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Abstract

We propose the concept of diophantine ()-neutrosophic subbisemiring(DioQNSBS), level sets of DioQNSBS
of a bisemiring. The idea of DioQNSBS is an extension of fuzzy subbisemiring over bisemiring. Exploring
the concept for DioQNSBS over bisemiring. Let H be the diophantine Q)-neutrosophic subset in D, prove
H = (T, T5,T%), (Ay,Z5,®g)) is a DioQNSBS of D if and only if all non empty level set H®*) is
a subbisemiring of D for ¢,s € [0,1]. Let H be the DioQNSBS of a bisemiring D and M be the strongest
diophantine )-neutrosophic relation (SDioQNSR)of D, we notice H is a DioQNSBS of D if and only if M
is a DioQNSBS of D x D. Let Hy, Ho, ..., H,, be the family of DioQNSBSs of D¢, D,, ..., D,, respectively,
prove H1 X Hy x ... x H,, is a DioQNSBS of D; x Dy X ... x D,,. The homomorphic image of DioQNSBS
is a DioQNSBS. The homomorphic preimage of DioQNSBS is a DioQNSBS. Illustrations are presented to
demonstrate results.

Keywords: Homomorphism; neutrosophic subbisemiring;fuzzy subbisemiring;Diophantine
neutrosophic bisemiring;() diophantine neutrosophic subbisemiring.

1 Introduction

The exploration of semirings was initiated by Dedekind’s involvement with the theories of commutative rings.
German mathematician Dedekind initiated the research of semirings in relation to the ideals of commuta-
tive rings.As part of the extension of rings, Vandiver introduces the idea of semirings*? Semirings were
later studied by American mathematician Vandiver, who identified them as a fundamental algebraic struc-
ture in 1934.Iseki?® established a semiring ideal theory that is not always commutative under any opera-
tion.Semigroups, semirings, and hypersemigroups are a few examples of ordered algebraic structures that
have been researched by a number of authors >*Definition states that a fuzzy set is a function that can be de-
fined by a membership value. Degrees are measured in real unit intervals. Later, however, it was shown that
this definition is insufficient when taking into account both the degree of membership and the degree of non-
membership.In the absence of zero, Iseki’adopted this conceptual framework for semirings and used semirings
to establish numerous significant results.The various ideals based on semirings have been described by a num-
ber of authors and academics *Though semirings theory had been developing since 1950, these developments
were already taking place.
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The neutrosophic set is an extension of the fuzzy set and intuitionistic fuzzy set in which the truth, indetermi-
nacy, and falsity memberships are separately stated. To manage the given uncertainty, AtanassovZ designed a set
known as an intuitionistic fuzzy set.Since this set includes several application-related issues, Smarandache®!
developed neutrosophy to address the issues of vague and inconsistent information.Riaz et al. discussed™
linear Diophantine fuzzy set (LDFS) with the addition of reference parameters.Due to the usage of reference
parameters, the LDFS is more adaptable and effective than other methods. By altering the physical meaning
of reference parameters, LDFS also classifies the data in MADM difficulties™ .

In 1993, J. Ahsan, K. Saifullah, and F. Khan! introduced the notion of fuzzy semirings.A semiring (S, ,®) is
anon-empty setin which (S, t,) and (S, ®) are semigroups such that “®” is distributive over “1” # A bisemir-
ing (S, 1, ®, ®) is an algebraic structure in which (S, 1, ®) and (S, ®, ®) are semirings in which (S, 1), (S, ®)
and (S, ®) are semigroups such that ) a® (b+c¢) = (a®b)+ (a®@c), () (b+c)@a= (b®a)+ (c®a)
(i)ax (bec)=(a®@b)©®(a®c)and (iv) (b@c)®a = (b®a)©® (c®a), ¥ a,b,c € S? A non-
empty subset H of a bisemiring (S, {,®, ®) is a subbisemiring if and only if a + b € H, a ® b € H and
a®b € Hfor all a,b € H" Palanikumar et al. focused on numerous applications of subbisemiring the-
ory’s ideal structure’®-1% A semiring is a mathematical structure that combines properties of both rings and
monoids. It serves as a fundamental concept in abstract algebra and has applications in various fields such as
computer science, formal language theory, optimization, and more. The concept of semirings has evolved over
time through contributions from various mathematicians and researchers. The term “’semiring” was coined to
describe these algebraic structures®The use of “semiring” in this context can be traced back to the 1960s and
1970s with the works of mathematicians and computer scientists like Arto Salomaa and Grzegorz Rozenberg.
They explored algebraic structures related to formal languages and automata theory, using semirings to de-
scribe properties of languages and their operations.Fuzzy semirings are algebraic structures that generalize the
notions of semirings to accommodate uncertainty or fuzziness in arithmetic operations® . A fuzzy semiring
consists of a se along with two binary operations usually denoted by ¢ and ® that satisfy certain properties.
These properties are analogous to those of classical semirings, but with the incorporation of fuzzy or uncer-
tain values. The @ operation is usually treated as a maximum operation whereas ® operation is typically
treated as a minimum operation.Fuzzy semirings extend the concepts of semirings by allowing the arithmetic
operations to work with fuzzy or uncertain values rather than crisp (exact) values. This makes them suitable
for modeling situations where there is inherent ambiguity or imprecision.Fuzzy semirings are used to extend
automata theory and formal language theory to handle fuzzy languages and behaviors ¥ This is particularly
useful in modeling systems where inputs, outputs, or transitions are uncertain.It can be used to aggregate in-
formation from multiple sources that provide fuzzy values. They also play a role in decision-making processes
involving uncertainty and conflicting information.It also find its applications in various fields, including fuzzy
logic, approximate reasoning, image processing, machine learning, and information retrieval 2*They can rep-
resent uncertainty and imprecision in computations and reasoning, making them valuable tools for handling
real-world scenarios.Semirings have been applied in a wide range of mathematical and practical contexts,
including optimization, graph theory, coding theory, and more. Semirings have diverse applications across
various fields due to their flexible algebraic structure that combines both additive and multiplicative proper-
ties 7

This paper aims to examine many aspects and provide findings.The article is composed of the guiding ideas
listed as follows.Section 1 has the introduction. Section 2 contains details on the ways to prepare for Dio-
QNSBS. Section 3 presents theorems based on DioQNSBS. The idea of homomorphism is discussed in Section
4.

2 Preliminaries

The concept of semirings and bisemirings will be covered in this section in order to make the overview as
comprehensive as feasible and makes the subsequent presentations easier.

Definition 2.1. Let .# and Q be non-empty sets. The mapping 2 : .# x Q — [0,1] is called a Q fuzzy set in
M.

Definition 2.2. Let (S, 1, ©) be semiring. The Q fuzzy set Q: .# xQ — [0, 1] is called a Q fuzzy subsemiring
of A if Qp(k,w, 0*) > min{Qy(k, 0*), g (w, 0*)}, Qu (K - w, 0*) > min{Qy(k, 0*), Uy (w, 0*)} for all
K,w € A and p* € Q.

https://doi.org/10.54216/IJNS.220207 79
Received: April 21, 2023 Revised: June 20, 2023 Accepted: September 19, 2023



International Journal of Neutrosophic Science (IJN) Vol. 22, No. 02, PP. 78-94, 2023

Definition 2.3. An intuitionistic Q fuzzy subset defined on .# and Q is of the form
H={<k,An(k,0%),Pn(k,0")|k € X and 0* € Q >} where Ay : X xQ — [0,1] and P : X x Q —
[0, 1] define the MD and NMD of the element x € X, respectively and every x € X and ¢* € Q satisfying
Definition 2.4. Let H; and H; be any two intuitionistic QQ fuzzy subsets of .#. Then

HiNHy, = { (k, min{O g, (k, 0*), Om, (K, 0)}, max{ Py, (k, 0*), Pm, (K, n*)}) },

H{UH, = { (k, max{Og, (k, 0*), Om, (K, 0*)}, min{P g, (k, 0*), Pm, (K, 0*)}) }

Definition 2.5. Let H be an intuitionistic Q fuzzy subset of .#. For ¢, t3 € [0, 1] the level subset of H is the
set Hiy, 1) = {k € M :Op(K,0%) > t1,05(k, 0") < t2,0" € Q}.

