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Abstract

In this paper, we introduce the notion of the neutrosophic polynomial ideal Ax of a polynomial ring R[x]
induced by a neutrosophic ideal A of a ring R and obtain an isomorphism theorem of a ring of neutrosophic
cosets of Ax. It is shown that a neutrosophic ideal A of a ring is a neutrosophic prime if and only if Ax is a
neutrosophic prime ideal of R[x].

Keywords: neutrosophic ideal; neutrosophic prime ideal; neutrosophic polynomial ideal; f -invariant.

1 Introduction

The concept of fuzzy sets was proposed by Zadeh.9 The theory of fuzzy sets has several applications in
real-life situations and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The integration
between fuzzy sets and some uncertainty approaches, such as soft sets and rough sets, has been discussed
in.1, 3, 4 The idea of intuitionistic fuzzy sets suggested by Atanassov2 is one of the extensions of fuzzy sets
with better applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multicriteria decision-making.5–7 The notion of neutrosophic sets was
introduced by Smarandache8 in 1999, which is a more general platform that extends the notions of classic sets,
(intuitionistic) fuzzy sets, and interval-valued (intuitionistic) fuzzy sets. Neutrosophic set theory is applied to
various parts, which is referred to on the site http://fs.unm.edu/neutrosophy.htm. In this paper, we introduce
the notion of the neutrosophic polynomial ideal Ax of a polynomial ring R[x] induced by a neutrosophic ideal
A of a ring R and obtain an isomorphism theorem of a ring of neutrosophic cosets of Ax. It is shown that a
neutrosophic ideal A of a ring is a neutrosophic prime if and only if Ax is a neutrosophic prime ideal of R[x].

2 Preliminaries

Let R be a nonempty set. The neutrosophic set8 A on R is defined to be a structure

A := {⟨x, µ(x), γ(x), ψ(x)⟩ | x ∈ R}, (1)
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where µ : R → [0, 1] is a truth membership function, γ : R → [0, 1] is an indeterminate membership
function, and ψ : R → [0, 1] is a false membership function. The neutrosophic set in (1) is simply denoted by
A = (µA, γA, ψA).

In this section, we review some definitions which will be used in the later section. Throughout this paper,
unless stated otherwise, all rings are commutative rings with identity.

Definition 2.1. Let R be a ring. A neutrosophic set A = (µA, γA, ψA) of R is said to be a neutrosophic ideal
of R if

(∀x, y ∈ R)

 µA(x− y) ≥ min{µA(x), µA(y)}
γA(x− y) ≥ min{γA(x), γA(y)}
ψA(x− y) ≤ max{ψA(x), ψA(y)}

 ,

(∀x, y ∈ R)

 µA(xy) ≥ max{µA(x), µA(y)}
γA(xy) ≥ max{γA(x), γA(y)}
ψA(xy) ≤ min{ψA(x), ψA(y)}

 .

Definition 2.2. Let R and S be any sets, and let f : R→ S be a function. A neutrosophic set A of R is called
an f -invariant if f(x) = f(y) ⇒ µA(x) = µA(y), γA(x) = γA(y), and ψA(x) = ψA(y), where x, y ∈ R. If
A is any f -invariant neutrosophic set of R, then f−1(f(A)) = A.

Lemma 2.3. Let R and S be any sets and f : R → S be any function. If A and B are neutrosophic sets of R
and S, respectively, and f -invariant, then A ∪B and A ∩B are f -invariant.

Lemma 2.4. LetR and S be any sets and f : R→ S be any function. LetA andB be f -invariant neutrosophic
sets of R. If A ⊆ B, then f(A) ⊆ f(B).

Let R be a commutative ring with identity and let R[x] be the ring of polynomials where x is indeterminate.

Definition 2.5. Let f : R → R′ be a homomorphism of rings. A map fx : R[x] → R′[x] defined by

fx(
n∑

i=0

aixi) =
n∑

i=0

f(ai)xi is obviously a ring homomorphism, and we call fx an induced homomorphism by

f .

3 Neutrosophic polynomial ideals

In this section, we introduce the notion of neutrosophic polynomial ideals of a ring and study their properties.
The set of all real numbers is denoted by R.

Lemma 3.1. Let ai, bi ∈ R (i = 1, 2, . . . , n). Then mini(min{ai, bi}) = min{mini(ai),mini(bi)} and
maxi(max{ai, bi}) = max{maxi(ai),maxi(bi)}.

Lemma 3.2. Let ai, bi ∈ R (i = 1, 2, . . . , n). Then mini(max{ai, bi}) ≥ max{mini(ai),mini(bi)} and
maxi(min{ai, bi}) ≤ min{maxi(ai),maxi(bi)}.

Lemma 3.3. Let A = (µA, γA, ψA) be a neutrosophic set of a ring R. Then for all ai, bi ∈ R, we have

µA(a1bn + a2bn−1 + · · ·+ anb1) ≥ max{min
i
{(µA(ai)),min

i
{µA(bi)}},

γA(a1bn + a2bn−1 + · · ·+ anb1) ≥ max{min
i
{(γA(ai)),min

i
{γA(bi)}},

ψA(a1bn + a2bn−1 + · · ·+ anb1) ≤ min{max
i

(ψA(ai)),max
i

{ψA(bi)}}.

