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Abstract

We propose the concept of diophantine Q-neutrosophic subbisemiring(DioQNSBS), level sets of DioQNSBS
of a bisemiring. The idea of DioQNSBS is an extension of fuzzy subbisemiring over bisemiring. Exploring
the concept for DioQNSBS over bisemiring. Let H be the diophantine Q-neutrosophic subset in D, prove
H = ⟨(ΓT

H ,Γ
I
H ,Γ

F
H), (ΛH ,ΞH ,ΦH)⟩ is a DioQNSBS of D if and only if all non empty level set H(t,s) is

a subbisemiring of D for t, s ∈ [0, 1]. Let H be the DioQNSBS of a bisemiring D and M be the strongest
diophantine Q-neutrosophic relation (SDioQNSR)of D, we notice H is a DioQNSBS of D if and only if M
is a DioQNSBS of D × D. Let H1, H2, ...,Hn be the family of DioQNSBSs of D1,D2, ...,Dn respectively,
prove H1 ×H2 × ...×Hn is a DioQNSBS of D1 × D2 × ...× Dn. The homomorphic image of DioQNSBS
is a DioQNSBS. The homomorphic preimage of DioQNSBS is a DioQNSBS. Illustrations are presented to
demonstrate results.

Keywords: Homomorphism; neutrosophic subbisemiring;fuzzy subbisemiring;Diophantine
neutrosophic bisemiring;Q diophantine neutrosophic subbisemiring.

1 Introduction

The exploration of semirings was initiated by Dedekind’s involvement with the theories of commutative rings.
German mathematician Dedekind initiated the research of semirings in relation to the ideals of commuta-
tive rings.As part of the extension of rings, Vandiver introduces the idea of semirings.22 Semirings were
later studied by American mathematician Vandiver, who identified them as a fundamental algebraic struc-
ture in 1934.Iseki5, 6 established a semiring ideal theory that is not always commutative under any opera-
tion.Semigroups, semirings, and hypersemigroups are a few examples of ordered algebraic structures that
have been researched by a number of authors.23Definition states that a fuzzy set is a function that can be de-
fined by a membership value. Degrees are measured in real unit intervals. Later, however, it was shown that
this definition is insufficient when taking into account both the degree of membership and the degree of non-
membership.In the absence of zero, Iseki7adopted this conceptual framework for semirings and used semirings
to establish numerous significant results.The various ideals based on semirings have been described by a num-
ber of authors and academics.4Though semirings theory had been developing since 1950, these developments
were already taking place.
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The neutrosophic set is an extension of the fuzzy set and intuitionistic fuzzy set in which the truth, indetermi-
nacy, and falsity memberships are separately stated.To manage the given uncertainty, Atanassov2 designed a set
known as an intuitionistic fuzzy set.Since this set includes several application-related issues, Smarandache21

developed neutrosophy to address the issues of vague and inconsistent information.Riaz et al. discussed19

linear Diophantine fuzzy set (LDFS) with the addition of reference parameters.Due to the usage of reference
parameters, the LDFS is more adaptable and effective than other methods. By altering the physical meaning
of reference parameters, LDFS also classifies the data in MADM difficulties15 .

In 1993, J. Ahsan, K. Saifullah, and F. Khan1 introduced the notion of fuzzy semirings.A semiring (S, †,⊙) is
a non-empty set in which (S, †, ) and (S,⊙) are semigroups such that “⊙” is distributive over “†”.4 A bisemir-
ing (S, †,⊚,⊗) is an algebraic structure in which (S, †,⊚) and (S,⊚,⊗) are semirings in which (S, †), (S,⊚)
and (S,⊗) are semigroups such that (i) a⊚ (b+ c) = (a⊚ b) + (a⊚ c), (ii) (b+ c)⊚ a = (b⊚ a) + (c⊚ a)
(iii) a × (b ⊚ c) = (a ⊗ b) ⊚ (a ⊗ c) and (iv) (b ⊚ c) ⊗ a = (b ⊗ a) ⊚ (c ⊗ a), ∀ a, b, c ∈ S.20 A non-
empty subset H of a bisemiring (S, †,⊚,⊗) is a subbisemiring if and only if a + b ∈ H, a ⊚ b ∈ H and
a ⊗ b ∈ H for all a, b ∈ H.3 Palanikumar et al. focused on numerous applications of subbisemiring the-
ory’s ideal structure12-.10 A semiring is a mathematical structure that combines properties of both rings and
monoids. It serves as a fundamental concept in abstract algebra and has applications in various fields such as
computer science, formal language theory, optimization, and more. The concept of semirings has evolved over
time through contributions from various mathematicians and researchers. The term ”semiring” was coined to
describe these algebraic structures.8The use of ”semiring” in this context can be traced back to the 1960s and
1970s with the works of mathematicians and computer scientists like Arto Salomaa and Grzegorz Rozenberg.
They explored algebraic structures related to formal languages and automata theory, using semirings to de-
scribe properties of languages and their operations.Fuzzy semirings are algebraic structures that generalize the
notions of semirings to accommodate uncertainty or fuzziness in arithmetic operations9 . A fuzzy semiring
consists of a se along with two binary operations usually denoted by ⊕ and ⊗ that satisfy certain properties.
These properties are analogous to those of classical semirings, but with the incorporation of fuzzy or uncer-
tain values. The ⊕ operation is usually treated as a maximum operation whereas ⊗ operation is typically
treated as a minimum operation.Fuzzy semirings extend the concepts of semirings by allowing the arithmetic
operations to work with fuzzy or uncertain values rather than crisp (exact) values. This makes them suitable
for modeling situations where there is inherent ambiguity or imprecision.Fuzzy semirings are used to extend
automata theory and formal language theory to handle fuzzy languages and behaviors.13 This is particularly
useful in modeling systems where inputs, outputs, or transitions are uncertain.It can be used to aggregate in-
formation from multiple sources that provide fuzzy values. They also play a role in decision-making processes
involving uncertainty and conflicting information.It also find its applications in various fields, including fuzzy
logic, approximate reasoning, image processing, machine learning, and information retrieval.23They can rep-
resent uncertainty and imprecision in computations and reasoning, making them valuable tools for handling
real-world scenarios.Semirings have been applied in a wide range of mathematical and practical contexts,
including optimization, graph theory, coding theory, and more. Semirings have diverse applications across
various fields due to their flexible algebraic structure that combines both additive and multiplicative proper-
ties.17

This paper aims to examine many aspects and provide findings.The article is composed of the guiding ideas
listed as follows.Section 1 has the introduction. Section 2 contains details on the ways to prepare for Dio-
QNSBS. Section 3 presents theorems based on DioQNSBS. The idea of homomorphism is discussed in Section
4.

2 Preliminaries

The concept of semirings and bisemirings will be covered in this section in order to make the overview as
comprehensive as feasible and makes the subsequent presentations easier.

Definition 2.1. Let M and Q be non-empty sets. The mapping Ω : M ×Q → [0, 1] is called a Q fuzzy set in
M .

Definition 2.2. Let (S, †,⊙) be semiring. The Q fuzzy set Ω: M ×Q → [0, 1] is called a Q fuzzy subsemiring
of M if ΩH(κ, ω, ϱ∗) ≥ min{ΩH(κ, ϱ∗),ΩH(ω, ϱ∗)}, ΩH(κ · ω, ϱ∗) ≥ min{ΩH(κ, ϱ∗),ΩH(ω, ϱ∗)} for all
κ, ω ∈ M and ϱ∗ ∈ Q.
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Definition 2.3. An intuitionistic Q fuzzy subset defined on M and Q is of the form
H = {< κ,ΛH(κ, ϱ∗),ΦH(κ, ϱ∗)|κ ∈ X and ϱ∗ ∈ Q >} where ΛH : X×Q → [0, 1] and ΦH : X×Q →
[0, 1] define the MD and NMD of the element κ ∈ X, respectively and every κ ∈ X and ϱ∗ ∈ Q satisfying
0 ≤ ΛH(κ, ϱ∗) + ΦH(κ, ϱ∗) ≤ 1.

Definition 2.4. Let H1 and H2 be any two intuitionistic Q fuzzy subsets of M . Then
H1 ∩H2 =

{
⟨κ,min{ΘH1

(κ, ϱ∗),ΘH2
(κ, ϱ∗)},max{ΦH1

(κ, ϱ∗),ΦH2
(κ, n∗)}⟩

}
,

H1 ∪H2 =
{
⟨κ,max{ΘH1(κ, ϱ

∗),ΘH2(κ, ϱ
∗)},min{ΦH1(κ, ϱ

∗),ΦH2(κ, ϱ
∗)}⟩

}
.

Definition 2.5. Let H be an intuitionistic Q fuzzy subset of M . For t1, t2 ∈ [0, 1] the level subset of H is the
set H(t1,t2) = {κ ∈ M : ΘH(κ, ϱ∗) ≥ t1,ΘH(κ, ϱ∗) ≤ t2, ϱ

∗ ∈ Q}.

Definition 2.6. 21 A neutrosophic set H in the universe G is defined as H = {d,ΓT
H(u),ΓI

H(u),ΓF
H(u)|u ∈

G}, where ΓT
H(u), ΓI

H(u) ΓF
H(u) represents the degree of Truth-membership, degree of Indeterminacy mem-

bership and degree of Falsity-membership of H respectively. The mapping ΓT
H ,Γ

I
H ,Γ

F
H : G → [0, 1] and

0 ≤ ΓT
H(u) + ΓI

H(u) + ΓF
H(u) ≤ 3.

Definition 2.7. 21 Let H1 = ⟨ΓT
H1
,ΓI

H1
,ΓF

H1
⟩, H2 = ⟨ΓT

H2
,ΓI

H2
,ΓF

H2
⟩ and H3 = ⟨ΓT

H3
,ΓI

H3
,ΓF

H3
⟩ be three

neutrosophic numbers over G. Then
(i) H1

c = ⟨ΓF
H1
,ΓI

H1
,ΓT

H1
⟩

(ii) H2

∨
H3 =

〈
max(ΓT

H2
,ΓT

H3
),min(ΓI

H2
,ΓI

H3
),min(ΓF

H2
,ΓF

H3
)
〉

(iii) H2

∧
H3 =

〈
min(ΓT

H2
,ΓT

H3
),max(ΓI

H2
,ΓI

H3
),max(ΓF

H2
,ΓF

H3
)
〉

(iv) H2 ≥ H3 iff ΓT
H2

≥ ΓT
H3

and ΓI
H2

≤ ΓI
H3

and ΓF
H2

≤ ΓF
H3

(v) H2 = H3 iff ΓT
H2

= ΓT
H3

and ΓI
H2

= ΓI
H3

and ΓF
H2

= ΓF
H3

.

Definition 2.8. For any neutrosophic set H = {l,ΓT
H(l),ΓI

H(l),ΓF
H(l)} of a set U, we defined a (ζ, ν)-cut of

as the crisp subset {(z) ∈ (U)|ΓT
H(l) ≥ ζ,ΓI

H(l) ≥ ζ,ΓF
H(l) ≤ ν} of (U).

