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Abstract  

This paper is dedicated to studying some examples of n-refined neutrosophic groups and their algebraic 

substructures, where we deal with three different types of them, 3-refined, 4-refined, and 5-refined neutrosophic 

groups. Also, we present the algebraic structure of many substructures such as 3-refined neutrosophic AH-

subgroups and kernels, 4-refined neutrosophic AH-homomorphisms and subgroups, and 5-refined neutrosophic 

AH-isomorphisms. On the other hand, many related examples will be provided to explain the algebraic concepts 

and their properties. 
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1. Introduction 

Neutrosophic algebra is the branch of neutrosophic applications that concerns the generalizations of famous 

classical algebraic structures into novel versions called neutrosophic algebraic structures [1-3,8-10]. 

In recent years, we have observed an accelerated development in the study of neutrosophic algebraic structures, 

since many of these structures have been studied and classified, for example, neutrosophic rings, neutrosophic 

matrices, neutrosophic vector spaces, and neutrosophic modules [4-7,11-13,19-22]. 

On the other hand, generalizations of neutrosophic algebraic structures have received a lot of attention from 

many researchers, as structures n-refined neutrosophic sets have been studied in many research papers. For 

example, n-refined neutrosophic rings, n-refined neutrosophic spaces, AH-substructures, and isometries [14-

18,23-24]. 

n-refined neutrosophic groups have been studied in general in [25]. This has motivated us to study three different 

special cases, 3-refined neutrosophic groups, 4-refined neutrosophic groups, and 5-refined neutrosophic groups. 

These structures will be studied in our work from many algebraic sides, especially those which are related to 

substructures such as AH-subgroups, AH-homomorphisms, and isomorphisms. Also, the classification of 3-

refined, 4-refined, 5-refined neutrosophic groups in the case of additive abelain group will be proved and 

obtained. 

2. Main results 

Definition: 

Let (𝑇,∗) be a group, we define the 3-refined neutrosophic group 𝑁3(𝑇) as follows: 

https://doi.org/10.54216/IJNS.220308
mailto:
mailto:a.alfahal@psau.edu.sa
mailto:Sarahsawalmeh98@gmail.com
mailto:r.abdulfatah@psau.edu.sa
mailto:y.alhasan@psau.edu.sa


International Journal of Neutrosophic Science (IJN)                                           Vol. 22, No. 03, PP. 119-127, 2023 

120 
Doi: https://doi.org/10.54216/IJNS.220308  
Received: May 06, 2023 Revised: July 10, 2023 Accepted: October 13, 2023 

𝑁3(𝑇) = (< 𝑇 ∪ {𝐼1, … , 𝐼3} >,∗) = {(𝑡0, 𝑡1𝐼1, 𝑡2𝐼2, 𝑡3𝐼3);  𝑡𝑖 ∈ 𝑇}. 

The set 𝑁3(𝑇) is closed under ∗, and it is a semi-group but not a group since 𝐼𝑖  is not invertible.  

Remark: 

If (T,+) is an additive abelian group, then the addition operation on 𝑁3(𝑇) is defined as follows: 

Consider 𝑥 = (𝑠0, 𝑠1𝐼1, 𝑠2𝐼2, 𝑠3𝐼3), 𝑦 = (𝑟0, 𝑟1𝐼1, 𝑟2𝐼2, 𝑟3𝐼3) , we have 

𝑥 + 𝑦 = (𝑠0 + 𝑟0, [𝑠1 + 𝑟1]𝐼1, [𝑠2 + 𝑟2]𝐼2, [𝑠3 + 𝑟3]𝐼3). In this case (𝑁3(𝑇), +) is an abelian group. 

It can be classified as 𝑁3(𝑇) ≅ 𝑇 × 𝑇 × 𝑇 × 𝑇. 

