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Abstract

In this article, we first establish a few relationships among neutrosophic interior, neutrosophic closure, neutrosophic
pre-open sets, and neutrosophic pre-closed sets in single-valued neutrosophic topological spaces. Thereafter, we
defined neutrosophic pre- T, space, neutrosophic pre- T; space, and neutrosophic pre- T, space based on
single-valued neutrosophic topological spaces and studied a few properties and relationships among them. We try to
establish some relationships between existing neutrosophic separation axioms and newly defined neutrosophic
pre-separation axioms. Finally, we study some hereditary properties of pre-separation axioms. Apart from these, we
also explore some results implementing neutrosophic pre-open function, neutrosophic pre-continuous function,
neutrosophic pre-irresolute function and neutrosophic pre*-function based on our defined definitions.
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1. Introduction:

The thought of a fuzzy set was revealed by L.A. Zadeh[22] in the year 1965 and a generalized model of a fuzzy set,
known as the intuitionistic fuzzy set, was published by K. Atanassov[1] in 1986. Afterward, the notion of a
neutrosophic set was developed and studied by Florentin Smarandache[13,14,15]. A neutrosophic set is entangled
with three membership functions which are the truth-membership function, falsity-membership function, and
indeterminacy-membership function. It is noteworthy that all these three neutrosophic components are impartial to
one another. After Smarandache had brought the idea of neutrosophy to light, it was studied and taken in advance by
many researchers[3,12,21] across the globe. There are some innate difficulties in the earlier methods (classical or
fuzzy) because of the deficiency of parameterizing tools and so, those methods are insufficient to deal with several
real-life problems. These problems can be handled in a more general and suitable way with the help of neutrosophic
theory.

In 2012, Salama & Alblowi[16] revealed the idea of neutrosophic topological space as an extension of intuitionistic
fuzzy topological space developed by D.Coker[6] in 1997. Later, a number of notions related to neutrosophic
topological spaces had been developed by several researchers[7,9,10,17,18]. Rao & Rao[11] introduced the concepts
of neutrosophic pre-open and pre-closed sets in 2017 and thereafter, Arokiarani et al/[2]. developed the idea of
neutrosophic pre-open, pre-closed, and pre-continuous functions. In recent years, separation properties were
studied by some researchers[5,8,19,20]. In 2020, Ahu and Ferhat[4] introduced and studied the concept of
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pre-separation axioms in neutrosophic soft topological spaces. From the above discussion, it has been clear that the
separation axioms in neutrosophic topological spaces via neutrosophic pre-open sets have not been studied so far.

In this article, our primary motive is to define and learn about the separation axioms using neutrosophic pre-open
sets which we shall call neutrosophic pre-separation axioms. But, before proceeding to that, we set up a few
definitions and propositions based on neutrosophic interior, neutrosophic closure, neutrosophic pre-open sets, and
neutrosophic pre-closed sets in section 3, which will be utilized in studying neutrosophic pre-separation axioms. In
section 4, we define neutrosophic pre-T, space, neutrosophic pre-T; space, neutrosophic pre-T, space and study
their various properties. We try to establish some relationships between neutrosophic separation axioms[8] and
neutrosophic pre-separation axioms. We also study some hereditary properties. Apart from these, we establish some
significant results implementing some functions such as neutrosophic continuous function, neutrosophic
pre-irresolute function, neutrosophic pre*-continuous function. In section 5, we bestow a conclusion.

The article is organized by conferring some basic notions in section 2. In section 3, we establish some results in
connection with single-valued neutrosophic sets. We then define neutrosophic subspace with example and
investigate some properties. In section 4, we define neutrosophic Ty, T;, T,-spaces and study various properties. In
section 5, we confer a conclusion.

2. Preliminaries:

First Definition:[13] Let X be the universe of discourse. A neutrosophic set A over X is defined as A =
{6, T3(%),34(x), Fa(x)): x € X}, where the functions T,,7,,F, are real standard or non-standard subsets of
170, 1%, ie.,, T3 X > 170, 1%, s X » 170, 1%, F.: X » 170, 1% [ and 0 < T (x) + I, (x) + Fu(x) < 3.

The neutrosophic set A is characterized by the truth-membership function 7, indeterminacy-membership
function 74, falsehood-membership function F,.

Second Definition:[21] Let X be the universe of discourse. A single-valued neutrosophic set A over X is defined
as A = {(x, T, (x),34(x), F4(x)): x € X}, where T3,3,, F, are functions from X to [0,1] and 0 < T, (x) + I, (x) +
Fa(x) < 3.

The set of all single-valued neutrosophic sets over X is denoted by N (X).

Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued neutrosophic set.

Third Definition:[10] Let A4, B € NV (X). Then

(i) (Inclusion): If T, (x) < Tz(x),d4(x) = T5(x), F4(x) = Fg(x) forall x € X then A is said to be a
neutrosophic subset of B and which is denoted by A € B.

(i) (Equality): If A S B and B € A then A = B.

(iii) (Intersection): The intersection of A and B, denoted by A N B, is definedas AN B =
{0 Ta () ATp(x), T4 (X) V Tp(x), Fa(x) V Fp(x)): x € X}

(iv) (Union): The union of A and B, denoted by A U B, is definedas AU B = {{x,T;(x) vV
T (%), Ja(x) A Jp (%), Fa(x) A Fp(x)): x € X}

(v) (Complement): The complement of the NS A, denoted by A€, is defined as A° = {{x, F,(x),1 —
Ja(x), Ty(x)): x € X}

(vi) (Universal Set): If T, (x) = 1,9,(x) = 0,F,4(x) = 0 forall x € X then A is said to be
neutrosophic universal set and which is denoted by X.

(vil) (Empty Set): If T,(x) = 0,94(x) = 1,F,(x) =1 forall x € X then A is said to be
neutrosophic empty set and which is denoted by @.

Fourth Definition: [16] Let {4;:i €A} € V' (X), where A is an index set. Then
(1) Uiea A; = {{x, Viea Ta, (%), Niea 94, (%), Aien Fa,(X)):x € X}
(i) Niea Ai = (X, Niea T2, (%), Viea Ta, (%), Viea Fpy(X)):x € X}

Fifth Definition:[12] Let MN(X) be the set of all neutrosophic sets over X . An NS P=
{(x, Tp(x), Ip(x), Fp(x)): x € X} is called a neutrosophic point (NP, for short) iff for any element y € X, Tp(y) =
a, I, (Y)=BFp(y)=y for y=xandTp(y) =0,7p(y)=1,Fp(y) =1 for y#x, where 0<a<10<
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B < 1,0 <y < 1. A neutrosophic point P = {{x, Tp(x), Jp(x), Fp(x)): x € X} will be denoted by x,p,. For the
NP x4 4,, x will be called its support. The complement of the NP x, 5, will be denoted by (x4p,)¢. An NS P =
{(x, Tp(x),Ip(x), Fp(x)): x € X} is called a neutrosophic crisp point (NCP, for short) iff for any element y € X,
Tp(¥) =1,7p(y) = 0,Fp(y) =0 for y = x and Tp(y) = 0,5p(y) = 1L, Fp(y) = 1 for y # x.
First Proposition:[8] Let X,Y,Z be three sets such that @ # Z €Y € X. Let A € N(X) and {Ay: 1 e} c
N (X), where A is an index set. Then

(1) (Uzea ADly = Uzea (Aaly). () (Naca A)ly = Naca (Aaly).