Definition 2.9. 21 Let H and I be be two neutrosophic subsets of S. The cartesian product of H and I denoted
by H × I is given as H × I = {ΓT

H×I(l, g),Γ
I
H×I(l, g),Γ

F
H×I(l, g)| for all l, g ∈ S}, where ΓT

H×I(z, y) =

min{ΓT
H(z),Γ

T
I (y)},ΓI

H×I(l, g) =
ΓI
H(z)+ΓI

I(l)
2 ,ΓF

H×I(l, g) = max{ΓF
H(z),Γ

F
I (l)}.

Definition 2.10. 10 A fuzzy subsetH of a bisemiring (S,⊚1,⊚2,⊚3) is said to be a fuzzy subbisemiring of S
if ΓH(ℓ⊚1g) ≥ min{ΓH(ℓ),ΓH(g)},ΓH(ℓ⊚2g) ≥ min{ΓH(ℓ),ΓH(g)},ΓH(ℓ⊚3g) ≥ min{ΓH(ℓ),ΓH(g)},
for all ℓ, g ∈ S.

Definition 2.11. 10 A fuzzy subsetH of a bisemiring (S,⊚1,⊚2,⊚3) is said to be a fuzzy normal subbisemir-
ing of S if ΓH(ℓ⊚1 g) = ΓH(g⊚1 l),ΓH(ℓ⊚2 g) = ΓH(g⊚2 l),ΓH(ℓ⊚3 g) = ΓH(g⊚3 l), for all ℓ, g ∈ S.

Definition 2.12. 18 Let (S, †, •,⊗) and (T, ∗,⊚,⊙) be two bisemirings. A function ψ : S → T is said to be a
homomorphism if ψ(l+ g) = ψ(z) ∗ψ(g), ψ(l • g) = ψ(z)⊚ ϕ(g), ψ(l⊗ g) = ψ(l)⊙ψ(g), for all l, g ∈ S.

Definition 2.13. 15 Let S be the subbisemiring.The Bipolar valued fuzzy semiring A = ⟨fpA, fnA⟩ in S is said to
be bipolar valued subbisemiring of S if it satisfies the following conditions :
(i) fpA (x⊗1 y) ≥ min {fpA(x), f

p
A(y)},

(ii) fpA (x⊗2 y) ≥ min {fpA(x), f
p
A(y)},

(iii) fpA (x⊗3 y) ≥ min {fpA(x), f
p
A(y)},

(iv) fnA (x⊗1 y) ≤ max {fnA(x), fnA(y)},
(v) fnA (x⊗2 y) ≤ max {fnA(x), fnA(y)},
(vi) fnA (x⊗3 y) ≤ max {fnA(x), fnA(y)}, ∀ x,y ∈ S

Definition 2.14. A vague set L = (TL,FL) of S is said to be vague seimring if the following conditions are
true. For all s1, s2 ∈ S,
(i)VL (s1 ⊕ s2) ≥ min {VL (s1) ,VL (s2)} and
(ii)VL (s1 · s2) ≥ min {VL (s1) ,VL (s2)} and

Definition 2.15. 3 An interval valued fuzzy set A on the universe X ̸= 0 is a mapping A → L([0, 1]) such
that the membership degree of x ∈ X is given by A(x) = [A(x),A(x)] ∈ L([0, 1]), where A : X → [0, 1] and
A : X → [0, 1] are mappings defining lower and upper bound of the membership interval A(x) respectively.

Definition 2.16. 17 An interval valued fuzzy set A on the universe X ̸= 0 is a mapping A → L([0, 1]) such
that the membership degree of x ∈ X is given by A(x) = [A(x),A(x)] ∈ L([0, 1]), where A : X → [0, 1] and
A : X → [0, 1] are mappings defining lower and upper bound of the membership interval A(x) respectively.
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3 Diophantine Q Neutrosophic Subbisemiring

Here D stands for bisemiring and DioQNSBS denotes diophantine Q-neutrosophic subbisemiring.

Definition 3.1. A Diophantine neutrosophic set H in G is of the form
H =

{
(d),

(
ΩT

H(d),ΩI
H(d),ΩF

H(d)
)
,
(
ΛH(d),ΞH(d),ΦH(d)

)
|u ∈ G

}
, where ΩT

H(d), ΩI
H(d) ΩF

H(d) rep-
resents the degree of Truth-membership, degree of Indeterminacy membership and degree of Falsity-membership
of H respectively. The mapping ΩT

H ,Ω
I
H ,Ω

F
H : U → [0, 1] and 0 ≤ (ΛH(d) · ΩT

H(d)) + (ΞH(d) · ΩI
H(d)) +

(ΦH(d) · ΩF
H(d)) ≤ 2. Since H = ⟨(ΩT

H ,Ω
I
H ,Ω

F
H), (ΛH ,ΞH ,ΦH)⟩ is called a Diophantine neutrosophic

number.

Definition 3.2. A Diophantine Q neutrosophic subset H of S is said to be a DioQNSBS of S if the following
criteria are satisfied.Then 

ΓT
H(ℓ⊚1 g, ϱ

∗) ≥ min{ΓT
H(ℓ, ϱ∗),ΓT

H(g, ϱ∗)}
ΓT
H(ℓ⊚2 g, ϱ

∗) ≥ min{ΓT
H(ℓ, ϱ∗),ΓT

H(g, ϱ∗)}
ΓT
H(ℓ⊚3 g, ϱ

∗) ≥ min{ΓT
H(ℓ, ϱ∗),ΓT

H(g, ϱ∗)}

ΓI
H(z ⊚1 g, ϱ

∗) ≥ ΓI
H(l,ϱ∗)+ΓI

H(g,ϱ∗)
2

OR

ΓI
H(z ⊚2 g, ϱ

∗) ≥ ΓI
H(l,ϱ∗)+ΓI

H(g,ϱ∗)
2

OR

ΓI
H(z ⊚3 g, ϱ

∗) ≥ ΓI
H(l,ϱ∗)+ΓI

H(g,ϱ∗)
2


ΓF
H(ℓ⊚1 g, ϱ

∗) ≤ max{ΓF
H(ℓ, ϱ∗),ΓF

H(g, ϱ∗)}
ΓF
H(ℓ⊚2 g, ϱ

∗) ≤ max{ΓF
H(ℓ, ϱ∗),ΓF

H(g, ϱ∗)}
ΓF
H(ℓ⊚3 g, ϱ

∗) ≤ max{ΓF
H(ℓ, ϱ∗),ΓF

H(g, ϱ∗)}


(ΦH(ℓ⊚1 g, ϱ

∗) ≥ min{(ΦH(ℓ, ϱ∗), (ΦH(g, ϱ∗)}
(ΦH(ℓ⊚2 g, ϱ

∗) ≥ min{(ΦH(ℓ, ϱ∗), (ΦH(g, ϱ∗)}
(ΦH(ℓ⊚3 g, ϱ

∗) ≥ min{(ΦH(ℓ, ϱ∗), (ΦH(g, ϱ∗)}

ΞH(ℓ⊚1 g, ϱ
∗) ≥ ΞH(ℓ,ϱ∗)+ΞH(g,ϱ∗)

2

OR
ΞH(ℓ⊚2 g, ϱ

∗) ≥ ΞH(ℓ,ϱ∗)+ΞH(g,ϱ∗)
2

OR
ΞH(ℓ⊚3 g, ϱ

∗) ≥ ΞH(ℓ,ϱ∗)+ΞH(g,ϱ∗)
2


ΨH(ℓ⊚1 g, ϱ

∗) ≤ max{ΨH(ℓ, ϱ∗),ΨH(g, ϱ∗)}
ΨH(ℓ⊚2 g, ϱ

∗) ≤ max{ΨH(ℓ, ϱ∗),ΨH(g, ϱ∗)}
ΨH(ℓ⊚3 g, ϱ

∗) ≤ max{ΨH(ℓ, ϱ∗),ΨH(g, ϱ∗)}

for all ℓ, g ∈ D.

Example 3.3. Let D = {p1, p2, p3, p4} be the bisemiring with the given cayley table:
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⊚1 p1 p2 p3 p4
p1 p1 p1 p1 p1
p2 p1 p2 p1 p2
p3 p1 p1 p3 p3
p4 p1 p2 p3 p4

⃝2 1 p2 p3 p4
p1 p1 p2 p3 p4
p2 p2 p2 p4 p4
p3 p3 p4 p3 p4
p4 p4 p4 p4 p4

⃝3 p1 p2 p3 p4
p1 p1 p1 p1 p1
p2 p1 p2 p3 p4
p3 p4 p4 p4 p4
p4 p4 p4 p4 p4

(e, ϱ∗) = (e1, ϱ
∗) (e, ϱ∗) = (e2, ϱ

∗) (e, ϱ∗) = (e3, ϱ
∗) (e, ϱ∗) = (e4, ϱ

∗)(
ΓT
H(e, ϱ∗),ΛH(e, ϱ∗)

)
(0.94, 0.37) (0.92, 0.32) (0.89, 0.22) (0.91, 0.27)(

ΓI
H(e, ϱ∗),ΞH(e, ϱ∗)

)
(0.77, 0.22) (0.75, 0.17) (0.70, 0.07) (0.72, 0.12)(

ΓF
H(e, ϱ∗),ΦH(e, ϱ∗)

)
(0.82, 0.27) (0.86, 0.32) (0.88, 0.42) (0.87, 0.37)

Clearly, H is a DioQNSBS of D.

Theorem 3.4. The arbitrary intersection of a family of DioQNSBS is a DioQNSBS.

Proof. Let {Mi : i ∈ I} be a family of DioQNSBS of a bisemiring D and H =
⋂
i∈I
Mi.

Let l and g in D. Then

ΓT
H(l⃝1 g, ϱ

∗) = inf
i∈I

ΓT
Mi

(l⃝1 g, ϱ
∗)

≥ inf
i∈I

min{ΓT
Mi

(l, ϱ∗),ΓT
Mi

(g, ϱ∗)}

= min
{
inf
i∈I

ΓT
Mi

(l, ϱ∗), inf
i∈I

ΓT
Mi

(g, ϱ∗)
}

= min{ΓT
H(l, ϱ∗),ΓT

H(g, ϱ∗)}.

Similarly, ΓT
H(l⃝3g, ϱ

∗) ≥ min{ΓT
H(l, g∗),ΓT

H(g, ϱ∗)}, ΓT
H(l⃝3g, ϱ

∗) ≥ min{ΓT
H(l, ϱ∗),ΓT

H(g, ϱ∗)}. Now,

ΓI
H(l⃝1 g, ϱ

∗) = inf
i∈I

ΓI
Mi

(l⃝1 g, ϱ
∗)

≥ inf
i∈I

ΓI
Mi

(l, ϱ∗) + ΓI
Mi

(g, ϱ∗)

2

=
inf
i∈I

ΓI
Mi

(l, ϱ∗) + inf
i∈I

ΓI
Mi

(g, ϱ∗)

2

=
ΓI
H(l, ϱ∗) + ΓI

H(g, ϱ∗)

2
.

Similarly, ΓI
H(l⃝3 g, ϱ

∗) ≥ ΓI
H(l,ϱ∗)+ΓI

H(g,ϱ∗)
2 and ΓI

H(l⃝3 g, ϱ
∗) ≥ ΓI

H(l,ϱ∗)+ΓI
H(g,ϱ∗)

2 . Now,

ΓF
H(l⃝1 g, ϱ

∗) = sup
i∈I

ΓMi(z⃝1 g, ϱ
∗)

≤ sup
i∈I

max{ΓMi
(l, ϱ∗),ΓMi

(g, ϱ∗)}

= max
{
sup
i∈I

ΓMi
(l, ϱ∗), sup

i∈I
ΓMi

(g, ϱ∗)
}

= max{ΓF
H(l, ϱ∗),ΓF

H(g, ϱ∗)}.