Proof. Since A = (µA, γA, ψA) is a neutrosophic set of a ring R, for any ai, bi ∈ R (i = 1, 2, . . . , n),

µA(a1bn + a2bn−1 + · · ·+ anb1) ≥ mini{µA(aibn+1−i)}
≥ mini{max{µA(ai), µA(bn+1−i)}}
≥ max{mini{µA(ai), µA(bi)}},
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γA(a1bn + a2bn−1 + · · ·+ anb1) ≥ mini{γA(aibn+1−i)}
≥ mini{max{γA(ai), γA(bn+1−i)}}
≥ max{mini{γA(ai), γA(bi)}},

ψA(a1bn + a2bn−1 + · · ·+ anb1) ≤ maxi{ψA(aibn+1−i)}
≤ maxi{min{ψA(ai), ψA(bn+1−i)}}
≤ min{maxi{ψA(ai), ψA(bi)}}.

Theorem 3.4. Let A = (µA, γA, ψA) be a neutrosophic ideal of a ring R and f(x) =
m∑
i=0

aixi ∈ R[x].

Define a neutrosophic set Ax = (µAx
, γAx

, ψAx
) on R[x] by µAx

(f(x)) = mini{µA(ai)}, γAx
(f(x)) =

mini{γA(ai)}, and ψAx
(f(x)) = maxi{ψA(ai)}. Then Ax is a neutrosophic ideal of R[x].

Proof. Let f(x) =
m∑
i=0

aixi, g(x) =
m∑
i=0

bixi ∈ R[x]. Then by Lemma 3.1, we have

µAx
(f(x)− g(x)) = mini{µA(ci)}, where ci = ai − bi

= mini{µA(ai − bi)}
≥ mini{min{µA(ai), µA(bi)}}
= min{mini{µA(ai)},mini{µA(bi)}}
= min{µAx

(f(x)), µAx
(g(x))},

γAx
(f(x)− g(x)) = mini{γA(ci)}, where ci = ai − bi

= mini{γA(ai − bi)}
≥ mini{min{γA(ai), γA(bi)}}
= min{mini{γA(ai)},mini{γA(bi)}}
= min{γAx

(f(x)), γAx
(g(x))},

ψAx
(f(x)− g(x)) = maxi{ψA(ci)}, where ci = ai − bi

= maxi{ψA(ai − bi)}
≤ maxi{max{ψA(ai), ψA(bi)}}
= max{maxi{ψA(ai)},maxi{ψA(bi)}}
= max{ψAx(f(x)), ψAx(g(x))}.

Also,

µAx(f(x)g(x)) = mini{µA(di)}, where di =
n+m∑
i=0

aibn+m−i

= mini{max{µA(ai)}, {µA(bn+m−i)}}
≥ mini{max{µA(ai), µA(bi)}}
≥ max{mini{µA(ai)},mini{µA(bi)}}
= max{µAx(f(x)), µAx(g(x))},

γAx
(f(x)g(x)) = mini{γA(di)}, where di =

n+m∑
i=0

aibn+m−i

= mini{max{γA(ai)}, {γA(bn+m−i)}}
≥ mini{max{γA(ai), γA(bi)}}
≥ max{mini{γA(ai)},mini{γA(bi)}}
= max{γAx

(f(x)), γAx
(g(x))},

ψAx(f(x)g(x)) = maxi{ψA(di)}, where di =
n+m∑
i=0

aibn+m−i

= maxi{min{ψA(ai)}, {ψA(bn+m−i)}}
≤ maxi{min{ψA(ai), ψA(bi)}}
≤ min{maxi{ψA(ai)},maxi{ψA(bi)}}
= min{ψAx

(f(x)), ψAx
(g(x))}.

Hence, Ax is a neutrosophic ideal of R[x].

Definition 3.5. The neutrosophic ideal Ax discussed in Theorem 3.4 is called the neutrosophic polynomial
ideal of R[x] induced by a neutrosophic ideal A of a ring R.
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Proposition 3.6. Let f : R → R′ be a homomorphism of rings and let fx : R[x] → R′[x] be an induced
homomorphism of f . If A is a neutrosophic ideal of the ring R and Ax is its neutrosophic prime ideal of R[x],
then A is f -invariant if and only if Ax is fx-invariant.

Proof. Assume that A is f -invariant. Let fx(r(x)) = fx(s(x)), where r(x) =
m∑
i=0

aixi, s(x) =
m∑
i=0

bixi ∈

R[x]. Then
m∑
i=0

f(ai)xi
=

m∑
i=0

f(bi)xi
, so f(ai) = f(bi), ∀i = 1, 2, . . . ,m. Thus,

µAx
(r(x)) = min

i
{µA(ai)} = min

i
{µA(bi)} = µAx

(s(x)),

γAx(r(x)) = min
i
{γA(ai)} = min

i
{γA(bi)} = γAx(s(x)),

ψAx(r(x)) = max
i

{ψA(ai)} = max
i

{ψA(bi)} = ψAx(s(x)).

