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Abstract

This research presents a new class of probability distributions derived as a hybrid class between alpha power
transformation class and Marshall Olkin G class and we call it the hybrid alpha power Marshall Olkin G class of
distributions (HAPMOG). Characteristics properties of this new class were derived including moments, moments
generating function, characteristic function, reliability and hazard functions, and its probability density function
was presented in linear combination. Also, many generated distributions depending on this new class was
presented and well-studied including HAPMOG-Exponential, HAPMOG-Weibull, HAPMOG-Freshet. This new
class of distributions helps in modelling new forms of data, which has important applications in engineering,
communication systems, networks modeling, etc.

Keywords: Probability Density Function; Cumulative Distribution Function; Alpha Power Transformation;
Marshall Olkin G; Statistical Characteristics; Maximum Likelihood Estimation.

1. Introduction

For many fields of use, including physics, engineering, medicine, biology, economics, finance and insurance
sectors, there is a clear need for new probability distributions that are more flexible for modeling data in these
fields.

In recent years, completely different classes have been proposed compared to the classes proposed before 1997.
In 1997 Marshall and OlIkin introduced a new family of distributions by adding a parameter to obtain new classes
of distributions which are more flexible than the original distributions. Many researchers used the Marshall-Olkin
method to introduce new class of distributions and studied their properties and parameter estimation [1], [2], [3],
[4].

In 2016 Mahdavi and Kundu introduced a new class of distributions called Alpha Power Transformation class of
distributions [5],depending on cumulative distribution function (cdf) of truncated uniform random variable U on
[0, 1], this new class leads to many new distributions like truncated exponential- exponential (TEE) distribution
by Mahdavi and Silva [6], the Alpha Power Weibull distribution presented by Nassar et al [7], Alpha power
transformed extended exponential distribution by Hassan et al in [8], The Alpha Power Transformation Family
by Mead etal [9], The Extended Alpha Power Transformed Family of Distributions by Ahmed et al [10], Alpha-
Power Pareto distribution by Ihtisham et al [11], A new alpha power transformed family of distributions by
Elbatal et al in [12], A new extended alpha power transformed family of distributions by Ahmad et al in [13],
Alpha Power Transformed Log-Logistic Distribution with Application to Breaking Stress Data by Aldahlan in
[14], Alpha power transformed Pareto distribution by Sakthivel and chezhian in [15], Alpha-Power Exponentiated
Inverse Rayleigh distribution by Ali [16], Alpha Power Lomax Distribution: Properties and Application by Bulut
in [17], Alpha Power Transformed Weibull-G Family of Distributions by Elbatal in [18], Kumaraswamy
Distribution Based on Alpha Power Transformation Methods by Hozaien in [19], Generalized Alpha-Power
Transformation Family of Distributions by El-Sherpieny and Hwas in [20], Alpha Power Odd Generalized
Exponential Family of Distributions: Model, Properties and Applications by Elbatal Et Al in [21], The Pseudo-
Lindley Alpha Power Transformed Distribution by Ngom et al in [22], Alpha Power Transformation of Lomax
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Distribution: Properties and Applications by Maruthan and Venkatachalam in [23], Alpha Power Transformed
Extended power Lindley Distribution by Eissa and Sonar in [24], Alpha-Power of the Power Ailamujia
Distribution: Properties and Applications by Gomaa et al in [25], A New Extended Alpha-power Transformation
of Burr-Generalized Gamma with an Application to Income by Abdel-Zaher et al in [26].

In the paper, we introduce a new class of distributions by hybridizing Alpha Power Transformation class and
Marshall Olkin G class and we call this new class the Hybrid Alpha Power Marshall Olkin G (HAPMOG).

2. Prelimaries

Definition 2.1

Let G(x; 8) and G(x; &) be the probability density function (pdf) and cumulative distribution function (cdf) of
any continuous random variable X respectively, then cdf of Alpha Power Transformation class of distributions is
given by:

a8 _ 1 .
F={"¢-1 o ecRazl 6y
G(x;0) for a=1
Its pdf is given by:
In(a) . G(x:6) +
Flx) = mG(xﬁ)a for a e R Y, a#1 @)
G(x, 6) fOT a =
Where x € R, g(x; 8) = ©£52,

Definition 2.2

Let g(x; &)and G(x; &) be the probability density function (pdf) and cumulative distribution function (cdf) of any
continuous random variable X respectively then cdf of Marshall Olkin G class distribution is given by:

6o\
F(.X') = <m) fOT' x€ER (3)

Probability density function (pdf) for MOG class of distribution is:

BOg(x; §) G\
f(x): _ 2 1—9_R(x'§) ;x €R (4)
(1-0R@;©) '
Where 0 < 8 <1, > 0and g(x;§) = 28, R(x) = G(x;§) = 1 - G(x; §) is reliability function.
3. Hybrid Alpha Power Marshall Olkin G Class of Distributions (HAPMOG)
Let X be a continuous random variable substituting (3) in (1) yields to:
(8D )‘*
a\1-0R(x;®)/) _1
e — for a e RY,a #1
F(x) = a—-1 (5)
G o )
— for a=1
1—-0R(x; &)
By differentiating both sides of (5), we get the probability density function:
In(a)  POgx® [ G p \ (gD )
. 2( = ) a\1-6RxD/) 5 g e RY,a # 1
a—1 (1 — GR(x; E)) 1—-0R(x; &
fG) = (6)

;a=1

BOg(x; §) ( G0 ) )’“
(1-rGp) \L7ORCE
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Wherex e R ,0< 0 < 1,8 >0, G(x;¢&) is the cumulative distribution function (CDF) of random variable X

and g(x; &) = %’;f), R(x) = G(x; &) = 1 — G(x; &)is reliability function.

Theorem 3.1
The pdf (6) can written in linear combination as follows:
400 +o0 J
0
[aﬂ_ 12 Z Z Wi jp 906 E)G (x; OPEFVIPL for g e RY,a # 1
f@) = B @)
ﬁezz Vipg(x; )G (x; )PP for a=1
i=0 p=0
Where x € R.
Proof

For any a,u € R we can write:

+00 k
u ulna _ (u ln(a))

a”=e

k!
k=0
So:
) Bt Bk
(%) @k 6(x8)
a1mBRGD ‘Z k' \1-0R(x;é) ©

k=0

Substituting (8) in (6) yields to:

f(x) -
i) In(a)*+? 1)1 — "Bl DD N
a-l& K 969G (x; P )(1 — 6R(x; E)) e ERaz1 (g
BOg(xi ) 6L O (1-BRGD) Ja=1
Where x € R.
By using the generalized binomial expansion and then binomial expansion, we get
(1 _ORGx: f))—(ﬁ(k+1)+1) _ z (B(k +j1) +j) (1 -Glx E))j (10)
j=0
J
(1-6@) =) (})6eor (1)
Where |(1 - G(x; &) <land (B(k+1)+1) > 0. P
Also, we can write:
_ S e N ;
(1-0rw0) " =Y (P a0 -cwo) (12)
i=0
(1-669) =) (1) e o (13
p=0

Where |[(1-G(x; &) <land (B +1) > 0.
Substituting (11) in (10) , (13) in (12), (10) and (12) in (9) we obtain
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+o0 400 ]
a— 1222"‘"{11» g G HPEDPL for xeR,a € R, a #1
f={ S
ﬁezz Vipg (6;§)G (x; )PP for x€R,a=1
i=0 p=0

where:

In(@**r(tk+1D+j+1) T(G+1) =i
Wiie =7 T@U+ D + Dj TG —p + Dp!

And

_gi r+i+1) ( ri+1) )
- I+ 1i! )\ —p+ 1)p!
And this completes the proof.

3.1 Characteristic Properties

This section includes some statistical properties of HAPMOG class distributions including ™ moment, moment
generating function, characteristic function, reliability and hazard functions, quantile function, skewness and
kurtosis.

e 7t Moment

A.(X)=EX") = f+°oxr f(x)dx

A.(X)
+00 400 400
Wy X" g G FEVP-14y aeRYa#1
a_lz‘”z‘); ]pf' (14)
ﬁBZvaJ OGOy a=1
i=0 p=

Where x € R, By setting » = 1 in equation (14) we obtain

A, (X) = E(X)

+00 +00 +0o

Wy x g0 )G (o E)FUHDP-1 gy g e R, # 1
a_lz‘“z(”’z ,,,j_ (15)

ﬂezszf x g OGO dx @

i=0 p=0
By setting r = 2 in equation (14) we obtain

I
—_

A,(X) = E(X?)