(i) Aly = (Aly)“. (i) (Aly)lz = Alz-

Sixth Definition:[17] Let X and Y be two non-empty sets and f: X — Y be a function. Also let A € M(X) and
B € N (Y). Then
1. Image of A under f is defined by
fQA) ={y.fTDW), fUDY), (A= f(1=F))¥)):y € Y}, where

_ (upTCix € £} if f0) %0
FEDo = {5 A
_ (Ui € F0) if £0) %0
faom = {7 AN S
(1= (- F)0G) = {ilnf{TA(x):x ef(m} i]]: ;:183 z g

2. Pre-image of B under f is defined by
fHB) = {0, fH(TR) (), f T (Tp) (), f~H(Fp) (x)): x € X}

Seventh Definition:[10] Let T € V' (X). Then t is called a neutrosophic topology on X if
(i) @ and X belong to 7.
(i) Arbitrary union of neutrosophic sets in 7 isin 7.
(iii) Intersection of any two neutrosophic sets in T is in .

If T is a neutrosophic topology on X then the pair (X, 1) is called a neutrosophic topological space (NTS,
for short) over X. The members of t are called neutrosophic 7-open sets (neutrosophic open sets or open sets, for
short) in X. If for an NS A, A€ € 7 then A is said to be a neutrosophic 7-closed set (neutrosophic closed set or
closed set, for short) in X.

Eighth Definition:[10] Let (X,7) be aNTS and A € NV (X). Then the neutrosophic
(i) interior of A, denoted by int(A), is defined as int(A) =U{G:G € T and G < A}.
(ii) closure of A, denoted by cl(A), is defined as cl(A) =N {G: G € T and G 2 A}.

First Theorem:[11] Let (X,7) be aNTS and A € N (X). Then.

(i) A is aneutrosophic pre-open set (NPO, for short) in X ifand only if 4 & int(cl(A)).

(ii) A is a neutrosophic pre-closed (NPC, for short) set in X if and only if cl(int(A)) c A

(iii)) A isan NPCsetin X if and only if A° is an NPO set in X.

(iv) Every neutrosophic open set in an NTS is an NPO set.

(vi) Every neutrosophic closed set in an NTS is an NPC set.

(vi) Arbitrary union of NPO sets in X is an NPO set in X.

(vi) Arbitrary intersection of NPC sets in X is an NPC set in X.

If G is an NPO (resp. NPC) set in XX then we may also say that G is a 7-NPO (resp. 7-NPC) set.

Ninth Definition:[2] Let f: X - Y be a function from an NTS (X, 7) to an NTS (Y, o). If f(G) is an NPO set in
X for every neutrosophic open set G in X then f is called a neutrosophic pre-open function.

Tenth Definition:[2] Let f:X — Y be a function from an NTS (X,7) to an NTS (Y, 0). If f~1(G) is an NPO set
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in X for every neutrosophic open set G in Y then f is called a neutrosophic pre-continuous function.
Eleventh Definition:[9] Let f: X - Y be a function from an NTS (X,7) to an NTS (Y, 0). If f~1(G) is an NPO
setin X for every NPO set G in Y then f is called a neutrosophic pre-irresolute function.

Twelfth Definition:[8] Let (X,7) be an NTS. Let @ #Y € X and 7|, = {G|y: G € T}. Then (Y, 7|y) is an NTS.
The topology 7|y is called the neutrosophic subspace topology of ¥ and the NTS (Y, t|y) is called a neutrosophic
subspace (or a subspace, for short) of the NTS (X, 7). Members of 7|, are called 7|y-open sets in Y. An NS 4 €
N (Y) such that A° € 7|y is called a t|,-closed setin Y.

Thirteenth Definition:[8] Let (¥, 7 |,) be a neutrosophic subspace of an NTS (X,t) and A € N (Y). Then the
neutrosophic interior of A, denoted by int,(A4), is defined as int,(4A) =U{G:G €1 |, and G S A} and the
neutrosophic closure of A, denoted by cl,(A), is defined as cl, (A) =N {G:G° €T |, and G 2 A}.

Fourteenth Definition:[8] A property of an NTS (X, 7) is said to be hereditary if whenever the space X has that
property, then so does every subspace of it.

Second Proposition:[8] Let (¥, 7 |,) be a neutrosophic subspace of an NTS (X,7) and A € N(Y). Then A4 is
T |y-closed NS iff A = F |, for some t-closed NS F in X.

Fifteenth Definition:[8] An NTS (X, 7) is called a neutrosophic

(1) To-space (NTy-space, for short) iff for any two NPs x, g, and y,r g, 7, x #y, there exists a U € 7 such that
Xapy €U, Yo' g1, & U orthereexistsa V €t suchthat x, 5, €V, yorpr, s €V.

(ii) Ty-space (NT;-space, for short) iff for any two NPs x5, and y,r g7 ,r, x # y, there exists a U € T such
that x, 3, € U, 4,7 & U and there existsa V € Tsuchthat x, 5, € V, yorpr, €V.

(iii) T,-space or neutrosophic Hausdorff space (NT,-space or Hausdorff space, for short) iff for any two NPs
Xapy and Yor pgror, x # y, there exists U,V € T such that xop, €U, Yorpr,y €V and UNV = Q.

3. Some Important Results:
First Proposition: Let (Y, 7 |,) be a neutrosophic subspace of an NTS (X, 7). Then

(1) clx(G) ly= cly (G |y) for every G € N (X), where cly (G |y) is the 7 |y-closure of G |, and cly(G) is the
T-closure of G.

(i) intyx(G) ly=inty (G ly) for every G € N (X), where inty(G |y) is the 7 |y-interior of G |, and inty(G)
is the t-interior of G.

Proof: (i) cly(G) ly=[N{F:F is a t-closed NS and G € F}] |y = N{F |y: F is a 7-closed NS and G < F} [by I*
Prop., Sec2] = N{F |y:F |y isa 7 |y-closed NS and G |,S F |,} [by 2™ Prop., Sec 2] = cly (G Iy).

(ii) inty(G) ly=[U{A: A is a T-open NS and A € G}] l,= U{A |y: A is a T-open NS and A € G} [by 1% Prop.,
Sec2] = U{A Iy:Aly isa T ly-open NS and A I,C G |y} [by 12" Def., Sec 2] = inty (G Iy).

Second Proposition: Let (¥, 7 |y) be a neutrosophic subspace of the NTS (X,7) and A € N(Y). Then 4 is a
T ly-NPC setin Y iff A° isa T |y-NPOsetin Y.

Proof: A is a 71]y,— NPC set & cly(inty(A)) CA&s A°C [cly(intY(A))]C = intY((intY(A))C) =
inty (cly(A9)) © A° € inty(cly (A9)) © A° isa T [,-NPO set.

Third Proposition: Let (Y, T |y) be a neutrosophic subspace of the NTS (X, ). Then
(i) Glyisatl|y-NPOsetin Y for every T-NPO set G in X.

(i) G ly isa t|,-NPCsetin Y for every T-NPC set G in X.

18
Dot: https://doi.org/10.54216/1]JNS.220202
Received: March 12, 2023 Revised: June 02, 2023 Accepted: September 02, 2023




International Journal of Neutrosophic Science (IINS) Vol 22, No. 02, PP. 15-28, 2023

Proof: (i) G is a T-NPO set in X = G C inty(cly(6)) = G 1y [inty(cly(®))] Iy= G 1,E inty(clk(G) ly) [by
1% Prop.(ii), sec 3] = G I, S inty(cly (G ly)) [by 1% Prop.(i), Sec 3] = G |y isa 7 |,-NPO setin Y.