Example: 

Let 𝑇 = 𝑍2 be the group of integers modulo 2, the corresponding 3-refined neutrosophic group is 𝑁3(𝑇) =
{(0,0,0,0), (1,0,0,0), (0, 𝐼1, 0,0), (0,0, 𝐼2, 0), (1, 𝐼1, 0,0), (1,0, 𝐼2, 0), (0, 𝐼1, 𝐼2, 0), (1, 𝐼1, 𝐼2, 0), (1,0,0, 𝐼1), (1,0,0, 𝐼2), (1,0,0,1) 

(1, 𝐼1, 𝐼2, 1), (1, 𝐼1, 0,1), (1, 𝐼2, 0,1) … … . }. 

Remark: 

If T is a multiplicative group, then group product on 𝑁3(𝑇) can be defined as follows: 

For = (𝑠0, 𝑠1𝐼1, 𝑠2𝐼2, 𝑠3𝐼3), 𝑦 = (𝑟0, 𝑟1𝐼1 , 𝑟2𝐼2, 𝑟3𝐼3) , we have 

𝑥𝑦 = (𝑙0, 𝑙1𝐼1, 𝑙𝐼2, 𝑙3𝐼3);  𝑡𝑠 = ∏ (𝑠𝑖𝑟𝑗)𝐼𝑖𝐼𝑗
3
𝑖,𝑗=0 ;  𝐼0 = 𝑒𝐺  𝑎𝑛𝑑 𝐼𝑖𝐼𝑗 = 𝐼min (𝑖,𝑗). 

The identity element is (𝑒𝐺 , 𝑒𝐺𝐼1, 𝑒𝐺𝐼2, 𝑒𝐺𝐼3). 

In this case 𝑁3(𝑇) is not isomorphic to the direct product of 4 copies of T, since it is not a group. 

Example: 

Let 𝑇 = 𝑆3 = {𝑔0 = 𝐼, 𝑔1, 𝑔2, 𝑔3, 𝑔4, 𝑔5} be symmetric group, the 3-refined neutrosophic group is 𝑁3(𝑇) =
{(𝑚, 𝑛𝐼1, 𝑠𝐼2, 𝑘𝐼2); 𝑚, 𝑛, 𝑠, 𝑘 ∈ 𝑇}. 

Definition: 

(a) Let 𝑁3(𝑇) be an 3-refined neutrosophic group. It is called abelian if 𝑥 ∗ 𝑦 = 𝑦 ∗ 𝑥 for all 𝑥, 𝑦 ∈ 𝑁3(𝑇). 

(b) The subset 𝑍(𝑁3(𝑇)) = {𝑦 ∈ 𝑁3(𝑇); 𝑦 ∗ 𝑥 = 𝑥 ∗ 𝑦 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑁3(𝑇)} is called 3-refined neutrosophic 

center. 

Theorem: 

Let 𝑁3(𝑇) be a 3-refined neutrosophic group. Then 

(a) If G is abelian, 𝑁3(𝑇) is abelian. 

(b) 𝑁3(𝑇)is abelian if and only if  𝑁3(𝑇) = 𝑍(𝑁3(𝑇)). 

Definition: 

Let 𝑁3(𝑇) be a 3-refined neutrosophic group, K be a nonempty subset of 𝑁3(𝑇), we say that K is a 3-refined 

neutrosophic subgroup if H contains a subgroup of T. 

Definition: 

Let 𝑁3(𝑇) be a 3-refined neutrosophic group, the number of its elements is denoted by 

O(𝑁3(𝑇)). 

 If 𝑁3(𝑇) is finite, then 𝑂(𝑁3(𝑇)) = 𝑘, elsewhere 𝑂(𝑁3(𝑇)) = ∞. 

 𝑂(𝑁3(𝑇)) is called the order of 3-refined neutrosophic group 𝑁3(𝑇). 
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Theorem: 

Let G be a finite group, 𝑁3(𝑇)be its corresponding 3-refined neutrosophic group. Then if 𝑂(𝐺) = 𝑘, we have 

𝑂(𝑁3(𝑇)) = 𝑘4.  

