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Abstract

The concept of symbolic n-plithogenic algebraic matrices as symmetric structures with n+1 symmetric classical
components with the special definition of the multiplication operation. This paper is dedicated to studying the
properties of symbolic 10, and 9-plithogenic real square matrices and 11, 12-plithogenic real matrices from
algebraic point of view, where algorithms for computing the eigenvalues and determinants will be proved. Also,
the inverse of a symbolic n-plithogenic matrix for the special values n=10, n=9, n=11, and n=12 will be presented.

Keywords: symbolic 9-plithogenic matrix; symbolic 10-plithogenic matrix; symbolic 11-plithogenic matrix;
symbolic 12-plithogenic matrix symbolic plithogenic eigenvalue; symbolic plithogenic eigenvector.

1. Introduction

Matrix theory is one of the most important and broad theories in mathematics, as it plays a central role in the
representation of groups and spaces, as well as in Game Theory and computer science.

In previous research works, several generalizations of matrices have been made using fuzzy sets, neutrosophic,
and also plithogenic [1-2].

The different patterns of these matrices have been studied, and this is through many related algebraic concepts
such as diagonalization, algebraic equations, and linear representation [3-5].

The symbolic n-plithogenic sets are considered as fertile ground for the construction of algebraic extensions for
other classical structures such as rings, vector spaces, modules, and equations [6-13,19-22].

The symbolic n-plithogenic matrices for some special values of n have been handled by many authors, see [14-16,
22-23].

We refer to the fact that symbolic n-plithogenic algebraic structures are very similar to neutrosophic and refined
neutrosophic structures, with special multiplication definition, see [23-33].

This motivates us to study the n-plithogenic real square matrices for n=9, n=10, n=11, and n=12, where algorithms
for computing the eigenvalues and determinants will be proved. Also, the inverse of these matrices will be
presented.

For results about symbolic 2-plithogenic matrices, check [14], for 3-plithogenic matrices, check [15], and for other
types, check [16-18].

2. Main Discussion

Definition:

The square symbolic 9-plithogenic matrix is defined as follows:
U=Uy+ X7, UP;; (U)nxn is a square matrix of real entries.
Example.

Consider the symbolic 9-plithogenic matrix:
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Definition.

Let U = Uy + X7_, U;P; be a symbolic 9-plithogenic matrix of size n x n, hence:

5wl (32

i i=0 i=0

! 2 1 4 3 h
l)—det(Z UL) P3 + |det ZUL>—det ZUE> P4
| L =0 =0 -

i=0
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3
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(3 (3
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det Z i) — det (Z Ul-> P, + |det

i= i=0
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+ | det (Z Ui> — det (Z UL-> P,
L i=0 i=0 E
Theorem1.
Let U = U, + Y7_, U;P; be a symbolic 9-plithogenic matrix of size n x n, hence:
1. U isinvertible if and only if det U is an invertible symbolic 9-plithogenic real number.
2. Ut =Up  + [Cheo U) ™ = Up P+ [ UD ™! = Bl UD TP + [, UD T =
- - - -1 - -
(T UDHPs + [(Tha UD ™ = B U 1P + (B, U1) 7 = (o UD 7Y Ps + (T8, U) ™ -
-1
(Zis=0 Ui) ]Ps +[ELU) ™ = o U TP + [P, U) ™ = B0 UD P + [, UD) T =
o UD 1P
Definition.
Let g = go + X1, g:P; be a symbolic 9-plithogenic real number and U = U, + ¥.;_, U;P; be a symbolic 9-
plithogenic square real matrix, then g is called symbolic 9-plithogenic eigenvalue if and only if UY = gY.
Y is called a symbolic 9-plithogenic eigenvector.
Theorem2.
Let g =go+ X1 9P, €9—SPs, Y =Y, +X;_,Y;P, be a symbolic 9-plithogenic real vector, then g is
eigenvalue of U = U, + X7_, U;P; with Y as the corresponding eigenvector if and only if:
Y!_, g: is eigen value of ¥7_, U; with Y/_ Y; as eigen vector with 0 < j < 9.

Theorems3.
1 n 2 n 1 n 3 n 2 n
Un = U0n+P1 (Z UI.) —Uon + (Z UL) —<Z Ul> P2+ (Z Ul) —(Z Ul) P3
i=0 i=0 i=0 i=1 i=0
[, 4 n 3 n [ 5 n 4 n [ 6 n 5 nj
R (z Ui) - (Z Ui> Pt (Z Ui> - (z Ui) Py + (Z ui) _ (z Ui) P,
i=1 i=0 i=1 i=0 i=1 i=0
- 7 n 6 n: - 8 n 7 n'_ e 9 n 8 n:
() -] ) e e (3] ()
| \i=1 i=0 ] | \i=1 i=0 ] | \i=1 i=0 |
Theorem4.

Let U = U, + X7_, U;P; be a square 9-plithogenic invertible real matrix, then:
1). det(U™Y) = (detU)™?

2). detU® = detU

3). det(U.B) = detU.detB;B = By + Y;_, B;P;.

Definition.

Let U = Uy + X7_, U;P; be a symbolic 9-plithogenic real square matrix, then:
A is called orthogonal if and only if Ut = U1,

Theoremb.

U is orthogonal if and only if Z{:o U;; 0 <j <9 are orthogonal.
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Definition.

Let U = U, + Y;_, U;P; be a symbolic 9-plithogenic complex square matrix, then U is called Hermit matrix if
U= M)t =01

Theorem6.

U is Hermit matrix if and only if 3}/_  U;; 0 < j < 9 are Hermit matrices.

Proof of theoreml.