Similarly, ΓF
H(l⃝3 g, ϱ

∗) ≤ max{ΓF
H(l, ϱ∗),ΓF

H(g, ϱ∗)} and
ΓF
H(l⃝3 g, ϱ

∗) ≤ max{ΓF
H(l, ϱ∗),ΓF

H(g, ϱ∗)}.

ΛH(l⃝1 g, ϱ
∗) = inf

i∈I
ΛMi(l⃝1 g, ϱ

∗)

≥ inf
i∈I

min{ΛMi
(l, ϱ∗),ΛMi

(g, ϱ∗)}

= min
{
inf
i∈I

ΛMi(l, ϱ
∗), inf

i∈I
ΛMi(g, ϱ

∗)
}

= min{ΛH(l, ϱ∗),ΛH(g, ϱ∗)}.
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Similarly, ΛH(l⃝3 g, ϱ
∗) ≥ min{ΛH(l, ϱ∗),ΛH(g, ϱ∗)} and

ΛH(l⃝3 g, ϱ
∗) ≥ min{ΛH(l, ϱ∗),ΛH(g, ϱ∗)}. Now,

ΞH(l⃝1 g, ϱ
∗) = inf

i∈I
ΞMi

(l⃝1 g, ϱ
∗)

≥ inf
i∈I

ΞMi(l, ϱ
∗) + ΞMi(g, ϱ

∗)

2

=
inf
i∈I

ΞMi
(l, ϱ∗) + inf

i∈I
ΞMi

(g, ϱ∗)

2

=
ΞH(l, ϱ∗) + ΞH(g, ϱ∗)

2
.

Similarly, ΞH(l⃝3 g, ϱ
∗) ≥ ΞH(l,ϱ∗)+ΞH(g,ϱ∗)

2 and ΞH(l⃝3 g, ϱ
∗) ≥ ΞH(l,ϱ∗)+ΞH(g,ϱ∗)

2 . Now,

ΦH(l⃝1 g, ϱ
∗) = sup

i∈I
ΦMi(l⃝1 g, ϱ

∗)

≤ sup
i∈I

max{ΦMi
(l, ϱ∗),ΦMi

(g, ϱ∗)}

= max
{
sup
i∈I

ΦMi
(l, ϱ∗), sup

i∈I
ΦMi

(g, ϱ∗)
}

= max{ΦH(l, ϱ∗),ΦH(g, ϱ∗)}.

Similarly, ΦH(l⃝3 g, ϱ
∗) ≤ max{ΦH(l, ϱ∗),ΦH(g, ϱ∗)} and

ΦH(l⃝3 g, ϱ
∗) ≤ max{ΦH(l, ϱ∗),ΦH(g, ϱ∗)}. Hence H is a DioQNSBS of D.

Theorem 3.5. If H and I are any two DioQNSBSs of D1 and D2 respectively, then H × I is a DioQNSBS
of D1 × D2.

Proof. Let H and I be two DioQNSBSs of D1 and D2 respectively. Let l1, l2 ∈ D1 and g1, g2 ∈ D2. Then
(l1, g1) and (l2, g2, ϱ

∗) are in D1 × D2. Now

ΓT
H×I [(l1, g1)⃝1 (l2, g2, ϱ

∗)] = ΓT
H×I(l1 ⃝1 l2, g1 ⃝1 g2, ϱ

∗)

= min{ΓT
H(l1 ⃝1 l2, ϱ

∗),ΓT
I (g1 ⃝1 g2, ϱ

∗)}
≥ min{min{ΓT

H(l1, ϱ
∗),ΓT

H(l2, ϱ
∗)},min{ΓT

I (g1, ϱ
∗),ΓT

I (g2, ϱ
∗)}}

= min{min{ΓT
H(l1, ϱ

∗),ΓT
I (g1, ϱ

∗)},min{ΓT
H(l2, ϱ

∗),ΓT
I (g2, ϱ

∗)}}
= min{ΓT

H×I(l1, g1, ϱ
∗),ΓT

H×I(l2, g2, ϱ
∗)}.

Also ΓT
H×I [(l1, g1)⃝2 (l2, g2, ϱ

∗)] ≥ min{ΓT
H×I(l1, g1, ϱ

∗),ΓT
H×I(l2, g2, ϱ

∗)},
ΓT
H×I [(l1, g1)⃝3 (l2, g2, ϱ

∗)] ≥ min{ΓT
H×I(l1, g1, ϱ

∗),ΓT
H×I(l2, g2, ϱ

∗)}. Now,

ΓI
H×I [(l1, g1)⃝1 (l2, g2, ϱ

∗)] = ΓI
H×I(l1 ⃝1 l2, g1 ⃝1 g2, ϱ

∗)

=
ΓI
H(l1 ⃝1 l2, ϱ

∗) + ΓI
I(g1 ⃝1 g2, ϱ

∗)

2

≥ 1

2

[
ΓI
H(l1, ϱ

∗) + ΓI
H(l2, ϱ

∗)

2
+

ΓI
I(g1, ϱ

∗) + ΓI
I(g2, ϱ

∗)

2

]

=
1

2

[
ΓI
H(l1, ϱ

∗) + ΓI
I(g1, ϱ

∗)

2
+

ΓI
H(l2, ϱ

∗) + ΓI
I(g2, ϱ

∗)

2

]

=
1

2

[
ΓI
H×I(l1, g1, ϱ

∗) + ΓI
H×I(l2, g2, ϱ

∗)
]
.

Also ΓI
H×I [(l1, g1)⃝2 (l2, g2, ϱ

∗)] ≥ 1
2

[
ΓI
H×I(l1, g1, ϱ

∗) + ΓI
H×I(l2, g2, ϱ

∗)
]

and
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ΓI
H×I [(l1, g1)⃝3 (l2, g2, ϱ

∗)] ≥ 1
2

[
ΓI
H×I(l1, g1, ϱ

∗) + ΓI
H×I(l2, g2, ϱ

∗)
]
. Now,

ΓF
H×I [(l1, g1)⃝1 (l2, g2, ϱ

∗)] = ΓF
H×I(l1 ⃝1 l2, g1 ⃝1 g2, ϱ

∗)

= max{ΓF
H(l1 ⃝1 l2, ϱ

∗),ΓF
I (g1 ⃝1 g2, ϱ

∗)}
≤ max{max{ΓF

H(l1, ϱ
∗),ΓF

H(l2, ϱ
∗)},max{ΓF

I (g1, ϱ
∗),ΓF

I (g2, ϱ
∗)}}

= max{max{ΓF
H(l1, ϱ

∗),ΓF
I (g1, ϱ

∗)},max{ΓF
H(l2, ϱ

∗),ΓF
I (g2, ϱ

∗)}}
= max{ΓF

H×I(l1, g1, ϱ
∗),ΓF

H×I(l2, g2, ϱ
∗)}.

ΓF
H×I [(l1, g1)⃝3 (l2, g2, ϱ

∗)] ≤ max{ΓF
H×I(l1, g1, ϱ

∗),ΓF
H×I(l2, g2, ϱ

∗)}.

ΛH×I [(l1, g1)⃝1 (l2, g2, ϱ
∗)] = ΛH×I(l1 ⃝1 l2, g1 ⃝1 g2, ϱ

∗)

= min{ΛH(l1 ⃝1 l2, ϱ
∗),ΛI(g1 ⃝1 g2, ϱ

∗)}
≥ min{min{ΛH(l1, ϱ

∗),ΛH(l2, ϱ
∗)},min{ΛI(g1, ϱ

∗),ΛI(g2, ϱ
∗)}}

= min{min{ΛH(l1, ϱ
∗),ΛI(g1, ϱ

∗)},min{ΛH(l2, ϱ
∗),ΛI(g2, ϱ

∗)}}
= min{ΛH×I(l1, g1, ϱ

∗),ΛH×I(l2, g2, ϱ
∗)}.

Also ΛH×I [(l1, g1)⃝2 (l2, g2, ϱ
∗)] ≥ min{ΛH×I(l1, g1, ϱ

∗),ΛH×I(l2, g2, ϱ
∗)},

ΛH×I [(l1, g1)⃝3 (l2, g2, ϱ
∗)] ≥ min{ΛH×I(l1, g1, ϱ

∗),ΛH×I(l2, g2, ϱ
∗)}. Now,

ΞH×I [(l1, g1)⃝1 (l2, g2, ϱ
∗)] = ΞH×I(l1 ⃝1 l2, g1 ⃝1 g2, ϱ

∗)

=
ΞH(l1 ⃝1 l2, ϱ

∗) + ΞI(g1 ⃝1 g2, ϱ
∗)

2

≥ 1

2

[
ΞH(l1, ϱ

∗) + ΞH(l2, ϱ
∗)

2
+

ΞI(g1, ϱ
∗) + ΞI(g2, ϱ

∗)

2

]

=
1

2

[
ΞH(l1, ϱ

∗) + ΞI(g1, ϱ
∗)

2
+

ΞH(l2, ϱ
∗) + ΞI(g2, ϱ

∗)

2

]

=
1

2

[
ΞH×I(l1, g1, ϱ

∗) + ΞH×I(l2, g2, ϱ
∗)
]
.

Also ΞH×I [(l1, g1)⃝2 (l2, g2, ϱ
∗)] ≥ 1

2

[
ΞH×I(l1, g1, ϱ

∗) + ΞH×I(l2, g2, ϱ
∗)
]

and

ΞH×I [(l1, g1)⃝3 (l2, g2, ϱ
∗)] ≥ 1

2

[
ΞH×I(l1, g1, ϱ

∗) + ΞH×I(l2, g2, ϱ
∗)
]
. Now,

ΦH×I [(l1, g1)⃝1 (l2, g2, ϱ
∗)] = ΦH×I(l1 ⃝1 l2, g1 ⃝1 g2, ϱ

∗)

= max{ΦH(l1 ⃝1 l2, ϱ
∗),ΦI(g1 ⃝1 g2, ϱ

∗)}
≤ max{max{ΦH(l1, ϱ

∗),ΦH(l2, ϱ
∗)},max{ΦI(g1, ϱ

∗),ΦI(g2, ϱ
∗)}}

= max{max{ΦH(l1, ϱ
∗),ΦI(g1, ϱ

∗)},max{ΦH(l2, ϱ
∗),ΦI(g2, ϱ

∗)}}
= max{ΦH×I(l1, g1, ϱ

∗),ΦH×I(l2, g2, ϱ
∗)}.

Also ΦH×I [(l1, g1)⃝2 (l2, g2, ϱ
∗)] ≤ max{ΦH×I(l1, g1, ϱ

∗),ΦH×I(l2, g2, ϱ
∗)},

ΦH×I [(l1, g1)⃝3 (l2, g2, ϱ
∗)] ≤ max{ΦH×I(l1, g1, ϱ

∗),ΦH×I(l2, g2, ϱ
∗)}. Hence H × I is a DioQNSBS of

D.