Definition: 

Let 𝑁3(𝑇), 𝑁3(𝐾) be two 3-refined neutrosophic groups, ℎ: 𝑁3(𝑇) → 𝑁3(𝐾) be a well defined map, we say that 

ℎ is a 3-refined neutrosophic homomorphism if: 

(a) ℎ(𝑥𝑦) = ℎ(𝑥)ℎ(𝑦) for all 𝑥, 𝑦 ∈ 𝑁3(𝑇). 

(b) ℎ(𝑒𝐺 , 𝑒𝐺 , … , 𝐼𝑘 , 𝑒𝐺 , … , 𝑒𝐺) = (𝑒𝐺 , 𝑒𝐺 , … , 𝐼𝑘 , 𝑒𝐺 , . . , 𝑒𝐺). 

Definition: 

Let 𝑁3(𝑇), 𝑁3(𝐾) be two 3-refined neutrosophic groups, ℎ: 𝑁3(𝑇) → 𝑁3(𝐾) be a 3-refined neutrosophic 

homomorphism, we define: 

(a) 𝐾𝑒𝑟(ℎ) = {𝑥 ∈ 𝑁3(𝑇); ℎ(𝑥) = 𝑒𝑁3(𝐾)}. 

(b) 𝐼𝑚(ℎ) = {𝑦 ∈ 𝑁3(𝐾); ∃ 𝑥 ∈ 𝑁3(𝑇): ℎ(𝑥) = 𝑦}. 

Theorem: 

Let 𝑁3(𝑇), 𝑁3(𝐾) be two 3-refined neutrosophic groups, ℎ: 𝑁3(𝑇) → 𝑁3(𝐾) be a 3-refined neutrosophic 

homomorphism, we have: 

(a) 𝐾𝑒𝑟(ℎ) is a 3-refined neutrosophic subgroup of 𝑁3(𝑇). 

(b) 𝐼𝑚(ℎ) is a 3-refined neutrosophic subgroup of 𝑁3(𝐾). 

Proof: 

(a) The restriction ℎ𝐺 of 𝑔 is a homomorphism between 

T and K, its kernel 𝐾𝑒𝑟(ℎ𝐺) will be a subset of 𝐾𝑒𝑟(ℎ), i.e 𝐾𝑒𝑟(ℎ) contains a subgroup of T, hence it is a 3-

refined neutrosophic subgroup. 

(b) The proof is similar to (a). 

Definition: 

Let 𝑁3(𝑇), 𝑁3(𝐾) be two 3-refined neutrosophic groups, 𝑔: 𝑁3(𝑇) → 𝑁3(𝐾) be a 3--refined neutrosophic 

homomorphism, we call it a 3--refined neutrosophic isomorphism if it is bijective. 

Theorem: 

Let 𝑁3(𝑇) be a 3--refined neutrosophic group. The set 𝑇𝐼𝑘 = {𝑥 ∗ 𝐼𝑘; 1 ≤ 𝑘 ≤ 3} has a group structure. 

Proof: 

We define the following operation on 𝑇𝐼𝑘: 

(𝑥𝐼𝑘) × (𝑦𝐼𝑘) = (𝑥 ∗ 𝑦)𝐼𝑘. Also, × is well defined operation, and it is associative with 𝐼𝑘 as an identity, and for 

each 

𝑥𝐼𝑘 ∈ 𝑇𝐼𝑘, there is an inverse 𝑥−1𝐼𝑘; 𝑥−1 is the inverse of 𝑥 in T. 

Theorem: 

Let 𝑁3(𝑇)be a 3--refined neutrosophic group, consider the previously defined group 𝑇𝐼𝑘 . Then 𝑇 ≅ 𝑇𝐼𝑘. 

Definition: 

Let 𝑇, 𝑆 be two groups, 𝑇 × 𝑆 be the direct product. We define the direct product of the related 3-refined 

neutrosophic groups as follows: 

𝑁3(𝑇) × 𝑁3(𝑆) =< 𝑇 × 𝑆 ∪ {𝐼1, . . , 𝐼3} >. We call it the 3-refined neutrosophic direct product. 
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Definition: 

Let 𝑁3(𝑇) = {(𝑡0, 𝑡1𝐼1, 𝑡2𝐼2, 𝑡3𝐼3);  𝑡𝑖 ∈ 𝐺} be a 3-refined neutrosophic group, 

𝑁3(𝑆) = {(𝑚0, 𝑚1𝐼1, 𝑚2𝐼2, 𝑚3𝐼3);  𝑚𝑖 ∈ 𝑆𝑖;  𝑆𝑖  𝑖s a subgroup of 𝑇 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖} is called an AH-subgroup of 

𝑁3(𝑇). 