(i) G is a T-NPC set = G° is a 7-NPO set = G° |, is a 7 |,-NPO set [by 3 Prop.(i), Sec 3] = (G Iy)° is a
T |y-NPO set [by 1% Prop., Sec 2] = G |y isa 7 |y-NPC set in Y[by 2" Prop., Sec 3].

First Definition: Let (X, ) be an NTS and A € NV (X). Then the neutrosophic
(i) pre-interior of A, denoted by Pint(A), is defined as Pint(A) =U {G: G isan NPO setin X and G S A}.

(ii) pre-closure of A, denoted by Pcl(A), is defined as Pcl(4) =N {G: G isan NPC setin X and G 2 A}.

Second Definition: Let (X,7) and (X, T*) be two NTSs. If every T-NPO set in X is a T°-NPO set in X then T is
said to be pre-coarser than 7* (denoted by T < %) or T* is said to be pre-finer than = (denoted by t* > 7).

Example on Second definition: Let X={ab} , T ={0,X} and T={0,X A} , where A=
{(a,1,0,0),(b,0,1,1)}. Obviously both (X,7) and (X,7*) are NTSs. It is also clear that every T-NPO set is a
T7*-NPO set. Therefore, T is pre-coarser than t*, i.e., T" is pre-finer than t.

Third Definition: Let f:X — Y be a function from an NTS (X, 7) to an NTS (¥, 0). If f~1(G) is a neutrosophic
open set set in X for every NPO set G in Y then f is called a neutrosophic pre*-continuous function.
Fourth Definition: Let (X,7) be an NTS and x, 5, be an NP in X. Then A is said to be a pre-neighbourhood of

Xqp, 1ff there exists a 7-NPO set B such that x, 5, € B € A.

Fourth Proposition: (X,7) be an NTS and A € X. Then A is an NPO set in X iff for every NP x
exists a T-NPO set B such that x, EBCA.

Proof: Necessary part: Obvious.
Sufficient part: Since for every NP x, 5., € A, there exists a 7-NPO set B such that x, 3, € B S A, so A=U {B: B

is an 7-NPO set and x,z, € B}. Since the arbitrary union of NPO sets is an NPO set, A is an NPO set.
Fifth Propesition: In an NTS, every NPO set is a pre-neighbourhood of each of its NP.
Proof: Obvious

apy € A, there

aBy

4. Neutrosophic Pre-separation Axioms:

First Definition: An NTS (X, 1) is called a neutrosophic pre-T,-space (NPT,-space, for short) iff for any two NPs
Xapy and Yor gror, x # y, there exists an NPO set U in X such that x, 3, € U, y, 5,7 & U or there exists an

NPOset V in X'such that xo 5, €V, 457, €V.

Example on First Definition: Let X = {a,b} and 7 = {@,X, 4, B}, where A = {(a, 1,0,0),(b,0,1,1)} and B =
{(a,0,1,1),(b, 1,0,0)}. Clearly the NTS (X, ) is an NPT,-space.

First Proposition: Let 7 and t* be two neutrosophic topologies on a set X such that 7* is pre-finer than 7. If
(X,t) isa NPT,-space then (X,7*) is also an NPT,-space.

Proof: Let x, 5, and Y,/ 47,7, x # y, be two NPs in X. Since (X,7) is a NPT,-space, so there exists a 7-NPO set
G in X such that x, 5, € G, Y45, & G or there exists a T-NPO set H in X such that x, g, € H, Yo' g7, € H.
Since 7 is pre-finer than 7, so every 7-NPO set in X is a °-NPO set in X. Thus for any two NPs x, g, and
Ya' 'y’ I X such that x # y, there exists a 7°-NPO set G such that x, 5, € G, Y4 g7, € G or there exists a
7°-NPO set H such that x, 5, € H, Y, g7, € H. Hence (X,7") is also an NPTy-space.

Second Proposition: Let (X, 7) be an NTS. If X is NT,-space then X is an NPT,-space.
Proof: Let x5, and y,r pr,7, X # ¥, be two NPs in X. Since (X,7) is a NTy-space, so there exists a 7-open NS

G in X such that x € G, Yo gy € G or there exists 7-open NS H in X such that x, 5, € H, Yo, € H.
19
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Since every neutrosophic open set is an NPO set [by 1* Th., Sec 2], so for any two NPs x, 5, and yor g1, X # Y,
there exists a 7-NPO set G such that xop, € G, Yo g7, € G or there exists a 7-NPO set H in X such that
Xapy € H, Yo g, € H. Hence (X,7) is an NPTy-space.

Remark on Second Prop.: Converse of the 2™ proposition “Let(X, 7) be an NTS. If X is NT,-space then X is an
NPT,-space” is not true in general.

We establish it by the following counter example.
Let X = {a,b} and T = {@, X}.Clearly (X, 1) is not an NT,-space.

Wshow that (X,7) 1is an NPT, -space. Let a
{{a, 1,0,0),(b,0,1,1)}. Obviously, A € N'(X), a

apy and bgrpror be two NPs in X a#b. Also let 4=

a.By € A but ba’,ﬁ',y' E A.

Now, int(cl(A)) = int()?) = X 2 A. Therefore A is an NPO set inX. Thus for any two NPs Agpy and by pro,

a # b, there exists an NPO set 4 in X such that a, g, € A but by g1, & A. Therefore (X, 7)is an NPTj-space.

Thus the NTS (X, 1) is an NPTj-space but not an NT,-space.

Third Proposition: Let (X,7) be a NPT,-space. Then every neutrosophic subspace of X is an NPT,-space and
hence the property is hereditary.

Proof: Let (Y,7]|y) be a neutrosophic subspace of (X, t), where t|, = {G|y: G € T}. We want to show (Y, 1]y) is
an NPT,-space. Let xq 5, and y,r g/, be two NPs in ¥ such that x # y. Then x4,V 5, € X, X # y. Since
(X,7) is an NPT,-space, so there exists a 7-NPO set U such that x, 3, €U , Y, g/, & U or there exists a
7-NPO set V such that x, 5, €V, Yo g7, €V. Then (xgp5, € Uly, Yo' g, € Uly) or (Xapy € Vly, Yo' g,y €
V|y). Also by 3" Prop. of Sec. 3, Uly,V|y are 7]|,-NPO sets in ¥ as U and V are 7-NPO sets in X. Thus for any
two NPs x,p, and Yy, g, in Y such that x #y, there exists a 7|, -NPO set Ul|, such that x,p, € Uly,
Ya'p'y' & Uly or there exists a 7|y-NPO set V|, such that x, 5, € V|y, ¥4, € V]y. Therefore (Y,7]y) is a
NPT,-space and hence the property is hereditary.