If H1, H2, ...,Hn be the family of DioQNSBS of D1,D2, ...,Dn respectively, then H1 ×H2 × ...×Hn is a
DioQNSBS of D1 × D2 × ...× Dn.

Definition 3.6. LetH be a diophantineQ-neutrosophic subset in D, the SDioQNSR on D that is a diophantine
Q-neutrosophic relation (DioQNSR)on H is defined as

ΓT
M (l, g) = min{ΓT

A(l, ϱ
∗),ΓT

A(g, ϱ
∗)}

ΓI
M (l, g) =

ΓI
A(l,nϱ∗)+ΓI

A(g,ϱ∗)
2

ΓF
M (l, g) = max{ΓF

A(l, ϱ
∗),ΓF

A(g, ϱ
∗)}
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
ΛM (l, g) = min{ΛA(l, ϱ

∗),ΛA(g, ϱ
∗)}

ΞM (l, g) = ΞA(l,ϱ∗)+ΞA(g,ϱ∗)
2

ΦM (l, n) = max{ΦA(l, ϱ
∗),ΦAg, ϱ

∗)}
.

Theorem 3.7. Let H be the DioQNSBS of D and M be the SDioQNSR of D. Then H is a DioQNSBS of D if
and only if M is a DioQNSBS of D× D.

Proof. Let H be the DioQNSBS of D and M be the SDioQNSR of D. Then for any l = (l1, l2, ϱ
∗) and

g = (g1, g2, ϱ
∗) are in D× D. We have

ΓT
M (l⃝1 g, ϱ

∗) = ΓT
M [((l1, l2)⃝1 (g1, g2), ϱ

∗]

= ΓT
M (l1 ⃝1 g1, l2 ⃝1 g2, ϱ

∗)

= min{ΓT
H(l1 ⃝1 g1, ϱ

∗),ΓT
H(l2 ⃝1 g2, ϱ

∗)}
≥ min{min{ΓT

H(l1, ϱ
∗),ΓT

H(g1, ϱ
∗)},min{ΓT

H(l2, ϱ
∗),ΓT

H(g2, ϱ
∗)}}

= min{min{ΓT
H(l1, ϱ

∗),ΓT
H(l2, ϱ

∗)},min{ΓT
H(g1, ϱ

∗),ΓT
H(g2, ϱ

∗)}}
= min{ΓT

M (l1, l2, ϱ
∗),ΓT

M (g1, g2, ϱ
∗)}

= min{ΓT
M (l, ϱ∗),ΓT

M (g, ϱ∗)}.

Also, ΓT
M (l⃝3 g, ϱ

∗) ≥ min{ΓT
M (l, ϱ∗),ΓT

M (g, ϱ∗)},ΓT
M (l⃝3 g, ϱ

∗) ≥ min{ΓT
M (l, ϱ∗),ΓT

M (g, ϱ∗)}.
Now,

ΓI
M (l⃝1 g, ϱ

∗) = ΓI
M [((l1, l2)⃝1 (g1, g2), ϱ

∗]

= ΓI
M (l1 ⃝1 g1, l2 ⃝1 g2, ϱ

∗)

=
ΓI
H(l1 ⃝1 g1, ϱ

∗) + ΓI
H(l2 ⃝1 g2, ϱ

∗)

2

≥ 1

2

[
ΓI
H(l1, ϱ

∗) + ΓI
H(g1, ϱ

∗)

2
+

ΓI
H(l2, ϱ

∗) + ΓI
H(g2, ϱ

∗)

2

]

=
1

2

[
ΓI
H(l1, ϱ

∗) + ΓI
H(l2, ϱ

∗)

2
+

ΓI
H(g1, ϱ

∗) + ΓI
H(g2, ϱ

∗)

2

]

=
ΓI
M (l1, l2, ϱ

∗) + ΓI
M (g1, g2, ϱ

∗)

2

=
ΓI
M (l, ϱ∗) + ΓI

M (g, ϱ∗)

2
.

Also, ΓI
M (l⃝3 g, ϱ

∗) ≥ ΓI
M (l,ϱ∗)+ΓI

M (g,ϱ∗)
2 and ΓI

M (l⃝3 g, ϱ
∗) ≥ ΓI

M (l,ϱ∗)+ΓI
M (g,ϱ∗)

2 .
Similarly, ΓF

M (l ⃝1 l, ϱ
∗) ≤ max{ΓF

M (l, ϱ∗),ΓF
M (g, ϱ∗)},ΓF

M (l ⃝3 g, ϱ
∗) ≤ max{ΓF

M (l, ϱ∗),ΓF
M (g, ϱ∗)}

and
ΓF
M (l⃝3 g, ϱ

∗) ≤ max{ΓF
M (l, ϱ∗),ΓF

M (g, ϱ∗)}.

ΛM (l⃝1 g, ϱ
∗) = ΛHM [((l1, l2)⃝1 (g1, g2), q

∗]

= ΛM (l1 ⃝1 g1, l2 ⃝1 g2, ϱ
∗)

= min{ΛH(l1 ⃝1 g1, ϱ
∗),ΛH(l2 ⃝1 g2, ϱ

∗)}
≥ min{min{ΛH(l1, ϱ

∗),ΛH(g1, ϱ
∗)},min{ΛH(l2, ϱ

∗),ΛH(g2, ϱ
∗)}}

= min{min{ΛH(l1, ϱ
∗),ΛH(l2, ϱ

∗)},min{ΛH(g1, ϱ
∗),ΛH(g2, ϱ

∗)}}
= min{ΛM (l1, l2, q

∗),ΛM (g1, g2, ϱ
∗)}

= min{ΛM (l, ϱ∗),ΛM (g, ϱ∗)}.
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Also, ΛM (l⃝3 g, ϱ
∗) ≥ min{ΛM (l, ϱ∗),ΛM (g, ϱ∗)},ΛM (l⃝3 g, ϱ

∗) ≥ min{ΛM (l, ϱ∗),ΛM (g, ϱ∗)}.
Now,

ΞM (l⃝1 g, ϱ
∗) = ΞM [((l1, l2)⃝1 (g1, g2, ϱ

∗)]

= ΞM (l1 ⃝1 l1, l2 ⃝1 g2, ϱ
∗)

=
ΞH(l1 ⃝1 g1, ϱ

∗) + ΞH(l2 ⃝1 l2, ϱ
∗)

2

≥ 1

2

[
ΞH(l1, ϱ

∗) + ΞH(g1, ϱ
∗)

2
+

ΞH(l2, ϱ
∗) + ΞH(g2, ϱ

∗)

2

]

=
1

2

[
ΞH(l1, ϱ

∗) + ΞH(l2, ϱ
∗)

2
+

ΞH(g1, ϱ
∗) + ΞH(g2, ϱ

∗)

2

]

=
ΞM (l1, l2, q

∗) + ΞM (g1, g2, ϱ
∗)

2

=
ΞM (l, ϱ∗) + ΞM (g, ϱ∗)

2
.

Also, ΞM (l⃝3 g, ϱ
∗) ≥ ΞM (l,ϱ∗)+ΞM (g,ϱ∗)

2 and ΞM (l⃝3 g, ϱ
∗) ≥ ΞM (l,ϱ∗)+ΞM (g,ϱ∗)

2 .
Similarly, ΦM (l⃝1 g, ϱ

∗) ≤ max{ΦM (l, ϱ∗),ΦM (g, ϱ∗)},ΦM (l⃝3 g, ϱ
∗) ≤ max{ΦM (l, ϱ∗),ΦM (g, ϱ∗)}

and
ΦM (l⃝3 g, ϱ

∗) ≤ max{ΦM (l, ϱ∗),ΦM (g, ϱ∗)}. Hence M is a DioQNSBS of D× D.
Conversely assume that M is a DioQNSBS of D× D, then for any l = (l1, l2) and g = (g1, g2, ϱ

∗) are in
D× D. We have
min{ΓT

H(l1 ⃝1 g1, ϱ
∗),ΓT

H(l2 ⃝1 g2, ϱ
∗)}

= ΓT
M (l1 ⃝1 g1, l2 ⃝1 g2, ϱ

∗)

= ΓT
M [(l1, l2, ϱ

∗)⃝1 (g1, g2, ϱ
∗)]

= ΓT
M (l⃝1 g, ϱ

∗)

≥ min{ΓT
M (l, ϱ∗),ΓT

M (g, ϱ∗)}
= min{ΓT

M (l1, l2, ϱ
∗)},ΓT

M (g1, g2, ϱ
∗)}

= min{min{ΓT
H(l1, ϱ

∗),ΓT
H(l2, ϱ

∗)},min{ΓT
H(g1, ϱ

∗),ΓT
H(g2, ϱ

∗)}}.

If ΓT
H(l1 ⃝1 g1, ϱ

∗) ≤ ΓT
H(l2 ⃝1 g2, ϱ

∗), then ΓT
H(l1, ϱ

∗) ≤ ΓT
H(l2, ϱ

∗) and ΓT
H(g1, ϱ

∗) ≤ ΓT
H(g2, ϱ

∗). We
get ΓT

H(l1 ⃝1 g1, ϱ
∗) ≥ min{ΓT

H(l1, ϱ
∗),ΓT

H(g1, ϱ
∗)} for all l1, g1 ∈ D, and

min{ΓT
H(l1 ⃝2 g1, ϱ

∗),ΓT
H(l2 ⃝2 g2, ϱ

∗)} ≥ min{min{ΓT
H(l1, ϱ

∗),ΓT
H(l2, ϱ

∗)},
min{ΓT

H(g1, ϱ
∗),ΓT

H(g2, ϱ
∗)}}

If ΓT
H(l1 ⃝2 g1, ϱ

∗) ≤ ΓT
H(l2 ⃝2 g2, ϱ

∗), then ΓT
H(l1 ⃝2 g1, ϱ

∗) ≥ min{ΓT
H(l1, ϱ

∗),ΓT
H(g1, ϱ

∗)}.
min{ΓT

H(l1 ⃝3 g1, ϱ
∗),ΓT

H(l2 ⃝3 g2, ϱ
∗)} ≥ min{min{ΓT

H(l1, ϱ
∗),ΓT

H(l2, ϱ
∗)},

min{ΓT
H(g1, ϱ

∗),ΓT
H(g2, ϱ

∗)}}.
If ΓT

H(l1 ⃝3 g1, ϱ
∗) ≤ ΓT

H(l2 ⃝3 g2, ϱ
∗), then ΓT

H(l1 ⃝3 g1, ϱ
∗) ≥ min{ΓT

H(l1, ϱ
∗),ΓT

H(g1, ϱ
∗)}.

Now,

1

2

[
ΓI
H(l1 ⃝1 g1, ϱ

∗) + ΓI
H(l2 ⃝1 g2, ϱ

∗)
]
= ΓI

M (l1 ⃝1 g1, l2 ⃝1 g2, ϱ
∗)

= ΓI
M [(l1, l2, ϱ

∗)⃝1 (g1, g2, ϱ
∗)]

= ΓI
M (l⃝1 g, ϱ

∗)

≥ ΓI
M (l, ϱ∗) + ΓI

M (g, ϱ∗)

2

=
ΓI
M (l1, l2, ϱ

∗) + ΓI
M (g1, g2, ϱ

∗)

2

=
1

2

[
ΓI
H(l1, ϱ

∗) + ΓI
H(l2, ϱ

∗)

2
+

ΓI
H(g1, ϱ

∗) + ΓI
H(g2, ϱ

∗)

2

]
.