Definition 2.6. >/ A neutrosophic set H in the universe G is defined as H = {d, '}, (u), 'y (u), T (u)|u €
G}, where T'F, (u), T'L (1) T%, (u) represents the degree of Truth-membership, degree of Indeterminacy mem-
bership and degree of Falsity-membership of H respectively. The mapping I'5, 'y, s, : G — [0,1] and
0 < T (w) + Il (w) + I (u) < 3.

Definition 2.7. “!' Let Hy = (I'y, , T} , I ), Ho = (U5, TY T ) and Hy = (I, T, T} ) be three

neutrosophic numbers over G. Then
(1) ch = <F]FI:]1 ) F]}-Il ) Fjlljjl>

(i) Hz \/ Hy = { max(TF,,, T, ), min(T,, T, ), min(T, T%,))
Gii) Hy \ Hy = ( min(T'5,,T%,), max(Ty, T, ), max(T5,, T%, ) )

(iv) Hy > Hy iff T, > I} and Ty < T and I, < I
(V) Hy = Hy iff Ty =T and Iy =T} and I =T%, .

Definition 2.8. For any neutrosophic set H = {1, T% (1), (1), T% (1)} of a set I, we defined a (¢, v)-cut of
as the crisp subset {(z) € (L)|TF (1) > ¢, T (1) > ¢, T5,(1) < v} of (L1).

Definition 2.9. “I' Let H and I be be two neutrosophic subsets of S. The cartesian product of H and I denoted
by H x Lis given as H x I = {T'F.1(0,9), 5.1, 9), 5.1, 9)| for all I,g € S}, where T ;(z,y) =

min{T5 (), TT ()}, Tha (1 g) = SO TE (1, 9) = max{Tf (=), TE(O)}

Definition 2.10. 1% A fuzzy subset H of a bisemiring (&, ©1, ©2, ©3) is said to be a fuzzy subbisemiring of &

if 'y ((@19) > min{l'y (€), T (9)}, T'r(l@29) > min{T'y (), L'u(9)}, I'a(l@39) > min{l'y (£), T'r(g)},
forall /,g € G.

Definition 2.11. 19 A fuzzy subset H of a bisemiring (&, ©1, ©2, ®3) is said to be a fuzzy normal subbisemir-
ingof SifT'y(l©19) =TH(9ge11),Tr(l©29) =Tu(g©21),Tg({©®39) =Ty(g©3!),forallf,g € &.

Definition 2.12. 8 Let (&, 1,8, ®) and (T, *, ®, ®) be two bisemirings. A function ¢ : & — ¥ is said to be a
homomorphism if (1 + g) = 1:(=) + (g), (L ® g) = (=) © 6(g), (1 @ g) = (1) @ (g), for all I, g € G.

Definition 2.13. 2/ Let S be the subbisemiring.The Bipolar valued fuzzy semiring A = (f%, %) in S is said to
be bipolar valued subbisemiring of S if it satisfies the following conditions :

(@) f4 (z @1 y) > min { (), f4(y)},

(i) £} (z ®2y) > min {f}(2), fL(y)},

(iii) [} (z @3 y) = min {f}(2), f41(y)}.

(iv) [ (z @1 y) < max {f3(2), f1(y)},

W) fi (z ®2y) <max {fi(z), fi(y)},

i) f4 (z ®3y) <max {f}(2), fi(y)},Vxy €S

Definition 2.14. A vague set L = (T, F 1) of & is said to be vague seimring if the following conditions are
true. For all 51,55 € G,

Vg (81 &) 82) > min {VL (81) ,Vr, (82)} and

(II)VL (81 . 82) > min {VL (81) ,VL (52)} and

Definition 2.15. 2 An interval valued fuzzy set A on the universe X # 0 is a mapping A — L([0, 1]) such
that the membership degree of = € X'is given by A(z) = [A(z), A(z)] € ([0, 1]), where A : X — [0, 1] and
A : X — [0, 1] are mappings defining lower and upper bound of the membership interval A(x) respectively.

Definition 2.16. " An interval valued fuzzy set A on the universe X # 0 is a mapping A — L([0,1]) such
that the membership degree of = € X is given by A(z) = [A(z), A(x)] € L([0, 1]), where A : X — [0, 1] and
A : X — [0, 1] are mappings defining lower and upper bound of the membership interval A (z) respectively.

https://doi.org/10.54216/IJNS.220207 80
Received: April 21, 2023 Revised: June 20, 2023 Accepted: September 19, 2023



International Journal of Neutrosophic Science (IJN) Vol. 22, No. 02, PP. 78-94, 2023

3 Diophantine () Neutrosophic Subbisemiring

Here D stands for bisemiring and DioQNSBS denotes diophantine Q-neutrosophic subbisemiring.

Definition 3.1. A Diophantine neutrosophic set H in G is of the form

H = {(d), (25(d), 2 (), 2 (@)), (Asr (), Znr(d), @11 (d) ) Ju € G }, where O (d), 2} (d) Oy (d) rep-
resents the degree of Truth-membership, degree of Indeterminacy membership and degree of Falsity-membership
of H respectively. The mapping Q7;, Q% Q% : 80 — [0,1] and 0 < (Ag(d) - Q% (d)) + (Eu(d) - Q%4 (d)) +
(@p(d) - Q5 (d)) < 2. Since H = (0}, 0%,0%), (Ay,ZEn, ®y)) is called a Diophantine neutrosophic
number.

Definition 3.2. A Diophantine () neutrosophic subset H of G is said to be a DioQNSBS of & if the following
criteria are satisfied.Then

'L (¢ @1 g,0%) > min{T'% (4, 0*), T (g, 0*)}
I (@29, 0%) > min{l' (4, 0%), [ (g, 0%)}

I « I .
I (2@ g,0°) > M
OR
T (2 @2 g, %) > Lulle 4Tk (a.07)
OR
I * I .
T (2 @3 g, 0%) > Ll )i u(e.00)

I (019, 0%) < max{I'} (¢, 0%), T (g, 0")}
I} (L ©2 g, 0%) < max{T} (¢, 0%), T (g, 0")}
I'f (L ©@39,0%) < max{I', (¢, 0*),I'% (g, 0%)}

(Pu(t©@19,0") > min{(®x(f o), (Pu(g, o*
((I)H(f ©2 g9, Q*) Z mln{(q)H(ga Q*)5 (q)H(g7 Q*
(Pu(t©@39,0") > min{(®u(l o), (Pu(g,0*)

En(l® g,0") > w
OR

En(l @3 9,0") > M
OR

En(l @3 g,0") > Zxlbe ) En(e.0n)

— —
— =

\I/H(g ©1 g, Q*) é max{\I/H(ﬁ, «Q*)v \IIH(gv Q*)
\IIH(E ©2 g, Q*) S max{\PH(f, Q*)7 \I]H(g7 Q*)
\IJH(E @3 g, Q*) S maX{\IjH(ga Q*)a \IIH(97 Q*)

forall ¢,g € D.

