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Abstract

This paper is dedicated to find the values of the integrals in the spherical region of R™ depending on the
generative Kernel method by finding the integral formula that we use in the orthogonal and regular operations to
find Ortho-normal polynomials on the sphere with radius r. Also, we illustrate many examples to clarify the
validity of our work.
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1. Introduction

The generative kernel method was discovered for the first time in 1968 by the scientist misovskikh in order to
calculate the multiplicative integrals in regions that have a center of symmetry and do not have a center of
symmetry [5,6], but the important development of the generating kernel method was obtained by Mueller in
1973, where he was able to prove the axioms, and found the cubic relation with 2k +1 algebraic accuracy in the
case of symmetric regions, and 2K in the case of asymmetric regions [2,3,4], and in 1975 the ongoing research in
this field is about studying the properties of the generated nucleus and applying this method in wider integral
areas, obtaining New cubic relations can be used in order to calculate the approximate value of multiplicative
integrals.

Some important axioms and definitions:

Before presenting the method of generating nuclei for the formation of cubic relations, it is necessary to clarify
some basic concepts, the cubic relation is an approximate equality of the form:

gf) w)f ()dx = X, € f (x)) 1)

Since x; are different points of a bent triangle and are called Integral points (integral points) or nodes of the cubic
relationship, N the number of Integral points and C; constants corresponding to those points, f(x) the function to
be integrated and w(x) the weight function, while Q is the integral area.

Theorem (1): [7] assuming that Q is a region containing Interior points, and assuming that ® (x) satisfies the
condition:

w(x) = 0& [ w(x)dx > 0¢ x € Q, and the cubic relation (1) has algebraic precision d*, and for d > 0, then:
Q

N=0=Mmnk) = @l = EJ

nlk!

The symbol k = EJ means the integer division of the fraction n,g after the space.
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Definition (2): [7] the generating kernel is a polynomial of degree k containing 2n transformations denoted by
ki (u,x) where x = (xq, x5, ..., x,) and u = (uq, u,, ..., u,) Iis called a generator because it achieves the
following special:

Fw) = [ w(x).ke(u,x).F(x)dx
Q
Where dx = dx;.dx, ....dx,and k are the degree of a regular orthogonal polynomial F (x) we can find the

generated kernel in the following form:

R (%) = T, FFFK (x) )

Where the sign of the aperture above the sum means that the addition operation j, which corresponds to the
polynomial Fj" (x), which has the same odd (even) with k in the case k is an odd (even) number, and K (u, x) is a

polynomial with 2n variables, whose degree is k, which has the same odd (even) with k, from which we can form
the cubic relation with algebraic accuracy 2k and to form the cubic relation with odd accuracy 2k +1, we use the
formula:

Kie(u, x) = K (u, %) + Kje_y (u, x) 3
We use pairwise precision in the case when both the weight w(x) and the region Q possess a special central
symmetry, that is, that:

xEQ=>—x€Q wkx) =w(—x) 4
Theorem 1:

Suppose that [ w(x)dx > 0 & w(x) = 0< and Q has internal points, so if the cubic relation (1) has m algebraic
Q

precision, then N the number of nodes of the cubic relation achieves the retracement:

k)!
N x= MG = 2 = [
Theorem 2:

Suppose that [ w(x)dx > 0 & w(x) = 0, and the quotient has internal points, so that Q, w(x) fulfill the
Q
special analog for 6=(0,0,......... ,0)asin (4)

If the cubic relation (1) has d = 2k +1 algebraic precision, and if € is not among the nodes of the cubic relation,
then the number of nodes of the cubic relation achieves the regression:

N> {3(}( —v); k:odd
v
And if 8 is among the nodes of the cubic relation, then the number of nodes of the cubic relation achieves the

retracement:

N >

{2()(—1/) —1 ;k:odd
2v+1

Where v is the number of non-pairwise limit singularities whose degree does not exceed k by n variant. To form
cubic relations we use the following two theorems:

Theorem (2): [7] assuming that the points u*, u?, ...., u™ check the condition of the K, (u!,u’) = b;8;; where
b; = Ky (u',u/) consists N, H; of points s = k™, j = 1,2, ..., s, x/, we take u® optional point of the ball B as
a result of the offset coordinates in (3) We get the coefficient of the surface H, get the point u? from the
intersection B,(f) N H; which set the surface H,and B,Sr) N H; N H, we getu?, and so on... Then the inverse
relationship can be formed, the accuracy of which is 2k:

[ 0GOf ()dx = Ty f @) + B Gf () (5)

Q
Theorem (3): [7] assuming that both w(x) and Q achieve a special central symmetry (4), the points a® fulfill

the condition K. (u’,u/) = b;6;; and consists N}, H;of the different points bent s = k™, x™,x®, ..., x), then
the cubic relation whose accuracy is 2k+1 can be formed:
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[ 0GOf)dx = Ty = (FO) + F(-ub)) + Ejoy GF () (6)

=13,
Q i
2-3. Finding the integral Constitution:

Let B, be a sphere in the SpaceR™, where B = {x € R"; x,% + - + x,,2 = r2} and r is the radius of the sphere,
and let's find the value of the integral

P, = [ x%dx @)
By,

Where a = (a4, ay, ..., @), x = (x4, X5, ...., X), if one of the powers a;is an odd number, thenP, = 0, but if
the powers a;are even numbers, we can write it in the form a; = 2q; where i=1,2,....,n we find:

M (*5)
r(+1)

3-3: finding orthogonal and ordered polynomials:

— + . —
P, = rlal+n s lal=ap +a, + -+ ay,

®)

To find orthogonal and ordered polynomials, we will rely on the gram-Schmidt principle of orthogonality and
order:

FO — 9
0o - (7(:)) ( )
F-1 = 2 x;;i=123,....,n 10
i . #( ,(lr)) i ( )

2rt(n + 2 — u(B) n+3-i

n+2)(n+4
lFS = (J#xixj ,li]
ru(B,"”)

(11)

i—1
; (n+5-0)2 ) 1 [~
iij = ; N R -
2(n+ 4 —reu(B™) n+o5-—1

i-1
n+3—-i)(n+2)(n+4 1
(Fizizj( ICEDICET)] P S a2 |si=s

N
. i-1
3_J (n+5—10)1 ) 3 .
N

3 — x? + . xi =1 ||xgi=j=k
. “ 67"6;1(Br("))(n +2-0f " n+5-i —~ l
Fije = o
A
Fl's}k = 7(n)xixjxk ,l :/t] *k
reu(B,")
(n+3—-01 1 =
n —i
Fi = o) xf+——— thz—rz xi|; i>]
2(n+2—Dréu(B,”) n+3—i -
12)
r(r(: "
Where u(B) = % A=@m+2)(n+4)(n+6)
2

4-3: finding the formula of the generating kernel [9,10]:
1-4-3. The generating kernel of First-Order polynomials:
Substituting (10) in (2), we find:

Ru(u,x) = e K% (13)
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By substituting in (3), where the K, (u, x) = ﬁ we find:
u(By

1 +2
m + % u]x] (14)

2-4-3. The generating kernel of second-order polynomials:

K (u,x) = K, (u,x) + Ky(u, x) =

The generated kernel is given by the formula:
R = oy + St CORF () + Biwy F COFF () (15)

Substituting the polynomials of the second degree and of the zero degree, we find:

Ry(u,x) = (my-z,ﬁ”’ U))(X;) + Yiwj F2()FA () (16)

n+2—j
(n+2)(n+4)
Where the: N = m
1 =
U: =u? u? —r?
N | $
s=1
1 =
X: = x? x2 —1?
R | . $
s=
(16) can be written as:
n Jj-1

~ 1 n+3—j 1 r
K,(u,x) =———=<-+N E —— (U] [x} + —— E xsz—i
u(B&) j=1n+2—] n+3—] n+3

_ 1 cn+3—j o [U] o
_M+sz[uj]xj+]\12n+2—]z Zn+2 4 ) FOFW

j=1 j=1
(18)