If ΓI
H(l1 ⃝1 g1, ϱ

∗) ≤ ΓI
H(l2 ⃝1 g2, ϱ

∗), then ΓI
H(l1, ϱ

∗) ≤ ΓI
H(l2, ϱ

∗) and ΓI
H(g1, ϱ

∗) ≤ ΓI
H(g2, ϱ

∗).

We get, ΓI
H(l1 ⃝1 g1, ϱ

∗) ≥ ΓI
H(l1,ϱ

∗)+ΓI
H(g1,ϱ

∗)
2 .
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Similarly, ΓI
H(l1 ⃝2 g1, ϱ

∗) ≥ ΓI
H(l1,ϱ

∗)+ΓI
H(g1,ϱ

∗)
2 and ΓI

H(l1 ⃝3 g1, ϱ
∗) ≥ ΓI

H(l1,ϱ
∗)+ΓI

H(g1,ϱ
∗)

2 .
Similarly to prove that
max{ΓF

H(l1 ⃝1 g1, ϱ
∗),ΓF

H(l2 ⃝1 g2, ϱ
∗)}

≤ max{max{ΓF
H(l1, ϱ

∗),ΓF
H(l2, ϱ

∗)},max{ΓF
H(g1, ϱ

∗),ΓF
H(g2, ϱ

∗)}}.
If ΓF

H(l1 ⃝1 g1, ϱ
∗) ≥ ΓF

H(l2 ⃝1 g2, ϱ
∗), then ΓF

H(l1, ϱ
∗) ≥ ΓF

H(l2, ϱ
∗) and ΓF

H(g1, ϱ
∗) ≥ ΓF

H(g2, ϱ
∗).

We get, ΓF
H(l1 ⃝1 g1, ϱ

∗) ≤ max{ΓF
H(l1, ϱ

∗),ΓF
H(g1, ϱ

∗)}.
max{ΓF

H(l1 ⃝2 g1, ϱ
∗),ΓF

H(l2 ⃝2 g2, ϱ
∗)}

≤ max{max{ΓF
H(l1, ϱ

∗),ΓF
H(l2, ϱ

∗)},max{ΓF
H(g1, ϱ

∗),ΓF
H(g2, ϱ

∗)}}.
If ΓF

H(l1 ⃝2 g1, ϱ
∗) ≥ ΓF

H(l2 ⃝2 g2, ϱ
∗), then ΓF

H(l1 ⃝2 g1, ϱ
∗) ≤ max{ΓF

H(l1, ϱ
∗),ΓF

H(g1, ϱ
∗)}.

max{ΓF
H(l1 ⃝3 g1, ϱ

∗),ΓF
H(l2 ⃝3 g2, ϱ

∗)}
≤ max{max{ΓF

H(l1, ϱ
∗),ΓF

H(l2, ϱ
∗)},max{ΓF

H(g1, ϱ
∗),ΓF

H(g2, ϱ
∗)}}

If ΓF
H(l1 ⃝3 g1, ϱ

∗) ≥ ΓF
H(l2 ⃝3 g2, ϱ

∗), then ΓF
H(l1 ⃝3 g1, ϱ

∗) ≤ max{ΓF
H(l1, ϱ

∗),ΓF
H(g1, ϱ

∗)}.

min{ΛH(l1 ⃝1 g1, ϱ
∗),ΛH(l2 ⃝1 g2, ϱ

∗)} = ΛM (l1 ⃝1 g1, l2 ⃝1 g2, ϱ
∗)

= ΛM [(l1, l2, q
∗)⃝1 (g1, g2, ϱ

∗)]

= ΛM (l⃝1 g, ϱ
∗)

≥ min{ΛM (l, ϱ∗),ΛM (g, ϱ∗)}
= min{ΛM (l1, l2, ϱ

∗)},ΛM (g1, g2, ϱ
∗)}

= min{min{ΛH(l1, ϱ
∗),ΛH(l2, ϱ

∗)},min{ΛH(g1, ϱ
∗),ΛH(g2, ϱ

∗)}}.

If ΛH(l1 ⃝1 g1, ϱ
∗) ≤ ΛH(l2 ⃝1 g2, ϱ

∗), then ΛH(l1, ϱ
∗) ≤ ΛH(l2, ϱ

∗) and ΛH(g1, ϱ
∗) ≤ ΛH(g2, ϱ

∗). We
get ΛH(l1 ⃝1 g1, ϱ

∗) ≥ min{ΛH(l1, ϱ
∗),ΛH(g1, ϱ

∗)} for all l1, g1 ∈ D, and
min{ΛH(l1 ⃝2 g1, ϱ

∗),ΛH(l2 ⃝2 g2, ϱ
∗)} ≥ min{min{ΛH(l1, ϱ

∗),
ΛH(l2, ϱ

∗)},min{ΛH(g1, ϱ
∗),ΛH(g2, ϱ

∗)}}
If ΛH(l1 ⃝2 g1, ϱ

∗) ≤ ΛH(l2 ⃝2 g2, ϱ
∗), then ΛH(l1 ⃝2 g1, ϱ

∗) ≥ min{ΛH(l1, g
∗),ΛH(g1, ϱ

∗)}.
min{ΛH(l1 ⃝3 g1, ϱ

∗),ΛH(l2 ⃝3 g2, ϱ
∗)} ≥ min{min{ΛH(l1, ϱ

∗),
ΛH(l2, ϱ

∗)},min{ΛH(g1, ϱ
∗),ΛH(g2, ϱ

∗)}}.
If ΛH(l1 ⃝3 g1, ϱ

∗) ≤ ΛH(l2 ⃝3 g2, ϱ
∗), then ΛH(l1 ⃝3 g1, ϱ

∗) ≥ min{ΛH(l1, ϱ
∗),ΛH(g1, ϱ

∗)}.
Now,

1

2

[
ΞH(l1 ⃝1 g1, ϱ

∗) + ΞH(l2 ⃝1 g2, ϱ
∗)
]
= ΞM (l1 ⃝1 g1, l2 ⃝1 g2, ϱ

∗)

= ΞM [(l1, l2, ϱ
∗)⃝1 (g1, g2, ϱ

∗)]

= ΞM (l⃝1 g, ϱ
∗)

≥ ΞM (l, ϱ∗) + ΞM (g, ϱ∗)

2

=
ΞM (l1, l2, ϱ

∗) + ΞM (g1, g2, ϱ
∗)

2

=
1

2

[
ΞH(l1, ϱ

∗) + ΞH(l2, ϱ
∗)

2
+

ΞH(g1, ϱ
∗) + ΞH(g2, ϱ

∗)

2

]
.

If ΞH(l1 ⃝1 g1, ϱ
∗) ≤ ΞH(l2 ⃝1 g2, ϱ

∗), then ΞH(l1, ϱ
∗) ≤ ΞH(l2, ϱ

∗) and ΞH(g1, ϱ
∗) ≤ ΞH(g2, ϱ

∗).
We get, ΞH(l1 ⃝1 g1, ϱ

∗) ≥ ΞH(l1,ϱ
∗)+ΞH(g1,ϱ

∗)
2 .

Similarly, ΞH(l1 ⃝2 g1, ϱ
∗) ≥ ΞH(l1,ϱ

∗)+ΞH(g1,ϱ
∗)

2 and ΞH(l1 ⃝3 g1, ϱ
∗) ≥ ΞH(l1,ϱ

∗)+ΞH(g1,ϱ
∗)

2 .
Similarly to prove that
max{ΦH(l1 ⃝1 g1, ϱ

∗),ΦH(l2 ⃝1 g2, ϱ
∗)} ≤ max{max{ΦH(l1, ϱ

∗),
ΦH(l2, ϱ

∗)},max{ΦH(g1, ϱ
∗),ΦH(g2, ϱ

∗)}}.
If ΦH(l1 ⃝1 g1, ϱ

∗) ≥ ΦH(l2 ⃝1 g2, ϱ
∗), then ΦH(l1, ϱ

∗) ≥ ΦH(l2, ϱ
∗) and ΦH(g1, ϱ

∗) ≥ ΦH(g2, ϱ
∗).

We get, ΦH(l1 ⃝1 g1, ϱ
∗) ≤ max{ΦH(l1, ϱ

∗),ΦH(g1, ϱ
∗)}.

max{ΦH(l1 ⃝2 g1, ϱ
∗),ΦH(l2 ⃝2 g2, ϱ

∗)} ≤ max{max{ΦH(l1, ϱ
∗),

ΦH(l2, ϱ
∗)},max{ΦH(g1, ϱ

∗),ΦH(g2, ϱ
∗)}}.

If ΦH(l1 ⃝2 g1, ϱ
∗) ≥ ΦH(l2 ⃝2 g2, ϱ

∗), then ΦH(l1 ⃝2 g1, ϱ
∗) ≤ max{ΦH(l1, ϱ

∗),ΦH(g1, ϱ
∗)}.

max{ΦH(l1 ⃝3 g1, ϱ
∗),ΦH(l2 ⃝3 g2, ϱ

∗)} ≤ max{max{ΦH(l1, ϱ
∗),

ΦH(l2, ϱ
∗)},max{ΦH(g1, ϱ

∗),ΦH(g2, ϱ
∗)}}

If ΦH(l1 ⃝3 g1, ϱ
∗) ≥ ΦH(l2 ⃝3 g2, ϱ

∗), then ΦH(l1 ⃝3 g1, ϱ
∗) ≤ max{ΦH(l1, ϱ

∗),ΦH(g1, ϱ
∗)}.

Hence H is a DioQNSBS of D.
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Theorem 3.8. LetH be a diophantineQ-neutrosophic subset in D. ThenH = ⟨(ΓT
H ,Γ

I
H ,Γ

F
H), (ΛH ,ΞH ,ΦH)⟩

is a DioQNSBS of D if and only if all non empty level set H(t,s) is a subbisemiring of D for t, s ∈ [0, 1].

Proof. Assume that H is a DioQNSBS of D. For each t, s ∈ [0, 1] and l1, l2 ∈ H(t,s). We have ΓT
H(l1, ϱ

∗) ≥
t,ΓT

H(l2, ϱ
∗) ≥ t, ΓI

H(l1, ϱ
∗) ≥ t,ΓI

H(l2, ϱ
∗) ≥ t, ΓF

H(l1, ϱ
∗) ≤ s,ΓF

H(l2, ϱ
∗) ≤ s and ΛH(l1, ϱ

∗) ≥
t,ΛH(l2, ϱ

∗) ≥ t, ΞH(l1, ϱ
∗) ≥ t,ΞH(l2, ϱ

∗) ≥ t and ΦH(l1, ϱ
∗) ≤ s,ΦH(l2, ϱ

∗) ≤ s. Now, ΓT
H(l1⃝1 l2) ≥

min{ΓT
H(l1, ϱ

∗),ΓT
H(l2, ϱ

∗)} ≥ t and ΓI
H(l1 ⃝1 l2) ≥ ΓI

H(l1,ϱ
∗)+ΓI

H(l2,ϱ
∗)

2 ≥ t+t
2 = t and ΓF

H(l1 ⃝1 l2) ≤
max{ΓF

H(l1, ϱ
∗),ΓF

H(l2, ϱ
∗)} ≤ s. Similarly, ΛH(l1 ⃝1 l2) ≥ min{ΛH(l1, ϱ

∗),ΛH(l2, ϱ
∗)} ≥ t and

ΞH(l1 ⃝1 l2) ≥ ΞH(l1,ϱ
∗)+ΞH(l2,ϱ

∗)
2 ≥ t+t

2 = t and ΦH(l1 ⃝1 l2) ≤ max{ΦH(l1, ϱ
∗),ΦH(l2, ϱ

∗)} ≤ s.
This implies that n1 ⃝1 l2 ∈ H(t,s). Similarly, l1 ⃝2 l2 ∈ H(t,s) and l1 ⃝3 l2 ∈ H(t,s). Then H(t,s) is a
subbisemiring of D for each t, s ∈ [0, 1].