1). LetU = Uy + X7_, U;P;, then U is invertible if and only if there exists V = V, + ¥'7_, V;P; such that:

U XV = U,y hence:

UOVO = Unxn

1 1
DU Vi= Uyl = O
i=0 =0
2 2 1 1
DU V=D U Vi= O
i=0 =0 i=0  i=0
3 3 2 2
U; Vi — U; Vi = Onxn
i=0  i=0 i=0  i=0
4 4 3 3
U; Vi — U; Vi = Onxn
i=0 =0 i=0  i=0
5 5 4 4
U; Vi — U; Vi = Onxn
i=0 =0 i=0  i=0
6 6 5 5
U; Vi — U; Vi = Onxn
i=0 =0 i=0  i=0
7 7 6 6
Ui Vl - Ui VL = Onxn
i=0 =0 i=0 =0
8 8 7 7
Ui Vi— Ui Vi = Onxn
i=0  i=0 i=0  i=0
9 9 8 8
DU V=D U Vi= O
i=0  i=0 i=0 i=0
This implies that:
; UOVO = Unxn

;1<j<9
Z Z'= nxn

Hammmdzhom)¢0fma”1sjs9ﬁommdﬁa0BhwmﬁMﬂn9—S&.
2). It holds directly as follows:

V= (3, U) for1<j <9, hence:
Ut =Up ™ + [Eho U) ™ = Up P+ [(EE0 U) ™! = (Bl UD TP + (B, UD) T =
(T UD P + [(Tha UD ™ = BLo U 1P + (B, 0) 7 = (o UD ™Y P+ (S8, U) ™ -
(8520 U) ] Po + (BT UD™ = (B U)™11Py + (S8, U)™ = (5o U™ 1Py + (82, U) ™ =
(B, U)11Ps.
Proof of theorem?2.

It is clear that g is an eigen value of U with Y as an eigen vector if and only if:
A.Y = g.Y, which is equivalent to:

U0Y0 90Y0
j
Z ZY-—Z%ZK
i=0 i=0

VVhIChIS eqU|vaIentto
37

Doi: https://doi.org/10.54216/1JNS.220204
Received: June 28, 2023 Revised: August 19, 2023 Accepted: September 28, 2023



https://doi.org/10.54216/IJNS.220204

International Journal of Neutrosophic Science (IINS) Vol 22, No. 02, PP. 35-53, 2023

Y!_ g: is an eigen value of ¥./_ U; with ¥.J_ ¥; as an eigen vector forall 1 < j < 9.
Proof of theorems3.

It holds easily.

Proof of theorem4.

1). detU™! = det(U,™") + Py[det (Tl U) ™t — det(Uy™")] + [det (X2o, Up) ™ — det(Ti—o U) t1P, +
-1
[det(Ti, U) ™" — det(Xio U)HPs + [det (i, U) ™ — det(Xi-, UD~HP, + [det(Zi":l u) -
_ _ -1 _ _
det (T U)™| Py + [det (B8, U™ — det(E8oUp) | Po + [det (S, U™ = det(R8, U '1P, +
[det (X5, U™ — det(XoU) " MPs + [det (X7~ UD) ™! — det(X8_ U) 1Py = (detU)™™.
2).Ut = Uy + U,'P, + U, Py + U Py + U, Py + Ust Py + Ug Py + U, P, + Ug Py + Uy P,

detUt = det(U,") + [det(Tiso Ui") — det(Uy")|Py + [det (T, Ui) — det(Tio U)|P, + [det (T3, USF) —

det(X2o Ui)|Ps + [det(Tio Uit) — det(Tio U Py + [det(Tio Ut) — det (Ti=o Ui)]Ps +
[det(Te_ Uit) — det (X7-o Ui*)|Ps + [det(T7=o Uit) — det (X5 UiY)|Py + [det(Z5o U*) —

det (X7-o U )|Ps + [det(Ti-o U) — det (&, Ui Py = det(Uy) + [det(Ti—o Uy) — det(Uy)]P; +
[det(X?_, Up) — det(X oo UDP, + [det(Xi, Uy) — det(XF_, U)]P; + [det(Tio Up) — det(Ti, UDIP, +

[det(Z?=o Ui) —det(Ti, Ui)]Ps + [det(2?=0 U) — da(Z?:o Ui)]Pe + [det(X7, U;) — det(Xg-, UDIP; +

[det(XF_, U;) — det(T7- UD1Pg + [det(R7_, U;) — det(XP_, U;)]Py = detU.
3). we have:
U.B =UyBy + [X1o Ui Xl Bi = UpBolPy + [Xioo Ui Y7o B — Xio Ui Xico Bil P2 + [X7_0 Ui o B —
o Ui Yo BilPs + [Xico Ui Xico Bi — Xio Ui Xi—o BilP, + [Z?:o Ui X0 Bi — X0 Ui Xiso Bi]PS +
(X80 Ui 2o Bi — Xio Ui Xizo Bi|Ps + [X1=o Ui X0 Bi — 2o Ui X0 BiP; + [X5 U; X80 B —
o0 Ui Xi=o BilPg + [Xi=o Ui Xi=o Bi — Xi-o Ui X BilPo.
det(U.B) = det(UyB,) + [det(X}_o U; Y- B;) — det(UoBy)1P; + [det(Xi_o U; Xi=o B;) —
det(Xi—o U; Xizo B)IP; + [det (T U; Xioo By) — det(Xio U; i B)1Ps + [det (Xio U Xiso By —
det(Bi_o U; Xi_o B)IP, + [det (3o U; Xiog By) — det (Bi—o U; Tioo B)|Ps + [det(Te_o U; Xy B;) —
det (T30 U; X5z Bi)|Ps + [det (B7-o U; X1—o B)) — det (T5_o U; T8_o B)IP; + [det(TE o U; T8 B) —
det (21'7_:0 U; Yoo Bi)]_Ps + [det(Xi-, .Ui Yi-0B) — de_t (X0 U; X230 B)1Py = det(Uy)det(B,) +
[det(Z)_, U;). det(Z)_, B;) — det ()21 Ui_y). det(T)2) Bi_1)|P: = det(U)det(B); 1 <j < 9.
Proof of theorem5.
U is orthogonal if and only if U = U™, hence:
Ut + 2., U= Uy + [(Zilzo Uyt - Uo_l]P1 + [0 U) ™ = Qo UD) MNP + (B, U) ! =
-1
(T UD P + [(Tha UD ™ = B U 1P + (B, U) 7 = (o UD ™Y P + (S8, U) ™ -