FNIS, 45, + 5, + D@D

falw) = ru(By”)

1
u(BY)

S, is the sum with proof n, then we replace each j with s, and we find:

S1 =2 UnxZ + T} EOZ U2 (19)
In Szwe perform a permutatlon in the summation process, we find:
- Uj
= X35 X Xesri s (20)

Adding (19) and (20), we find:

S48, = 2Upx + X1 %2., (21)
Where the:
S, = U +Z] sn+2 y (22)

Substituting (17) in (22), we find:
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i#j
Let's find bothS;, S,, S5: we get out in S, the sum with proof n, then we replace each j with s and we find:

Z F2(x)F2(u)

i%j

i#j

xl-x]-ul-u]-
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1 s—1 7"2 n 1
S, = u 72 2 _ Z 2
4 u5+n+3—s b n+3—s+, n+2—ju]
j=s
1
+Z 1 C 2 r?
m+2-j)(n+3- ]) W (n+2 Hn+3-j)
(23)

We perform a permutation in the order of the sum in the fifth term, which we will denote by the symbol Ss in

(23), we find:
s—1 n 1
ZZ Z(n+2 ])(n+3—j)+z Z(n+2 - Dn+3-))

(24)
As for the sum in (24), it can be written by the formula:

n 1 _ n 1 _ 1 _ l _ 1
J=S m+3-j)(n+2-j) ~ “I=Sn+2-j n+3—-j 2 n+3-s (25)
n _ n 1 _ 1 _ l _ 1
J=t4l (a2 jy(n+3-j) ~ SU=Hlngo—j  na3-j 0 2 n+2-t
Substituting (25) in (24), we find:
_vs-1,,2(1_ 1__1
Ss = 2=1Ur (2 n+3— s) + Z ( n+2—t) (26)
Substituting (26) in (23), we find:
— .2 1 §s-1,2 T2 n _1 2
S4_us+n+3 t=1U n+3s j5n+2 juj
1gs—-1 s=12 4 s— u2
+22t=1 T nt3- SZt iU + Z n+2 t Uz
.r2 .',.2
_? n+3-s (27)
Summing the limits, we find:
TZ
Sy =ui +- Zt 1Uf — (28)
Substltutmg (28) in (21), we find:
n—-1 n
3 1 r?
51+52_§ U,x2 + xf(u§+52u§—7>
s=1 t=1
3 1 n-1 n-1 1 n 2
r
=zx,21 u%+3<2u§—r2> +Zx§(u§+52u§—?>
s=1 s=1 t=1
- 1w r?
- ).% (”3 30,1 ‘7)
s=1 s=1
n r?
S1+ 5, =25 xs (us + = Zs 1us 7) (29)
Let's find S5:
[u;] _ r? jm1,2 _ 2
—S53 = ] 1n+2 }T - 7:1 n+2 j (uj n+3-j (ZS 1Us = ))
_yn rt
ZJ 1n+z —j Y ; ZJ 1 (n+2- ])(Tl+3 ) ZS LU J=1 (42— j)(n+3-j)
Hence:
— — ﬁ n 2 _ .4 n
S3 = 2 Ls=1Us =1 (2(n+2)) (30)

Adding (29) and (30), we find:
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1 n n n n n
n
S +S,+ S5 =§[22x§u§+2x32u§—r2<2u§+Zx52>+r4(n+2)

s=1 s=1

Substituting in (18), we find:

R,Z(u’x) _ 1 (n+2)(n+4)[ 22? lxszus +ZS 1x5‘ ? lusz‘ ]

(D) T (D) | A (g ul + T x2) + 1t ()
(n+2)(n+4)
7r4#(31(1r)) D XiXj ULy

The last relation can be written in the form:

n+2
4 —+ (n + 4) Ziij Xinuin +

[ZZS 1xsus +Zs 1xs s=1us _TZ(ZS 1us +Zs 1xs)]
(31)

(n+2)

K,(u,x) = _T4ﬂ(B‘l(lT)) (n+4)

And to find K, (u, x):