Example 3.3. Let D = {p1, p2, p3, p4} be the bisemiring with the given cayley table:
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©1 | p1 | P2 | P3| P4 O2 | 1 | p2|p3|pa Os | p1 | p2 | p3s | pa
P1 | P1 | P1 | P1 | D1 b1 P1 | P2 | P3 | P4 D1 Pr | P1 | P1 | P
P2 | P1 | P2 | P1| P2 P2 | P2 | P2 | P4 | P4 P2 | P1 | P2 | P3| P4
pP3 | P1 | P1 | P3| D3 P3s | P3 | P4 | P3 | P4 D3 | P4 | P4 | P4 | P4
Pa | P1 | P2 | P3| P4 Pa | P4 | P4 | P4 | P4 Pa | P4 | P4 | P4 | P4

(67 Q*) = (617 Q*) (67 Q*) = (627 Q*) (67 Q*) = (637 Q*) (67 Q*) = (647 Q*)

(T (e, 0%), Au(e, 0%)) (0.94,0.37) (0.92,0.32) (0.89,0.22) (0.91,0.27)
(T (e, 0%), Zr (e, 0%)) (0.77,0.22) (0.75,0.17) (0.70,0.07) (0.72,0.12)
(T5 (e, 0%),Pu(e, 0%)) (0.82,0.27) (0.86,0.32) (0.88,0.42) (0.87,0.37)

Clearly, H is a DioQNSBS of D.
Theorem 3.4. The arbitrary intersection of a family of DioQN SBS is a DioQNSBS.

Proof. Let {M; : i € I} be a family of DioQNSBS of a bisemiring D and H = ﬂMl
i€l
Let [ and g in D. Then

[ (l O1g,0%) = inf Ty, (101 g, 0")
> inf min{Tyy, (1, 0"), Tar, (9, 0")}
— min {inf T3, (1, 0"),inf T (g,0")}
= min{T% (1, 0*), T (g, 0")}-
Similarly, I'}; (1039, 0*) > min{T'; (1, ¢*), T (9, 0*)}, T (1039, 0*) > min{TE (1, 0%), T (g, 0%) }. Now,
Iy O1g,0%) = lzg Iy, (LOn g, 0%)

_ Thy, (1, 0%) + Ty, (9, %)
el 2
1}61{ F%wi(l,g*) +1zf61£ F]}\/L;(ga o)
2
_ Th(le") +Th(g,0)
5 .
Similarly, I't (1 O3 g, 0*) > w and %, (1 O3 g, 0*) > w. Now,

I (1 O1g,0) = S_u%) L, (2 O19,0")
1€

< Su%) InaX{FMi (lv Q*)v PMZ (gv Q*)}
1€

= max {sup Tar, (1, 0%),sup T (g, g*)}
i€l i€l
= max{I"};(, 0*), T (g, 0")}-

Similarly, F]EI(Z Os39,0°) < max{F];{(l7 0%), F%(g, 0*)} and
I Os 9, 0%) < max{T (1, 0%), T (g, 0%)}-

Ag(lO19,0") = Helg Anr,(1O1 9,0%)
> 1215 min{Ayy, (1, 0"), A, (9, 0)}
= min{iigl; A, (Z,Q*),iz_rg A, (g, Q*)}
=min{Ag(l, 0%),Au(g,0")}.
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Similarly, A (I O3 g, 0*) > min{Ag(l, 0*),Ar(g, 0*)} and
A (1 Os g,0%) > min{Ag(l, 0*), Ar (g, 0*)}. Now,

Eg(lO19,0") = inf Enm, (101 9,0")
> inf En, (1, 0%) +Em, (g, 0%)

icl 2
inf 2. (1, 0* inf 2/, *
inf (Lo )+1iI€1H M, (g, 0")

2
_ Eu(,¢") +Euly,0")

5 .

Similarly, S (I O3 g, ¢*) > 220210 and Sy (1 Oy g, 0*) > ZxLLTE 960 Now,

Pp(1O19,0") = sup Pa,(1O1 9,07)
1€

< sup max{®r, (1, 0"), Pas, (g, 0")}
1€

= max {sup Dy, (1, 0%),sup Py, (g, Q*)}
i€l i€l

= max{®u(l,0"), Pu(g, 0")}-

Similarly, ®5 (1 O3 g, ¢") < max{®g(l, 0*), 21 (g, 0*)} and
D103 49,0%) <max{®g(l, 0*), P (g, 0*)}. Hence H is a DioQNSBS of D.

Theorem 3.5. If H and I are any two DioQN SBS?® of D1 and Dy respectively, then H x I is a DioQNSBS
OfDl X ]D)Q.

Proof. Let H and I be two DioQN SBS?® of Dy and D5 respectively. Let [1,l5 € D and g1, g2 € Ds. Then
(l1, g1) and (I, go, 0*) are in Dy x Dy. Now

Uirerl(l1,91) O1 (I2, 92, 09)] = Ty 1 (1 O1 la, 91 O1 g2, 0%)
= min{T(li O1l2,0"),T7 (g1 O1 92, 0%)}
> min{min{T' (I, 0*), T (I2, %)}, min{T'} (g1, 0"), T7 (g2, 0") }}
= min{min{T'y (I, 0"), 7 (91, ¢")}, min{Ty (I, 0"), T7 (g2, 0") }}
= min{T, (11, 91,0"), T 1 (l2, 92, 0°) }-

Also Fj]{lxj[(llagl) OQ (l27g27 Q*)] 2 min{F'HI:IxI(llagla Q*)aF}I:Ix](lQagQa Q*)},
F}T{XI[(llagl) O3 (l2ag2’ Q*)] Z min{rgxl(llvgla Q*)vrrjgx](lQagQa Q*)} NOW7

Tyl g1) O (2, 92, 0%)] = Ty (I O1 L2, g1 O1 g2, 0%)

I (1 O1 o, 0%) + T (g1 Or g2, 0%)
2

L[ (b, 0) + Ty (l2.0%) | Thlo1.0%) +r%<92,g*>]

IV
|

2 2

2 2

Ly (l.0%) + Ti(g1.07) |, Tyl 0") +r%<g2,g*>]

N = DN

_FHHXI(llaglv 0") + Dy (12, g2, Q*)}

Also T 1111, 91) O2 (2, 92, 0%)] > %[F]}ix[(ll,ghg*) +F%Xl(lz7gz,9*)] and

https://doi.org/10.54216/1JNS.220207 83
Received: April 21, 2023 Revised: June 20, 2023 Accepted: September 19, 2023



International Journal of Neutrosophic Science (IJN) Vol. 22, No. 02, PP. 78-94, 2023

F%x[[(ll,gl) O3z (l2,92,0")] > %[F]}Jx[(llagla o) + PII[LIXI(Z%Q% Q*)} Now,

Ui, 1) O1 (2, 92, 0%)] = Ty (1 On la, 1 O g2, 07)
= max{T'y (lh O1 ls, 0%), T (g1 O1 92, 0%)}
< max{max{T'y (I, 0*), Ty (l2, 0*) }, max{T'; (91, 0"), T} (g2, 0")}}
= max{max{I'y; (1, 0"), '] (g1, 0") }, max{T'5; (I, 0*), T} (92, 0") }}
= max{T (11,91, 0"), Ty 1 (I2, 92, 0%) .