Fourth Proposition: Let (X,7) be an NTS. Then X is a NPT,-space iff for any two distinct neutrosophic crisp
points x; 90 and y; 00 in X, (x1,0,0)4[Pcl(¥1,0,0)] or (¥1,00)4[Pcl(x1,0,0)]-

Proof: Necessary part: Suppose that the statement (xq0)G[Pcl(y100)] or (¥1,00)3[Pcl(x100)] is false. Then
(¢1,00)9[Pcl(V1,00)] and (V1,00)g[Pcl(x1,0,0)] are true. Now (x100)q[Pcl(V1,00)] = X100 € [PCl(¥100)]° =
X100 € [N{G:G is a T-NPC set and y; 99 € G}]¢ = x1 90 €U {G:G° is a T-NPO set and y; oy & G} = x1 49 &
G°¢ for all T-NPO sets G° such that y; 4o & G€. This ensures that if H is an 7-NPO set such that y; ,, € H then
X100 € H. Similarly (y;00)q[Pcl(x1,)] implies that if K is a 7-NPO set such that x; 5, € K then y; 4, € K.
Thus every 7- NPO set containing one of x; 5, and y; 5, must contain the other. But this is a contradiction to our
assumption that X is a NPT,-space. Therefore (x4 0)q[Pcl(¥1,00)] or (¥1,0,0)3[Pcl(x1,00)]-

Sufficient part: x, 5, and y, .. be any two NPs in X such that x # y. Now, if (x1,00)G[Pcl(y1,0,)] then x;4, €
[Pcl(¥1,0,0)]¢. Obviously, xq g, € [Pcl(y1,00)]°. Obviously y, g, € [Pcl(¥1,0,0)]¢. Since Pcl(y,,) is a T-NPC
set, S0 [Pcl(¥1,00)]¢ is a T-NPO set. Thus there exists a 7-NPO set [Pcl(y1,00)]¢ in X such that x,z, €
[Pcl(¥1,0,0)]¢ but yp, 4 & [Pcl(V1,00)]¢ . Similarly if (y100)g[Pcl(x00)] then there exists a 7-NPO set
[Pcl(x1,00)]¢ in X such that xqp, € [Pcl(x100)]® and yyq, € [Pcl(x00)]¢ . Therefore (X,7) is an
NPT,-space.

Hence proved.

Fifth Proposition: Let f be a bijective neutrosophic pre-open function from an NTS (X, ) to an NTS (Y, 0). If
(X, 1) is NT, then (Y,o0) isan NPT,-space.
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Proof: Let y, ., and y;, q' ' beany two NPs in ¥ such that y1 # y2. Since f is bijective, so there exist two NPs

Xgpy and Xgr g, XU # %%, in X such that f(xgp,) = Vpqr and f(xX2r 5 1) = Y5 v 0. Since X is NTy, so

there exists a T-open NS G such that xérﬁ'y €Qq, xil ', € G or there exists a T-open NS H such that xé_ﬁ_y ¢ H,

xéfﬁf’y, € H. Suppose G exists such that xéﬁ,y € G and xif,ﬁr_yr ¢ G . Since f is a neutrosophic pre-open

function, so f(G) is a o-NPO set such that y,,. =f(xéﬁ'y) € f(G) and yslqu’TI =f(x§/ﬁ/’y,) € f(G).
Similarly, f(H) is a 0-NPO set such that yz}'q'r = f(x;ﬁ'y) & f(H) and y;,'q,_r, = f(x;r”gr'.y/) € f(H). Thus for
any two NPs y, .. and y;,'qr'r, in Y such that y* # y?, there exists a 0-NPO set f(G) such that y; .. € f(G),
yjf’q,j, ¢ f(G) or there exists a 6-NPO set f(H) such that y, ., & f(H), y;,'qr'r, € f(H). Therefore (Y,0) is
an NPT,-space.

Sixth Proposition: Let f be a one-one neutrosophic pre-continuous function from an NTS (X,7) to an NTS
(Y,0).If (Y,0) is NT, then (X, 1) is also an NPT,-space.

Proof: Let xéﬁ’y and xél g, beany two NPs in X such that x! # x2. Since f is one-one, so there exist two NPs
1

2 ~ _ 2 _ .2 - _
y;},q,r and yp',q’,r’a yl * y2: in Y such that f(Xé”B'.y) = yz},q.r and f(xarﬁ/'y/) = ypl'qurl, 1.€., Xa'/;'_y = f I(y;,q,r)
and lelﬁl'yl = f‘l(yjl’q,f,). Since Y is NTy, so there exists a o-open NS G such that y, . € G, y;,'qr'r, € G or

a
there exists a g-open NS H such that y, . & H, yzf,‘ q'+ € H. Since f is a neutrosophic pre-continuous function,
so f71(G) is a T-NPO set in X. Also Y4, € G = [ (Vpqr) € f7HG) = x5 5, € f1(G) and ySI'q!'T.I ¢G>
f_l(y;r'qr'r/) ¢ f 16 = x‘i,ﬁ,‘y, ¢ f~1(G). Similarly f~1(H) isa 7-NPO setin X such that xil’ﬁr'y, € f1(H),

Xgp, € fTH(H). Thus for any two NPs x5, and xél'ﬁ,’y, in X such that x! # x2, there exists a T-NPO set

f~(G) in X such that x5 5, € f71(G), x‘i,ﬁ,‘y, ¢ f~1(G) or there exists a T-NPO set f~1(H) in X such that
Xopy € fTH(H), xi,ﬁ,‘y, € f~1(H). Therefore (X,7) is a NPT,-space. Hence proved.

Seventh Proposition: Let f be a one-one neutrosophic pre-irresolute function from an NTS (X,7) to an NTS
(Y,0).If (Y,0) is NPT, then (X, t) is also an NPT,-space.

Proof: Let xéﬁ’y and xél ', beany two NPs in X such that x! # x2. Since f is one-one, so there exist two NPs

2 : — 2 — ~,2 : 1 — f-
y;},q,r and yp',q’,r’a yl * y2: in Y such that f(Xé”B'.y) = yz},q.r and f(xarﬁ/'y/) = ypl'qurl, 1.€., Xa'/;'_y = f I(y;,q,r)

and xéfrﬁ,’y, = f‘l(ysllq,m,). Since Y is NPT, so there exists a 0-NPO set G such that y, . € G, ysl'q,‘r, ¢G

or there exists a 0-NPO set H such that y, .. & H, y;,'q,_r, € H. Since f is a neutrosophic pre-irresolute function,
so f71(G) is a T-NPO set in X. Also Y4, € G = [ (Vpqr) € f7HG) = x5 5, € f71(G) and ySI'q!'T.I ¢G>
f_l(y;r'qr'r/) ¢gf 16 = x‘i,ﬁ,‘y, € f71(G). Similarly f~*(H) isa t-NPO set in X such that xil’ﬁr'y, € f1(H),

Xgpy € fTH(H). Thus for any two NPs x5, and xél'ﬁ,’y, in X such that x! # x2, there exists a T-NPO set

f~(G) in X such that x5 5, € f71(G), x‘i,ﬁ,‘y, ¢ f~1(G) or there exists a T-NPO set f~1(H) in X such that
Xapy € fT(H), X3r 511 € f71(H). Therefore (X,7) isa NPT-space.

Eighth Proposition: Let f be a one-one neutrosophic pre*-continuous function from an NTS (X, 7) to an NTS
(Y,0).If (Y,o0) is NPT, then (X, t) is an NT,-space.