+2
(n+2) —+ (n + 4) Zii]’ xixjuiuj + T'z Z?:]_ u]-xj

Ko (u, %) = Ky (w, ) + Ky (w,x) = u(50) GO

225 1xsus Zs 1xs ?=1u§_r2(25 1us Zs 1xs)]
(32)
Suppose that (uy, Uy, ..., Uy,) € S(T) thus the Y7, u2 = r?, substituting in (31) and (32), we find

2

_ _(+2)@m+ | (X r
b = e Q) 35

s=1
Thus the final formula for K, (u, x) is:
(n+2)(n+4) 2 2
KZ (u,x) = %( s=1XsUs + \/%) (Z?:l XsUs — \/%) (33)

In the same way as before, we find that the final formula for K, (u, x)is:

n+2)(n+4) (v 1+vn+5 )\ (X 1-Vn+5 ,
K(ux)=—F——+— szus+—r szus+—r
2r4nu(BT(lT)) = n+ 4 n+ 4’

(34)
3-4-3. The generating kernel of polynomials of the third degree:

s=1

Following the same steps in paragraph 2.4.3, where the kernel formula was deduced which is in the form:

(n+2)(n+4)(n+6)
Ky(u,x) = T aou(mD) [(Zn 1uix;)® = w +6) Zn 1 Ui xl] (35)

(n+2)(n+4)(n+6) 3 3r4 o
K3 (u, x) = 6rou(s (‘r)_ [(Zl 1Uix;)° + (Z Soxu)® — (n+e) 2i=1 Uik (n+4)(n+6)]
(36)

4. Results and their discussion [1,8,11,12]:
1-4. Formation of the cubic relation of the generating nuclei K, (u, x) and K, (u, x) :

To find the cubic relation for d = 2k +1= 3, we choose the point a® = (a4, 0,0, ... ... ,0)since —r < a; <r we
substitute in (13) and we get the plane:

n+2 1
H1! = r—zmalxl =0 (37)

We choose from H; N B,(f) the point a2, from (37) x; = 0 we substitute in the retracement x? + xZ < r? we
find that x; < r and suppose that x, = a, we find that a? = (0, a5, 0, ... ... ,0) which in turn assigns the level H,

39
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ntz_ 1
r2 y(Br(lr))
So we choose from B,ET) N(H; N H,) the pointa3, from (38) and from (39) x; = x, = 0 by substituting in the
gradient x? + xZ + x2 < r2 we find that a® = (0,0, a5, 0, ... ... ,0) and so on ..... So we find that the planes
intersect at one pointis x = (0,0, ... ... ,0)

Hz: = Ar Xy = 0 (38)

The number of Integral points is 2n+1 and the minimum number of pointsisN > 2v + 1 =2[M(n — 1,1)] +
1 = 2n + 1, we substitute in the cubic relation (6) where:

[2K1(u ul.)] 2 ﬂ( (T))

2(n+2)a?’
constant C, we take the functionf(x) = 1 and substitute in (6), we find

the cubic relation (6) is accurate for f(x) = 1, x;, x7, x; to find the

n

100 = [ 1= Tl + i) = ¢ = (e LA

- (n + 2)a?
To find the cubic relatlon for d= 2k 2 we choose the point u! = (,0,0, ... ... ,0) we substitute in (14) and we
get the level:
Hy: =1+“—“x1—0 (39)

We choose from H; N B,E'") the point u?, from (39) x; =

We find that x, = (nTTZ)./(n +1D(n+3)

r
(n+2)’ (n+2)

Tr . - . 2 2 — 2
o) we substitute in equality x7,xZ =r

Thus u? = (— (n+1(n+3),0,.. 0) which in turn assigns the level H,

Hy=1-2x +/(n+ D(n+3)x, =0 (40)

So we choose from B,(f) N(H; N Hy) the point u3, from (39) and from (40) ) x, = — / substltutmg in the