+00 400 400

w, x2 g(x; )G (x; )F*+D+ -1 gy g e RY,a # 1
“_121201:2 k}pf' (16)

BGZZULPI x2 g(x; E)G(x; )PP~ dx ra=1

=0 p=0
And based on (15), (16) variance can be calculated as follows:

Var(X) = A;(X) — A, (X)?
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e Central moments
rt" central moment of X can be calculated as follows:

r!
= E(X—EX) = Z( 1)n—) E(X)" E(X)"
(17)

Z( D A (DA

e Moments Generating Function
The moments generating function of HAPMOG class of distributions can be calculated as follows

My (t) = E(e™) = J. e™ f(x)dx

+00 400 +00

[a — 1zzzwk1p J_ e g(x; )G HPE VP dx ;g e RY a # 1
(18)

=0 0
Mx<t>=i k=000
;a=1

B0 vy [ e g )60 ) d

k i=0 p=0

e Characteristic function
The characteristic function of HAPMOG class of distributions can be calculated as follows

@x(t) = E(e"™) = j e f(x)dx

+00 +00 400

Zzzwkm f_ X g E)G (x; )PUADP-1 gy ;g € RY, @ # 1
(19)

k=0 j=0 p=0

[wzszj eitx g(x; )G (x; B dx

i=0 p=0

a—l

px(t) =
ca=1

e Reliability and hazard functions

66 )‘*
1-0R(x;$)

a—a(
i xER,a € R, a#1
Rx) =1-F(x) = a-1 (20)
_(_G(x;f) )B- xeER,a=1
1-06R(x; ) T
And

.

In(a) BOg(x; ¥) (%

_ . B
)’* ()

cwH) s XER, @R a1

(1 — OR(x; E))Z (a - a(l—éREx;g)) > e

= BOg(x; &) 2( Gx; &) )B—l
(1 — OR(x; E)) 1=0R(x; )

()

s x€ER,a=1
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e Quantile function
The quantile function is the real solution of F(x) = u; 0 < u < 1 with respect to x.
We have:

((cmos)
a ; -1

F(x): a—1

6y \ _
<m) fOT' XER,(I—l

or xER,a€R,a+1
f

So solving the last equation with respect to G (x; &) yields to:

<ln(1 + (a — 1)u)>% )

In(a) — for a€RYa#1
= (In(1 4+ (a — Du)\#
Gt ®) = (1 -1 (@) > (22)
7(1 — 6P for a=1
1-6uf
Therefore:
ln(l + (a — Du) =
(1-0)
In(a) ) T for a e RY,a+1
1— ln(l + (a — 1)u))
X =3 In(a) (23)
((1 - 9)u3> for Y1
1—06uf

From Equation (23) we can get the median (or the second quartile) of HAPMOG class of distributions when u =
0.5 as follows:

1
In(1 + (¢ — 1)0.5)\# -
1-06)
( In(a) ) T for a e RY,a # 1
ln(l + (a — 1)0. 5))
Xz = 9 In(a) (24)
. ((1 - é)(o.S)F> o e
1-6(0.5)8

We can obtain the first and third quartiles of HAPMOG class of distributions when u = 0.25 and u = 0.75
respectively, as follows:

(1 + (@ — DO25NF .~
(1-9)
¢! ( In() ) 0 for a e RY,a # 1
_In(1 + (a — 1)0.25)\B
xX; = (1 -0 < In(a) ) ) (25)
- (w) o een
1-6(0.25)F

And
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1
In(1 + (@ — 1)0.75)\F -
1-90)

Gt ( In(a) ) T for a e RY,a #1

= (In(1 + (a — 1)0.75)\B

X3 = 3 (1 —0 ( In(a) ) > (26)

- ((1 - 9‘)(0.75)1?> for -
1-6(0.75)F

e Skewness and kurtosis
Skewness of random variable X is defined as follows:

3
SK(X)=E [X—_ f(X)]

Using equation (17) we can obtain the skewness (SK) as follows:

X-EX)] 1 ,
SK(X) =E|———| =—EX-EMP == @7)
T
Kurtosis of random variable X is defined as follows:
X-EX*
oo = [FE)

Using equation (17) we can obtain the kurtosis (K) as follows:

KX)=E [w] = %E[X —EQOt =1 (28)
o o U3

Where 62 = u, = Var(X)

e Shannon entropy
The entropy of a random variable X is defined by Shannon as follows:

HOO = =Bl @] == [ £G0InfGo) dx (29)

P i@, () f+°° g DECs SRy
a- @7V o (1—67R(x: E))