Proof: Let xéﬁ’y and xél ', beany two NPs in X such that x! # x2. Since f is one-one, so there exist two NPs
1

2 : _ 2 — a2 : — f—
y;},q,r and yp',q’,r’a yl * y2: in Y such that f(Xé”B'.y) = yz},q.r and f(xarﬁ/'y/) = ypl'qurl, 1.€., Xa'/;'_y = f I(y;,q,r)

and xéfrﬁ,’y, = f‘l(ysllq,m,). Since Y is NPT, so there exists a 0-NPO set G such that y, . € G, ysl'q,‘r, ¢G

or there exists a ¢-NPO set H such that y, . &€ H, ys,‘q,,r, € H. Since f is a neutrosophic pre”-continuous
function, so f~*(G) is a T-open NS in X. Also Y, 4, €G = f*(Ypqr) € fH(G) = x45, € f1(G) and
ysl’q,f, ¢G> f‘l(yjl'q,‘r,) ¢ f~1(G6) = xérﬁlyy, ¢ f~1(G). Similarly f~1(H) is a T-open NS in X such that
xélrﬁl’y, € f7Y(H), x4, € f'(H). Thus for any two NPs x, 5, and X;I'Br',yr in X such that x! # x2, there
exists a T—openNSf~'(G) in X such that x5, € f_l(G),x(ZZI’B!'.y! € f~1(G) or there exists a T-—
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open NS f~*(H) in X such that x5, & f~*(H), xi,ﬁ,‘y, € f~(H). So, (X,7) is an NT,-space.

Second Definition: An NTS (X, 1) is called a neutrosophic pre-T;-space (NPT;-space, for short) iff for any two
NPs x4, and y,r .7, x #y, there exists an NPO set U in X such that xop, € U, Yo g7, € U and there

exists an NPO set V in X such that xop, €V, y, 5,7 €V.

Example on Second Def.: Let X = {a,b} and 7 ={@,X,A B}, where A = {(a, 1,0,0),(b,0,1,1)} and B =
{{a,0,1,1),(b, 1,0,0)}. Clearly, the NTS (X,7) is an NPT;-space.

Ninth Proposition: Let 7 and 7* be two neutrosophic topologies on a set X such that 7" is pre-finer than 7. If
(X,t) isan NPT,;-space then (X, ") is also an NPT;-space.

Proof: Let x,p5, and y,r 4,7, x # ¥, be two NPs in X. Since (X,7) is an NPT;-space, so there exists a -NPO
set G in X'such that x, 5, € G, Yo g7,/ & G and there exists a T-NPO set H in X such that x, 5, € H, y,/ 4, €
H. Since t* is pre-finer than 7, so every 7-NPO set in X is a 7°-NPO set in X. Thus for any two NPs x, g, and
Ya' 'y’ I X such that x # y, there exists a T*-NPO set G such that x5, € G, Y,/ 4,7 & G and there exists a
7°-NPO set H such that x, 5, € H, Y, g, € H. Hence (X,7") is an NPT;-space.

Tenth Proposition: Let (X, 7) be an NTS. If X is NT;-space then X is an NPT;-space.

Proof: Let x, 5, and Y47 47,7, x # y, be two NPs in X. Since (X, 1) is an NT;-space, so there exists a 7-open NS
G in X such that x, 5, € G, Yo g7, & G and there exists 7-open NS H in X such that x, g, € H, Yo' g7, € H.
Since every neutrosophic open set is an NPO set, so for any two NPs x5, and y,s .7, x # y, there exists a
7-NPO set G such that x, 5, € G, Yo g7, & G and there exists a T-NPO set H such that x, 5, € H, y,/ 45, €
H. Hence (X, 1) isan NPT, -space.

Remark on Tenth Proposition: Converse of the 10" proposition “Let (X, 7) be an NTS. If X is NT,-space then X
is an NPT;-space” is not true in general.

We establish it by the following counter example.

Let X = {a,b} and T = {@, X}. Clearly (X,7) is not an NT;-space.

We now show that (X,7) is an NPT;-space. Let agp, and by g,/ be two NPs in X a # b. Also let A=
{{a,1,0,0),(b,0,1,1)}and B = {{(a, 0,1,1),(b, 1,0,0)}. Clearly A and B are two NPO sets in X. Thus for any two
NPs a,p, and byrgr\r, a # b, there exists an NPO set A in X such that a, g, € A, by, & A and there
exists an NPO set B in X suchthat a, g, & B, by g7, € B. Therefore, (X,7) isan NPT;-space.

Hence the NTS (X, 1) is an NPT;-space but not an NT;-space.

Eleventh Proposition: Let (X,t) be an NPT;-space. Then every neutrosophic subspace of X is an NPT;-space
and hence the property is hereditary.

Proof: Let (Y,7]|y) be a neutrosophic subspace of (X, t), where t|, = {G|y: G € T}. We want to show (Y, 1]y) is
an NPT;-space. Let x,p, and y,r g, be two NPs in Y such that x # y. Then x,p,,Y4 57,7 € X, x # y. Since

(X,7) is an NPT;-space, so there exists a T-NPO set U such that xo 3, €U , Y, 4, € U and there exists a
7-NPO set V such that x, 5, €V, Yo g7, €V. Then (xgp, € Uly, Yo' g, € Uly) or (Xapy € Vly, Yo' gy €
Vly). Also Uly,V]y are 7|y-NPO sets in Y as U and V are 7-NPO sets in X. Thus for any two NPs x,z, and
Ya'p'y' I Y such that x # y, there exists a 7|y-NPO set U|y such that x,p, € Uly, Yo g7, € Uly and there
exists a 7|y-NPO set V|, such that x4, € Vly, Yo' g7, € V|y. Therefore, (Y,7|y) is an NPT;-space and hence
the property is hereditary.
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Twelfth Proposition: Let (X,7) be an NTS. If every neutrosophic point in X is an NPC set then X is an
NPT ;-space.

Proof: Let x and yorpr,r, be two NPs in X such that x # y. Since every NP is an NPC set, so the

aBy
neutrosophic crisp points x; 5o and y; 5o are NPC sets in X. Then (xl_o_o)c and (yl_oyo)c are NPO sets in X such

[ [ c [ .
that x,pz., € (Y1,o,0) Yo' gy & (Jﬁ,o,o) and X,p5, & (x1,o,o) Yo' gy € (x1,0,0) . Therefore (X,7) is an
NPT, -space.

Thirteenth Proposition: Let (X,7) be an NTS. Then every NCP in X is an NPC set iff X is an NPT;-space.
Proof: Necessary part: Immediate from the 12% prop. of section 4.

Sufficient part: Let x; 4o be an NCP in X. Also let y, 4, € (x1,90)¢ be any NP. Obviously, x # y. Let us consider
an NP x, g, with support x. Since X is an NPT;-space, so for ¥, ., and x, ., there exists a T-NPO set G such
that y, . € G and x5, € G. Since for all a,B,y with 0 <a<1,0<p8<1,0=<y <1, one such G exists,
therefore we must have a 7-NPO set H such that y, ., € H and x, 00 N H = @. Therefore, Vpar € H S (X100)°.
Therefore, by the proposition 3.9, (x;4,)¢ is a T-NPO set and consequently x; ¢, is a 7-NPC set.

Hence proved.

Fourteenth Proposition: Let (X,t) be an NTS. If (X,7) is an NPT;-space then itisa NPT,-space.

Proof: Let x, g, and y,r .7, x #y, be two NPs in X. Since X is NPT;-space, so there exists a T-NPO set U
such that x, 5, € U, Y, gr,» & U and there exists a 7-NPO set such that V' x &V, Yo' 5, €V.Hence (X,7)
is an NPT,-space.

a,By

Remark on Fourteenth Prop.: Converse of the 14" proposition “Let (X,7) be an NTS. If (X, 1) is an NPT,-space
then it is a NPT,-space.” is not true in general.

We establish it by the following counter example.
Let X = {a,b} and 7 = {0, X, A}, , where A = {{(a, 1,0,0), (b, 0,1,1)}. Clearly the NTS (X, ) is an NPT,-space.

We now show that (X, t) is not an NPT;-space.