(n+2)
: 2 2 2 2 . _ n(n+3)
Equality x{ + x5 + x5 < r* we find that x; = r /7(“1)(“2) so that
ud = ( L— /n—”,r [M,O,O, 0) Which sets the level:
(n+2) " (n+2)\ n+1 (n+1)(n+2)
41 1 (n+3) 1 nn+2)(n+3) _
Hy:=1—-x —~ /(n+1) Xpt o = %3 =0 (41)

So we choose from B,(f) N(H,; N H, N H3) the point u*, from (40) and from (41) x; =

_f"—” itV 22 4+ x2 4+ v2 4 2 = +2 we fi _/w
T InernmeD substituting in the equality xi + x5 + x§ + x; = r“ we find that x, = r ni2) thus the

( TR \/ (n+3) \/(n”)(n D o,. )WhiCh designates the level:
n+2 n+2 n+1’ (nm+1)(n+2)’ nn+2)

11 1 ’(n+3) 1 ,n(n+2)(n+3) _
Hy:=1 ~Xp = D) x, + O e SR 0 (42)

Thus generalizing, we choose from B,(f) N(H, N Hy N Hy N ..... N H;) the point uf, which is given by:

40
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-r -r |n+3 (n+3)
o D P A D) gy

(n+3) n+3)(n—i+3) 0
T a—-D)nt3-G-D)m+2) (mrd-Dm+2)

So the levels H; <i=1,....,n intersecting at one point are:
[ —r -r [n+3 (n+3) (n+3) 3(n+3)
Tlanrzn2dn+r  nmr Dm0 T 20+ 2) 4+ 2)

The number of points of integration equal to n+1 and the minimum number of these points is N = M(n, k)=
#(z”)
), the

n+3
relationship Cubist (5) minutes in order to f(x) = 1¢,x;,x* and let's get the value of constant C, we take the

function £ (x) = 1¢, we find C f(x) = B{” 1dx — ?=1bli[f(ui)] > ¢ =p(B) 22

ut =

M(n,1)=n +1 we get back in the relationship Cubism (14) where: bl = [K (5 ud)] ™t =

2-4. Formation of the cubic relation of the generating nuclei K, (u, x)and K, (u, x):
1-2-4. Formation of cubic relations for K, (u, x):

First: for n=2:

Let's form the cubic relation for the kernel generated in (33), and for algebraic precision

d = 2k +1=5 and for n = 2, we substitute in (33) and find:

= 12 r2 r2
K, (u,x) = W (x1u1 + x,u, + ﬁ) (x1u1 + x,u, — ﬁ) (42)
Let's take the point u® = (7, 0) « we substitute in (42), we get the equation of the surface:
TZ TZ
Hy: (rx1 + \/—g) (rx1 - ﬁ) =0 (43)
We choose from H; N Bz(r) the point u?, from (43) x, = — \/T—g we substitute in the Equality x? + x2 = r? we find

that x, = \ET and therefore u? = (— \/r—g \Er) which set the surface:

5 2 5 :
H,: (—\/%x1 + \Erx; + %) (-%9& + \[%sz _r_\/g> =0 (44)

The intersecting surfaces H; i=1,2; s = k™ = 2% = 4 with four points are:

#=(F-5+ @) 7= (5E0-7) e

5
@ = (55010 8) = (5-50+3)

The number of Integral points is equal to 8 and the minimum number of pointsis N = 2[y —v] = 2[M(n, k) —
M(n — 1,1)] = 8 and we note that all points are located inside the circle, where the two nodes x*:«x* are located

on the surface of the Circle x2 + y? = %TZ has the same constant, and the nodes x2:x3 are located on the

surface of the Circle x2 + y2 = —61567'2 has the same constant, we substitute in the cubic relation where —2; =
3
TZTT

20

[2K, (ut,ud)]™t = < and to find the constants C,, C,, C3, C, we choose the following functions:

41
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o (=D 51 D) A (-3 (o1 +2)

T T 1 r r 1
fa= (x+ﬁ)(y_ﬁ(+1 +ﬁ)) Ja= (“ﬁ)(”ﬁ(“‘?z))
We obtain the constant C; by substituting the function f; in the cubic relation (33), since the function

f1 is absent at all points in (50) except node x;, and we find the rest of the constants for the rest of the functions
on the sequence, so we get the constants of the cubic relationship as in the following table:

Table 1: constants of the cubic relation (6) for K, (u, x) «n = 2.