_Bong In(a) (*° g(x; HG(x; §F! (1—65(:E§?£))B

H(X) = -

a dx
_ _ A1
“l e (1-6re D)
+00 . . \f-1 G(x; 8) B
_ B61nd In(a) glx; OG(x; © a(1—§R(x; E)) "

a—1 —w (1 — 6R(x; E))lpr1
_BOIn(@) [** g(x; HG(x; §F? a(l_%(ﬁé?z)
@1 Jo (1-grex )"

g
) Ing(x; &) dx
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_ +oo . . 5\ f-1 o \F
_B(ﬁ al_)gll"(a) ] g(x; ?)G(x, E)ﬁ+1 a(1—§R(x;E)> InG(x; €) dx
© (1-6R(x; E))
ﬁ(ﬁ + 1)6In(a) [ glx; OG(x; §F ( G §)
b e (1-6Re z))ﬁ+1

400 . . - X g
‘ﬁg(ln(?)z f 90 DG (x; 3)22’; +11 50D gy
@l e (1-6rGx p)

Where ¢ € R*, a0 # 1.

And.
p-1 +00 . . n\B-1
H(X) = —B01n ,Bf g(x DG E)[H dx—ﬁelnef g0 DG z)ﬁﬂ dx
= (1-6R(x; D) = (1-6R(x; D)
B-1
_ﬁgf 9(x; §G(x; E)B_Hl g(x; ©) dx
= (1-0R(x; D)
+00 p-1
L e L
- (1—9R(x z))
+00 B-1 +
+/39f 90 PG E)Ml (1-ORGx; z))ﬁ " dx
- (1—9R(x z))
Where a = 1.

e Parametesr estimation
Let X = (X, X5, ... X;,) be a random sample with size n of HAPMOG then the likelihood function is:

1o =] [reom
i=0

L(X)
[ et 0 (o8 )’“ e
_ )= Y (1-0r0x; E))Z 1= ORM: ©) 30)
ﬁ FO9UD) < G ) )’“ Caen
iz (1-0R(x; ) \ITOR&E)

Substituting (6) into (30) and taking the logarithm we find

InL(X) = nIn(in(@)) — nln(a — 1) + nIn(B) + nIn(0) + Z Ing(X;; &)

i=1

+(B-1) Z In(G(X; ©) - B + 1)2 In(1-6RX; ©) -

cx; 9 \
* 1“(“)Z< “OR(K; E))

Doi: https://doi.org/10.54216/G]MSA.080102
Received: March 20, 2023 Revised: June 17, 2023 Accepted: September 02, 2023

B
a \1-6R(x; 5)) In (1 — OR(x; E)) dx

27


https://doi.org/10.54216/GJMSA.080102

Galoitica Journal Of Mathematical Structures And Applications (GIMSA) Vol 08, No. 01, PP. 20-33, 2023

The maximum likelihood (ML) estimators of 8, 8, « and € can be obtained by differentiating (31) with respect to
A, 6, a and & then equating the equations to zero we get:

dn(L(X))

- _+Zz G ©) - Zln 1-6R(X; §))

G(Xl, o\ 2
thint )Z< ~ORCK; f))
oln(L(X))  n n 1 cx; 9\
da (xln(a) Ta-1 «a Z (1 - GR(XU E)) )
9 In(L(X R(X;; R(X; )G (X;; §)F
n09)_n b3 ¥ IUZ O 9G0G OF
(1-6rex; ©) (1-drets )"
d1In(L(X))
23
- [9(X; Bl - (GG D OIR(X;; Bl
=) 222 XS5 L (p-1 -1
e PTG T )Z (1-0RCK D) (35)
(16 91 (1- 0RGK ) + 60X z)(e[chi; Dl;)) 6(Xs D
+ Bln(a)z B+1
(1- R0t ®)
Wherea € R*Y,a = 1. And
InL(X) = nIn(B) + nIn(6) + z Ing(X; &)+ (8 — 1) z In(G(X;; ©)
i=1 (36)

([)’+1)Zln 1-0R(X;; z)) ca=1

The maximum likelihood (ML) estimators of [3 6 and € can be obtained by differentiating (36) with respect to
A, 0and € then equating the equations to zero we get:

M —+Zl (6K ©) — Zln 1-0R(X; ©) 37)
aln(L(X)) n R(X;; §)
—— = B+1
® )Z (o701 ) (39)
aln(L(X)) 9 Dl 6% 9 GIRK; Dlg
Z i T ”Z cp TP DZ —oRG; D )

a i a 9G(x3;8)
Where R(X;; ) =1 6(X; §,a =1, [0 Ol = %72 66 )y, = 572

;J=12,..p

4. Some special classes of HAPMOG class of distributions
1. If B =1 we obtain another new class of distribution can be called alpha power Marshall Olkin:

. G(x; &)
lngai 09(x; &) 5 a(l-éR(X: E)> for xeR,aeRY,a+1
a (1 — GR(x; z))