Hence, Ax is fx-invariant.

Conversely, assume that Ax is fx-invariant. If f(a) = f(b), then fx(a) = fx(b). Since Ax is fx-
invariant, we have µAx

(a) = µAx
(b), γAx

(a) = γAx
(b), and ψAx

(a) = ψAx
(b), which implies that µA(a) =

µA(b), γA(a) = γA(b), and ψA(a) = ψA(b). Hence, A is f -invariant.

Proposition 3.7. Let A be a neutrosophic ideal of a ring R. Then the set S = {f(x) ∈ R[x] : µAx
(f(x)) =

µAx
(0), γAx

(f(x)) = γAx
(0), ψAx

(f(x)) = ψAx
(0)} is a subring of R[x].

Proof. Let f(x), g(x) be any two elements of S. Then

µAx(f(x)− g(x)) ≥ min{µAx(f(x)), µAx(g(x))} = µAx(0),

γAx(f(x)− g(x)) ≥ min{γAx(f(x)), γAx(g(x))} = γAx(0),

ψAx
(f(x)g(x)) ≤ max{ψAx

(f(x)), ψAx
(g(x))} = ψAx

(0).

Also,
µAx(f(x)− g(x)) ≥ min{µAx(f(x)), µAx(g(x))} = µAx(0),

γAx
(f(x)− g(x)) ≥ min{γAx

(f(x)), γAx
(g(x))} = γAx

(0),

ψAx(f(x)g(x)) ≤ max{ψAx(f(x)), ψAx(g(x))} = ψAx(0).

On the other hand, µAx
(f(x)) ≤ µAx

(0), γAx
(f(x)) ≤ γAx

(0), and ψAx
(f(x)) ≥ ψAx

(0) for all f(x) ∈
R[x]. So, f(x)− g(x), f(x)g(x) ∈ S. Hence, S is a subring of R[x].

Remark 3.8. LetA be a neutrosophic set of a ringR. We denote a level cut setA∗ byA∗ = {x ∈ R : µA(x) =
µA(0), γA(x) = γA(0), ψA(x) = ψA(0)}. It is proved that if A is a neutrosophic ideal of a ring R, then A∗
is an ideal of R. Note that if A is a neutrosophic ideal of a ring R, then µA(0) ≥ µA(x), γA(0) ≥ γA(x),

and ψA(0) ≤ ψA(x) for all x ∈ R. We denote A∗[x] = {f(x) ∈ R[x] : f(x) =
n∑

i=0

aixi, ai ∈ A∗,∀i =

1, 2, . . . , n}.

Theorem 3.9. Let A be a neutrosophic ideal of a ring R. Then (Ax)x = A∗[x].

Proof. Now,

(Ax)x = {f(x) ∈ R[x] : f(x) =
n∑

i=0

aixi, µAx
(f(x)) = µAx

(0), γAx
(f(x)) = γAx

(0),

ψAx(f(x)) = ψAx(0)}

= {f(x) ∈ R[x] : f(x) =
n∑

i=0

aixi,mini{µA(ai)} = µA(0),mini{γA(ai)} = γA(0),

maxi{ψA(ai)} = ψA(0)}

= {f(x) ∈ R[x] : f(x) =
n∑

i=0

aixi, µA(ai) = µA(0), γA(ai) = γA(0),

ψA(ai) = ψA(0), ∀i = 1, 2, . . . , n}

= {f(x) ∈ R[x] : f(x) =
n∑

i=0

aixi, ai ∈ A∗,∀i = 1, 2, . . . , n}

= A∗[x].
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Theorem 3.10. Let A and B be neutrosophic ideals of a ring R. Then

(1) (A ∩B)x = Ax ∩Bx,

(2) (A ∪B)x ⊇ Ax ∪Bx,

(3) Ax +Bx ⊆ (A+B)x,

(4) AxBx ⊆ (AB)x.

Proof. Let f(x) =
n∑

i=0

aixi be any element of R[x].

(1) (A ∩B)x(f(x)) = (µ(A∩B)x
(f(x)), γ(A∩B)x

(f(x)), µ(A∩B)x
(f(x))), where

µ(A∩B)x
(f(x)) = mini{µA∩B(ai)}

= mini{min{µA(ai), µB(ai)}}
= min{mini{µA(ai), µB(ai)}}
= min{mini{µA(ai)},mini{µB(ai)}}
= min{µAx(f(x)), µBx(f(x))}
= µAx∩Bx(f(x)),

γ(A∩B)x
(f(x)) = mini{γA∩B(ai)}

= mini{min{γA(ai), γB(ai)}}
= min{mini{γA(ai), γB(ai)}}
= min{mini{γA(ai)},mini{γB(ai)}}
= min{γAx

(f(x)), γBx
(f(x))}

= γAx∩Bx(f(x)),

ψ(A∩B)x
(f(x)) = maxi{ψA∩B(ai)}

= maxi{max{ψA(ai), ψB(ai)}}
= max{maxi{ψA(ai), ψB(ai)}}
= max{maxi{ψA(ai)},maxi{ψB(ai)}}
= max{ψAx

(f(x)), ψBx
(f(x))}

= ψAx∩Bx
(f(x)).