Tl 1) Os (l2, 92, 0%)] < max{T, (11, 91, 0%), Ty (12, g2, 0) }-

Anxr[(li,91) O1 (I2,92,0")] = Amxr(ly O1l2,91 O1 g2, 0)
= min{Ag (i O1l2,0"),A1(91 O192,0%)}
> min{min{Ag (1, 0*), Au(l2, 0*)}, min{A; (g1, 0"), A1(g2, 07) }}
= min{min{A g (I1, 0*), Ar(g1, 0")}, min{A g (l2, 0*), A1 (g2, 0%)}}
=min{Agxs(l1,91,0), Aax1(l2, 92,0%)}

Also A xr[(l1,91) O2 (I2, g2, 0%)] = min{Agxr(l1,91,0%), Aax1(l2, 92, 0)},
AHXI[(llagl) O3 (l27927 Q*)} > min{AHXI(llaglv Q*)aAHXI(l%ng Q*)} NOW’

Euxrl(li,91) O1 (l2,92,0")] = Euxr(li O1l2, 91 O1 92, 0%)

Eg(li O1l, 0%) +EZ1(g1 O1 92, 0")
2

Euly,0") +Eu(l2,0%) | Er(g1,0%) + E1(g2, Q*)]

v
DO =

2 + 2

+

Su(l, 0") +E1(g1,0%) . Eplla, 0") + Z1(ga, g*)]
2 2

N = N =

Euxi(li,91,0%) + Enxi(lz, g2, Q*)}

Also Egxr[(l1,91) Oz (I2, g2, 0%)] > %[EHu(h,gh 0") + Emxi(la, g2, Q*)} and
Erxr((li,91) Oz (2, g2, 0")] > %[EHXI(llagla 0") + Emxi(la, g2, Q*)} Now,

Prxrl(li, 1) O1 (l2, 92, 0°)] = @rxr(li O1l2, 91 O1 92, 0%)
=max{®y(ly O1l2,0"), ®r(91 O1 92,0")}
< max{max{®py (l1,0%), Pr(l2, 0")}, max{®; (g1, 0"), ®1(g2, 0") }}
= max{max{®y(l1, 0"), Pr(g1, 0") }, max{ Py (I3, 0*), 1 (g2, 0%)}}
=max{Ppxs(l1,91,0), Prx1(l2, 92,0%)}

Also @y r[(l1,91) O2 (l2, 92, 0°)] < max{Paxr(l1,91,0%), Paxr(l2; g2,0%)},
Cpxr((li, 91) Os (l2, 92, 0%)] < max{®ps(l1, 91,0%), Prx1(l2, g2, 0*)}. Hence H x I is a DioQNSBS of
D.

If Hy, Hs, ..., H,, be the family of DioQN SBS of Dy, Dy, ...,D,, respectively, then H; X Hs X ... X H, isa
DioQNSBS of D1 x Dy X ... x D,,.

Definition 3.6. Let H be a diophantine ()-neutrosophic subset in I, the SDioQNSR on D that is a diophantine
@-neutrosophic relation (DioQNSR)on H is defined as

3 (1 g) = min{T'4 (1, 0*), T4 (g, )}

! l,no* +FI 0"
Py (L, g) = Fatnel falee)

[ (1l g) = maz{T (1, 0*), I (9, 0")}
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AJV](lvg) = mm{AA(l, Q*)vAA(ga Q*)}
= _ Ealo)iSa(00)

(I)M(lvn) = ma:z:{CI)A(l, Q*)v (I)Ag, Q*)}

Theorem 3.7. Let H be the DioQNSBS of D and M be the SDioQNSR of D. Then H is a DioQNSBS of D if
and only if M is a DioQNSBS of D x D.

Proof. Let H be the DioQNSBS of D and M be the SDioQNSR of D. Then for any I = (I3,ls, 0*) and
g = (1,92, 0") are in D x D. We have

I (1 O1 g, 0%) = Ty[((l1,12) Ox (91, 92), €°]

=T7(1 O1 91,12 O1 g2, 0%)
min{T7 (L O1 g1, 0%), T (l2 O g2, 0%)}
min{min{T'F; (I1, ¢*),TF; (91, 0*) }, min{T5 (I, 0*), T (92, 0%) }}
= min{min{T'; (1, 0*), T (I2, 0*) }, min{T5; (91, 0*), T (92, 0") }}
min{Ty (11, l2, 0°), Ths (91, 92, 0)}
= min{Ty (1, %), T (g, 0")}-

Also, T3, (1 O3 g, 0*) = min{I', (1, 0*), T3, (g,0%)}. T3,(1 O3 g, 0%) = min{I'}, (1, 0*), T}, (g, 0")}.
Now,

Y

I (101 g,0%) =Ty [((11,12) O1 (91, 92), 0]
=T (L O1 91,12 O1 g2, 0%)
Tl O1g1,0%) + T (12 O1 g2, 0%)

2
-2 2 2
2 2 2
— F]}\/[<l17l27 Q*> + F]}\4(glag27 Q*)
2
_ Ty 0") +Ty(g, 0)

2

Also, T, (1 O3 g, 0*) > Larlle )4 (9:07) ppg pn 1,1 Os g, ) > Dl Ty (007)

Similarly, T, (I O1 1, 0*) < max{T"y(l, 0*),T (g,g )} Th (U Os g, 0) < max{Th, (1, 0*), T, (g, 0*)}
and

%, O3 g, 0°) <max{T%,(1,0"),T5,(g,0")}

Ayl O19,0%) = A ml((l1,12) On (915 92), 7]

Al O1 91,12 O1 g2, 0%)

min{Ay(l1 O1 g1, 0%), A (o O1 g2, 0°)}

min{min{A g (l1, 0%), A (g1, 0*)}, min{A g (I2, 0*), A (g2, 0%) } }
min{min{Ag(l1, 0%), Ag(l2, 0")}, min{A g (g1, 0%), A (g2, 0%)} }
min{An (l1,12,9%), Ani (91, 92, 07)}
= min{An(l, 0"), Ar (g, 0)}-

v
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Also, Ay (I O3 g, 0") > min{An (1, 0*), Ans (9, 0°) }, A (1 O3 g, 0°) > min{An (1, 0*), Ans (g, 0%)}-
Now,
EnlO19,0") =Em(((l,12) O1 (91,92, 07)]
=Zm(li O1h,l2 O1 92, 0%)
_Zm (li O191,0%) + Er(l2 O1 12, 0%)
2
S 1[ a(l, 0") +ZEwu(g1,0%) n EH(127Q*)+5H(92,9*)]
-2 2
B l a(l, o HH(Z%Q*) En(g1,0) +EH(92,9*)]
=3 +
2 2
_ l15127 )+'—‘M(91;927Q*)
2
5 )

Also, /(1 O3 g, 0%) > Em(lo )-‘:Q-EM(_(LQ ) and = Osg,0%) > Em (o )+HM(g o)

Similarly, ®57(1 O1 g,
and

P (O3 9,0") <max{®Pr(l, 0), Prm(g, 0
Conversely assume that M is a DioQNSBS of D x D, then for any | = (I1,2) and g = (g1, 9o,

D x D. We have

mln{rj}{(h Ol g1, IQ*)’F}I‘{(ZQ Ol g2,

0*) <max{®(l,0), Prm(g

0")}

=T%;(l1 O1 91,12 O1 g2, 0")

= F}l‘w[(lla 127
Iy (1 O1g,0%)
min{T"y (1, o)

min{l"% (ll, lg,

vl

0") O1 (91, 92,

7]-—‘}1‘%(97
AQ*)}7 F%(glag27

0")]

0")}
0")}

79*)}7¢)M(l O3 g,0

*)}. Hence M is a DioQNSBS of D x D.