(5520 U) ™| o [(ETe1 U™ = (B UD ™M1y + (5 U™ — (S U 1Py + [(Boy U™ —
X8, U)~1]P,, thus:
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U()t — UO—].
1 _1
W{ZQ—%*
i=0
2 -1 1 -1
#=(3) -
i=0 i=0
3 -1 2 -1
i=0 i=0
4 -1 3 -1
oi=(Zu) -(2v)
i=0 i=0
5 -1 4 -1
<
=(3) (8
i=0 i=0
6 -1 5 -1
=(3) ()
i=0 i=0
7 -1 6 -1
w=(50) ()
i=0 i=0
8 -1 7 -1
w-(30) ()
i=0 i=0
9 1 8 -1
(5] (5
o \i=0 i=0
This implies that:
Uot — UO—I
iUt = Gl U)™!
ZoUf =, U)?
Ut = Chou)t
Uit = CoU)™!
_1,.
L'5=0 Uit = (Zi5=0 Ui)
Ut = o U)!
TooUf = Qo U)™t
ol =L U)t

o Uit = (X U)™
Definition:

The square symbolic 10-plithogenic matrix is defined as follows:
U= U+ X2 UiP;; (U pxn is square matrix of real entries.

Example.
Consider the symbolic 10-plithogenic matrix:

v=(3 o+ Dl e

(0 )+ e+ e

Definition.

)5+C}:Q&+C1:Q&+

Let U = Uy + %12, U;P; be a symbolic 10-plithogenic matrix of size n x n, hence:
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det(

detU = det(U,) + P+

{3

i=0

2
det (Z U;

i=0

,.
||MH
o

Ul> det(Uy,)

\_/

3 4 3
+ |det (Z Ul> det( ) P; + |det (Z Ul> det (Z Ul> P,
i=0 l= E i=0 i=0
5 h 6 5
+ det( Ul> det( ) Ps + |det (Z Ul> det (Z Ul> Pg
i=0 A i=0 i=0
7 b 8 7
+ det( ) det( ) P, + |det (Z Ul> (Z U; || Pg
i i=0 i=0
. 10 9
+ |det (Z i) —det (Z Ul) Pg + det( i> —det< Ul> P10
L i=0 i=0 R L i=0 i=0 g

Theorem6.
Let U = Uy + Y12, U;P; be a symbolic 10-plithogenic matrix of size n x n, hence:
1. Uisinvertible if and only if det U is an invertible symbolic 10-plithogenic real number.
2. U =Up + Qo U = U P+ [T U™t = B0 UD) TP + (B, U)™ —
-1
(S0 U 7P + (S, U™ = o UD TP + [(BL0U) T = Bl UD T P + | (X8, UD T -
-1
(550 U0) | Pe + (B U™ = (B8 U 1Py + [(B0ey U™ — (B0 UD™1Ps + (50, U™ —
o U)™HP + (X U) ™ = X0 U)Pio
Definition.
Let g = go + 212, g:P; be a symbolic 10-plithogenic real number and U = U, + X2, U;P; be a symbolic 10-
plithogenic square real matrix, then g is called symbolic 10-plithogenic eigen value if and only if UY = gY.
Y is called symbolic 10-plithogenic eigenvector.
Theorem?.
Letg = go + X712, g:P; € 10 — SP;, Y =Y, + 212, Y, P, be a symbolic 10-plithogenic real vector, then g is eigen
value of U = U, + Y12, U;P; with Y as the corresponding eigen vector if and only if:
Y!_, g: is eigen value of ¥/_, U; with ¥7_ Y; as eigen vector with 0 < j < 10.

R O V) b
N S R
LG]SR AR

ORI

Let U = Uy + Y12, U; P; be a square 10-plithogenic invertible real matrix, then:
1). det(U™Y) = (detU)?!

2). detU® = detU

3). det(U.B) = detU.detB;B = B, + %.}2, B;P;

Definition.

Let U = Uy + Y12, U;P; be a symbolic 10- plithogenic real square matrix, then:
A is called orthogonal if and only if Ut = U1,

Theorem10.

U is orthogonal if and only if ¥:)_, U;; 0 < j < 10 are orthogonal.

Definition.

Let U = U, + %72, U;P; be a symbolic 10-plithogenic complex square matrix, then U is called Hermit matrix if
Ur=W)yt=u1t
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Theorem11.

U is Hermit matrix if and only if Z{:o U;; 0 <j < 10 are Hermit matrices.

Proof of theorem6.

1). LetU = Uy + X12, U;P;, then U is invertible if and only if there exists V = V, + ¥1%, V;P; such that:
U XV = U,y hence:

UoVo = Unxn

1

1
DU Vi= Uyl = O
i= =0
1 1
Vi= D Ui ) V= Opn
i=0 i=0
2 2

3

U D Vi= ) Ui ) Vi = Open

i=0 i=0 i=0 i=0

5 5 4 4
U D Vi= ) Ui ) Vi = Open

Ji=0 i=0 i=0 =0

6 6 5 5
Ui Vl - Ui VL = Onxn

i=0  i=0 i=0 =0

7 7 6 6
U; Vi— U; Vi = Onpxn

i=0 i=0 i=0 i=0

8 8 7 7
U; Vi — U; Vi = Onxn

i=0 i=0 i=0 i=0

9 9 8 8
Ui Vi— Ui Vi = Onxn

i=0  i=0 i=0  i=0

10 10 9 9
DU V= D U ) Vi Oy

i=0 i=0 i=0 i=0

This implies that:
UOVO - Unxn

;1<j<10
Z Z'z nxn

Hence det(2i=0 U;) # 0 forall 1 <j < 10, so that det(U) is invertible in 10 — SPg.
2). It holds directly as follows:

J_ Vi = (2, U;) for1 < < 10, hence:
Ut =Uy ™ + (Bl U) ™ = U P+ (B0 UD) ™ — Bleo UD P + (B, UD T -
(B2 U)TPs + [(BEy UD ™ = (T U TP + (S5, 0) 7 = Bl U P+ [(B8, 007 -
(250 U) ] Po + (B UD™ = (B0 U7 1Py + (B2, U™ — (BLo U ™1Py + (S0, U™ =
(B0 UD ™Ry + (B2 U™ — (B2 UD 1Py,