Hence, (A ∩B)x = Ax ∩Bx.
(2) µ(A∪B)x(f(x)) = (µ(A∪B)x(f(x)), γ(A∪B)x(f(x)), ψ(A∪B)x(f(x))), where

µ(A∪B)x(f(x)) = mini{µA∪B(ai)}
= mini{max{µA(ai), µB(ai)}}
≥ max{mini{µA(ai), µB(ai)}}
= max{mini{µA(ai)},mini{µB(ai)}}
= max{µAx(f(x)), µBx(f(x))}
= µAx∪Bx(f(x)),

γ(A∪B)x(f(x)) = mini{γA∪B(ai)}
= mini{max{γA(ai), γB(ai)}}
≥ max{mini{γA(ai), γB(ai)}}
= max{mini{γA(ai)},mini{γB(ai)}}
= max{γAx(f(x)), γBx(f(x))}
= γAx∪Bx(f(x)),

ψ(A∪B)x(f(x)) = maxi{ψA∪B(ai)}
= maxi{min{ψA(ai), ψB(ai)}}
≤ min{maxi{ψA(ai), ψB(ai)}}
= min{maxi{ψA(ai)},maxi{ψB(ai)}}
= min{ψAx

(f(x)), ψBx
(f(x))}

= ψAx∪Bx(f(x)).
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Hence, (A ∪B)x ⊇ Ax ∪Bx.
(3) Now, (Ax +Bx)(f(x)) = (µAx+Bx

(f(x)), γAx+Bx
(f(x)), ψAx+Bx

(f(x))), where

µAx+Bx
(f(x)) = max

f(x)=g(x)+h(x)
{min{µAx

(g(x)), µBx
(h(x))}},

where g(x) =
p∑

i=0

bixi, h(x) =
p∑

i=0

cixi

= max
f(x)=g(x)+h(x)

{min{mini{µA(bi)},mini{µB(ci)}}}

= max
ai=bi+ci

{min{mini{µA(bi)},mini{µB(ci)}}}
≤ mini{ max

ai=bi+ci
{min{µA(bi), µB(ci)}}}

= mini{µA+B(ai)}
= µ(A+B)x(f(x)),

γAx+Bx(f(x)) = max
f(x)=g(x)+h(x)

{min{γAx(g(x)), γBx(h(x))}},

where g(x) =
p∑

i=0

bixi, h(x) =
p∑

i=0

cixi

= max
f(x)=g(x)+h(x)

{min{mini{γA(bi)},mini{γB(ci)}}}

= max
ai=bi+ci

{min{mini{γA(bi)},mini{γB(ci)}}}
≤ mini{ max

ai=bi+ci
{min{γA(bi), γB(ci)}}}

= mini{γA+B(ai)}
= γ(A+B)x(f(x)),

ψAx+Bx
(f(x)) = min

f(x)=g(x)+h(x)
{max{ψAx

(g(x)), ψBx
(h(x))}},

where g(x) =
p∑

i=0

bixi, h(x) =
p∑

i=0

cixi

= min
f(x)=g(x)+h(x)

{max{maxi{ψA(bi)},maxi{ψB(ci)}}}

= min
ai=bi+ci

{max{maxi{ψA(bi)},maxi{ψB(ci)}}}
≥ maxi{ min

ai=bi+ci
{max{ψA(bi), ψB(ci)}}}

= maxi{ψA+B(ai)}
= ψ(A+B)x(f(x)).

(4) Now, (AxBx)(f(x)) = (µAxBx(f(x)), γAxBx(f(x)), ψAxBx(f(x))), where

µAxBx(f(x)) = sup
f(x)=g(x)h(x)

{min{µAx(g(x)), µBx(h(x))}},

where g(x) =
n∑

i=0

bixi, h(x) =
m∑
i=0

cixi, n+m = p

= sup

ai=
n+m=p∑

i=0
(bicn+m−i)

{min{mini{µA(bi)},mini{µB(cn+m−i)}}}

= sup

ai=
n+m=p∑

i=0
(bicn+m−i)

{mini{min{µA(bi)},mini{µB(cn+m−i)}}}

≤ mini{ sup

ai=
n+m=p∑

i=0
(bicn+m−i)

{min{µA(bi)},mini{µB(cn+m−i)}}}

= mini{µAB(ai)}
= µ(AB)x(f(x)),
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γAxBx(f(x)) = sup
f(x)=g(x)h(x)

{min{γAx(g(x)), γBx(h(x))}},

where g(x) =
n∑

i=0

bixi, h(x) =
m∑
i=0

cixi, n+m = p

= sup

ai=
n+m=p∑

i=0
(bicn+m−i)

{min{mini{γA(bi)},mini{γB(cn+m−i)}}}

= sup

ai=
n+m=p∑

i=0
(bicn+m−i)

{mini{min{γA(bi)},mini{γB(cn+m−i)}}}

≤ mini{ sup

ai=
n+m=p∑

i=0
(bicn+m−i)

