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Abstract

This paper is dedicated to find Legendre polynomials by using novel linear algebraic methods based on matrices
based on Liouville-Sturm theorem, where we find the matrix of the differential operator for Legendre
polynomials, with their eigenvalues and their eigenvectors. Also, we illustrate many examples to clarify the
validity of our work.
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1. Introduction

As we know that the Legendre polynomial is known to many who work in the field of mathematics due to its
multiple uses, and it can be found by well-known linear algebraic methods based on the Liouville-Sturm theorem
[7,8], and we will try to find the matrix of the differential exponent of these polynomials and the corresponding
eigenvalues, and this method differs from other standard methods that depend on solving the Legendre
differential equation using power sequences, and the generating function.

Legendre polynomials are solutions of an ordinary differential equation, such as the hyper-geometric equation
that appears when solving LaPlace's equation in spherical coordinates and solving the Schrodinger equation in
three dimensions [1].

The hyper-geometric equation can be written in the form:

SCOF"(x) + t(x)F'(x) + AF(x),

=0 e e e (D),

Where Fis a real function F: U - R,and U c R, R € A is an eigenvalue. Also, s(x), t(x) are real polynomials
with degree one or two. Many special cases can be obtained according to s(x), for example if s(x) is constant,
then (1) becomes F"(x) — 2axF'(x) + AF(x) = 0.

If s(x) is of degree one, then (1) becomes xF"(x) + (—ax + 8 + 1)F'(x) + AF(x) = 0.

There is a close correlation between Liouville-sturm theorem and other linear algebraic concepts, for example,
functions take the role of vectors while effects take the role of Matrices and diagonalization of a real symmetric
matrix corresponding to the solution of an ordinary differential equation, this matrix is known through the effect
of the self-adjoint where its eigenfunctions are continuous and corresponding to eigenvectors [2,3].

Legendre functions are studied in most Sciences as we have already mentioned, which focus on differential
equations and special functions, and here we will get the Legendre differential operator matrix in addition to
eigenvalues and eigenvectors and from the form of vectors we get Legendre polynomials and we can apply this
method to other polynomials such as, Hermite and Chebyshev [3,4,5,6].

Legendre Polynomials and matrices

The general formula of a polynomial is ag + a;x + @yx2 + -+ e veecev oo + @x™ (2)

Where ag, &y, ... .. ... , &, € R can be represented as a vector
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The derivatives of (2) are:
;—x - — [ao + ax + ayx? + - vt @XM = g + 2a5x + 3a3x% + e+ XL
@)
% - ;—x [a; + 205% + 3a3x% + -+ v vev e+ N X" = 20, + 6a3x + 12a4X% + e (0 —
Da,x™ 2 (5)
The matrix representations of first derivative are:
a
0100 0 0f,] ra
0020---000(; 2a,
O Il s ©)
0000 - 0 n a'"l na,
0000 - 0 0/ 0
- Un
or
01 0 0 0 0
0 0 2 O 0 0
L1999 3 00 ™
dx EE
0 0 0 O 0 n
0 0 0 O 0 0
The matrix representations of the second derivative are:
r % 1 [ 2,
o o 2 0 - 0 0
00 0 6 ~ 0 0 o 6as
C e e e e % 12a,
(24 =
0 0 0 0 0 n(n—-1|| > n(n— 1) ®)
0 0 0 0 0 0 g, o
o0 0 0 0 o L
lor
0 0 2 0 0 0
0 0 0 6 0 0
a2 ”l0 0 0 0 - 0 nn-1) ©)
o 0o o 0 - 0 0
o 0o o O - 0 0
We change (7), (9) in Legendre differential operator to get:
1 2 @ 2 d
( x)dxz X dx
where
R
x dx? xdx
=(1- xz)[Za'2 + 6a3x + 12a,x% + - ~tnn—Da,x"?] — 2x[0¢1 + 2a,x + 3azx? +
et nax™ = 2a, + (— 2a1+6a3)x+( 6a, + 12a,)x% + -+ ... ... + (—n(n —1) — 2n)a,x™.

Thus we get the matrix representation of Legendre differential operator:
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0 0 0 0 1w - ¢ 2
0 -2 0 6 0 0 0 o a4 6
0 0 -6 0 12 0 0 I, e+ 120
0 0 0 -12 0 20 0 o T
0 0 0 0 -20 0 0 3= %3 T 2045
0 0 0 0 0 nn-1) |5 ”(”_01)“"
00 0 © 0 0 . n(n— 1) — 2n]
o0 0 0 o0 0 —n(n—1)—2nl" "7 HTMR Tl
(10)
or
0 0 0 0 0 0 0
0 -2 0 6 0 0 0
0 0 -6 0 12 0 0
) 0 0 0 -12 0 20 0
A-x)L —2¢%5/0 0 0 0 -20 0 0
dx dx
0 0 0 0 0 n(n—1)
0 O 0 0 0o .. 0
0 0 0 O w0 .. —n(n—-1)-2nl
Example:
Consider the Legendre differential operator of size 4*4:
0 0 0 2 0
o =2 0 0o 6
M= 0O 0 -6 -6 0 (12)
0 0 0 0 -12
The eigenvalues are:
11=0,22=_2,A3=_6,A4=—12
The eigenvectors are:
110 — 4; 0 2 0 g 0
_ aq 0 _Z_Al 0 6 aq _ 0
V=] o 0 —6-4 0 a|= o] @
as 0 0 0 —12 - A1 las 0
For 1, = 0, we get:
0 O 2 0 o 0
0 -2 0 6 ||a]|_]|0
0 0 -6 0 az 0
0 O 0 -—1211a3 0

Thus,

Which is the corresponding vector to the polynomial:
Py(x) =1.
For A, = —2, we get:

2 2 0 1[% 0
0 6 ||a| _|o
—4 0 ||az] " |of
0 -10 0

a3

o

0
0
0

o O O
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Thus,
0
Uy = 1
0
0
And P; (x) = x.
For A; = —6, we get:
6 0 2 07[% 0
0 4 0 6([2]_10
0 0 0 Of]az| |0
0 0 0 —e6llas 0
And
0
0
0
Thus P,(x) = @72,
For 1, = —12, hence
12 0 2 0
0 10 0 6
0 0 6 O0ff|2
0 0 0O

And

cwo —m———
S R K
w = o
I
oo oo

3_
so that, P;(x) = (3962—396)

Finally, here the Legendre polynomials were obtained in a direct way using basic linear algebra concepts such as
the eigenvalue and eigenvector of a matrix, once the Matrix corresponding to the Legendre differential exponent
is obtained, the eigenvalues of this matrix and the eigenvectors corresponding to these values corresponding to
the coefficients of the Legendre polynomials are found and the above was obtained in a way that does not use
classical methods and which is based on solving the Legendre equation using power sequences, the Rodrigue
formula and the generating function.

Suggestions and recommendations

We recommend using this method that was followed in this research on other polynomials such as orthogonal
polynomials and especially the classical chebchev — Laguerre — Hermite — Jacobi polynomials.
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