We first establish that the NCP a;,, is a not an NPC set. We have cl (int(al_o_o)) = cl(A) = X. Therefore

cl (int(al_o_o)) Zagg, i€, A9 is not an NPC set. Therefore by the proposition 4.19, (X,7) is not an
NPT, -space.

Thus the NTS (X, 1) is an NPT,-space but not an NPT, -space.

Fifteenth Proposition: Let f be a bijective neutrosophic pre-open function from an NTS (X, 7) to an NTS (Y, 0).
If (X,7) is NT; then (Y,0) is an NPT;-space.

Proof: Let y, ., and y;, q' ' beany two NPs in ¥ such that y1 # y2. Since f is bijective, so there exist two NPs

Xgpy and Xz s, XU # %%, in X such that f(xgp,) = Vpqr and f(Xp: g 1) =y 0. Since X is NTy, so

there exists a T-open NS G such that xé_ﬁ_y € G, xér gy G and there exists a T-open NS H such that xéﬁ,y ¢

H, le’B!'y! € H. Since f is neutrosophic pre-open function, so f(G) is a 0-NPO set such that y, .. = f (xé_ﬁ_y) €

a
f(G) and y;/,q,m, = f(xli,ﬁ,’y,) € f(G). Similarly f(H) is a 0-NPO set such that y, ., = f(xéﬁ,y) ¢ f(H) and
yjf’q,j, = f(xf[,ﬁ,_y,) € f(H). Thus for any two NPs y, .. and y;,yq,' ¢+ in Y such that y! # y?2, there exists
a 6-NPO set f(G) is such that y, .. € f(G), y;,'qr'r, € f(G) and there exists a 6-NPO set f(H) such that
Vpqr € f(H), ysl,q,‘r, € f(H). Therefore, (Y,0) is an NPT,-space.

Sixteenth Proposition: Let f be a one-one neutrosophic pre-continuous function from an NTS (X, t) to an NTS
(Y,0).If (Y,0) is NT; then (X,7) isan NPT,-space.

Proof: Let xéﬁ’y and xél g, beany two NPs in X such that x! # x2. Since f is one-one, so there exist two NPs
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2 : — 2 — ~,2 : 1 — f-
y;},q,r and yp',q’,r’a yl * y2: in Y such that f(Xé”B'.y) = yz},q.r and f(xarﬁ/'y/) = ypl'qurl, 1.€., Xa'/;'_y = f I(y;,q,r)

and xélyﬁllyl = f‘l(ysl'q,f,). Since Y is NT, so there exists a g-open NS G such that y; .. € G, ysl'q,‘r, ¢G
and there exists a o-open NS H such that yz},q,r € H, y;,_q,_r, € H. Since f is a neutrosophic pre-continuous
function, so f7*(G) and f~'(H) are T-NPO sets in X. Also Yy, €G> [ (Vpqr) €fHGC) 2 x55, €
fHG6) and yor 0 €G> TN ) € FTHG) B X0 g & f7H(G) . Similarly,  xZr g0 € f7N(H) and

Xgp, € fTH(H). Thus for any two NPs x5, and xél'ﬁ,’y, in X such that x! # x2, there exists a T-NPO set

f~(G) in X such that x, 5, € f‘l(G),x;,'Br'y, ¢ f~1(G) and there exists a T-NPO set f~1(H) in X such that
Xopy € fTH(H), xi,ﬁ,‘y, € f~1(H). Therefore (X, 7) is an NPT;-space. Hence proved.

Seventeenth Proposition: Let f be a one-one neutrosophic pre-irresolute function from an NTS (X, 7) to an NTS
(Y,0).If (Y,0) is NPT, then (X, 7) is also an NPT,-space.

Proof: Let xéﬁ’y and xél g, beany two NPs in X such that x! # x2. Since f is one-one, so there exist two NPs
1

Ypqr and y2r oo, yt # y%, in Y such that f(xgp,) = Ypqr and f(x2 g ) = Vor o0y i€, Xapy, = £ 0 gr)
and xélrﬁl’y, = f‘l(yjl'q,f,). Since Y is NPT;, so there exists a 0-NPO set G such that y, ., € G, ysl'q,‘r, ¢G
and there exists a -NPO set H such that yz}‘q'r ¢H, yj,’q,'r, € H. Since f is a neutrosophic pre-irresolute
function, so f~'(G) is a T-NPO set in X. Also Yy, €G> [ (Vpq,) € fHC) = x45, € f(G) and
ysl’q,f, ¢G> f‘l(yjl'q,‘r,) ¢ f~1(6) = xérﬁlyy, ¢ f~1(G). Similarly f~1(H) is a t-NPO set in X such that
xélrﬁl’y, € f7Y(H), x4, € f'(H). Thus for any two NPs x, 5, and X;I'Br',yr in X such that x! # x2, there
exists a 7-NPO set f~*(G) in X such that x5, € f‘l(G),x;,_Br'yr ¢ f~1(G) and there exists a T-NPO set

f~'(H) in X suchthat x5, & f~(H), xélﬁl'y, € f~1(H). Therefore (X,7) is an NPT,-space.

Eighteenth Proposition: Let f be a one-one neutrosophic pre*-continuous function from an NTS (X, t) to an NTS
(Y,0).If (Y,0) is NPT; then (X,7) is an NT,-space.

Proof: Let xéﬁ’y and xélrﬁl’y, be any two NPs in X such that x # x2. Since f is one-one, so there exist two NPs
Vpqr and y;/’qrm/, y! #v2% in Y such that f(xé_ﬁ_y) =yt .- and f(xozlrﬁ/'y,) = yjl'qurl, ie., xé_ﬁ'y = )
and xéI’BI’yI = f‘l(yjl'q,f,). Since Y is NPT;, so there exists a 0-NPO set G such that y, ., € G, ysl'q,‘r, G
and there exists a 0-NPO set H such that yz},q,r ¢ H, yj,’q,'r, € H. Since f is a neutrosophic pre*-continuous
function, so f~*(G) is a T-open NS in X. Also Y, 4, €G = f*(Vpqr) € fH(G) = %45, € f1(G) and
Yorgiwt €G> f o ) € f7HG) > 21 pr s & f71(G). Similarly f~"(H) is a T-open NS in X such that
xéfﬁf’y, € f7Y(H), x4p, € f'(H). Thus for any two NPs x, 5, and X;I'Br',yr in X such that x! # x2, there
exists a 7—openNSf (G) in X such that xzz, € f72(G), xi,ﬁ,‘y, ¢ f~1(G) and there exists a T —

open NS f~*(H) in X such that x5, & f~*(H), xi,ﬁ,‘y, € f~(H). So, (X,7) is an NT;-space.

Third Definition: An NTS (X,7) is called a neutrosophic pre-T, -space or neutrosophic Hausdorff space
(NPT;,-space or N-Hausdorff space, for short) iff for any two NPs x, g, and y,r g/, x # y, there exist two NPO

sets U,V in X suchthat x,p, €U, y,1pr, s €V and UNV = Q.

Example on Third Def.: Let X ={a,b} and 7 = {5,)?,14, B}, where A = {{(a,1,0,0),(b,0,1,1)} and B =
{(a,0,1,1),(b, 1,0,0)}. Clearly the NTS (X, ) is an NPT,-space.

Nineteenth Proposition: Let 7 and 7* be two neutrosophic topologies on a set X such that t* is finer than 7. If
(X,t) isan NPT,-space then (X, t") is also an NPT,-space.