{min{γA(bi)},mini{γB(cn+m−i)}}}

= mini{γAB(ai)}
= γ(AB)x(f(x)),

ψAxBx
(f(x)) = inf

f(x)=g(x)h(x)
{max{ψAx

(g(x)), ψBx
(h(x))}},

where g(x) =
n∑

i=0

bixi, h(x) =
m∑
i=0

cixi, n+m = p

= inf

ai=
n+m=p∑

i=0
(bicn+m−i)

{max{maxi{ψA(bi)},maxi{ψB(cn+m−i)}}}

= inf

ai=
n+m=p∑

i=0
(bicn+m−i)

{maxi{max{ψA(bi)},maxi{ψB(cn+m−i)}}}

≥ maxi{ inf

ai=
n+m=p∑

i=0
(bicn+m−i)

{max{ψA(bi)},maxi{ψB(cn+m−i)}}}

= maxi{ψAB(ai)}
= ψ(AB)x(f(x)).

Hence, AxBx ⊆ (AB)x.

Theorem 3.11. Let f : R → R′ be a homomorphism from R onto R′. If A and B are neutrosophic ideals of
R′, then

(1) f−1(A ∩B) = f−1(A) ∩ f−1(B),

(2) f−1(A ∪B) = f−1(A) ∪ f−1(B).

Proof. Let x ∈ R.
(1) Now, f−1(A ∩B)(x) = (µf−1(A∩B)(x), γf−1(A∩B)(x), ψf−1(A∩B)(x)), where

µf−1(A∩B)(x) = µ(A∩B)(f(x))
= min{µA(f(x)), µB(f(x))}
= min{µf−1(A)(x), µf−1(B)(x)}
= µf−1(A)∩f−1(B)(x),

γf−1(A∩B)(x) = γ(A∩B)(f(x))
= min{γA(f(x)), fB(f(x))}
= min{γf−1(A)(x), γf−1(B)(x)}
= γf−1(A)∩f−1(B)(x),

ψf−1(A∩B)(x) = ψ(A∩B)(f(x))
= max{ψA(f(x)), ψB(f(x))}
= max{ψf−1(A)(x), ψf−1(B)(x)}
= ψf−1(A)∪f−1(B)(x).

Hence, f−1(A ∩B) = f−1(A) ∩ f−1(B).
(2) Now, f−1(A ∪B)(x) = (µf−1(A∪B)(x), γf−1(A∪B)(x), ψf−1(A∪B)(x)), where

µf−1(A∪B)(x) = µA∪B(f(x))
= max{µA(f(x)), fB(f(x))}
= max{µf−1(A)(x), µf−1(B)(x)}
= µf−1(A)∪f−1(B)(x),
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γf−1(A∪B)(x) = γA∪B(f(x))
= max{γA(f(x)), fB(f(x))}
= max{γf−1(A)(x), γf−1(B)(x)}
= γf−1(A)∪f−1(B)(x),

ψf−1(A∪B)(x) = ψA∪B(f(x))
= min{ψA(f(x)), ψB(f(x))}
= min{ψf−1(A)(x), ψf−1(B)(x)}
= ψf−1(A)∩f−1(B)(x).

Hence, f−1(A ∪B) = f−1(A) ∪ f−1(B).

Corollary 3.12. Let f : R → R′ be a homomorphism from R onto R′. Let fx be an induced homomorphism
of f . If A and B are neutrosophic ideals of R′, then

(1) f−1
x ((A ∩B)x) = f−1

x (Ax) ∩ f−1
x (Bx).

(2) f−1
x ((A ∪B)x) ⊇ f−1

x (Ax) ∪ f−1
x (Bx).

Proof. (1) It follows from Theorem 3.10 (1) and Theorem 3.11 (2) that f−1
x ((A ∩ B)x) = f−1

x (Ax ∩ Bx) =
f−1
x (Ax) ∩ f−1

x (Bx).
(2) By Theorem 3.10 (2), we have Ax ∪Bx ⊆ (A ∪B)x, so f−1

x (Ax ∪Bx) ⊆ f−1
x ((A ∪B)x). By applying

Theorem 3.10 (2) and Theorem 3.11 (2), we obtain f−1
x (Ax)∪f−1

x (Bx) = f−1
x (Ax∪Bx) ⊆ f−1

x ((A∪B)x),
which proves (2).

Theorem 3.13. Let f : R→ R′ be a homomorphism fromR ontoR′ and let fx be an induced homomorphism
of f . If A is a neutrosophic ideal of R′, then (f−1(A))x = f−1

x (Ax).

Proof. Let r(x) =
n∑

i=0

aixi be any element of R[x]. Then

(f−1(A))x(r(x)) = (µ(f−1(A))x(r(x)), γ(f−1(A))x(r(x)), ψ(f−1(A))x(r(x))), where

µ(f−1(A))x(r(x)) = mini{µf−1(A)(ai)}
= mini{µA(f(ai))}
= µAx

(fx(r(x)))
= µf−1

x (Ax)
(r(x)),

γ(f−1(A))x(r(x)) = mini{γf−1(A)(ai)}
= mini{γA(f(ai))}
= γAx

(fx(r(x)))
= γf−1

x (Ax)
(r(x)),

ψ(f−1(A))x(r(x)) = maxi{ψf−1(A)(ai)}
= maxi{ψA(f(ai))}
= ψAx

(fx(r(x)))
= ψf−1

x (Ax)
(r(x)).