Proof of theorem?.
Itis clear that g is an eigen value of U with Y as an eigen vector if and only if:
A.Y = g.Y, which is equivalent to:

U0Y0 90Y0

! 1<j<10
Z ZY-—ZQLZYL

i=0 i=0 i=0
Whlch is equivalent to:
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Z{:o g; is an eigen value of Z{:o U; with Z{:o Y; as an eigen vector forall 1 < j < 10.
Proof of theorem8.
It holds easily.
Proof of theorem9.
1). detU™! = det(U,™") + Py[det (Tl U) ™t — det(Uy™")] + [det (X2o, Up) ™ — det(Ti—o U) t1P, +
-1
[det (X7, UD™" — det(XF-o Up) " 1P; + [det (Ti, U) ™ — det(Bio UD ™ '1P, + [det(Z;Zl U) -
_ _ -1 _ _
det (T U)™| Py + [det (B8, U™ — det(E8oUp) | Po + [det (S, U™ = det(R8, U '1P, +
[det(EP-, U) ™" — det(X]_o U) " 1Ps + [det (i, UD ™" — det(Ei-o U) 1Py + [det (Xi2, UD) ™" -
det(Z?zO Ul‘)_l]Plo - (detU)_l
2. U =Upt + U'Py + Uy Py + U3 Py + Uy Py + Ust P + Ugt Py + U, P, + Ug P + Ug' Py + Uyt Pyy.

detU' = det(Uy") + [det(Tio Ui*) — det(Up)|P, + [det(TZoUi) — det(Ti—o UiY)|P, + [det(Tio U') —

det(X2o U;)|Ps + [det(Tio Uit) — det(Tio U |Py + [det(Tiio U') — det (oo Ui')]Ps +
[det (X5, U;") — det (3o Ui")|Ps + [det(R7-o U;*) — det (B8, U;*)|P; + [det (T, UiF) —

det (X7-o U;")|Ps + [det(T_o U) — det (TEo Ui)|Ps + [det(Ti U') — det (Ti-o U;i*)|Pyo = det(Uy) +

[det(Xi_o U;) — det(Up)]P; + [det(Xi-o Uy) — det(Xiso UDIP, + [det(Xi_o Uy) — det(Xi-o Uy)1Ps +

[det(Xio U;) — det(Xi_, UD]P, + [det(2i5=o Ui) —det(Ti, Ui)]Ps + [det(2?=o U — det(Z?:o Ui)]Pé +
[det(X7-o U;) — det(Xi—o U)IP; + [det(Ti-o Uy) — det(X]-o U)1Pg + [det(T-o U;) — det(Tio U)]Py +

[det(Xi2 U;) — det(X7_, U)]Pyo = detU.
3). we have:
U.B = UyBy + [Xi-o Ui Xi=o Bi = UoBolPy + [XFo U; Xi—o B; — Xi=o Ui Xizo BilP; + [Xi-o U; Xiso B; —
o Ui X2 0BiPs + [To Ui Xto Bi — Yo Ui X0 BilPy + [2i-0 Ui Xi-o Bi — Yoo Ui Xio Bi|Ps +
[Z?=O Ui ZL'6=0 Bi - ZiS:O Ui Zis:(] Bi]P6 + [ l?=0 Ui Zl?=0 Bi - Zié:() Ui 21'6:0 Bi]P7 + [Zig:() Ui Zl'8=0 Bi -
T=o Ui Xloo BilPs + [X72o Ui Xizo Bi — Xioo Ui Xi=o Bil Po + [X12 Uy X120 B — Y=o U Xi=o BilPio-
det(U.B) = det(UyB,) + [det (X}, U; Xi—o B;) — det(UyBy)]1P; + [det(Ti=y U; Xizg B;) —
det(Tioo Ui Xizo BIIP, + [det (TP, U; Yoo By) — det (i U; oo B)IPs + [det (X U o By) —
det(Xioo Ui Xio BDIP, + [det (X3 U; Xi-o B;) — det (Bioo U; Xico B)|Ps + [det(Te_o U; X5-o By) —
det (Ziszo U; Ziszo Bi)]PG + [det(ﬂ:o Ui 21'7:0 B;) —det (Z?:o U; Z?:o B)1P; + [det(Z?zo U; Z?:o B;) —
det (X7_o U; X-0 B)1Pg + [det(X7_, U; X7-o By) — det _(Z?:o Ui X% B)1Py + [det(Xi2 U; Xi% B:) —
det (z_?zo U; ¥, B)1Pyo = det(Up)det(B,) + [det(T)_, U;).det(Ti_, B:) —
det(X1-1 U;_y).det(X)2) B;_1)|P: = det(U)det(B); 1 < j < 10.
Proof of theorem10.
U is orthogonal if and only if U* = U™, hence:
Ut + T U P = Uy + Gl U = Uy P+ [CRo UD ™ = Clo UD)THP, + (B, U)E —
(R UD™Ps + [y UD ™ = BLoU) TP+ [(Z5,0) 7 - Cho U™ Py + [ U -
(T Ui)_l] Ps+ [l U) ™ = B0 UD P + [, UD ™ = (B0 UD) P + (B2, U) ™! =
CLoUD Py + [R5 U) ™ = (-0 UDM]Pyo, thus:
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Uy = (Z Ul->_ -

This implies that:
Ut =U,™"

U = Qo U)!

Ui = (B U™

oUif = (B U™

ol = ChoU)™

\ L'5=0 Uit = (Zi5=0 Ui)_l’

o U = (XU

TooUf = Qo U)™t

o Ui = B U™

= Ui = (B U)™

U = U)t

Definition:

The square symbolic 11-plithogenic matrix is defined as follows:

U= U+ X2 UiP;; (U)nxn is square matrix of real entries.

Example.

Consider the symbolic 11-plithogenic matrix:

u=(3 9+G Dr+C e+ PG Da+(Cy e+ et
(O3 e+ TR+ TP+ e

Definition.