)< maX{‘I)M(l 0*), ®rm(g,0%)}

o*) are in

= min{min{T'% (1, 0"), T (I2, 0*) }, min{T; (91, 0%), T (g2, 0") }}-
If FH(ll Ol g1, 0 *) S Fg(lg Ol g2, 0 *) then FT (ll,g*) S Fj};(lg,Q*) and F}T{(gl,g*) S F}_TI(QQ,Q*) We
getTE (1 O191,0%) > min{I‘H(ll, 0*),T% (g1, 0%)} forall ly,g; € D, and
mln{PH(ll OQ g1, 0 )7 (ZQ OQ g2, 0 *)} > mln{min{r?](lh Q*)vl—‘rlﬂ;[(l% Q*>}7
min{F (91,0%), T (g2, 0")}}
I T (L O2 91,0 ) < Fg(h Oz g2, 0*), then T (Iy Oz g1, 0*) = min{ L5 (lh, 0*), T (g1, 0)}-
min{r (ll OS 917 *)a 'IH‘J(ZQ O3 92, Q*)} > min{min{lﬂfrl(llv Q*)vrq}rl(l% Q*)}v
Inin{rH(gla "), T (92 0")}}-
I (L Os 91,0 ) < T2 O3 g2, 0%), then T (11 O3 g1, 0*) > min{T}; (11, 0*), T (g1, 0%)}-

Now,

1 * * *
B [F]}i(ll O191,0%) + T2 O1 92,0 )} =T0(li O1 91,12 O1 g2, 0%)

T (I O1 91, 0%) < T (l2 O1 g2,

0*), then T (11, 0*) <

- F]}\/[[(llyl27
=T, (1O 9,07

o Tl o) + Ty (g,

0") O1 (91, 92,

0")]

0")

_ Ty

2
(lllea

Q*) + F]}W(gl,927 Q*)

2

0*) + T (g2, 0")

1 [F%{ul,g*) +Th(la,0) | Th(on
2 2

1 * 1 *
We get, I (Ih O g1, 0%) > Ll );FH(gl’g ).
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Similarly, T% (I Oz g1, 0*) > S04 L0107 ang T (1) O gy, o) > Ll (10T)
Similarly to prove that

maX{F]FI‘{(ll Ol 91,0 7F (ZQ Ol g2, Q*)}

< maxmax{T 1, 0°), Tz, o) max(T% (0, ), T g2, 0°))).

IfFI% (1 Ol g1,0%) =T (I O1 g2, 0%), theIlF 11, 0%) > T (la, 0%) and TS (g1, 0%) > T (g2, 0%).
We get, Ik (ll Ol 91,0 ) maX{F (lh )a (.917 *)}

maX{FH(ll QQ 91,0 *)aFEI:I(ZQ OQ g?ag*)}

< maX{maX{FH(lla *) L (12, 0")}, max{Ty (91, 0*), T’ (92, 0") }}

IfPH(11 Oz g1,0%) > (lz Oz g2, 0%), then T3 (Iy Oz g1, 0*) < max{T; (I, 0*), T (91, 0")}-
max{I'y (1 Os g1, 0%), Iy (l2 Os g2,0")}

< ma‘X{ma‘X{F ( ) 0 ) (ZQ’ )Lmax{r];{(gla Q*)7 (927 )}}

T (h Oz 91,0%) 2T (12 O3 g2, 0%), then T (i O3 g1, 0%) < max{T(I1, 0*), T (g1, 0")}-

min{Ag(ly O1 91,0"), Au(l2 O1 92,0")} = Ay (1 O1 91,12 O1 92, 07)

= Aum[(l1,0l2,¢7) O1 (91,92, 0")]

=Au(lO19,0")

> min{An(l, 0"), A (g, 0%)}

= min{Apr(l1, 12, 0%)}, Arr (91, 92, 0%)}

= min{min{A g (I, 0*), Au (l2, 0*) }, min{Ax (91, 0"), A (g2, 0") } }.
If Ap(li O191,0%) < Au(lz O1 g2, 0%), then A (l1, 0%) < Ap(l2, 0*) and Ag (g1, 0") < Ar(g2,0"). We
get Ag(ly O1 91, 0%) > min{Ag(l1, 0%), A (g1, 0%)} forall l;, g; € D, and
min{Ag(l1 O2 91, 0%), Ag(la O2 g2, 0°)} > min{min{A g (l1, 0*),
Ap(l2, 0%)} min{An (91, 0%), An (g2, 07)}}
If Ag(li O2 91,0°) < Ag(l2 O2 g2, 0%), then Ag(ly Oz g1, 0°) > min{Ag(l1,9%), Au(g1,0")}-
min{Ag(l1 O3 g1, 0"), Au(l2 O3 g2, 0*)} > min{min{Ag (1, 0*),
A (l2, 0%)}, min{Au (g1, 0"), Au (g2, 0°)}}-

IfAr(lh O3 91,0%) < Ar(l2 O3 g2, 0%), then Ay (I1 O3 g1, 0%) > min{Ag(l1, 0*), Au (g1, 0")}.
Now,

[1]

( 01917120192,9*)
Ml 12, 0%) On (91,92, 0%)]
(

M

1r_ " — %
5[:1{(11 O191,0") +Eu(l2 O1 92,0%)

[1]

:EM 101 g,0 )
> :M(a ) ~M(97Q )
- 2
_ Enm(li,l2, 0%) + En (g1, g2, 0°)
2
o 1 EH(117Q*)+EH(Z27Q*) EH(gl,Q*)+EH(927Q*)
T2 2 + 2 '

If 25l O191,0%) <Eu(la O1 g2, 0%), then Z (11, 0*) < En(lz, 0*) and Eg (g1, 0%) < En(g2, 0%).
WC get, EH(ll Ol 9179*) Z EH(th*)‘gEH(ghQ*).

Similarly, 2g (11 O2 g1, 0*) > EH(Z“Q*)';EH(QI’Q*) and Eg (I O3 g1, 0%) > EH(ll’Q*);EH(g"Q*).
Similarly to prove that

max{®g(l1 O191,0%), Pl O1 92, 0%)} < max{max{Pg(l, 0*),

Pp(l2, %)}, max{®u (g1, 0*), Pu (g2, 0%)}}-

If @5 (l1 O191,0%) > Pua(la O1 g2, 0%), then @y (l1, 0*) > P (l2, 0*) and Pr (g1, 0°) > Pu(ge, 0¥).
‘We get, (I)H(ll Ol g1, Q*) < max{q)H(ll, Q*), ¢H(g1, Q*)}

max{®x(l1 O2 91, 0%), Pu(lz O2 g2, 0%)} < max{max{®g(l1,0"),

(I)H(ZQ’ Q*)}v maX{(I)H(gla Q*)a (I)H(QQa Q*)}}

If ©g(l O2 g1,0") > Pr(le Oz g2, 0%), then @y (l1 Oz g1, 0%) < max{ Py (1, 0"), Py (91, 0%)}
max{®x(l1 O3 g1,0%), Pu(l2 O3 g2, 0%)} < max{max{®y (I, 0"),

@ (l2,0%)}, max{®g (g1, 0%), P (g2, 0*)}}

If @5 (l1 O3 g1,0%) = Pr(le O3 g2, 0%), then @ (11 Oz g1, 0%) < max{®y(l1, 0*), Pr(g1,0%)}
Hence H is a DioQNSBS of D.
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Theorem 3.8. Let H be a diophantine Q-neutrosophic subset inD. Then H = (T%, T%, T5), (Aw, 2w, ®r))
is a DioQNSBS of D if and only if all non empty level set H**) is a subbisemiring of D fort, s € [0, 1].