Hence, (f−1(A))x = f−1
x (Ax).

Theorem 3.14. Let f : R→ R′ be a homomorphism from R onto R′ and let fx be an induced homomorphism
of f . If A is an f -invariant neutrosophic ideals of R′, then (f(A))x = fx(Ax).

Proof. For any polynomial s(x) =
m∑
i=0

bixi ∈ R[x], we let hj(x) =
m∑
i=0

bjixi ∈ R[x]. Then Ax(hj(x)) =

(µAx
(hj(x)), γAx

(hj(x)), ψAx
(hj(x))), where µAx

(hj(x)) = mini{µA(aji)}, γAx
(hj(x)) = mini{γA(aji)},

andψAx
(hj(x)) = mini{ψA(aji)}. Assume that fx(hj(x)) = s(x) and fx(hk(x)) = s(x). Then

m∑
i=0

f(aji)xi =

m∑
i=0

bixi and
m∑
i=0

f(aki)xi =
m∑
i=0

bixi. It follows that f(aji) = bi = f(aki), ∀i = 1, 2, . . . ,m. Hence,
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µAx
(hj(x)) = mini{µA(aji)} = mini{µA(aki)} = µAx

(hk(x)). Similarly, we can show that γAx
(hj(x)) =

mini{γA(aji)} = mini{γA(aki)} = γAx
(hk(x)) and ψAx

(hj(x)) = ψAx
(hk(x)). Now, (fx(Ax))(s(x)) =

(µfx(Ax)(s(x)), ψfx(Ax)(s(x))), where

µfx(Ax)(s(x)) = sup{µAx
(hj(x)) : hj(x) =

m∑
i=0

ajixi such that fx(hj(x)) = s(x)}

= sup{mini{µA(aji)}, j = 1, 2, . . .}
= µAx(hj(x)),

γfx(Ax)(s(x)) = sup{γAx(hj(x)) : hj(x) =
m∑
i=0

ajixi such that fx(hj(x)) = s(x)}

= sup{mini{γA(aji)}, j = 1, 2, . . .}
= γAx(hj(x)),

ψfx(Ax)(s(x)) = inf{ψAx
(hj(x)) : hj(x) =

m∑
i=0

ajixi such that fx(hj(x)) = s(x)}

= inf{maxi{ψA(aji)}, j = 1, 2, . . .}
= ψAx

(hj(x)).

Now, let i = 1, 2, . . . ,m. Since A is f -invariant, we have (f(A))(bi) = (µf(A)(bi), γf(A)(bi), ψf(A)(bi)),
where

µf(A)(bi) = sup{µA(aji), aji ∈ R, f(aji) = bi} = µA(a0i) = µA(a1i) = . . . = µA(aji),

γf(A)(bi) = sup{γA(aji), aji ∈ R, f(aji) = bi} = γA(a0i) = γA(a1i) = . . . = γA(aji),

ψf(A)(bi) = inf{ψA(aji), aji ∈ R, f(aji) = bi} = ψA(a0i) = ψA(a1i) = . . . = ψA(aji).

It follows from Theorem 3.4 that

µ(f(A))x(s(x)) = mini{µf(A)(bi)}
= mini{µf(A)(b0), µf(A)(b1), . . .}
= mini{µA(aj0), µA(aj1), . . .}

= µAx
{

m∑
i=0

aji}

= µfx(Ax)(s(x)),

γ(f(A))x(s(x)) = mini{γf(A)(bi)}
= mini{γf(A)(b0), γf(A)(b1), . . .}
= mini{γA(aj0), γA(aj1), . . .}

= γAx
{

m∑
i=0

aji}

= γfx(Ax)(s(x)),

ψ(f(A))x(s(x)) = maxi{ψf(A)(bi)}
= maxi{ψf(A)(b0), ψf(A)(b1), . . .}
= maxi{ψA(aj0), ψA(aj1), . . .}

= ψAx
{

m∑
i=0

aji}

= ψfx(Ax)(s(x)).

Hence, (f(A))x = fx(Ax).

Definition 3.15. Let A be a neutrosophic ideal of a ring R and let Ax be a neutrosophic polynomial ideal of
R[x]. For any f(x) ∈ R[x], define a neutrosophic set f(x) +Ax on R[x] by
f(x) +Ax = (µf(x)+Ax

, γf(x)+Ax
, ψf(x)+Ax

), where

µf(x)+Ax
(g(x)) = µAx(f(x)− g(x)),

γf(x)+Ax
(g(x)) = γAx

(f(x)− g(x)),

ψf(x)+Ax
(g(x)) = ψAx

(f(x)− g(x))

for all g(x) ∈ R[x]. Then f(x) +Ax is called a neutrosophic coset of R[x] determined by f(x) and Ax.
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Theorem 3.16. Let A be a neutrosophic ideal of a ring R and let Ax be a neutrosophic polynomial ideal of
R[x]. Then R[x] = Ax, the set of all neutrosophic cosets of Ax form a ring under the composition defined by

(f(x) +Ax) + (g(x) +Ax) = (f(x) + g(x)) +Ax

and
(f(x) +Ax)(g(x) +Ax) = (f(x)g(x)) +Ax

for all f(x), g(x) ∈ R[x].