If 𝐻𝑖 ≅ 𝐻𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ≠ 𝑗, then it is called an AHS-subgroup. 

Definition: 

Let (𝑇,∗) be a group, we define the 4-refined neutrosophic group 𝑁4(𝑇) as follows: 

𝑁4(𝑇) = (< 𝑇 ∪ {𝐼1, … , 𝐼4} >,∗) = {(𝑡0, 𝑡1𝐼1, 𝑡2𝐼2, 𝑡3𝐼3, 𝑡4𝐼4); 𝑡𝑖 ∈ 𝑇}. 

The set 𝑁4(𝑇) is closed under ∗, and it is a semi group but not a group since 𝐼𝑖  is not invertible.  

Remark: 

If (T,+) is an additive abelian group, then addition operation on𝑁4(𝑇) is defined as follows: 

Consider 𝑥 = (𝑠0, 𝑠1𝐼1, 𝑠2𝐼2, 𝑠3𝐼3, 𝑠4𝐼4), 𝑦 = (𝑟0, 𝑟1𝐼1, 𝑟2𝐼2, 𝑟3𝐼3, 𝑟4𝐼4) , we have 

𝑥 + 𝑦 = (𝑠0 + 𝑟0, [𝑠1 + 𝑟1]𝐼1, [𝑠2 + 𝑟2]𝐼2, [𝑠3 + 𝑟3]𝐼3, [𝑠4 + 𝑟4]𝐼4). In this case (𝑁4(𝑇), +) is an abelian group. 

It can be classified as 𝑁4(𝑇) ≅ 𝑇 × 𝑇 × 𝑇 × 𝑇 × 𝑇. 

Remark : 

If T is a multiplicative group, then group product on 𝑁4(𝑇) can be defined as follows: 

For = (𝑠0, 𝑠1𝐼1, 𝑠2𝐼2, 𝑠3𝐼3, 𝑠4𝐼4), 𝑦 = (𝑟0, 𝑟1𝐼1, 𝑟2𝐼2, 𝑟3𝐼3, 𝑟4𝐼4) , we have 

𝑥𝑦 = (𝑙0, 𝑙1𝐼1, 𝑙𝐼2, 𝑙3𝐼3, 𝑙4𝐼4);  𝑙𝑠 = ∏ (𝑠𝑖𝑟𝑗)𝐼𝑖𝐼𝑗
4
𝑖,𝑗=0 ;  𝐼0 = 𝑒𝐺  𝑎𝑛𝑑 𝐼𝑖𝐼𝑗 = 𝐼min (𝑖,𝑗). 

The identity element is (𝑒𝐺 , 𝑒𝐺𝐼1, 𝑒𝐺𝐼2, 𝑒𝐺𝐼3, 𝑒𝐺𝐼4). 

In this case 𝑁4(𝑇) is not isomorphic to the direct product of 5 copies of T, since it is not a group. 

Definition: 

(a) Let 𝑁4(𝑇) be a 4-refined neutrosophic group. It is called abelian if 𝑥 ∗ 𝑦 = 𝑦 ∗ 𝑥 for all 𝑥, 𝑦 ∈ 𝑁4(𝑇). 

(b) The subset 𝑍(𝑁4(𝑇)) = {𝑦 ∈ 𝑁4(𝑇); 𝑦 ∗ 𝑥 = 𝑥 ∗ 𝑦 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑁4(𝑇)} is called 4-refined neutrosophic 

center. 

Theorem : 

Let 𝑁4(𝑇) be a 4-refined neutrosophic group. Then 

(a) If G is abelian, 𝑁4(𝑇) is abelian. 