Proof. Assume that [ is a DioQNSBS of D. For each t,s € [0,1] and I3, 1> € H®*). We have I'};(I1, 0*) >
t, T (la, 0%) > ¢, Ty(ly, 0%) > ¢, T (lo,0%) > ¢, T(l, 0%) < 8,75 (l2,0%) < s and Ag(ly,0) >
t,Ap(l2,0%) 2 t,2u(l1,0") > t,Ex(l2, 0%*) > tand CDHI(ZMQ*) Slqu)H(127g*) < 5. Now, I'}; (11 O1l2) >
min{T% (1, 0*), T (la, 0%)} > t and T (I Oy lp) > Dl lla0) > e — 4 ang TF (1, O 1) <
max{F]}}(ll,g*),F[}}(lg,g*)} < s. Similarly, Ag(ly O1 l2) > min{Ag(l1,0%),An(l2,0")} > t and
Ep(l O lp) > Sl =ullane]) > bt — ¢ and @4 (ly Oy lo) < max{®y(ly,0"), By (la, 0°)} < s.
This implies that n; 1 lo € H®®) . Similarly, I; Qg l; € H®*) and I; O3l € H®*). Then H**) is a
subbisemiring of D for each ¢, s € [0, 1].

Conversely assume that H(**) is a subbisemiring of ID for each t,s € [0,1]. Suppose if there exist
1,15 € D such that F}I}(lloll% Q*) < min{I‘E(lh Q*>7 FE(ZQ, Q*)}, F]}-I(llOll% Q*) Iy (0" )+FH(12,Q )
Il Orle,q%) > rgax{l‘%(ll, Q"){%(h,@*)} and A (l1 O1 l2,0") < min{Ag(l1,0"), AH(ZQa )},
EH(ll Ol lg,g*) < SE{GH: );:H(Z%Q ) and CI)H(ll Ol l27Q*) > max{‘I)H(ll,Q*),fI)H(lg, )} Choose
t,s € [O 1] such that It (ll Ol lg, *) <t < min{Fg(ll,g*),F%(lz,Q*)} and F%q(ll Ol lg,g*) <t<
L (1048 (12:0) ang TE (1, Oy Iy, 0*) > s > max{T%(I1, 0*), T% (Ia, 0*)}. Then Iy,ly € H®), but
Ii O1lo ¢ H(%) This contradicts to that H(**) is a subbisemiring of ID. Hence 'Ly On la,0%) >
min{T (11, 0), T (12, 0)}, Tly(li On la, ¢) > T Tul200 and 1% (1) O 1o, q7)
< max{T'E(I1, 0*),T% (I2, 0*)}. Choose t, s € [0, 1]
suchthatAH(llOllg, ,Q*) <t< min{AH(ll, Q*),AH(ZQ, Q*)} andEH(hOllg, Q*) <t< En(li.e );:H(b’g )
and @ (11 O1 Iz, 0*) > 5 > max{®x(I1, 0*), P (la, 0*)}. Thenly,lo € H®®) butly Oy ly ¢ H®*). This
contradicts to that F1(-:*) is a subbisemiring of ID.

Hence Agr(ly Or la, 0%) > min{Ag (I, 0*), An (l2, 0%)}, Epr(ly On b, 0%) > 222 );:H(lz’g ) and
Sy (ly O1l2,0%) <max{P®y(l1,0"), Pu(l2, 0*)}. Similarly, Oz and ()3 cases.
Hence H = (T}, T T%), (A, Zg, @) is a DioQNSBS of D.

Definition 3.9. Let H be any DioQNSBS of D, a € D and P is any non-empty set. Then the pseudo diophan-
tine QQ-neutrosophic coset (aH)? is defined by

((al'F)P)(1, 0%) = p(a)T 5 (1, 0*
((aly)P)(1, 0*) = p(a)I (1, 0*
((al'5)P)(1, 0*) = p(a)T5 (1, 0

((aAg)P)(1, 0*) = p(a)Ag (L, 0*)

((@Z)P)(1, 0*) = p(a)Zu(l, 0*)

((a®m)?P)(l, 0*) = p(a)®r(l, 0*)

for every [ € D and for some p € P.

Theorem 3.10. Let H be any DioQNSBS of D, then the pseudo diophantine Q-neutrosophic coset (aH)P is a
DioQNSBS of D, for every a € D.

Proof. Let H be any DioQNSBS of D and for every z,y € D. Now, ((a]."T P)LO1 g, 0%) = pla) T'H(1 O

9.0%) = p(a) min{T5 (1, 0), Ty (g, 0")} = min{p(a) T (1, "), p(a) T (g, 0*)} n{ ((al'g)? )(179*)7

((al'5)?) (g, 0*)}- Thus’((dfg)p)(lOlg, 0%) = min{((aFT) )1 e), ((GFT) )(9, 0%)}. Now, ((al'y)?)(1O1
(g,

9,0") =pla) TS (1 O1 g, 0*) > pla) |:FIH(Z7Q*)J'2’FHI-I(Q’Q*) _ p(a) T (e )+p(a) Iy(9.0") _

||Q

((al'5)P) (10" )+((aFHH)”)(979 ) Thus, ((aT%)P)(IO1g, 0*) > ((aT'g)?) (L0 )+((aF§1)’” )(g,2%) . Now, ((al'%,)P) (101
g,0%) =pla )F]F (1019, 0*) < p(a) max{T} (1, 0%), T (g, 0")} = maX{p( ) T (L, 0%),p(a) T (g, 0%)} =

max{((al'};)?) (1, ¢*), ((aT'};)?) (g, ) }-
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Thus, ((al';)?) (I O1 g, %) < max{((aI';)?) (1, "), ((aT'};)?)(g, 0*)}. Now,

((aAw)?)(1 O19,0") = pla) Au(lO19,0")

p(a) min{Agn(l, 0"), Au(g, 0")}
min{p(a) Au(l,0%),p(a) An(g,0")}
min{((aAm)?)(1, 0*), ((aAr)")(g, ")}

Thus, ((aAm)?)(I O1 g, 0%) = min{((adm)?)(I, "), ((ahm)")(g, 0")}.

Now,

Y

((aEu)")(IOr9g,0") = pla)

> p(a)

E (l Ol g,0 )
Eu(l, 0*) + Enu(g, o)
2
pla) Eu(l, 0*) +pla) Enlyg, 0*)
2
(@Zx)") (1 0") + ((aEr)?)(9, 0")
2

Thus, ((aZ4)")(1 Or 9. ¢") > LS 02 o)
Now,

((a®m)?)(1O1 g,0") p(a) u(O19,0")

pla) max{®u(l,0"), Pu(g,0")}

= max{p(a) ®u(l, 0"),p(a) ®u(l,0")}
= max{((a®n)?)(l, 0"), ((a®m)")(g,0")}.

Thus, ((a®pg)?)(l O1 9, 0") < max{((a®r)?)(l, 0"), ((a®r)")(g,0")}.
Similarly, Oz and O3 cases. Hence (aH )P is a DioQNSBS of D.

IA

4 Homomorphism

Definition 4.1. Let (Dq,H;,H,,H3) and (S2, O1,O2,O3) be any two bisemirings. Let © : D — Dy
be any function and H be any DioQNSBS in D;, M be any DioQNSBS in O(D;) = D,. If T'y =
<(FE, F]}{, F%), (Ag,Zq,Py)) is a DioQNSS in Dy, then I is a DioQNSS in D, defined by
y supI'T (1, 0*) if l€ © 1y supI'L (1, 0*) if z€© 1y
I'(g,0%) = nll-e) i1 (g, 0%) = ulle) if =
0 otherwise 0 otherwise

1 otherwise

IE (g, ") = {mfrg(z,g*) if leey

Aar(g,0") = supAg(l,0*) if 1€ Oy S, 07) = supEg(l,0%) if 1€O7ly
M9, 0 )= 0 otherwise =MA9 “]o otherwise
. inf®g(l,0*) if e ©!
Prr(g, 0") = a(l,e) if ) g
1 otherwise

foralll € Dy and g € Dy is called the image of I';; under ©.
Similarly, If Tp; = (0%, 1%, T5/)s (Aar, Zar, @as)) is a DioQNSS in Dy, then DioQNSS 'y = © o T'y/ in
D [ie, the DioQNSS defined by T' g (1, 0*) = Tar(©(I, 0*))] is called the preimage of Ty under ©.