Proof. Straightforward.

Lemma 3.17. Let A be a neutrosophic ideal of a ring R and let Ax be a neutrosophic polynomial ideal of
R[x]. Then f(x) +Ax = g(x) +Ax if and only if Ax(f(x)− g(x)) = Ax(0) for all f(x), g(x) ∈ R[x].

Proof. Firstly, assume that f(x) + Ax = g(x) + Ax. Then (f(x) + Ax)(f(x)) = (g(x) + Ax)(f(x))
implies that (µAx

(f(x) − f(x)), ψAx
(f(x) − f(x))) = (µAx

(g(x) − f(x)), ψAx
(g(x) − f(x))), that is,

(µAx
(0), ψAx

(0)) = (µAx
(g(x) − f(x)), ψAx

(g(x) − f(x)))). Thus µAx
(g(x) − f(x)) = µAx

(0) and
ψAx(g(x)− f(x))) = ψAx(0)). Hence, Ax(g(x)− f(x)) = Ax(0).

Conversely, assume that Ax(g(x)− f(x)) = Ax(0) for all f(x), g(x) ∈ R[x]. Let h(x) ∈ R[x]. Then

µf(x)+Ax
(h(x)) = µAx

(h(x)− f(x))
= µAx

(h(x)− g(x) + g(x)− f(x))
≥ min{µµAx

(h(x)− g(x)), µAx
(g(x)− f(x))}

= min{µAx(h(x)− g(x)), µAx(0)}
= µAx(h(x)− g(x))
= µg(x)+Ax

(h(x)),

γf(x)+Ax
(h(x)) = γAx

(h(x)− f(x))
= γAx

(h(x)− g(x) + g(x)− f(x))
≥ min{γγAx

(h(x)− g(x)), γAx
(g(x)− f(x))}

= min{γAx(h(x)− g(x)), γAx(0)}
= γAx(h(x)− g(x))
= γg(x)+Ax

(h(x)),

ψf(x)+Ax
(h(x)) = ψAx

(h(x)− f(x))
= ψAx

(h(x)− g(x) + g(x)− f(x))
≤ max{ψµAx

(h(x)− g(x)), ψAx
(g(x)− f(x))}

= max{ψAx(h(x)− g(x)), ψAx(0)}
= ψAx(h(x)− g(x))
= ψg(x)+Ax

(h(x)).

Thus g(x) + Ax ⊆ f(x) + Ax. In the same way, we can show that f(x) + Ax ⊆ g(x) + Ax. Hence,
f(x) +Ax = g(x) +Ax.

4 Prime neutrosophic polynomial ideals

In this section, we study some properties of prime neutrosophic polynomial ideals.

Definition 4.1. A neutrosophic ideal P of a ring R, not necessary constant, is said to be a neutrosophic prime
ideal if for any neutrosophic ideals A and B of R, AB ⊆ P implies that either A ⊆ P or B ⊆ P .

Proposition 4.2. Let A be a neutrosophic prime ideal of a ring R. Then A∗ is a prime ideal of R.

Theorem 4.3. Let A be a neutrosophic ideal of a ring R. Then A is a neutrosophic prime ideal of R if and
only if Ax is a neutrosophic prime ideal of R[x].
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Proof. Let A be a neutrosophic prime ideal of R. Then A∗ is a prime ideal of R. By Theorem 3.4, we have
Ax is a neutrosophic ideal of R[x]. To show that Ax is a neutrosophic prime ideal of R[x], we have to show
that, by Theorem 3.9, (Ax) = A∗[x] is a prime ideal of R[x]. Assume that A∗[x] is not a prime ideal of

R[x]. Then there exist polynomials f(x) =
n∑

i=0

aixi, g(x) =
m∑
i=0

bixi ∈ R[x] such that f(x)g(x) ∈ A∗[x],

but f(x), g(x) /∈ A∗[x]. Let i be the first smallest non-negative integer such that µA(ai) ̸= µA(0), γA(ai) ̸=
γA(0), and ψA(ai) ̸= ψA(0) and let j be the first smallest non-negative integer such that µA(bi) ̸= µA(0),

γA(bi) ̸= γA(0), and ψA(bi) ̸= ψA(0). Since f(x)g(x) ∈ A∗[x], we have
i+j∑

p,q=0,p+q=i+j

apbq ∈ A∗, because

ap (where p = 0, 1, . . . , i − 1) and bp (where p = 0, 1, . . . , j − 1) are all in A∗. Thus aibj ∈ A∗. Since A∗
is a prime ideal of R, either µA(ai) = µA(0), γA(ai) = γA(0), and ψA(ai) = ψA(0) or µA(bi) = µA(0),
γA(bi) = γA(0), and ψA(bi) = ψA(0), a contradiction. Hence, Ax is a neutrosophic prime ideal of R[x].