(b) 𝑁4(𝑇) is abelian if and only if  𝑁4(𝑇) = 𝑍(𝑁4(𝑇)). 

Definition: 

Let 𝑁4(𝑇) be an 4-refined neutrosophic group, K be a nonempty subset of 𝑁4(𝑇), we say that K is a 4-refined 

neutrosophic subgroup if K contains a subgroup of T. 

Definition: 

Let 𝑁4(𝑇) be a 4-refined neutrosophic group, the number of its elements is denoted by 

O(𝑁4(𝑇)). 

 If 𝑁4(𝑇) is finite, then 𝑂(𝑁4(𝑇)) = 𝑘, elsewhere 𝑂(𝑁4(𝑇)) = ∞. 

 𝑂(𝑁4(𝑇)) is called the order of 4-refined neutrosophic group 𝑁4(𝑇). 
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Theorem: 

Let G be a finite group, 𝑁4(𝑇)be its corresponding 4-refined neutrosophic group. Then if 𝑂(𝐺) = 𝑘, we have 

𝑂(𝑁4(𝑇)) = 𝑘5.  

Definition: 

Let 𝑁4(𝑇), 𝑁4(𝐾) be two 4-refined neutrosophic groups, ℎ: 𝑁4(𝑇) → 𝑁4(𝐾) be a well defined map, we say that 

ℎ is a 4-refined neutrosophic homomorphism if: 

(a) ℎ(𝑥𝑦) = ℎ(𝑥)ℎ(𝑦) for all 𝑥, 𝑦 ∈ 𝑁4(𝑇). 

(b) ℎ(𝑒𝐺 , 𝑒𝐺 , … , 𝐼𝑘 , 𝑒𝐺 , … , 𝑒𝐺) = (𝑒𝐺 , 𝑒𝐺 , … , 𝐼𝑘 , 𝑒𝐺 , . . , 𝑒𝐺). 

Definition: 

Let 𝑁4(𝑇), 𝑁4(𝐾) be two 4-refined neutrosophic groups, ℎ: 𝑁4(𝑇) → 𝑁4(𝐾) be a 4-refined neutrosophic 

homomorphism, we define: 

(a) 𝐾𝑒𝑟(ℎ) = {𝑥 ∈ 𝑁4(𝑇); ℎ(𝑥) = 𝑒𝑁4(𝐾)}. 

(b) 𝐼𝑚(ℎ) = {𝑦 ∈ 𝑁4(𝐾); ∃ 𝑥 ∈ 𝑁4(𝑇): ℎ(𝑥) = 𝑦}. 

Theorem: 

Let 𝑁4(𝑇), 𝑁4(𝐾) be two 4-refined neutrosophic groups, ℎ: 𝑁4(𝑇) → 𝑁4(𝐾) be a 4-refined neutrosophic 

homomorphism, we have: 

(a) 𝐾𝑒𝑟(ℎ) is  a 4-refined neutrosophic subgroup of 𝑁4(𝑇). 

(b) 𝐼𝑚(ℎ) is a 4-refined neutrosophic subgroup of 𝑁4(𝐾). 

Proof: 

(a) The restriction ℎ𝐺 of 𝑔 is a homomorphism between 

T and K, its kernel 𝐾𝑒𝑟(ℎ𝐺) will be a subset of 𝐾𝑒𝑟(ℎ), i.e 𝐾𝑒𝑟(ℎ) contains a subgroup of T, hence it is a 3-

refined neutrosophic subgroup. 

(b) The proof is similar to (a). 

Definition : 

Let 𝑁4(𝑇), 𝑁4(𝐾) be two 4-refined neutrosophic groups, 𝑔: 𝑁4(𝑇) → 𝑁4(𝐾) be a 4--refined neutrosophic 

homomorphism, we call it a 4--refined neutrosophic isomorphism if it is bijective. 

Theorem: 

Let 𝑁4(𝑇) be a 4--refined neutrosophic group. The set 𝑇𝐼𝑘 = {𝑥 ∗ 𝐼𝑘; 1 ≤ 𝑘 ≤ 4} has a group structure. 