Points x; C;
) r r (1+ 1) 8v6 — 3 2
xl=-—,—-—— — /s
6 5 V6 40V6
1
(i)
6 V5 6
) ror (1 1) 8\/€+37W2
x*=-—=—=|1-—
6 5 6 406
1
x? = L,L —1+—)
6 V5 6

Second: for n=3:

Let's form the cubic relation for the kernel generated in (33), and for algebraic precision

d = 2k +1=5and for n = 3, we substitute in (33) and find: u(B")

r

. 2 2 R R .
Ki;(u,x) = - 35 (Z?zl xu; + \/—7) ( 3 XU — 3—7) following the same steps in the previous paragraph, we

r4u(B.,(lT))
i syl s_ (L r(1_1) 1 i i ;

find that: u*(r, 0,0), u° = <\/7'\/g(1 ﬁ), . 2+ ﬁ) the intersection of the surfaces resulting from the
compensation of u*l, u2,u”3 in (33) are the following points:

1 _(r T 1\ 7 4—7

(5502 = (503 s)
Y EEEC W)Y TR TR T B

x® = <_L7’%(1 +i7)’_ 14i/7r>’
Xt = <_L7’L6(1 +\/i7)’ 143«/7r)

7= (55 (1 5w )
= (5w (1 5w )

The number of Integral points is 14, and the minimum number of points is N > 2[x -v]= 2[M(n,k)- M(n -

1,1)]=14 «so the number of Integral points increases by one amount from the minimum, the points

8+V7
x2,x3,x% x5, x°, x® are located on the surface of the ball xx? + y? + z2 = #rz has the same constant, and

the points x*, x® are located on the surface of the ball x? + y? + z% = %?/_:rz has the same constant.

42
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. . 3
Let's form the cubic relationship where % = 2K, (u,u)]"t =2 % and to find the constant C; we choose the

. _ T T 1 T 247 L. . A
function f; = (x ﬁ) (y +7= (1 + ﬁ)) (z + \/EJW> which is absent at all points except the node x"1, and

we find the rest of the constants in the same way, so we get the constants of the cubic relationship as in the
following table:

Table 2: constants of the cubic relation (6) for K,(u,x) , n = 3.

Pointsx; C;
x2, %3, x* x5, x°, x8 97 —21
—77.'1"3
907
xt, x8 13V7+7
— N &
90v7

2-1-5-2. Formation of cubic relations for K,(u, x):
First: for n=2:

Let's form the cubic relation for the generated kernel in (34), for algebraic precision d = 2K = 4, and for n = 2,
we substitute in (34), we find

24 1+V7 , 1-+7 ,
K, (u,x) = oy | Bt XUy + ——— 17 [ XUy + XU, + r
2ru(80) 6 6

Where ut = (r,0),u? = (_1:/7 T, 28;'2\/71’) the intersection of the surfaces resulting from the compensation of

ut, u? in (34) are the following points:

1 (—1+\/7 —7-2V7 ) 2 (—1+\/7 — 7447 )
X x* = ——r

r,——r
6  '3y28+2y7 6  '3y28+2V7
17 -7 4 17 V7
T, r), x*= T, r
6 V28+2V7 6 V28+2V7

3

X

The number of Integral points is equal to 6 and the minimum number of pointsis N > M(n, k) = M (2, ED =

M(2,2) = 6, and we note that all points are located inside the circle,where the nodes x1, x3, x* are located on the
2
circular surface x? + y% = L4272 \where - = T to find the constant C, we choose the function f; =
28+2V7 b; 14
147 7-4\7
(x+ 6 T)( +3 28+2v7
(5), since the function f; is absent at all points except node x; , and we find the rest of the constants for the rest

of the functions on the sequence, we obtain the constants of the cubic relationship as in the following table:

r) we obtain the constant C; by substituting the function f; in the cubic relationship

Table 3: constants of the cubic relation (5) for K, (u,x) «n = 2.