Conversely, assume that Ax is a neutrosophic prime ideal of R[x]. We claim that A∗ is a prime ideal
of R. Let a, b ∈ R be such that ab ∈ A∗. Then (ax)(bx) = abx2 ∈ A∗[x] = (Ax). Since (Ax) is a prime
ideal of R[x], either (ax) ∈ (Ax) or (bx) ∈ (Ax), which shows that either a ∈ A∗ or b ∈ A∗. Hence, A is a
neutrosophic prime ideal of R.

Theorem 4.4. Let f : R→ R′ be an epimorphism from R onto R′ and let B be a neutrosophic ideal of R′. If
B is a neutrosophic prime ideal of R′, then f−1(B) is a neutrosophic prime ideal of R.

Proof. Firstly, assume that B is a neutrosophic prime ideal of R′. Then B∗ is a prime ideal of R′. Clearly,
f−1(B) is a neutrosophic ideal of R. We claim that (f−1(B)) is a prime ideal of R. Let a, b ∈ R be
such that ab ∈ (f−1(B)). Then µf−1(B)(ab) = µf−1(B)(0), γf−1(B)(ab) = γf−1(B)(0), and ψf−1(B)(ab) =
ψf−1(B)(0), that is, µB(f(ab)) = µB(0

′), γB(f(ab)) = γB(0
′), andψB(f(ab)) = ψB(0

′)). Thus f(a)f(b) =
f(ab) ∈ B∗. Since B∗ is a prime ideal of R′, either f(a) ∈ B∗ or f(b) ∈ B∗. This means that either
µB(f(a)) = µB(0

′), γB(f(a)) = γB(0
′), and ψB(f(a)) = ψB(0

′) or µB(f(b)) = µB(0
′), γB(f(b)) =

γB(0
′), and ψB(f(b)) = ψB(0

′), that is, either µf−1(B)(a) = µf−1(B)(0), γf−1(B)(a) = γf−1(B)(0),
and ψf−1(B)(a) = ψf−1(B)(0) or µf−1(B)(b) = µf−1(B)(0), γf−1(B)(b) = γf−1(B)(0), and ψf−1(B)(b) =
ψf−1(B)(0). Thus either a ∈ (f−1(B))∗ or b ∈ (f−1(B))∗, that is, (f−1(B)) is a prime ideal of R. Hence,
f−1(B) is a neutrosophic ideal of R.

Theorem 4.5. Let f : R → R′ be an epimorphism from R onto R′ and let A be an f -invariant neutrosophic
ideal of R. Then A is a neutrosophic prime ideal of R if and only if f(A∗) is a prime ideal of R′.

Proof. Firstly, assume that A is a neutrosophic prime ideal of R. Then A∗ is a prime ideal of R. Let x, y ∈ R′

be such that xy ∈ f(A∗). Since f is onto, there exists c ∈ A∗ such that f(c) = xy and there exist a, b ∈ R
such that f(a) = x and f(b) = y. Thus f(ab) = f(a)f(b) = xy = f(c). As A is f -invariant, therefore,
µA(ab) = µA(c) = µA(0), γA(ab) = γA(c) = γA(0), and ψA(ab) = ψA(c) = ψA(0). Thus ab ∈ A∗.
Since A∗ is a prime ideal of R, either a ∈ A∗ or b ∈ A∗, which shows that either x = f(a) ∈ f(A∗) or
y = f(b) ∈ f(A∗). Hence, f(A∗) is a prime ideal of R′.

Conversely, assume that f(A∗) is a prime ideal of R′ and let a, b ∈ R be such that ab ∈ A∗. Thus
f(a)f(b) = f(ab) ∈ f(A∗). Since f(A∗) is a prime ideal of R′ , either f(a) ∈ f(A∗) or f(b) ∈ f(A∗),
which implies that either there exists a′ ∈ A∗ such that f(a) = f(a′) or there exists b′ ∈ A∗ such that
f(b) = f(b′). Since A is f -invariant, either µA(a) = µA(a

′) = µA(0), γA(a) = γA(a
′) = γA(0), and

ψA(a) = ψA(a
′) = ψA(0) or µA(b) = µA(b

′) = µA(0), γA(b) = γA(b
′) = γA(0), and ψA(b) = ψA(b

′) =
ψA(0), that is, either a ∈ A∗ or b ∈ A∗. Hence, A∗ is a prime ideal of R and hence, A is a neutrosophic prime
ideal of R.

Corollary 4.6. Let f : R → R′ be an epimorphism from R onto R′ and let A be an f -invariant neutrosophic
ideal of R. Then A is a neutrosophic prime ideal of R if and only if f(A) is a neutrosophic prime ideal of R′.

Corollary 4.7. Let f : R → R′ be an epimorphism from R onto R′ and let fx be an induced homomorphism
of f . Then a neutrosophic ideal B of R′ is a neutrosophic prime ideal of R′ if and only if f−1

x (Bx) is a
neutrosophic prime ideal of R[x].
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Corollary 4.8. Let f : R→ R′ be an epimorphism fromR ontoR′ and let fx be an induced homomorphism of
f . Then a neutrosophic ideal A of R is a neutrosophic prime ideal of R if and only if fx(Ax) is a neutrosophic
prime ideal of R′[x].
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