Proof: 

We define the following operation on 𝑇𝐼𝑘: 

(𝑥𝐼𝑘) × (𝑦𝐼𝑘) = (𝑥 ∗ 𝑦)𝐼𝑘. Also, × is well defined operation, and it is associative with 𝐼𝑘 as an identity, and for 

each 

𝑥𝐼𝑘 ∈ 𝑇𝐼𝑘, there is an inverse 𝑥−1𝐼𝑘; 𝑥−1 is the inverse of 𝑥 in T. 

Theorem: 

Let 𝑁4(𝑇)be a 4--refined neutrosophic group, consider the previously defined group 𝑇𝐼𝑘 . Then 𝑇 ≅ 𝑇𝐼𝑘. 

Definition: 

Let 𝑇, 𝑆 be two groups, 𝑇 × 𝑆 be the direct product. We define the direct product of the related 4-refined 

neutrosophic groups as follows: 

𝑁4(𝑇) × 𝑁4(𝑆) =< 𝑇 × 𝑆 ∪ {𝐼1, . . , 𝐼4} >. We call it the 4-refined neutrosophic direct product. 
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Definition: 

Let 𝑁4(𝑇) = {(𝑡0, 𝑡1𝐼1, 𝑡2𝐼2, 𝑡3𝐼3, 𝑡4𝐼4);  𝑡𝑖 ∈ 𝑇} be a 4-refined neutrosophic group, 

𝑁4(𝑆) = {(𝑚0, 𝑚1𝐼1, 𝑚2𝐼2, 𝑚3𝐼3, 𝑚4𝐼4);  𝑚𝑖 ∈ 𝑆𝑖;  𝑆𝑖  𝑖s a subgroup of 𝑇 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖} is called an AH-subgroup of 

𝑁4(𝑇). 

If 𝐻𝑖 ≅ 𝐻𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ≠ 𝑗, then it is called an AHS-subgroup. 

Definition: 

Let (𝑇,∗) be a group, we define the 5-refined neutrosophic group 𝑁5(𝑇) as follows: 

𝑁5(𝑇) = (< 𝑇 ∪ {𝐼1, … , 𝐼5} >,∗) = {(𝑡0, 𝑡1𝐼1, 𝑡2𝐼2, 𝑡3𝐼3, 𝑡4𝐼4, 𝑡5𝐼5);  𝑡𝑖 ∈ 𝑇}. 

The set 𝑁5(𝑇) is closed under ∗, and it is a semi-group but not a group since 𝐼𝑖  is not invertible.  

Remark: 

If (T,+) is an additive abelian group, then the addition operation on 𝑁5(𝑇) is defined as follows: 

Consider 𝑥 = (𝑠0, 𝑠1𝐼1, 𝑠2𝐼2, 𝑠3𝐼3, 𝑠4𝐼4, 𝑠5𝐼5), 𝑦 = (𝑟0, 𝑟1𝐼1, 𝑟2𝐼2, 𝑟3𝐼3, 𝑟4𝐼4, 𝑟5𝐼5) , we have 

𝑥 + 𝑦 = (𝑠0 + 𝑟0, [𝑠1 + 𝑟1]𝐼1, [𝑠2 + 𝑟2]𝐼2, [𝑠3 + 𝑟3]𝐼3, [𝑠4 + 𝑟4]𝐼4, [𝑠5 + 𝑟5]𝐼5). In this case (𝑁5(𝑇), +) is an 

abelian group. 

It can be classified as 𝑁5(𝑇) ≅ 𝑇 × 𝑇 × 𝑇 × 𝑇 × 𝑇 × 𝑇. 