Proof: Let x, 5, and Yo .7, x # ¥, be two NPs in X. Since (X, 7) is an NPT,-space, so there exist 7-NPO sets
G,H such that x,p, €G, y,/p57,» €H and G NH = @. Since T* is finer than 7, so every 7-NPO set is a T*-NPO
set. Thus for any two NPs x,p, and y,r g, in X such that x # y, there exist 7-NPO sets G,H such that
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Xapy €G, Yo' 51, €H and GNH = @. Hence (X,7*) is an NPT,-space.

Twentieth Proposition: Let (X,7) be an NTS. If (X, 1) is an NT,-space then it is an NPT,-space.
Proof: Let x, 3, and Y, g,/ be any two NPs in X such that x # y. Since (X, ) is an NT,-space, so there exist

T-open neutrosophic sets H and K such that x €H ,Yqp, EKand HNK = @. Since every neutrosophic

aBy
open set is an NPO set, so for any two NPs x, g, and y,/ g/, X # y, there exist 7-NPO sets H and K such that

Xapy €H , Yorpr,y €K and HNK = @. Hence (X,7) is an NPT,-space.

Remark on Twentieth Prop.: Converse of the 20" proposition “Let (X,t) be an NTS. If (X,T) is an NT,-space
then it is an NPT,-space” is not true.

We establish it by the following counter example.
Let X = {a,b} and 7 = {@, X}. Clearly (X,7) is notan NT,-space.

We now show that (X,7) is an NPT, -space. Let x,p, and Y,/ g/, be any two NPs in X. Also let A =
{{(a,1,0,0),(b,0,1,1)} and B = {{a, 0,1,1),(b, 1,0,0)}. Clearly A and B are two NPO sets in X such that ANB =
@. Thus there exist NPO sets A and B such that Xapy €A, Yo' gy €EB and ANB = @. Therefore (X,7) is an
NPT,-space.

Thus the NTS (X, 1) is an NPT,-space but not an NT,-space.

Twenty-First Proposition: Let (X,7) be an NPT, -space. Then every neutrosophic subspace of X is an
NPT,-space and hence the property is hereditary.

Proof: Let (Y,7]y) be a neutrosophic subspace of (X, t), where t|, = {G|y: G € T}. We want to show (Y, 7]y) is
an NPT,-space. Let x5, and y,r g/, be two NPs in Y such that x # y. Then x4,V 5, € X, X # y. Since
(X,7) is NPT,-space, so there exist 7-NPO sets U,V such that x5, €U, Y41 g7, €V and UNV =@ . Then
Xapy € Ulys Yar g1y €Vly and (Uly) N (V]y) = (UNV)|y = By = @. Also Uy, V|, are 7|y-NPO sets in ¥ as
U and V are 7-NPO sets in X. Thus for any two NPs x,p, and y,r gz, in Y such that x # y, there exist
7|y-NPO sets Uly, Vl|y such that x, g, € Uly, Y4757, € V]y and (Uly) N (V]y) = @. Therefore, (Y,7|y) is an
NPT,-space and hence the property is hereditary.

Twenty-Second Proposition: Let (X,7) be an NTS. If (X, 1) is an NPT,-space then it is an NPT;-space.

Proof: Let x, 5, and y,/ g, be any two NPs in X such that x # y. Since (X,7) is an NPT,-space, so there exist
7-NPO sets H and K such that x5, € H , Y4157, €K and HNK = @. Since Xqpy €EH and HNK = @, so
Xopy € K. Similarly, y,r g, & H. Thus for any two NPs x, g, and yor g7 7, x # y, there exists a 7-NPO set H
such that x, 5, € H, Y,/ 5,/ & H and there exists a T-NPO K such that x, 3, € K, ¥4 g7, € K. Hence (X,7) is
an NPT;-space.

Remark on Twenty-Second Proposition: Converse of the 22" proposition “Let (X,7) be an NTS. If (X, 1) is an
NPT,-space then it is an NPT;-space” is not true.

We establish it by the following counter example.

Let N be the set of all natural numbers and V' (N) be the set of all neutrosophic sets over N. Also let N =
{(x,1,0,0):x € N} and @ = {(x,0,1,1): x € N}. Let T be the set containing @ and all those neutrosophic sets over
N whose complements are finite. Then (N, 1) is a co-finite NTS. Since N is an infinite set and since (N, ) is a
co-finite NTS, so by the 2™ lemma of section 4, (N,7) is not an NPT,-space. We show that (N,7) is an
NPT;-space. Let x4, and Yo g7, be any two NPs in N such that x # y. Since ((xly()’o)c)c = X; 0,0, a finite NS,
80 (x10,0)¢ is a 7-open NS and therefore, a 7-NPO set. Clearly, y,r g7, € (x1,00)¢ and xgp5, & (X1,00)-
Therefore, (x1,,)¢ ia a T-NPO set such that y,r pr.r € (x100)¢ and xg g, & (x1,00)°. Similarly, (y100) ia a

7-NPO set such that y,r 70 & (¥1,00)¢ and x4 5, € (¥1,00)¢- Therefore, (N, 1) is an NPT;-space.
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Thus (N, 7) isan NPT;-space but not an NPT,-space.

First Lemma: In a co-finite NTS, every finite set NS is an NPC set.

Proof: Let (X,7) be a co-finite NTS and let U be a finite NS in X. As U = (U°)€ is a finite set, so U is a
neutrosophic open set, i.e., U is a neutrosophic closed set. Since every neutrosophic closed set is an NPC set,
therefore U is an NPC set.

Remark on First Lemma: From the above lemma “In a co-finite NTS, every finite set NS is an NPC set” it is clear
that in a co-finite NTS, an NPO set is a neutrosophic set whose complement is a finite neutrosophic set. Therefore,
in a co-finite NTS, an NPO set is a neutrosophic open set.

Second Lemma: If X is an infinite set then the co-finite NTS (X,7) is not an NPT,-space. Proof:
Suppose that (X, ) is an NPT,-space. Then for any two NPs x, g, and y,r g,/ in X such that x # y, there exist
7-NPO sets G, H such that Xepy € G, Yo' gy’ € H and G N H = @. Since (X,7) is a co-finite NTS, so G,H are
neutrosophic open sets[by remark on 1% lemma] and their complements, i.e., G¢, H¢ are finite neutrosophic sets.
Now GNH=0= (GNH) = (0)°= G°UH® =X, which is not possible as X is an infinite neutrosophic set
and G° U H€ is a finite neutrosophic set being the union of two finite neutrosophic sets G¢ and H€. Therefore, the
co-finite NTS (X, ) is a not an NPT,-space.

Twenty-Third Proposition: Let (X,7) be an NPT,-space. Then for any two NPs x, .,
¥, there exists an NPO set G such that x, 3, € G, ¥4, € G and y, 4 € [Pcl(G)]°.

and ¥, q, such that x #

Proof: Since X is NPT,-space, so for any two NPs x, 5, and ¥, 4, such that x # y, there exist two NPO sets G
and H in X such that x,p, € G, y,,, €H and GNH=0.Now GNH=0=HCS G°=>y,,, €GE. Since H°

isan NPCsetand G € H®, so Pcl(G) € H® = H S [Pcl(G)]° = ypq, € [Pcl(G)]°. Hence proved.