Conversely assume that H(t,s) is a subbisemiring of D for each t, s ∈ [0, 1]. Suppose if there exist
l1, l2 ∈ D such that ΓT

H(l1⃝1l2, ϱ
∗) < min{ΓT

H(l1, ϱ
∗),ΓT

H(l2, ϱ
∗)}, ΓI

H(l1⃝1l2, ϱ
∗) <

ΓI
H(l1,ϱ

∗)+ΓI
H(l2,ϱ

∗)
2 ,

ΓF
H(l1 ⃝1 l2, q

∗) > max{ΓF
H(l1, ϱ

∗),ΓF
H(l2, ϱ

∗)} and ΛH(l1 ⃝1 l2, ϱ
∗) < min{ΛH(l1, ϱ

∗),ΛH(l2, ϱ
∗)},

ΞH(l1 ⃝1 l2, ϱ
∗) < ΞH(l1,ϱ

∗)+ΞH(l2,ϱ
∗)

2 and ΦH(l1 ⃝1 l2, ϱ
∗) > max{ΦH(l1, ϱ

∗),ΦH(l2, ϱ
∗)}. Choose

t, s ∈ [0, 1] such that ΓT
H(l1 ⃝1 l2, ϱ

∗) < t ≤ min{ΓT
H(l1, ϱ

∗),ΓT
H(l2, ϱ

∗)} and ΓI
H(l1 ⃝1 l2, ϱ

∗) < t ≤
ΓI
H(l1,ϱ

∗)+ΓI
H(l2,ϱ

∗)
2 and ΓF

H(l1 ⃝1 l2, ϱ
∗) > s ≥ max{ΓF

H(l1, ϱ
∗),ΓF

H(l2, ϱ
∗)}. Then l1, l2 ∈ H(t,s), but

l1 ⃝1 l2 /∈ H(t,s). This contradicts to that H(t,s) is a subbisemiring of D. Hence ΓT
H(l1 ⃝1 l2, ϱ

∗) ≥
min{ΓT

H(l1, ϱ
∗),ΓT

H(l2, ϱ
∗)}, ΓI

H(l1 ⃝1 l2, ϱ
∗) ≥ ΓI

H(l1,ϱ
∗)+ΓI

H(l2,ϱ
∗)

2 and ΓF
H(l1 ⃝1 l2, q

∗)
≤ max{ΓF

H(l1, ϱ
∗),ΓF

H(l2, ϱ
∗)}. Choose t, s ∈ [0, 1]

such that ΛH(l1⃝1l2, ϱ
∗) < t ≤ min{ΛH(l1, ϱ

∗),ΛH(l2, ϱ
∗)} and ΞH(l1⃝1l2, ϱ

∗) < t ≤ ΞH(l1,ϱ
∗)+ΞH(l2,ϱ

∗)
2

and ΦH(l1 ⃝1 l2, ϱ
∗) > s ≥ max{ΦH(l1, ϱ

∗),ΦH(l2, ϱ
∗)}. Then l1, l2 ∈ H(t,s), but l1 ⃝1 l2 /∈ H(t,s). This

contradicts to that H(t,s) is a subbisemiring of D.
Hence ΛH(l1 ⃝1 l2, ϱ

∗) ≥ min{ΛH(l1, ϱ
∗),ΛH(l2, ϱ

∗)}, ΞH(l1 ⃝1 l2, ϱ
∗) ≥ ΞH(l1,ϱ

∗)+ΞH(l2,ϱ
∗)

2 and
ΦH(l1 ⃝1 l2, ϱ

∗) ≤ max{ΦH(l1, ϱ
∗),ΦH(l2, ϱ

∗)}. Similarly, ⃝2 and ⃝3 cases.
Hence H = ⟨(ΓT

H ,Γ
I
H ,Γ

F
H), (ΛH ,ΞH ,ΦH)⟩ is a DioQNSBS of D.

Definition 3.9. Let H be any DioQNSBS of D, a ∈ D and P is any non-empty set. Then the pseudo diophan-
tine Q-neutrosophic coset (aH)p is defined by

((aΓT
H)p)(l, ϱ∗) = p(a)ΓT

H(l, ϱ∗)

((aΓI
H)p)(l, ϱ∗) = p(a)ΓI

H(l, ϱ∗)

((aΓF
H)p)(l, ϱ∗) = p(a)ΓF

H(l, ϱ∗)
((aΛH)p)(l, ϱ∗) = p(a)ΛH(l, ϱ∗)

((aΞH)p)(l, ϱ∗) = p(a)ΞH(l, ϱ∗)

((aΦH)p)(l, ϱ∗) = p(a)ΦH(l, ϱ∗)

for every l ∈ D and for some p ∈ P .

Theorem 3.10. Let H be any DioQNSBS of D, then the pseudo diophantine Q-neutrosophic coset (aH)p is a
DioQNSBS of D, for every a ∈ D.

Proof. Let H be any DioQNSBS of D and for every z, y ∈ D. Now, ((aΓT
H)p)(l⃝1 g, ϱ

∗) = p(a) ΓT
H(l⃝1

g, ϱ∗) ≥ p(a) min{ΓT
H(l, ϱ∗),ΓT

H(g, ϱ∗)} = min{p(a) ΓT
H(l, ϱ∗), p(a) ΓT

H(g, ϱ∗)} = min{((aΓT
H)p)(l, ϱ∗),

((aΓT
H)p)(g, ϱ∗)}. Thus, ((aΓT

H)p)(l⃝1g, ϱ
∗) ≥ min{((aΓT

H)p)(l, ϱ∗), ((aΓT
H)p)(g, ϱ∗)}. Now, ((aΓI

H)p)(l⃝1

g, ϱ∗) = p(a) ΓI
H(l⃝1 g, ϱ

∗) ≥ p(a)

[
ΓI
H(l,ϱ∗)+ΓI

H(g,ϱ∗)
2

]
=

p(a) ΓI
H(l,ϱ∗)+p(a) ΓI

H(g,ϱ∗)
2 =

((aΓI
H)p)(l,ϱ∗)+((aΓI

H)p)(g,ϱ∗)
2 . Thus, ((aΓI

H)p)(l⃝1g, ϱ
∗) ≥ ((aΓI

H)p)(l,ϱ∗)+((aΓI
H)p)(g,ϱ∗)

2 . Now, ((aΓF
H)p)(l⃝1

g, ϱ∗) = p(a) ΓF
H(l⃝1g, ϱ

∗) ≤ p(a) max{ΓF
H(l, ϱ∗),ΓF

H(g, ϱ∗)} = max{p(a) ΓF
H(l, ϱ∗), p(a) ΓF

H(g, ϱ∗)} =

max{((aΓF
H)p)(l, ϱ∗), ((aΓF

H)p)(g, ϱ∗)}.
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Thus, ((aΓF
H)p)(l⃝1 g, ϱ

∗) ≤ max{((aΓF
H)p)(l, ϱ∗), ((aΓF

H)p)(g, ϱ∗)}. Now,

((aΛH)p)(l⃝1 g, ϱ
∗) = p(a) ΛH(l⃝1 g, ϱ

∗)

≥ p(a) min{ΛH(l, ϱ∗),ΛH(g, ϱ∗)}
= min{p(a) ΛH(l, ϱ∗), p(a) ΛH(g, ϱ∗)}
= min{((aΛH)p)(l, ϱ∗), ((aΛH)p)(g, ϱ∗)}.

Thus, ((aΛH)p)(l⃝1 g, ϱ
∗) ≥ min{((aΛH)p)(l, ϱ∗), ((aΛH)p)(g, ϱ∗)}.

Now,

((aΞH)p)(l⃝1 g, ϱ
∗) = p(a) ΞH(l⃝1 g, ϱ

∗)

≥ p(a)

[
ΞH(l, ϱ∗) + ΞH(g, ϱ∗)

2

]
=

p(a) ΞH(l, ϱ∗) + p(a) ΞH(g, ϱ∗)

2

=
((aΞH)p)(l, ϱ∗) + ((aΞH)p)(g, ϱ∗)

2
.

Thus, ((aΞH)p)(l⃝1 g, ϱ
∗) ≥ ((aΞH)p)(l,ϱ∗)+((aΞH)p)(g,ϱ∗)

2 .
Now,

((aΦH)p)(l⃝1 g, ϱ
∗) = p(a) ΦH(l⃝1 g, ϱ

∗)

≤ p(a) max{ΦH(l, ϱ∗),ΦH(g, ϱ∗)}
= max{p(a) ΦH(l, ϱ∗), p(a) ΦH(l, ϱ∗)}
= max{((aΦH)p)(l, ϱ∗), ((aΦH)p)(g, ϱ∗)}.

Thus, ((aΦH)p)(l⃝1 g, ϱ
∗) ≤ max{((aΦH)p)(l, ϱ∗), ((aΦH)p)(g, ϱ∗)}.

Similarly, ⃝2 and ⃝3 cases. Hence (aH)p is a DioQNSBS of D.

4 Homomorphism

Definition 4.1. Let (D1,
⊎

1,
⊎

2,
⊎

3) and (S2,⃝1,⃝2,⃝3) be any two bisemirings. Let Θ : D1 → D2

be any function and H be any DioQNSBS in D1, M be any DioQNSBS in Θ(D1) = D2. If ΓH =
⟨(ΓT

H ,Γ
I
H ,Γ

F
H), (ΛH ,ΞH ,ΦH)⟩ is a DioQNSS in D1, then ΓM is a DioQNSS in D2, defined by

ΓT
M (g, ϱ∗) =

{
supΓT

H(l, ϱ∗) if l ∈ Θ−1y

0 otherwise
ΓI
M (g, ϱ∗) =

{
supΓI

H(l, ϱ∗) if z ∈ Θ−1y

0 otherwise

ΓF
M (g, ϱ∗) =

{
inf ΓF

H(l, ϱ∗) if l ∈ Θ−1y

1 otherwise

ΛM (g, ϱ∗) =

{
supΛH(l, ϱ∗) if l ∈ Θ−1y

0 otherwise
ΞM (g, ϱ∗) =

{
supΞH(l, ϱ∗) if l ∈ Θ−1g

0 otherwise

ΦM (g, ϱ∗) =

{
inf ΦH(l, ϱ∗) if l ∈ Θ−1g

1 otherwise

for all l ∈ D1 and g ∈ D2 is called the image of ΓH under Θ.
Similarly, If ΓM = ⟨(ΓT

M ,Γ
I
M ,Γ

F
M ), (ΛM ,ΞM ,ΦM )⟩ is a DioQNSS in D2, then DioQNSS ΓH = Θ ◦ ΓM in

D1 [ie, the DioQNSS defined by ΓH(l, ϱ∗) = ΓM (Θ(l, ϱ∗))] is called the preimage of ΓM under Θ.