Remark : 

If T is a multiplicative group, then the group product on 𝑁5(𝑇) can be defined as follows: 

For = (𝑠0, 𝑠1𝐼1, 𝑠2𝐼2, 𝑠3𝐼3, 𝑠4𝐼4, 𝑠5𝐼5), 𝑦 = (𝑟0, 𝑟1𝐼1, 𝑟2𝐼2, 𝑟3𝐼3, 𝑟4𝐼4, 𝑟5𝐼5) , we have 

𝑥𝑦 = (𝑙0, 𝑙1𝐼1, 𝑙𝐼2, 𝑙3𝐼3, 𝑙4𝐼4, 𝑙5𝐼5); 𝑙𝑠 = ∏ (𝑠𝑖𝑟𝑗)𝐼𝑖𝐼𝑗
5
𝑖,𝑗=0 ;  𝐼0 = 𝑒𝐺  𝑎𝑛𝑑 𝐼𝑖𝐼𝑗 = 𝐼min (𝑖,𝑗). 

The identity element is (𝑒𝐺 , 𝑒𝐺𝐼1, 𝑒𝐺𝐼2, 𝑒𝐺𝐼3, 𝑒𝐺𝐼4, 𝑒𝐺𝐼5). 

In this case 𝑁5(𝑇) is not isomorphic to the direct product of 6 copies of T, since it is not a group. 

Definition: 

(a) Let 𝑁5(𝑇) be a 4-refined neutrosophic group. It is called abelian if 𝑥 ∗ 𝑦 = 𝑦 ∗ 𝑥 for all 𝑥, 𝑦 ∈ 𝑁5(𝑇). 

(b) The subset 𝑍(𝑁5(𝑇)) = {𝑦 ∈ 𝑁5(𝑇); 𝑦 ∗ 𝑥 = 𝑥 ∗ 𝑦 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑁5(𝑇)} is called 5-refined neutrosophic 

center. 

Theorem : 

Let 𝑁4(𝑇) be a 5-refined neutrosophic group. Then 

(a) If G is abelian, 𝑁5(𝑇) is abelian. 

(b) 𝑁5(𝑇) is abelian if and only if  𝑁5(𝑇) = 𝑍(𝑁5(𝑇)). 

Definition: 

Let 𝑁5(𝑇) be an 5-refined neutrosophic group, K be a nonempty subset of 𝑁5(𝑇), we say that K is a 5-refined 

neutrosophic subgroup if K contains a subgroup of T. 

Definition: 

Let 𝑁5(𝑇) be a 5-refined neutrosophic group, the number of its elements is denoted by 

O(𝑁5(𝑇)). 

 If 𝑁5(𝑇) is finite, then 𝑂(𝑁5(𝑇)) = 𝑘, elsewhere 𝑂(𝑁5(𝑇)) = ∞. 

 𝑂(𝑁5(𝑇)) is called the order of 5-refined neutrosophic group 𝑁5(𝑇). 
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Theorem: 

Let G be a finite group, 𝑁5(𝑇)be its corresponding 5-refined neutrosophic group. Then if 𝑂(𝐺) = 𝑘, we have 

𝑂(𝑁5(𝑇)) = 𝑘6.  

Definition: 

Let 𝑁5(𝑇), 𝑁5(𝐾) be two 5-refined neutrosophic groups, ℎ: 𝑁5(𝑇) → 𝑁5(𝐾) be a well defined map, we say that 

ℎ is a 5-refined neutrosophic homomorphism if: 

(a) ℎ(𝑥𝑦) = ℎ(𝑥)ℎ(𝑦) for all 𝑥, 𝑦 ∈ 𝑁5(𝑇). 

(b) ℎ(𝑒𝐺 , 𝑒𝐺 , … , 𝐼𝑘 , 𝑒𝐺 , … , 𝑒𝐺) = (𝑒𝐺 , 𝑒𝐺 , … , 𝐼𝑘 , 𝑒𝐺 , . . , 𝑒𝐺). 

Definition: 

Let 𝑁5(𝑇), 𝑁5(𝐾) be two 5-refined neutrosophic groups, ℎ: 𝑁5(𝑇) → 𝑁5(𝐾) be a 5-refined neutrosophic 

homomorphism, we define: 

(a) 𝐾𝑒𝑟(ℎ) = {𝑥 ∈ 𝑁5(𝑇); ℎ(𝑥) = 𝑒𝑁4(𝐾)}. 