0g(x; &)
(1-0rGx: )

fx) = (40)

for xeR,a=1

2. If 8 =1 we obtain exponentiated alpha power:
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l _
Flx) = % BgCx; ©)(G(x; E))ﬁ 6@ )’ for x€R,a€Rt,a#1 (1)
Bg(x; OG(x; §)FL for xeER,a=1
3. If g =1and 6 =1 we return to alpha power class of distribution:
l 42
Fx) = %g(x; Ha’™® for xeR,a€RT,a#1 (42)
9(x; ®) for x€R,a=1
4. If a = 1 we return to Marshall Olkin G class of distribution:
BOg(x; ©) G\
fx) = ~ 2 \T2 R ) for xeR (43)
(1-0R(x; ) &

5. Some special distributions

In this section, we provide three special distributions of the HAPMOG.

5.1 The HAPMOG-Exponential distribution

Considering the Exponential distribution with parameters u > 0 having pdf and cdf, g(x; u) = ue™** and
G(x;u) =1—e ™ where x > 0, substituting in (6), we get on the pdf of HAPMOG- Exponential
distribution as:

- —ux \B
In(a) pOue ™™ [1—e P \F 1 (1 il N
a—1 (1—fe#Hx)2 (1—9_e‘#") a(l—Be “> je€Rha =1

x) = 44
f@) U (44)
— — sa=1
k (1 —8e—Hx)2 (1 — 96‘“")
Where 6 € (0,1),8 > 0.
HAPMOG-Exponential
3 -
2
f(x) — alpha=0.5 beta=4.thet==0.9,mu=7
— alpha=0.8 beta=6.theta=0.91, mu=2
alpha=2 beta=6 theta=0.7mu=3
1 -
0 I T 1 1
0 1 2 3 4
X

5.2 The HAPMOG- Fréchet distribution

a A a A
Let X be a Fréchet random variable with pdf g(x; o,1) = Aotx=+0e=() and G(x;0,1) = e~ where
0,4 > 0and x > 0. Then, substituting in (6), we obtain on the pdf of HAPMOG- Fréchet distribution as:
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f(x) ;
A
ﬁ_l { e_(E) \
2 2 ST
In(a) ﬁ@la’lx‘(“l)e_(%) e %) kl—@(l—e_(X) ))
1 2 A a ;a ERYa#1
T ilg(1-® 1—§<1—6_(E))
= (45)
p-1
A A
[)’9/1an‘(’1+1)€_(%) 3
A 2 _ A , &= 1
(1—5(1—3—(%) )) 1—9(1—6_(?))
Where 6 € (0,1),8 > 0.
HAPMOG-Fréchet
154
1_
) | —— alpha=2 3 beta=15 theta=0 44 sigma=1 3 lambda=2

— alpha=0.5 beta=0.7 theta=0.6 sigma=3 lambda=0.4
alpha=3 beta=2 theta=0.2.sigma=5_lambda=4

0.5

5.3 The HAPMOG- Weibull distribution

Let X be a Weibull random variable with pdf g(x; a,b) = abx?~1e=%*" and G(x;a,b)=1-— e~" where
a,b > 0 and x > 0. Then, substituting in (6), we obtain the pdf of HAPMOG- Weibull distribution as:

ln((,{) ﬁﬁbaxb‘le—axb 1— e_axb p-1 < 1_f_aXbb>
1-Be—ax . +
a-1 (1_é€_axb)2 1— fe-ax’ a ¢ ; a€ERYa#1

b-1,-axP _ —axb p-1
BOabx"e 1—e
(1 - Ge—ax?)* \1—fe-ax’

f) = (46)

;a=1

Where 6 € (0,1),8 > 0.
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HAPMOG-Weibull

f(x) | — alpha=0.5 beta=1.2 theta=0.9,a=7.b=0.3
— alpha=08 beta=6.theta=091,2=2.b=0 8
0.3 alpha=2 beta=6 theta=0.7.a=5 b=0_1

6. Conclusions and future research directions:

We defined a new class of distribution called Hybrid Alpha Power Marshall Olkin G class of distributions and
found the cumulative distribution function, probability density function, rt* Moments, central moments, moments
generating function, characteristic function, reliability and hazard functions and quantile function of this new class.
We also showed special classes of the new generalized class of distributions and generated many distributions with
respect to this called that are HAPMOG-Exponential distribution, HAPMOG-Freshet distribution, HAPMOG-
Weibull distribution. These last three distributions may be very useful in modelling survival data and queueing
systems.
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