Theorem 4.2. Every homomorphic image of DioQNSBS of D1 is a DioQNSBS of D2.
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Proof. Let Θ : D1 → D2 be any homomorphism. Then Θ(l ⊎1 g, ϱ
∗) = Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗),Θ(l ⊎2 g) =

Θ(l, ϱ∗) ⃝2 Θ(g, ϱ∗) and Θ(l ⊎3 g) = Θ(l, ϱ∗) ⃝3 Θ(g, ϱ∗) for all x, y ∈ D1. Let M = Θ(H), H is any
DioQNSBS of D1. Let Θ(l, ϱ∗),Θ(g, ϱ∗) ∈ D2. Let l ∈ Θ−1(Θ(l, ϱ∗)) and g ∈ Θ−1(Θ(g, ϱ∗)) be such that
ΓT
H(l, ϱ∗) = sup

(l′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗))

ΓT
H((l

′
, ϱ∗)) and ΓT

H(g, ϱ∗) = sup
(l′ ,ϱ∗)∈Θ−1(Θ(g,ϱ∗))

ΓT
H((l

′
, ϱ∗)). Now,

ΓT
M (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) = sup

(l′′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗)⃝1Θ(g,ϱ∗))

ΓT
H((l

′′
, ϱ∗))

= sup
(l′′ ,ϱ∗)∈Θ−1(Θ(l⊎1g)

ΓT
H((l

′′
, ϱ∗))

= ΓT
H(l ⊎1 g, ϱ

∗)

≥ min{ΓT
H(l, ϱ∗),ΓT

H(g, ϱ∗)}
= min{ΓT

MΘ(l, ϱ∗),ΓT
MΘ(g, ϱ∗)}.

Thus, ΓT
M (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) ≥ min{ΓT

MΘ(l, ϱ∗),ΓT
MΘ(g, ϱ∗)}.

Similarly, ΓT
M (Θ(l, ϱ∗)⃝2 Θ(g, ϱ∗)) ≥ min{ΓT

MΘ(l, ϱ∗),ΓT
MΘ(g, ϱ∗)} and

ΓT
M (Θ(l, ϱ∗)⃝3 Θ(g, ϱ∗)) ≥ min{ΓT

MΘ(l, ϱ∗),ΓT
MΘ(g, ϱ∗)}.

Let z ∈ Θ−1(Θ(l, ϱ∗)) and y ∈ Θ−1(Θ(g, ϱ∗)) be such that ΓI
H(l, ϱ∗) = sup

(l′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗))

ΓI
H((l

′
, ϱ∗)) and

ΓI
H(g, ϱ∗) = sup

(l′ ,ϱ∗)∈Θ−1(Θ(g,ϱ∗))

ΓI
H((l

′
, q∗)). Now,

ΓI
M (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) = sup

(l′′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗)⃝1Θ(g,ϱ∗))

ΓI
H((l

′′
, ϱ∗))

= sup
(l′′ ,ϱ∗)∈Θ−1(Θ(l⊎1g)

ΓI
H((l

′′
, ϱ∗))

= ΓI
H(l ⊎1 g, ϱ

∗)

≥ ΓI
H(l, ϱ∗) + ΓI

H(g, ϱ∗)

2

=
ΓI
MΘ(l, ϱ∗) + ΓI

MΘ(g, ϱ∗)

2
.

Thus, ΓI
M (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) ≥ ΓI

MΘ(l,ϱ∗)+ΓI
MΘ(g,ϱ∗)

2 .

Similarly, ΓI
M (Θ(l, ϱ∗)⃝2 Θ(g, ϱ∗)) ≥ ΓI

MΘ(l,ϱ∗)+ΓI
MΘ(g,ϱ∗)

2 and

ΓI
M (Θ(l, ϱ∗)⃝3 Θ(g, ϱ∗)) ≥ ΓI

MΘ(l,ϱ∗)+ΓI
MΘ(g,ϱ∗)

2 .
Let Θ(l, ϱ∗),Θ(g, ϱ∗) ∈ D2. Let z ∈ Θ−1(Θ(l, ϱ∗)) and g ∈ Θ−1(Θ(g, ϱ∗)) be such that
ΓF
H(l, ϱ∗) = inf

(l′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗))
ΓF
H((l

′
, ϱ∗)) and ΓF

H(g, ϱ∗) = inf
(l′ ,ϱ∗)∈Θ−1(Θ(g,ϱ∗))

ΓF
H((l

′
, ϱ∗)).

Now,

ΓF
M (Θ(z, q∗)⃝1 Θ(g, ϱ∗)) = inf

(l′′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗)⃝1Θ(g,ϱ∗))
ΓF
H((l

′′
, ϱ∗))

= inf
(l′′ ,ϱ∗)∈Θ−1(Θ(l⊎1g)

ΓF
H((l

′′
, ϱ∗))

= ΓF
H(l ⊎1 g, ϱ

∗)

≤ max{ΓF
H(l, ϱ∗),ΓF

H(g, ϱ∗)}
= max{ΓF

MΘ(l, ϱ∗),ΓF
MΘ(g, ϱ∗)}.

Thus, ΓF
M (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) ≤ max{ΓF

MΘ(l, ϱ∗),ΓF
MΘ(g, ϱ∗)}.

Similarly, ΓF
M (Θ(l, ϱ∗)⃝2 Θ(g, ϱ∗)) ≤ max{ΓF

MΘ(l, ϱ∗),ΓF
MΘ(g, ϱ∗)} and

ΓF
M (Θ(l, ϱ∗)⃝3 Θ(g, ϱ∗)) ≤ max{ΓF

MΘ(l, ϱ∗),ΓF
MΘ(g, ϱ∗)}.

Let l ∈ Θ−1(Θ(l, ϱ∗)) and g ∈ Θ−1(Θ(g, ϱ∗)) be such that ΛH(l, ϱ∗) = sup
(l′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗))

ΛH((l
′
, ϱ∗)) and
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ΛH(g, ϱ∗) = sup
(l′ ,ϱ∗)∈Θ−1(Θ(g,ϱ∗))

ΛH((l
′
, ϱ∗)). Now,

ΛM (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) = sup
(l′′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗)⃝1Θ(g,ϱ∗))

ΛH((l
′′
, ϱ∗))

= sup
(l′′ ,ϱ∗)∈Θ−1(Θ(l⊎1g)

ΛH((l
′′
, ϱ∗))

= ΛH(l ⊎1 g, ϱ
∗)

≥ min{ΛH(l, ϱ∗),ΛH(g, ϱ∗)}
= min{ΛMΘ(l, ϱ∗),ΛMΘ(g, ϱ∗)}.

Thus, ΛM (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) ≥ min{ΛMΘ(l, ϱ∗),ΛMΘ(g, ϱ∗)}.
Similarly, ΛM (Θ(l, ϱ∗)⃝2 Θ(g, ϱ∗)) ≥ min{ΛMΘ(l, ϱ∗),ΛMΘ(g, ϱ∗)} and
ΛM (Θ(l, ϱ∗)⃝3 Θ(g, ϱ∗)) ≥ min{ΛMΘ(l, ϱ∗),ΛMΘ(g, ϱ∗)}.
Let l ∈ Θ−1(Θ(l, ϱ∗)) and g ∈ Θ−1(Θ(g, ϱ∗)) be such that ΞH(l, ϱ∗) = sup

(l′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗))

ΞH((l
′
, ϱ∗)) and

ΞH(g, ϱ∗) = sup
(l′ ,ϱ∗)∈Θ−1(Θ(g,ϱ∗))

ΞH((l
′
, ϱ∗)). Now,

ΞM (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) = sup
(l′′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗)⃝1Θ(g,ϱ∗))

ΞH((l
′′
, ϱ∗))

= sup
(l′′ ,ϱ∗)∈Θ−1(Θ(l⊎1g)

ΞH((l
′′
, ϱ∗))

= ΞH(z ⊎1 y, q
∗)

≥ ΞH(l, ϱ∗) + ΞH(g, ϱ∗)

2

=
ΞMΘ(l, ϱ∗) + ΞMΘ(g, ϱ∗)

2
.

Thus, ΞM (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) ≥ ΞMΘ(l,ϱ∗)+ΞMΘ(g,ϱ∗)
2 .

Similarly, ΞM (Θ(l, ϱ∗)⃝2Θ(g, ϱ∗)) ≥ ΞMΘ(l,ϱ∗)+ΞMΘ(g,ϱ∗)
2 and ΞM (Θ(g, ϱ∗)⃝3Θ(g, ϱ∗)) ≥ ΞMΘ(l,ϱ∗)+ΞMΘ(g,ϱ∗)

2 .
Let Θ(l, ϱ∗),Θ(g, ϱ∗) ∈ D2. Let l ∈ Θ−1(Θ(l, ϱ∗)) and g ∈ Θ−1(Θ(g, ϱ∗)) be such that
ΦH(l, ϱ∗) = inf

(l′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗))
ΦH((l

′
, ϱ∗)) and ΦH(l, ϱ∗) = inf

(l′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗))
ΦH((l

′
, ϱ∗)). Now,

ΦM (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) = inf
(l′′ ,ϱ∗)∈Θ−1(Θ(l,ϱ∗)⃝1Θ(g,ϱ∗))

ΦH((l
′′
, ϱ∗))

= inf
(l′′ ,ϱ∗)∈Θ−1(Θ(l⊎1g)

ΦH((l
′′
, ϱ∗))

= ΦH l ⊎1 g, ϱ
∗)

≤ max{ΦH(l, ϱ∗),ΦH(g, ϱ∗)}
= max{ΦMΘ(l, ϱ∗),ΦMΘ(g, ϱ∗)}.

Thus, ΦM (Θ(l, ϱ∗)⃝1 Θ(g, ϱ∗)) ≤ max{ΦMΘ(l, ϱ∗),ΦMΘ(g, ϱ∗)}.
Similarly, ΦM (Θ(l, ϱ∗)⃝2 Θ(g, ϱ∗)) ≤ max{ΦMΘ(l, ϱ∗),ΦMΘ(g, ϱ∗)} and
ΦM (Θ(l, ϱ∗)⃝3 Θ(g, ϱ∗)) ≤ max{ΦMΘ(l, ϱ∗),ΦMΘ(g, ϱ∗)}. Hence M is a DioQNSBS of D2.

Theorem 4.3. Let (D1,
⊎

1,
⊎

2,
⊎

3) and (D2,
⊙

1,
⊙

2,
⊙

3) be any two bisemirings. The homomorphic
preimage of DioQNSBS of D2 is a DioQNSBS of D1.