Let U = Uy + Y12, U;P; be a symbolic 11-plithogenic matrix of size n x n, hence:
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detU = det(U,) + P+

(S0 -n(S)

i=0 i=0

1
det (Z Ul> det(Uy,)

P; + |det

g oo ( o) ()
o) o) )
() ( )l else(2) (2w
(2 (e () oe(20)

P,

- 11 10 ]
+ det(Z Ul) —det(Z Ul) P11
Theorem12. ) ) _

Let U = Uy + Y12, U;P; be a symbolic 11-plithogenic matrix of size n x n, hence:
3. Uisinvertible if and only if det U is an invertible symbolic 11-plithogenic real number.
4. U =Up  + [CLoUD ™ = U P+ [0 U) ™! = Bimo UD TP + (B, UD ™ —

R UDTPs + [Ty UD ™ = BLoU) TP+ [(Z8,0) 7 - Cho U Py + [, U -
(B50U) ] Po + (71 UD™ = (B U M1Py + (55 UD™ = (B0 U ™M1Pg + (52, UD ™" =
(B0 UD711Ps + (T2 UD™ = (B0 UD ™ MPro + [(BE, U™ = (210 UD11Py,

Definition.

Let g = go + Y12, g:P; be a symbolic 11-plithogenic real number and U = U, + Y2, U;P; be a symbolic 11-

plithogenic square real matrix, then g is called symbolic 11-plithogenic eigen value if and only if UY = gY.

Y is called symbolic 11-plithogenic eigenvector.

Theorem13.

Letg = go + X2 1gLP € 11 — SP;, Y =Y, + X212, Y;P; be a symbolic 11-plithogenic real vector, then g is eigen

value of U = U, + Y12, U;P; with Y as the corresponding eigen vector if and only if:

Y!_,9: iseigen value of ¥/_, U; with 3}__ Y; as eigen vector with 0 < j < 11.

Theorem14.

Let U = Uy + Y12, U;P; be a square 11-plithogenic invertible real matrix, then:

1). det(U™1) = (detU)?

2). detUt = detU

3). det(U.B) = detU.detB;B = B, + Y.}1, B;P;.

Definition.

Let U = Uy + Y12, U; P; be a symbolic 11- plithogenic real square matrix, then:

Ais called orthogonal ifand only if Ut = UL,

Theorem15.

U is orthogonal if and only if $/_, U;; 0 < j < 11 are orthogonal.

Proof of theorem12.

1). Let U = Uy + Y12, U;P;, then U is invertible if and only if there exists V = V, + Y12, V;P; such that:

U XV = Up,yp, hence:
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UoVo = Unxn
1

i=

Vi

I
=

)
- ) <)
e I I
~ ~ 0
| |

M-

= =
“II-

=

-
o
~
]
(=]
-
(=]

S
w Il

3
Ui ) Vi— E Ui ) Vi
i=0 i=0 i=0 i=0
5 5 4 4
Ui ) Vi— E Ui ) Vi
i=0 i=0 i=0 i=0
6 6 5 5
Ul Vl - Ul VL
i=0 i=0 i=0 i=0
7 7 6 6
Ul Vl - Ul VL
i=0 i=0 i=0 i=0
8 8 7 7
Ul Vi - Ul VL
i=0 i=0 i=0 i=0
9 9 8 8
Ul Vl - Ul VL
i=0 i=0 i=0 i=0
10 10 9 9
Ui ) Vi= ) Uy ) V;
i=0 i=0 i=0 i=0
11 11 10 10
§ Ui E Vi— ) Ui ) Vi

i=

o
o

L?O_ i _0 i=
This implies that:
; UOVO = Unxn

;1<
Z Z'z nxn

1
DU Vi= Uyl = O
=0

(%1Xﬂ

i = Onxn

= Onxn

i = Onxn

i = Onxn

= Onxn

= Onxn

= Onxn

= Opxn

<11

Hence det(Zizo U;) # 0 forall 1 <j < 11, so that det(U) is invertible in 11 — SPs.
2). It holds directly as follows:

j j -t ; :
V=, U;) for1l<j<11,hence:
Ut =U,""+ [(Z%:o U)= -

Proof of theorem13.

Up '[Py + [(BEo U™ = (Bizo UD THIP, + (R, UDTF -
(C20 U ™1Ps + [(Bhy U™ = (B UD TP + (35, 0)
(B0 U) | P+ [Ea U™ = (T, UD TP
CLoUD P + [ U) ™ —

Lo UDT P+ (B, U) T -

+ [, U) ™ - (Z o U P + [T U) ™ —
Co U™ P + [, UD) ™ = (B2 U) ™ HPyy.

Itis clear that g is an eigen value of U with Y as an eigen vector if and only if:
A.Y = g.Y, which is equivalent to:

U0Y0 90Y0

! 1<j<11
Z ZY—Z%ZK

i=0 i=0
Whlch |s equwalent to:

Z{:o g: is an eigen value of Z{zo U; with Z{zo Y; as an eigen vector forall 1 < j < 11.
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Proof of theorem14.
1). detU™t = det(Uy™") + Py[det(Tio U) ™t — det(Uy™1)] + [det (B2_, U™t — det(Ti—o U) 1P, +
[det(X7_, U) ™" — det(TEo Up)tP; + [det (Ti, UD ™! — det(Bi, U) 7Py + [det(Zill Uz)_l -
det (o U™ Ps + [det (B8, UD™ — det(5oUp) | Po + [det (87, U™ — det(R8, U)™1IP, +
[det(X{-; UD ™" — det(Xi_o U) 1P + [det (X3, Up) ™" — det (o U) 1Py + [det (T2, U™ —
det(Xi_o U) HPyo + [det(Ti2, U) ™t — det(Xi2, U)"11P,, = (detU) 2.
2). Ut = Uyt + U,'Py + Uy Py + U Py + Uy Py + UstPs + Ut Py + U, Py + Ug Py + Uy Py + Uy Py +
U11tP11-
detU' = det(Uy") + [det(Tioo U;") — det(Up")|Py + [det(TE, Ui) — det(Tizo Ui)|P, + [det(Tio U") —
det(T2oUi")|Ps + [det(Tio Uit) — det(Tio UiY)|Py + [det (T, U*) — det (Tio Uit)]Ps +
[det(Te_o Uit) — det (X7-o Ui*)|Ps + [det(T7=o Uit) — det (X5 U;")|Py + [det(T5o U*) —
det (X7 U;")|Ps + [det(Ti-o U") — det (T8 U*)| Py + [det(Ti2 UiF) — det (Xi-, Ui*)|Pyo +
[det (X2, U;") — det (312 Ui*)|Piy = det(Up) + [det(Xi, Uy) — det(Up)]P; + [det(RE, Uy) —
det(Tizo UDIP, + [det(Ti, Up) — det(XFo U1P; + [det(Ti, Up) — det(Ri, UDIP, + [det(Xi-, U;) —
det(Xi, Ui)]PS + [det(2?=o U — det(2i5=o Ui)]P6 + [det(X7_ Up) — det(Xf-, UDIP; + [det(XP, U;) —
det(X7_o U)1Ps + [det(Xi_, U;) — det(T, UDIPs + [det(Xi2, Up) — det(Xi~o U)1Pyo + [det(Xi2, Up) —
det(T2, Uy)]Py, = detU.
3). we have:
U.B = UyBy + [Xioo Ui Xi=o Bi = UoBolPy + [XF_o U; Xi=o Bi — Xi=o Ui Xizo Bi1P; + [Xi-o U; Xiso B; —

o Ui Yo BilPs + [Xioo Ui Xt Bi — X3 Ui X0 BilPy + [X7-0 Ui X2 Bi — Xioo Ui Xico Bi|Ps +
(260 Ui X0 Bi — Yoo Ui Xm0 Bi|Ps + [X1=o Ui X0 Bi — X8 Ui X80 BilP; + [ Ui oo B —

T Ui X0 BilPs + [Xi-0 Ui Xico Bi = Xi=o Ui X0 BilPo + [X120 Ui X120 Bi — Y=o Ui Xm0 BilPio +
[ 11=10 Ui 21,1210 Bi - 21120 Ui 21120 Bi]Pll-
det(U.B) = det(UyB,) + [det(X]_o U; Xi—o B;) — det(UyBy)1P; + [det(Ti—o U; Xz B;) —
det(Xioo Ui Xizo BIIP, + [det (T3, U; Yoo By) — det(Xioo U; oo B)IPs + [det (X U Xino By) —
det(Tio Ui Xio B)IP, + [det (X7 Ui Xioo Bi) — det (Tioo U Tioo B)|Ps + [det(Te_o U; Xioo B)) —
det (T30 U; Xizo Bi)|Ps + [det (B7-o U; X1—o B)) — det (T5_o U; T8_o B)IP; + [det(TEo Ui T8 B) —
det (X7_o U; Y=o B)1Ps + [det(Ti—o U; Xi—o B;) — det (X9_o U; Xi-o B)1Ps + [det (T2, U; X120 B)) —
det (X3~ U; Y= B)1Pyo + [det(Xi2o U; XiZo By) — det (Xi2 U; %12 B)1Pyy = det(Uy)det(B,) +
[det(X_, U)). det(X)_, B;) — det(X)2} Ui_y).det (X)) Bi_1)|P; = det(U)det(B); 1 <j < 11.
Proof of theorem15.
U is orthogonal if and only if U* = U™, hence:
U + X2 U P = U + [(Bo UD ™ = Up P + [(Tio UD ™ — (Bioo UD MR, + (B, UD) -
(B2 U)TPs + [(BEy UD™ = (TR U TR + (S5, 0) 7 = Bl UD Y P+ (B8, 0071 -
(T Ui)_l] Ps+ [l U) ™ = B0 U) P + (B, UD ™ = (B UD) P + (R, U) ! —
LU MNPy + [Bi2 U) ™ = C-o UD) MPo + [Ci2, U) ™ = B12 UD) M Pyy, thus:
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U()t — UO—].
1 -1
A (Z Ui> - U,
i=0
2 - 1 -1
w=(50) ()
i=0 i=0
3 -1 2 -1
i=0 i=0
4 -1 3 -1
i=0 i=0
5 -1 4 -1
i=(Z) -(2Y)
i=0 i=0
) 6 -1 5 -1
i=0 i=0
7 -1 6 -1
i=0 i=0
8 -1 -1
o-(8)
i=0
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This implies that:
Uot = Uo_1

iz Ui" = Qs U)™
foUf = U)t
o Ui = QLo U)™
ol = ChoU)™
L'5=0 Uit = (Z?=0 Ui)_l
Uit = (B Uy~
TooUf = Qo U)™t
ol = (B U)™!
= Ui = (B UD)™
l_120 Uit = (Zilgo U™
\ i1=10 Uit = (lezl(] Ui)_1
Definition:

...
1]
o

A

The square symbolic 12-plithogenic matrix is defined as follows:
U = Uy + Y12, U;iP; ; (U nxn is square matrix of real entries.

Example.
Consider the symbolic 12-plithogenic matrix:
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u=(3 o)+ Dl el TG Dar(Cy () ne
(g LAY e L iy L L L i

Definition.

LetU = UO +Zl151 UL'P,: be

a symbolic 12-plithogenic matrix of size n X n, hence:
1 2 1
detU = det(U,) + [det Z UL-> —det(Uy) | P, + |det (Z ) — det (Z UL-> P,

P; + |det

{3y 0) a3 ) [ 30
RPXREN) (
(2510)-ae{ Qo) {30

o
o
o
o

i= i=

- T 10 ] 2 Y]
+ det( Ui> — det (Z UL-> P+ det( UL-> _ det( Ui>
L i=0 i=0 A i=0 i=0
Theorem16.