(b) 𝐼𝑚(ℎ) = {𝑦 ∈ 𝑁5(𝐾); ∃ 𝑥 ∈ 𝑁5(𝑇): ℎ(𝑥) = 𝑦}. 

Theorem: 

Let 𝑁5(𝑇), 𝑁5(𝐾) be two 5-refined neutrosophic groups, ℎ: 𝑁5(𝑇) → 𝑁5(𝐾) be a 5-refined neutrosophic 

homomorphism, we have: 

(a) 𝐾𝑒𝑟(ℎ) is  a 5-refined neutrosophic subgroup of 𝑁5(𝑇). 

(b) 𝐼𝑚(ℎ) is a 5-refined neutrosophic subgroup of 𝑁5(𝐾). 

Proof: 

(a) The restriction ℎ𝐺 of 𝑔 is a homomorphism between 

T and K, its kernel 𝐾𝑒𝑟(ℎ𝐺) will be a subset of 𝐾𝑒𝑟(ℎ), i.e 𝐾𝑒𝑟(ℎ) contains a subgroup of T, hence it is a 3-

refined neutrosophic subgroup. 

(b) The proof is similar to (a). 

Definition : 

Let 𝑁4(𝑇), 𝑁4(𝐾) be two 4-refined neutrosophic groups, 𝑔: 𝑁4(𝑇) → 𝑁4(𝐾) be a 4--refined neutrosophic 

homomorphism, we call it a 4--refined neutrosophic isomorphism if it is bijective. 

Theorem: 

Let 𝑁5(𝑇) be a 5--refined neutrosophic group. The set 𝑇𝐼𝑘 = {𝑥 ∗ 𝐼𝑘; 1 ≤ 𝑘 ≤ 5} has a group structure. 

Proof: 

We define the following operation on 𝑇𝐼𝑘: 

(𝑥𝐼𝑘) × (𝑦𝐼𝑘) = (𝑥 ∗ 𝑦)𝐼𝑘. Also, × is well defined operation, and it is associative with 𝐼𝑘 as an identity, and for 

each 

𝑥𝐼𝑘 ∈ 𝑇𝐼𝑘, there is an inverse 𝑥−1𝐼𝑘; 𝑥−1 is the inverse of 𝑥 in T. 

Theorem: 

Let 𝑁5(𝑇)be a 5--refined neutrosophic group, consider the previously defined group 𝑇𝐼𝑘 . Then 𝑇 ≅ 𝑇𝐼𝑘. 

Definition: 

Let 𝑇, 𝑆 be two groups, 𝑇 × 𝑆 be the direct product. We define the direct product of the related 5-refined 

neutrosophic groups as follows: 

𝑁5(𝑇) × 𝑁5(𝑆) =< 𝑇 × 𝑆 ∪ {𝐼1, . . , 𝐼5} >. We call it the 5-refined neutrosophic direct product. 
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Definition: 

Let 𝑁5(𝑇) = {(𝑡0, 𝑡1𝐼1, 𝑡2𝐼2, 𝑡3𝐼3, 𝑡4𝐼4, 𝑡5𝐼5);  𝑡𝑖 ∈ 𝑇} be a 5-refined neutrosophic group, 

𝑁5(𝑆) = {(𝑚0, 𝑚1𝐼1, 𝑚2𝐼2, 𝑚3𝐼3, 𝑚4𝐼4, 𝑚5𝐼5);  𝑚𝑖 ∈ 𝑆𝑖;  𝑆𝑖  𝑖s a subgroup of 𝑇 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖} is called an AH-

subgroup of 𝑁5(𝑇). 

If 𝐻𝑖 ≅ 𝐻𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ≠ 𝑗, then it is called an AHS-subgroup. 

3. Conclusion 

In this paper, we have defined the concept of 3,4,5-refined neutrosophic groups. Also, we have introduced some 

of their substructures such as 3-refined neutrosophic subgroup/homomorphism, 4-refined neutrosophic 

homomorphism/subgroup, and 5-refined neutrosophic isomorphism/homomorphism. Many examples were 

produced to explain the abstract algebraic concepts and theorems. 
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