Proof. Let Θ : D1 → D2 be any homomorphism. Then Θ(l
⊎

1 g, ϱ
∗) = Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗),Θ(l

⊎
2 g) =

Θ(l, ϱ∗)
⊙

2 Θ(g, ϱ∗) and Θ(l
⊎

3 g) = Θ(l, ϱ∗)
⊙

3 Θ(g, ϱ∗) for all l, g ∈ D1. Let M = Θ(H), where M is
any DioQNSBS of D2. Let l, g ∈ D1.
Now, ΓT

H(l
⊎

1 g, ϱ
∗) = ΓT

M (Θ(l
⊎

1 g, ϱ
∗)) = ΓT

M (Θ(l, ϱ∗)
⊙

1 Θ(g, ϱ∗)) ≥ min{ΓT
MΘ(l, ϱ∗),ΓT

MΘ(g, ϱ∗)} =
min{ΓT

H(l, ϱ∗),ΓT
H(g, ϱ∗)}. Thus, ΓT

H(l
⊎

1 g, ϱ
∗) ≥ min{ΓT

H(l, ϱ∗),ΓT
H(g, ϱ∗)}.

Now, ΓI
H(l

⊎
1 g, ϱ

∗) = ΓI
M (Θ(l

⊎
1 g, ϱ

∗)) = ΓI
M (Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗))

≥ ΓI
MΘ(l,ϱ∗)+ΓI

MΘ(g,ϱ∗)
2 =

ΓI
H(l,ϱ∗)+ΓI

H(g,ϱ∗)
2 . Thus, ΓI

H(l
⊎

1 g, ϱ
∗) ≥ ΓI

H(l,ϱ∗)+ΓI
H(g,ϱ∗)

2 .
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Now, ΓF
H(l

⊎
1 g, ϱ

∗) = ΓF
M (Θ(l

⊎
1 g, ϱ

∗)) = ΓF
M (Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗)) ≤ max{ΓF

MΘ(l, ϱ∗),ΓF
MΘ(g, ϱ∗)} =

max{ΓF
H(l, ϱ∗),ΓF

H(g, ϱ∗)}. Thus, ΓF
H(l

⊎
1 g, ϱ

∗) ≤ max{ΓF
H(l, ϱ∗),ΓF

H(g, ϱ∗)}.
Now, ΛH(l

⊎
1 g, ϱ

∗) = ΛM (Θ(l
⊎

1 g, ϱ
∗)) = ΛM (Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗))

≥ min{ΛMΘ(l, ϱ∗),ΛMΘ(g, ϱ∗)} = min{ΛH(l, ϱ∗),ΛH(g, ϱ∗)}.
Thus, ΛH(l

⊎
1 g, ϱ

∗) ≥ min{ΛH(l, ϱ∗),ΛH(g, ϱ∗)}.
Now, ΞH(l

⊎
1 g, ϱ

∗) = ΞM (Θ(l
⊎

1 g, ϱ
∗)) = ΞM (Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗))

≥ ΞMΘ(l,ϱ∗)+ΞMΘ(g,ϱ∗)
2 = ΞH(l,ϱ∗)+ΞH(g,ϱ∗)

2 .
Thus, ΞH(l

⊎
1 g, ϱ

∗) ≥ ΞH(l,ϱ∗)+ΞH(g,g∗)
2 .

Now, ΦH(l
⊎

1 g, ϱ
∗) = ΦM (Θ(l

⊎
1 g, ϱ

∗)) = ΦM (Θ(l, ϱ∗)
⊙

1 Θ(g, ϱ∗)) ≤ max{ΦMΘ(l, ϱ∗),ΦMΘ(g, ϱ∗)} =
max{ΦH(l, ϱ∗),ΦH(g, ϱ∗)}.
Thus, ΦH(l

⊎
1 g, ϱ

∗) ≤ max{ΦH(l, ϱ∗),ΦH(g, ϱ∗)}. Similarly to prove two other operations, hence H is a
DioQNSBS of D1.

Theorem 4.4. If Θ : D1 → D2 is a homomorphism, then Θ(H(t,s)) is a level subbisemiring of DioQNSBS M
of D2.

Proof. Let Θ : D1 → D2 be any homomorphism. Then Θ(l
⊎

1 g, ϱ
∗) = Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗),Θ(l

⊎
2 g) =

Θ(l, ϱ∗)
⊙

2 Θ(g, ϱ∗) and Θ(l
⊎

3 g) = Θ(l, ϱ∗)
⊙

3 Θ(g, ϱ∗) for all l, g ∈ D1. Let M = Θ(H), H is a
DioQNSBS of D1. By Theorem 4.2, M is a DioQNSBS of D2. Let H(t,s) be any level subbisemiring of H .
Suppose that l, g ∈ H(t,s). Then Θ(l

⊎
1 g, ϱ

∗),Θ(l
⊎

2 g) and Θ(l
⊎

3 g) ∈ H(t,s). Now, ΓT
M (Θ(l, ϱ∗)) =

ΓT
H(l, ϱ∗) ≥ t,ΓT

M (Θ(g, ϱ∗)) = ΓT
H(g, ϱ∗) ≥ t. Thus, ΓT

M (Θ(l, ϱ∗)
⊙

1 Θ(g, ϱ∗)) ≥ ΓT
H(l

⊎
1 g, ϱ

∗) ≥ t.
Now, ΓI

M (Θ(l, ϱ∗)) = ΓI
H(l, ϱ∗) ≥ t,ΓI

M (Θ(g, ϱ∗)) = ΓI
H(g, ϱ∗) ≥ t. Thus, ΓI

M (Θ(l, ϱ∗)
⊙

1 Θ(g, ϱ∗)) ≥
ΓI
H(l

⊎
1 g, ϱ

∗) ≥ t. Now, ΓF
M (Θ(l, ϱ∗)) = ΓF

H(n, ϱ∗) ≤ s,ΓF
M (Θ(n, ϱ∗)) = ΓF

H(g, ϱ∗) ≤ s. Thus,
ΓF
M (Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗)) ≤ ΓF

H(l
⊎

1 g, ϱ
∗) ≤ s, for all Θ(l, ϱ∗),Θ(g, ϱ∗) ∈ D2. Now, ΛHM (Θ(l, ϱ∗)) =

ΛH(l, ϱ∗) ≥ t,ΛM (Θ(g, ϱ∗)) = Λ(n, ϱ∗) ≥ t. Thus, ΛM (Θ(l, ϱ∗)
⊙

1 Θ(g, ϱ∗)) ≥ ΛH(l
⊎

1 g, ϱ
∗) ≥ t.

Now, ΞM (Θ(l, ϱ∗)) = ΞH(l, ϱ∗) ≥ t,ΞM (Θ(g, ϱ∗)) = ΞH(g, ϱ∗) ≥ t. Thus, ΞM (Θ(l, ϱ∗)
⊙

1 Θ(g, ϱ∗)) ≥
ΞH(l

⊎
1 g, ϱ

∗) ≥ t. Now, ΦM (Θ(l, ϱ∗)) = ΦH(l, ϱ∗) ≤ s,ΦM (Θ(g, ϱ∗)) = ΦH(g, ϱ∗) ≤ s. Thus,
ΦM (Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗)) ≤ ΦH(l

⊎
1 g, ϱ

∗) ≤ s, for all Θ(l, ϱ∗),Θ(g, ϱ∗) ∈ D2. Similarly to prove other
operations, hence Θ(H(t,s)) is a level subbisemiring of DioQNSBS M of D2.

Theorem 4.5. If Θ : D1 → D2 is any homomorphism, then H(t,s) is a level subbisemiring of DioQNSBS H
of D1.

Proof. Let Θ : D1 → D2 be any homomorphism. Then Θ(l
⊎

1 g, ϱ
∗) = Θ(l, ϱ∗)

⊙
1 Θ(g, ϱ∗),Θ(l

⊎
2 g) =

Θ(l, ϱ∗)
⊙

2 Θ(g, ϱ∗) and Θ(l
⊎

3 g) = Θ(l, ϱ∗)
⊙

3 Θ(g, ϱ∗) for all l, g ∈ D1. Let M = Θ(H), M is
a DioQNSBS of D2. By Theorem 4.3, H is a DioQNSBS of D1. Let Θ(H(t,s)) be a level subbisemir-
ing of M . Suppose that Θ(l, ϱ∗),Θ(g, ϱ∗) ∈ Θ(H(t,s)). Then Θ(l

⊎
1 g, ϱ

∗),Θ(l
⊎

2 g) and Θ(l
⊎

3 g) ∈
Θ(H(t,s)). Now, ΓT

H(l, ϱ∗) = ΓT
M (Θ(l, ϱ∗)) ≥ t,ΓT

H(g, ϱ∗) = ΓT
M (Θ(g, ϱ∗)) ≥ t. Thus, ΓT

H(l
⊎

1 g, ϱ
∗) ≥

min{ΓT
H(l, ϱ∗),ΓT

H(g, ϱ∗)} ≥ t. Now, ΓI
H(l, ϱ∗) = ΓI

M (Θ(l, ϱ∗)) ≥ t,ΓI
H(g, ϱ∗) = ΓI

M (Θ(g, ϱ∗)) ≥ t.

Thus, ΓI
H(l

⊎
1 g, ϱ

∗) ≥ ΓI
H(l,ϱ∗)+ΓI

H(g,ϱ∗)
2 ≥ t. Now, ΓF

H(l, ϱ∗) = ΓF
M (Θ(l, ϱ∗)) ≤ s,ΓF

H(g, ϱ∗) =
ΓF
M (Θ(g, ϱ∗)) ≤ s. Thus, ΓF

H(l
⊎

1 g, ϱ
∗) = ΓF

M (Θ(l, ϱ∗)
⊙

1 Θ(g, ϱ∗)) ≤ max{ΓF
H(l, ϱ∗),ΓF

H(g, ϱ∗)} ≤ s,
for all l, g ∈ D1. Now, ΛH(l, ϱ∗) = ΛHM (Θ(l, ϱ∗)) ≥ t,ΛH(g, ϱ∗) = ΛM (Θ(g, ϱ∗)) ≥ t. Thus,
ΛH(l

⊎
1 g, ϱ

∗) ≥ min{ΛH(l, ϱ∗),ΛH(g, ϱ∗)} ≥ t. Now, ΞH(l, ϱ∗) = ΞM (Θ(l, ϱ∗)) ≥ t,ΞH(g, ϱ∗) =

ΞM (Θ(g, ϱ∗)) ≥ t. Thus, ΞH(l
⊎

1 g, ϱ
∗) ≥ ΞH(l,ϱ∗)+ΞH(g,ϱ∗)

2 ≥ t. Now, ΦH(l, ϱ∗) = ΦM (Θ(l, ϱ∗)) ≤
s,ΦH(g, ϱ∗) = ΦM (Θ(g, ϱ∗)) ≤ s.
Thus, ΦH(l

⊎
1 g, ϱ

∗) = ΦM (Θ(l, ϱ∗)
⊙

1 Θ(g, ϱ∗)) ≤ max{ΦH(l, ϱ∗),ΦH(g, ϱ∗)} ≤ s, for all l, g ∈ D1.
Similarly to prove other two operations, hence H(t,s) is a level subbisemiring of DioQNSBS H of D1.

5 Conclusion:

The concepts DioQNSBS is developed. We proposed the extension of fuzzy subbisemiring over bisemiring.
Presenting a homomorphism fuzzy subbisemirings of subbisemirings to DioQNSBSs of subbisemirings is the
major objective of this work. Consequently, in the future, we should consider the applications of interval
valued soft neutrosophic subbisemirings.
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