Twenty-Fourth Proposition: Let (X,7) be an NPT, -space. Then for every NP x
{Pcl(G): x € G and G is an NPO set}.

apy M X, Xgp, =0

aBy
Proof: Let x, g, be an NP in X. Also let y; 9, be an NCP in X such that x # y. Since X is NPT,-space, so there
exist two NPO sets G and H in X such that x,p5, € G, Y100 €H and GNH = @. Now GNH=0=HC
G° = Y100 € GC. Since H® isan NPC setand G € H¢, so Pcl(G) € H° = H € [Pcl(G)]° = Y100 € [Pcl(G)]° =
Yo1,1 € Pcl(G), ie., ypqr N Pcl(G) = @ for every NP with support ¥ # x. Thus for every NPO set G such that
Xapy € G, we have y, o, N Pcl(G) = @ for all NP such that x # y. Obviously x, 5, € Pcl(G) for every NPO G

with x € G. Therefore x =N {Pcl(G): x € G and G is an NPO set}. Hence proved.

a.By aBy a,By

Twenty-Fifth Proposition: Let f be a bijective neutrosophic pre-open function from an NTS (X, 7) to an NTS
(Y,0).If (X,7)is NT, then (Y, o) is an NPT,-space.

Proof: Let y, ., and y;,,q,'r, be any two NPs in Y such that y* # y2. Since f is bijective, so there exist two NPs
Xgpy and Xgr i, XU # %%, in X such that f(xgg,) = Vpqr and f(X2r 5 1) = Yo 00 Since X is NT,, so
apy €G> X1 g €EH and GNH = @. Since f is neutrosophic
pre-open function, so f(G), f(H) are o -NPO sets such that y,,,.=f (x;‘ﬁ_y) € f(G) and yj,‘q,,r, =
f(xér'ﬁryy,) € f(H). Again since f is bijective, so f(G) N f(H) = f(GNH) = f(@) = @. Thus for any two NPs
Vpqr and yjllq,j, in Y such that y' # y?, there exist ¢-NPO sets f(G), f(H) such that y,.. € f(G),
ysl’q,f, € f(H) and f(G) N f(H) = @. Therefore (Y, o) is an NPT,-space.

there exists a t-open NSs G and H such that x

Twenty-Sixth Proposition: Let f be a one-one neutrosophic pre-continuous function from an NTS (X, 7) to an
NTS (Y,0).If (Y,0) is NT, then (X,7) is an NPT,-space.
Proof: Let x_, 5, and lerﬁl’y, be any two NPs in X such that x! # x2. Since f is one-one, so there exist two NPs

aBy a
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2 : — 2 — ~,2 : 1 — f-
y;},q,r and yp',q’,r’a yl * y2: in Y such that f(Xé”B'.y) = yz},q.r and f(xarﬁ/'y/) = ypl'qurl, 1.€., Xa'/;'_y = f I(y;,q,r)

and xiflﬁ,_y, = f‘l(y;,’q,j,). Since Y is NT,, so there exist g-open NSs G and H such that y, .. € G, ys,,q,'r, €

H and G N H = @. Since f is a neutrosophic pre-continuous function, so f~1(G) and f~*(H) are 7-NPO sets in
X. Now f74(6) n fUH)=f(GnH)=f"0)=0. Also yp0, €G=f(¥por) Ef G > x5p, €

f~1(G).Similarly, x‘i!'ﬁl'yl € f~'(H). Thus for any two NPs x5, and X;I'Br',yr in X such that x! # x2, there

exist T-NPO sets f~'(G) and f~'(H) in X such that x;,, € f7(G), x‘i,ﬁ,‘y, € f7Y(H) and f71(G) n
f~1(H) = @. Therefore (X,T) is an NPT,-space. Hence proved.

Twenty-Seventh Proposition: Let f be a one-one neutrosophic pre-irresolute function from an NTS (X, t) to an
NTS (Y,0).If (Y,0) is NPT, then (X, 7) is also an NPT,-space.

Proof: Let xéﬁ’y and xél ', beany two NPs in X such that x® # x2. Since f is one-one, so there exist two NPs
1

Ypqr and y2r oo, yt # y?, in Y such that f(xgp,) = Ypqr and f(x2r g ) = Vor v 0y i€, Xapy, = £ O gr)
and xérﬁ,y, :f_l(y;r'qr'r/). Since Y is NPT,, so there exist o¢-NPO sets G and H such that y;},q,r €EaG,
ysf’q/f, € G and G N H = @. Since f is a neutrosophic pre-irresolute function, so f~1(G) and f~1(H) are 7-NPO
sets in X. Now f~1(G) n fTYH)=f"YGnH) =fB)=0. Also y},, €G= () Ef 1G>

Xgp, € f1(G). Similarly x‘i!”gl'yl € f~*(H). Thus for any two NPs x, 5, and x;,ﬁ,'y, in X such that x? # x2,

there exist 7-NPO sets f~*(G) and f~*(H) in X such that x, 5, € f7(G), x;,’ﬁr'y, € f~Y(H) and f1(G) N
f~1(H) = @. Therefore (X,T) is an NPT,-space. Hence proved.

Twenty-Eighth Proposition: Let f be a one-one neutrosophic pre*-continuous function from an NTS (X, 1) to an
NTS (Y,0).If (Y,0) is NPT, then (X, 7) is an NT,-space.

Proof: Let xéﬁ’y and xél ', beany two NPs in X such that x! # x2. Since f is one-one, so there exist two NPs

~ 2 2 - -
Ypqr and y2r oo, yt # y?, in Y such that f(xgp,) = Ypqr and f(x2r g ) = Vor o0y i€, Xapy, = f 0 gr)
and xZ,B,y, =f—1(y;,q,r,). Since Y is NPT,, so there exist 0-NPO sets G and H such that y;.. €G,

a
ysf’q/f, €G and GNH =@. Since f is a neutrosophic pre*-continuous function, so f~1(G) and f~1(H) are
T-open NSs in X. Now f~1(G) N fIH)=fGnH)=f(0)=0. Also y},, €G> f (¥, )€
fHG) = xgp, € f7*(G). Similarly xér'ﬁryy, € f~*(H). Thus for any two NPs x; 5., and xiryﬁlly, in X such that
x' # x?, there exist 7-open NSs f~*(G) and f~*(H) in X such that x5, € f71(G), xil'ﬁ,’y, € f~1(H) and

f~Y(G) n f~1(H) = @. Therefore (X,7) is an NT,-space. Hence proved.

5. Conclusions:

In this article, we have defined neutrosophic pre-T, space, neutrosophic pre-T; space, and neutrosophic pre-T,
space in connection with neutrosophic topological spaces based on single-valued neutrosophic sets and then studied
their various properties with examples. We have shown that if X is a neutrosophic T,-space (resp. T;-space,
T,-space) then X is a neutrosophic pre-T, (resp. pre-T;, pre-T,) space but the converse is not true. We have
established that a neutrosophic pre-T, (resp. pre-T;) space is a neutrosophic pre-T; (resp. pre-T,) space but the
converse is not true. We have also proved that if Y is a neutrosophic subspace of X then for every neutrosophic
pre-open (resp. pre-closed) set in X, there is a neutrosophic pre-open (resp. pre-closed) set in Y. We have proved
that the property of a space of being NPT,(resp. NPT;, NPT,) is a hereditary property. Lastly, we have tried to
explore some results using various functions such as neutrosophic pre-open function, neutrosophic continuous
function, neutrosophic pre-irresolute function, and pre*-continuous function. In the coming future, we shall study
some other types of separation properties. Hope that the findings of this article will assist the research fraternity to
move forward with the development of different aspects of neutrosophic topological spaces.
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