then B, is a prime ideal of R’. Clearly,
f71(B) is a neutrosophic ideal of R. We claim that (f~*(B)) is a prime ideal of R. Let a,b € R be
such that ab € (f_l(B)) Then ,uffl(B)(ab) = ,Uf—l(B)(O), ’Yf—l(B)(ab) = ’yf—l(B)(()), and ’(/Jf—l(B)(ab) =
b 3y (0), thatis, s (ab)) = s (0), 75 (ab) = 1(0'), and Y (f (ab)) = s (0")). Thuss f(a) F(b) =
f(ab) € B.. Since B, is a prime ideal of R’, either f(a) € B, or f(b) € B.. This means that either
us(F(@)) = us(0), 15(f(@) = 15(0), and ¥s(f(a)) = ¥s(0') o us(f1) = up(0'), 5(F(b) =
v5(0'), and Yp(f(b)) = ¢p(0'), that is, either py-1(py(a) = ps-1(5)(0), vr-1(B)(a) = v5-1(m)(0),
and Yp-1(p)y(a) = Yy-1(p)(0) or pyp-1(py(b) = prp-1(5)(0), Vr-1(5)(b) = Vy-1()(0), and -1 (b) =
Ys-1((0). Thus either a € (f~(B)). orb € (f~(B))., thatis, (f~*(B)) is a prime ideal of R. Hence,
f~Y(B) is a neutrosophic ideal of R. O

Theorem 4.5. Let f : R — R’ be an epimorphism from R onto R' and let A be an f-invariant neutrosophic
ideal of R. Then A is a neutrosophic prime ideal of R if and only if f(A) is a prime ideal of R’.

Proof. Firstly, assume that A is a neutrosophic prime ideal of R. Then A, is a prime ideal of R. Letz,y € R’
be such that zy € f(A.). Since f is onto, there exists ¢ € A, such that f(c) = xy and there exist a,b € R
such that f(a) = x and f(b) = y. Thus f(ab) = f(a)f(b) = zy = f(c). As A is f-invariant, therefore,
pa(ab) = pa(e) = pa(0), va(ab) = va(e) = v4(0), and a(ab) = Ga(c) = $4(0). Thus ab € A,.
Since A, is a prime ideal of R, either a € A, or b € A,, which shows that either z = f(a) € f(A.) or
y = f(b) € f(As). Hence, f(A.) is a prime ideal of R’.

Conversely, assume that f(A,) is a prime ideal of R’ and let a,b € R be such that ab € A,. Thus
fla)f(b) = f(ab) € f(As). Since f(A,) is a prime ideal of R’ , either f(a) € f(A.) or f(b) € f(AL),
which implies that either there exists ' € A, such that f(a) = f(a’) or there exists b’ € A, such that
f(b) = f(V'). Since A is f-invariant, either pa(a) = pa(a’) = pa(0), yala) = va(a') = v4(0), and
ba(a) = Ga(a’) = 0a(0) or ja(b) = pa(b') = a(0), 7a(b) = v4(b') = 74(0), and a4 (B) = Ga(H) =
14(0), that is, either a € A, orb € A,. Hence, A, is a prime ideal of R and hence, A is a neutrosophic prime
ideal of R. O]

Corollary 4.6. Let f : R — R’ be an epimorphism from R onto R’ and let A be an f-invariant neutrosophic
ideal of R. Then A is a neutrosophic prime ideal of R if and only if f(A) is a neutrosophic prime ideal of R'.

Corollary 4.7. Let f : R — R’ be an epimorphism from R onto R’ and let f, be an induced homomorphism
of f. Then a neutrosophic ideal B of R' is a neutrosophic prime ideal of R if and only if f;1(B,) is a
neutrosophic prime ideal of R[z].
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Corollary 4.8. Let f : R — R’ be an epimorphism from R onto R' and let f, be an induced homomorphism of
f. Then a neutrosophic ideal A of R is a neutrosophic prime ideal of R if and only if f,(A.) is a neutrosophic
prime ideal of R'[z)].
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