Theorem 4.2. Every homomorphic image of DioQNSBS of D1 is a DioQNSBS of Ds.
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Proof. Let © : D; — Dy be any homomorphism. Then O(1 W, g, 0*) = (I, 0*) O1 O(g, 0*),0( W3 g) =
O(l, 0*) O20(g,0*) and ©(1 W3 g) = ©(l, 0*) O3 O(yg,0*) forall z,y € Dy. Let M = ©(H), H is any
DioQNSBS of D;. Let ©(1, 0*), O(g, 0*) € Do. Letl € ©71(O(l, 0*)) and g € ©~1(O(g, 0*)) be such that

(1, 0%) = sup I (1, 0")) and T (g, 0*) = sup I'%((l', 0*)). Now,
(I',0%)€®~1(O(l,0%)) (1',0*)€®~1(O(g,0%))
I'7(0(,0%) O10(g,0")) = sup (", o)
(1" 0*)€0-1(0(1,0*)O10(g,0%))
= sup (", 0%)

(1" ,0*)€®~ (O (w1 9)
= FE(Z W1 9, Q*)
> min{I'} (1, 0%), T (g, 0%)}
= min{I'},0(, 0*),T5,0(g, 0")}.
Thus, '}, (©(1, 0*) O1 (g, 0*)) > min{I'},0(1, 0*),T5,0(g, 0%)}.
Similarly, '}, (©(1, 0*) O2 ©(g, 0*)) > min{I'},O(1, 0*),T},0(g, 0*)} and
I7(8( 0") O3 ©(g, 0%)) = min{I'},0(L, 0"), I'},O(g, 0") }-

Letz € ©71(O(l, 0*)) and y € ©~1(O(g, 0*)) be such that I'; (1, 0*) = sup 'L ((I', 0*)) and
(',e")€0~1(O (")

I (g,0%) = sup I (1, q%)). Now,
(I',0*)€O~1(O(g,0*))
% (O(1, 0*) O1 6(g.0%)) = sup (1", 0")
(1",0%)€®~1(O(l,0*)O10(g,0*))

’

= sup I ((AN))
(1" ,0*)€O~1(O(IW1 g)
=T (1w g,0%)
I (1, 0%) + Ty (g, 0)
2
', 0, 0*) +T,0(g, 0%)
: .

I * I o *
Thus, T, (6(1, ¢") O O(g, *)) > TP TuO.0),
I * I *
Similarly, T (O/(1, 0") Oa O(g, ¢")) > oL TuOLT) gng

T, (0L, 0*) O3 O(g, 0*)) > TarOLe )t O(e")
Let 01, 0°). 6(g, 0°) € Dz. Let 2 € 071 (B(L, ¢°)) and g € O~ (Bg, 07)) be such that

I (1, 0%) inf L5 (', 0%)) and T, (g, 0*) = inf 51, 0")).
" (I 0")e0-1(0(Le™)) " (W 0")e0-1(0(g,0")
Now,
I%,(0(2.¢") O10(g,0") = inf (1", 0%))
1",0%)€®~1(O(l,0*)O10(g,0*))
- inf (1", 0%)

(1 0*)€0-1 (01t g)

=I5 (1w, g,0%)

< max{T5 (1, 0"), T (g, 0%)}

= max{I'},0(l, 0%),T,0(g, 0")}.

Thus, F]E/I(@(lv Q*) Ol 9(91 Q*)) < maX{FIEZ‘VIQ(Za Q*)a FIZF\4®(ga Q*)}

Similarly, 't (©(1, 0*) O2 ©(g, 0*)) < max{I'},0(l,0"),I'},0(g, 0*)} and

I5,(6(1, 0*) Os (g, ")) < max{T'},0(l, 0*),15,0(g,0")}. ,

Let! € ©71(O(l,0*)) and g € ©~1(O(g, 0*)) be such that Ay (1, o*) = sup Ap((l',0%)) and
(I ,0*)€®~1(O(l,0%))
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Au(g,0") = sup Au((l', 0%)). Now,
(I',0*)€O~1(O(g,0"))
An(O(1,0%) O1 O(g,0") = sup Au((l”,0%)
(1",0%)€0-1(O(1,0*)O10(g,0%))
= sup A (", 0%)
(1" ,0*)€O~1(O(IW: g)
=Ap(lWy g,0")
> mln{AH(la Q*)a AH(g7 Q*)}
= min{AyO(l, 0*), ApO(g, 0)}.
Thus, A (O(1, 0*) O1 O(g, 0%)) = min{AyO(1l, 0*), ArrO(g, 0*)}.
Similarly, Aaz(©(1, 0*) O2 ©(g, 0*)) > min{AnO(l, 0*), ArrO(g, 0*)} and
A (O(1, 0*) O3 (g, 0°)) > min{AnO(l, 0*), AnrO(g, 0)}- )
Letl € ©71O(l, 0*)) and g € ©~1(O(g, 0*)) be such that g (I, 0*) = sup Zu((l',0%)) and
(' .0*)€®~1(O(l,0*))
Enlg,0*) = sup Eu((l', 0)). Now,
(1',0*)€®~1(O(g,0%))
Em(0(1,0") O10(g,0%)) = sup Za((l", 0%))
(1" ,02)€©-1(8(1,0*)O10(g,0*))
= sup Za((l", 0%))
(" ,0*)EO~1(O (W1 g)
=Eu(z¥1y,q")
5 E a(l, o )ZHH(QMQ )
_ EmO(,0") +EnB(g,0")
5 )
Thus, Z0/(0(1, 0*) O1 (g, 0*)) > ZuOLLIEEMO.0T),
Similarly, 2, (0(1, 0*)20(yg, 0*)) > Zu0(Le’ >;~M@<M ) andEM(@(g, 0")030(g, 0%)) > EuOLe)1ENO.07)
Let ©(1, 0*),0(g, 0*) € Ds. Letl € ©71(O(1,0%)) and g € ©71(O(g, 0*)) be such that
Dyl 0") = inf ®y((l',0%)) and Dy (1, o*) = inf Dy((1,0")). Now,
(I',0*)€®=1(O(l,0%)) (1", 0*)€®~1(O(1,0%))
0)(0(,0%) O10(g,0)) = inf (1", 0))
(1" ,07)€0-1(8(1,07)O10(g,0*))
= if (1", 0%)
(I",0%)e®@~1(O(lW1 g)
=®ylw g,0")
S max{q)H(l, Q*)7 QH(ga Q*)}
= max{®0(l, 0*), P O(g, 0")}.
Thus, ®/(O(1, 0*) O1 O(g, 0*)) < max{®yO(l, 0*), PrO(g, 0")}.

Similarly, (I)M(@(lv Q*) OQ @(ga Q*)) < maX{(bM@(la Q*)a (DM@(ga
(I)JW(G(L Q*) O3 6(91 Q*)) S ma‘X{@M@(L Q*)7 ¢M®(g7

Theorem 4.3. Let (D1, H,, H3) and (D2, O, Oy, O3) be any two b
preimage of DioQNSBS of D5 is a DioQNSBS of D;.