Points x; G
x2,x3, x*, x5, x6, x8 13 -7 5
—7r
56
x? 9437 5
g T

Let's form the cubic relation for the generated kernel in (34) and for algebraic precision d = 2K =4, and for n = 3,
we substitute in (34) and find:

3 3
35 1++8 1-+8
Kz(u, x) = 70) Z XiU; + TZ Z XiU; + T'Z
2riu(B;") 7 7

i=1 i=1
V8-1 40+2J§r 0) U3 = (\/5—1 9v8-16 104+64V8
’ I -

Where u' = (r,0,0),u? = (—r, —r, T, r | the intersection of the
7 7 7’ 7Ja0+2v8 ' 7(40+2v8)

surfaces resulting from the compensation of u*, u2,u3 in (34) are the following points:
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x1=<\/§—1r —8+9\/§r —50 + 22V8 r)
7 7J10+v2 /2268 + 2422V8
x2_<\/§—1r —8+9\/§r —58 4+ 24/8 r)
7 7J10+v2 2268 + 242248
e <\/§—1 -8 - 5\/_ 14(v8 —1) )
7 710 + \/_ 2268 + 24228
x4=<\/§—1r -8— 5\/_T —22—6V8 r)
7 9J10+v2 /2268 + 2422v8
45— (—1 —x/§ V2 14(V8 — 1) )
7 J1o n \/_ "J2268 + 242248
. <—1—\/§ V2 —22-6V8 )
x8 = T, T, T
7 V10 +vZ /2268 + 2422V8
x7=<—1—x/§r -2 § 22 + 6V8 r)
7 ' J10+v2 2268 + 2422v8
x8=<—1—x/§ -2 14(1 - V8) )
7 Jio+ \/_ "J2268 + 2422v8

The number of Integral points is 11 and the minimum number of pointsis N = M(n, k) = M (3, ED =
M(3,2) =10, s0 the number of Integral points is one more than the minimum and let's form the cubic

. . 2
relationship, where — = [K,(u',u)]™t = %

and to find the constant C; we choose the function f; =

V8+1 8+5\/_ 58—28 . . .
(x + T) (y + T r) (z + mr) which is absent at all points except node x, , and we find the
rest of the constants in the same way, so we get the constants of the cubic relationship as in the following table :

x; points C;
. (x@ —1 —8+9V2  —50+22V8 ) 175V2 +231
X = ——— 71
7 7J10 + \F '\/2268 + 242278 240 + 1200v2
) <x/§—1 —8 +9v2 —58 +2V8 )
X =
7
7J10+v_ V2268 + 242278 81V7 + 173
. (V8- 18- 5\/_ 14(vV8-1) ——mr3
P =|— 240 + 12002
7\/10 + «/— V2268 + 2422\/_
5o (—1 - \/§ V2 14(V8-1) )
7 J10 A V2268 + 242278
. (—1—\/5 —V2 14(1 - V8) )
x° =
7 1o+ \F "[2268 + 2422v8
V8- 1 8- 5\/_ —22-6V8
xt = 81V2 + 173
77 1042 V2268 + 242248 10T 13005
11— —99_ 4
6 = ( 1 \/_ V2 22 — 68 ) +
7 \/10 A V2268 + 242278
. (—1 -V8 2 22+6V8 )
X' = r, T,
7 V10 +v2 /2268 + 2422V8

Table (4): constants of the cubic relation (5) for K, (u,x) «n = 3.