Let U = U, + Y12, U;P; be a symbolic 12-plithogenic matrix of size n x n, hence:
1. U isinvertible if and only if det U is an invertible symbolic 12-plithogenic real number.
2. Ut =Up  + [Cheo U) T = Up P+ [0 UD ™! = Bl UD TP + [, UD T =
-1
2o U7 Ps + [(Biy UD ™ = BLoUD TP+ [(B5,0) 7 = Gl U™ Py + [, U -
(850 UD) | Po + [ UD ™ = (B UDTUP, + (08 Up) ™ = (BT U TM1Pe + [(B, UD ™ —
LU MNPy + [BI2 U) ™ = C-o U P + [ U™ = Bl UD Py + (B2, U) =
Q2o UD)HPy,
Definition.
Let g = go + Y12, g;P; be a symbolic 12-plithogenic real number and U = U, + Y12, U;P; be a symbolic 12-
plithogenic square real matrix, then g is called symbolic 12-plithogenic eigen value if and only if UY = gY.
Y is called symbolic 12-plithogenic eigenvector.
Theorem17.
Letg = go + X2, 9:P; € 12 — SP;, Y =Y, + Y12, Y;P; be a symbolic 12-plithogenic real vector, then g is eigen
value of U = U, + Y12, U;P; with Y as the corresponding eigen vector if and only if:
!_,9: is eigen value of ¥./_  U; with ¥7_ Y; as eigen vector with 0 < j < 12.
Theorem18.

n n n n

U™ =Uy" + P, (iUL) — U™ |+ (im) —(iul) P, + (2 ) (i”l)

i=0 i=0 i=0 i=0
[/ 4 n 3 n] [, 5 n 4 n] 6 5 n
+ (ZUL) —(ZUi> P, + ( Ui> —( Ui) Ps + ( Ui) —(ZUL) Pg
i=1 i=0 i=1 i=0 i=1 i=0
[ 7 n 6 n [, 8 n 7 n [, o n 8 n
+ (zui) _@fi) - (Zul) —(Zul) - ( Ul> ( UL) P,
| i=1 i=0 i=1 i=0 i=1 i=0
[, 10 n 9 n 11 n 10 n
() (S e B - -
| \i=1 i=0 | i=1 i=0
[, 12 n 11 n]
| \i=1 i=0
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Theorem19.

Let U = U, + Y12, U;P; be a square 12-plithogenic invertible real matrix, then:

1). det(U™1) = (det U)™?
2). detUt = detU

3). det(U.B) = detU.detB; B = B, + Y12, B;P..

Proof of theorem16.

1). Let U = U, + Y12, U;P;, then U is invertible if and only if there exists V = V, + Y.}, V;P; such that:

U XV = Upyp, hence:
UOVb:: Uﬁxn

1
DU V- Ul =
i=0 i=0
2 2 1 1
202 Vim QU
i=0 i=0 i=0 i=0
3 3 2 2
Ul Vl - Ul VL
i=0 i=0 i=0 i=0
4 4 3 3
Ul Vi - Ul VL
i=0 i=0 i=0 i=0
5 5 4 4
Ul Vi - Ul VL
i=0 i=0 i=0 i=0
6 6 5 5
Ul Vi - Ul VL
i=0 i=0 i=0 i=0
7 7 6 6
Ul Vi - Ul VL
i=0 i=0 i=0 i=0
8 8 7 7
Ul Vl - Ul VL
i=0 i=0 i=0 i=0
9 9 8 8
Ul Vi - Ul VL
i=0 i=0 i=0 i=0
10 10 9 9
Ul Vi - Ul VL
i=0 i=0 i=0 i=0
11 11 10 10
Ul Vl - Ul VL
i=0 i=0 i=0 =0
12 12 11 11
PN EIADN
i=0_  i=0 i=0 i=0
This implies that:
UoVo = Unxn

Onxn

Onxn

i = Onxn

= Onxn

i = Onxn

i = Onxn

i = Onxn

i = Onxn

= Opxn

= Opxn

i = Onxn

i = Onxn

] J
;1<j<12
DU Vi= U
i=0 i=0

Hence det(X)_, U;) # 0 forall 1 < j < 12, so that det(U) is invertible in 12 — SP.

2). It holds directly as follow:

; ; -1
I Vi= (T, U;) for1<j<12, hence:

S:

Ut =0 + [Choo UD ™ = Up P+ (R0 UD) ™ = (Bl UD TP + (B, UD T =
(T UD P + [(Tha UD ™ = B U 1R + (B, 0) 7 = (o UD ™Y P+ (S8, U) ™ -
(Z50U) | Po + (BT UD™ = (B U)™HIP, + (B8, UD™ = (B U™ M1Pe + (B2, UD ™" =
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Qe UDMP + [ UD™ — o U) M P + [ UD ™ — Gl U) Py + [Ci2 U) ™ -
CEoUD Py,

Proof of theorem17.
Itis clear that g is an eigen value of U with Y as an eigen vector if and only if:
A.Y = g.Y, which is equivalent to:

UoYs = 900
j j j j
;1< <12
DU Y= g )
i=0 =0 i=0 =0

Which is equivalent to:
Z{:o g; is an eigen value of Z{:o U; with Z{zo Y; as an eigen vector forall 1 < j < 12.
Proof of theorem18.
1). detU™! = det(U,™") + Py[det (Tl U) ™t — det(Uy™")] + [det (X2o, Up) ™ — det(Ti=o U) t1P, +
[det(X3, U)™ — det(XioU)Ps + [det (T, U) ™ — det(Xi-, UD P, + [det(ZiS:1 Ui)_l -
det(Sioo U ™| Ps + [det (B8, UD™ = det(E5U) ™ | Po + [det (R, U™ — det (B8, U T1P, +
[det(X{-, U) ™" — det(R-o U) ' 1Pg + [det (X7_; U) ™" — det (N5 U) 1Py + [det (T2, U) ™" —
det(Xi=o UD ' 1Pio + [det(Ti2, U) ™" — det(Ti2, U) 7Py, + [det (B2, U™ — det (X2, U) ' 1Py, =
(detU)~ 1.
2. Ut =Uy  + U*Py + Uy Py + Us'Py + U Py + Ust P + Ugt Py + U, Py + Ug Py + Ug Py + Uyt Py +
U1 Py + Up"Pry.
detUt = det(Uy") + [det(Tiio Ui") — det(Uy") Py + [det (T, U) — det(Tho UiY)|P, + [det(B3, U) —
det(X2o U;")|Ps + [det(Tio Uit) — det(Tio U Py + [det(Tiio U') — det (oo Ui')]Ps +
[det(25-o Ui*) — det (230 Ui*)]Ps + [det(Z7=o Us¥) — det (B8 Ui*)|P; + [det(Z, UiF) —
det (X7-o U;")|Ps + [det(Ti_o U) — det (T8, Ui)| Py + [det (T UY) — det (Bi-o Ui")|Pyo +
[det(2i1=10 Uit) —det (Zilgo Uit)]Pn + [det(2i1=20 Uit) —det (Zzl=10 Uit)]P12 = det(Up) + [det(Xi_, U;) —
det(Up)1P, + [det(XF-, U;) — det(Xioo UDIP, + [det(Tio Uy) — det(Xio, U1Ps + [det(Tio U;) —
det(Xi o UDIP, + [det(Zis=0 Ui) — det(¥i, Ui)]Ps + [dEt(Z?=o U;) — det(Z?:o Ui)]Pe + [det(X]-o Uy) —
det(Tf_o UDIP; + [det(XP_, Up) — det(X]-o U 1Ps + [det(Xi-, U;) — det(Xi_, UD1Py + [det(XTi% U;) —
det(Ti_, UD1Pyo + [det(Xi2, Uy) — det (X2, U)1Py; + [det(Ti2, Up) — det(Ti, Up)1Py, = detU.
3). we have:
U.B = UyBy + [Xioo U; Xico Bi = UpBol Py + [Xig U; oo Bi — Xizo Ui Xico BilP, + [Xio U Xio B —

o Ui Yo BilPs + (oo Ui Xioo Bi — oo Ui Zio BilPy + [Xi-0 Ui Xm0 Bi — Xioo Ui Tino Bi|Ps +
(X80 Ui X0 Bi — Xio Ui Xizo Bi|Ps + [X1o Ui X0 Bi — 2o Ui Xeoo BiP; + [X5 Ui X0 B —

o Ui Xlo BilPs + (X7 Ui Yoo By — oo Uy 280 Bil Py + [X12 U; 212 B — X2 U; X7~ BilP1o +
[Xi2o Ui X120 Bi — X2 Ui X120 BilPiy + [Xi20 Ui X120 By — %120 U; X120 Bi1Pyy.
det(U.B) = det(UyB,) + [det(Zi—o U; Xi—o B;) — det(UpBo)]1P; + [det(Xi- Ui Xi=o B;) —
det(XiooU; Xico B)IP, + [det (T U; Xio By) — det(Xi-o U; Yoo BDIPs + [det (Tioo U; Xio By) —
det(TioU; 3o B)IP, + [det(Tioo U Xioo Bi) — det (Tio Ui Tioo B)|Ps + [det(Ti_o U; Teoo By) —
det (Z?:o Ui Yo Bi)]Ps + [det (X0 U; X720 B)) — det (Xf-o U; Xi-o BOIP; + [det(Xf_o U; X B;) —
det (X7 U; X7 B)1Pg + [det(X7_o U; X3~ By) — det (X34 U; X80 BD1Py + [det(Xi2 U; %12 B;) —
det (Xi-o Ui Xi=o B)1P1o + [det(XiZo U; XiZo B) — det i Ui Zilgq B)1Pyy + [det(TiZ, U; £iZo B)) —
det (3io U; X120 B)]Py, = det(Uy)det(B,) + [det(ZLO Ui)- det(Z{:Q Bi) -
det(T/21 Uiy).det(T)2) Bi_1)|P: = det(U)det(B); 1 < j < 12.
Proof of theorem19.
U is orthogonal if and only if U* = U™, hence:
Ut + XL USP = Uy + [Blo UD ™ = U Py + (B0 UD) ™ = (Bioo UD) MR, + (B, UD ™ —
(2o UDTPs + [Ty UD™ = Lo U) TR+ [(E5,0) 7 = Cho U™ Py + [ U -
(T Ui)_l] Ps + [E U™ = B0 UD7HP, + [, UD ™ = B UD) P + (B2, U)™F =

(Z?:O U)™py + [(21121 U)~t-— (Z?:O U)1Py, + [(211:11 Uyt - (21120 U)Py + [(Zgl Uyt —
(Xi2o U)71Py2, thus:
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)
\]n
I

s
1

U()t — UO—].
1 -1
0t = (Z Ui> Uy
i=0
2 - 1 -1
o-(8) (5
i=0 i=0
3 -1 2 -1
i=0 i=0
4 -1 3 -1
i=0 i=0
5 -1 4 -1
(5] -(2)
i=0 i=0
6 -1 5 -1
Us' = ( Ui) - Ui>
A =0 i=0

1
o

=
N————

|

g

=
N—————

LR
. =

....

M-
=
NG
|

o |l
o

|

[

N
I
g
=
~_—
|
Z S
I
=
~_—

=0
10 -1 9 -1
Uy,! = ( Ui> - (Z m)
i=0 i=0
11 -1 10 -1
Up" = ( Ui) - ( Ui)
i=0 i=0
12 -1 11 -1
Uy, = (Z Ui> - ( m)
i=0 i=0
This implies that:

Ut =U,™"
U = CloU)™
o U= ChoU)™
o U= X u)™
Ut = (B U)™!
i5=0 Uit = (2510 Ui)_l
Uit = B U™
i7=o Uit = (Zl?:o Ui)_l
o U = QLo U)™
Uit = (B U)™!
i1£0 Uit = (21120 Ui)_1
20U = Qi U)™!
20U = Tz U)™!
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3. Conclusion

In this research work, we studied symbolic plithogenic matrices for the special values n=9, and n=10, where we
presented many new results related to their invertibility, and the calculation of eigenvalues and eigenvectors
corresponding to them, by studying the algebraic relations between their classical symmetric components.

In future studies, we aim that the diagonalization and representation of these matrices will be handled and
presented.
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