0*)}. Hence M is

0")} and

a DioQNSBS of Ds.

isemirings. The homomorphic

Proof. Let © : D; — D, be any homomorphism. Then O(I 4, g, 0*) = O(l, 0*) O, O(g,0%),0(llHy9) =
O(l,0*) D4 0(g, 0*) and O(l 145 g) = O(1, 0*) O4O(g, 0*) forall [, g € D;. Let M = 9( ), where M is
any DioQNSBS of Ds. Let [, g € D;.

Now, T (1, g, 0*) = T30, g,0%)) = T3,(0(, ¢*) Oy O(g, ¢*)) > min{T},0(l, ¢*),T},0(g, 0*)} =
min{T% (L, 0*), % (g, 0*)}. Thus, I (11, g, %) = min{T's (1, 0°), T (9, 0*) ).

Now, T (118, 9, 0°) = T, (811, 9, 07) = Ty (6(1, ") O, O(g. 0"))

> FIJ\/Ie(lag*)'gFHMG(ng*) _ F]fq(he*);l“][;;(g,a*). Thus, T, (1), g, 0) > Ly (Le )';FH(.‘%Q*).
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Now, I';; (114, g, 0 ) u(© (lulg, ) =T (O, 0*) O, ©( ax{I',0(l, ¢%),I',O(g,0")} =
max{T'y; (1, 0%),T% (g, 0 )} Thus, T'; (lL+Jlg7 )<ma><{FIF (1,07, 55(9,@*)}
Now, Ar(Il¥, g, *) M(© (lUlg 0") = Am(0(1, 0") O, O(g, 0"))
> min{AnO(, 9*)7AM@(9,9*)} = min{AH(l,Q ), Au(g,0%)}

Thus, Ay (14, 9, 0") > min{Agn(l, 0*),Au(g, 0")}-

Now, Zx(IlH), g, 0") = Em (O, g, 0")) = Em(0(1, 0°) O, O(g, 0"))

> EmO(0" )+~1\1®(g,g ) _ Zu(le" )+ 1(g,0" )
Thus, _H(ZUI g, 0 ) > M
Now, ®x (Il g, 0%) = ®rs (O (lUl 7,0%) = ®1:(0(, 0*) O, ©(g, 0*)) < max{®y,0(1, 0*), ®1,0(g, ")} =

max{(I)H(lag*)a(I)H(g7 )}
Thus, (I, 9, 0%) < max{Px(l,0%),PH(g, 0*)}. Similarly to prove two other operations, hence H is a

DioQNSBS of D;.

Theorem 4.4. If© : Dy — Dy is a homomorphism, then ©(Hy 4)) is a level subbisemiring of DioQNSBS M
OfDQ.

Proof. Let O : ]D)l —> Dy be any homomorphism. Then O(I |4, g, 0*) = O(L, 0*) (O, O(g,0%),0(llH, 9) =

o(l, 0*) O, O(y, and@(lU3g = 0(1,0%) (O3 0(g,0") forall I,g € D;. Let M = ©(H), His a
D10QNSBS of Dl By Theorem [4.2] M is a DioQNSBS of ]D)Q. Let H ) be any level subbisemiring of H.
Suppose that I,g € H; ). Then @(ZU1 9,0%),0(lly, 9) and ©(IlH)3 9) € Hy5). Now, F}TW(@(Z, o)) =
I, ) > t, I(O(g, 0%)) = T (g, 0%) > t. Thus, T3 (6(1, 0*) O, O(, 0%) > Il g,0%) >t

Now, '), (©(1, 0%)) = ! u(l,0*) >, FH v (©(g,0%)) =Ty (g, 0%) >t Thus, I'y,(0(, 0*) ©, O(g, 0%)) >
I} (ZU19@) > t. Now, Iy (O(l, ¢ )): IEJ( 0*) sz (©(n, ))*FF(!J@) < s. Thus,
rf, v(O(,0") O, 0(g,0%)) < T} (lU1 g,0%) < s, for aﬂ o(l, ¢*), (g, ) € Dy. Now, Ay (O(1,0%)) =
AH(l o) > faAM(@)(g 0")) = An, 0") Thus, A (O(, )@1 (9,0%) > Au(ll¥, 9,0%) > t.

: g,0%) > t. Thus, HM( (l,0") ©,0(g,0")) =

")
En(ll, 9,0%) = t. Now, @ (O(l, 0") ‘I’H(l 0") < 5,2m(0(g,0%) = Pulg,0*) < s. Thus,
D0 (0(1, 0%) O, 0(g,0%)) < Pu(lly, g,0") < s, forall O, g*) O(g, 0*) € Dy. Similarly to prove other
operations, hence @(H (m)) is a level subbisemiring of DioQNSBS M of 5.

>t
Now, Zp(0(L, 0*)) = Eu(l, 0*) > t,_M() ( 0%)) = HH(
%)

Theorem 4.5. If© : Dy — Dy is any homomorphism, then H(; sy is a level subbisemiring of DioQNSBS H
0fD1.

Proof. Let © : D; — D, be any homomorphism. Then ©(I |4, g, 0*) = O(l, 0*) O, O(g,0%),0(llH, 9) =
O(1,0%) D4 0(g,0%) and O(IlH;9) = O(l,0") O3 0(g,0") forall l,g € Dy. Let M = O(H), M is
a DioQNSBS of Ds. By Theorem His a DioQNSBS of D;. Let ©(Hy S)) be a level subbisemir-
ing of M. Suppose that O(l, 0*), (g, 0*) € O(Hy ). Then O(Il4, g, 0"), (lU2 g) and ©(llH,9) €
O(Hs,5))- Now, T (1, 0*) = T,(0(, 0%)) > t,T5, ( 0*) = I'3(8(g. 0%)) = t. Thus, T (I, g.0%) =
min{T% (1, 0*), T (g, 0*)} > t. Now, T, (l, 0*) = FHM( (1,0%) > t,T%(g,0") = T%,(O(g,0")) > t.
Thus, T (11, 9. ¢) > “elbeflae) > ¢ Now. I(Le") = I§(O(L ") < 5,Th(g.0")
I3 (0(g, 0) < s. Thus, T (11, g, 0") = T, (0(1, 0") O, O(g, ")) < ma X{FF (1 ,g*)IE,(g, )} <,
for all [,g € Di. Now, Ap(l,0") = Aunm(©(,0%)) = tAH(ga *) = Aw(O(g.0*) > t. Th
Ay, 9,0%) = min{Ax(l, 0%), An(g,0")} > t. Now, Ex(l,0%) = Em(O(,0%)) = t,Enu(g,0") =
20(0(g,0")) = t. Thus, Eg(lly, g,¢") > ZHCEIEEELEL > ¢ Now, @pr(l,0%) = ®ar(O(1, 0"))
5, @ (g, 0") = ®m(0(g,0")) < s

Thus, ®x (114, 9,0") = 2m (O, 0*) O, O(g, 0*)) < max{Pu(l,0*),Pu(g,0*)} < s, foralll,g € D;.
Similarly to prove other two operations, hence H; ) is a level subbisemiring of DioQNSBS H of ;.

5 Conclusion:

The concepts DioQNSBS is developed. We proposed the extension of fuzzy subbisemiring over bisemiring.
Presenting a homomorphism fuzzy subbisemirings of subbisemirings to DioQNSBSs of subbisemirings is the
major objective of this work. Consequently, in the future, we should consider the applications of interval
valued soft neutrosophic subbisemirings.
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