3-4. The formation of the cubic relation of the generating nuclei K5 (u, x)and K; (u, x):

First: for n=2:

doi.org/10.54216/GIMSA.070204
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Let's form the cubic relation for the generated kernel in (35), and for the algebraic precision d = 2k +1=7 for
n=2, we substitute in (35), we find:

= 32 V3r? V3r? r V3
K;(u,x) = w (e uy + x5uy) (xlu1 + xu, + W) (xlu1 + XUy — W) Where ut = G5 u? =

6#(

(—gr,%r) the surfaces resulting from the offset of u?, u? intersect in (35) by s = k™ = 3% = 9 nine points, are:

1 _ 2 _ 3 V3 3 3 -3
x*=(0,0),x* = —4ﬁr,—4ﬁr), x (—Nzr,—war)
4 _ ~V3_ -3 5 —3-3 _ +3-3 6 _ ~V3+3  —/3-3
(—4ﬁr,—4ﬁr),x (4ﬁ r,—wzr),x —(4\/5 " s )
7 _ V3 3 g8 _ ~/3-3_ 343 g _ ~3+3_ —V3+43
X = (4\/§r’4\/§r)’x B Y X" = (4\/7 L )

The number of Integral points is equal to 13 and the minimum number of points, N > 2v +1= 2[M(1,3)+
M(1,1)]+1=13 and we note that all points are located inside the circle, where the points x2, x3, x*,x” are located

. 9 - R
on the circular x? + y% = 1—6r2 have the same constant, and the points x>, x6, x®, x° are located on the circular

. . 2
surface x? + y% = Zrz has the same constant, and i = 2K, (u',u)]™t = % since the cubic relation (6) is
L

)y

5 12-6v3
32

5 12+6v3
32

true for functions up to the seventh degree, to find C, we choose the function x2(y
9
32

) to

. . 3 -
find Cs, we choose the functionx? (y2 - 5) (y2 - ) so we find:

Table 5: constants of the cubic relation (6) for K;(u,x), n = 2.

x; points Constants
x2,x3,x% x7 16
——nr
135
x5, x°, x8, x° 2
277‘[7"
x? 7,
o4 nr

Second: for n=3:

We substitute in (35), we find:

3 3 3
K3 (u’ X) B W( Xiui> ( T * _3> ('— S _3>

i=1 i=1
Where u! = (r,0,0), u? = (0,r,0), u® = (0,0, r) the surfaces resulting from the offset of u*,u?,u3 intersect at
(35) s = k™ = 3% = 27 points, are:

1 _ 23 _ (L 45 _ -1
x-=(0,0,0), x*° = (+ﬁr,0,0),x = (0,+ﬁr,0),
1

67 _ T 1 89 — (L 1
x% = (0,0,+\/§r),x (+\/_r,+\/§r,0),
1011 _ 71 Tt 1213 — (g x L, x L
X (+\/1§r,0,-|1- 3r),x (0,-|1-\/§r, \/lgr)
1415 _ 4 1 1 1617 — (4 L 1
x (iﬁ:,+\/§r1,0),x (+ 3T.10.+ 31T), 1 1 ) )
x1819 = (0 i\/—gr,$—3r), x2021 = ($—3r,$ﬁr,+\/_r), x%223 = (i—3r,$\/—§r,$\/—§r), x2425 =
T L 1.1 2627 — (x L, L L
(Fzrt 3r,+\/§r),x (+ﬁr,+ =7, 1+ =7)

The number of Integral points is equal to 33, and the minimum number of points is:

N> 2v +1 = 2[M(2,3)+ M(2,1)]+1=27
2
The points x%34567 are located on the spherical surface x? + y? + z? = % have the same constant, the points

. 2r? .
x891011..-.19 gn the spherical surface x2 + y? + z2 = % has the same constant, as for the points
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x2021-27 |ocated on the spherical surface x? + y? + z2 = r2 it has the same constants u>3 we substitute in
. . 3
the cubic relation (6) where % = 2K, (uh,u)]™t = ZIT: since the cubic relation (6) is true for functions up to
L
the seventh degree, to find C; we choose the function

2 1 2 1 2 1 . ; 202 _ Loz 4, :
(x 3) (y 3) (z 3) to find C, we choose the function x*(y 3)(z ;o find Cg we choose the

function x2y?(z% — %) < and to find C,, we choose the function x2y?z?2 « we find:

Table 7: constants of the cubic relation (6) for K _3 (u,x) and n=3.

x; points constants

x! 8 .
mﬂr

234567 2 3
ETCT

89101119 2 R
gTCT

x20.21,..,27 imﬁ

70
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