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Abstract

First Von Shtawzen's Diophantine equation is a non-linear Diophantine equation with three variables . This
equation has been conjectured that it has a finite number of integer solutions, and this number of solutions is
divisible by 6. Second Von Shtawzen's Diophantine equation is a non-linear Diophantine equation with four
variables. This equation has been conjectured that it has a finite number of integer solutions, and this number of
solutions is divisible by 8. In this paper, we prove that first Von Shtawzen's conjecture is true, where we show that
first Von Shtawzen's Diophantine equations has exactly 12 solutions. On the other hand, we find all solutions of
this Diophantine equations. In addition, we provide a full proof of second Von Shtawzen's conjecture, where we
prove that the previous Diophantine equation has exactly 16 solutions, and we determine all of its possible
solutions.

Keywords: n-cyclic refined ring; first Von Shtawzen's conjecture; group of units; second VVon Shtawzen's
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1. Introduction

In every ring R, the set of all invertible elements has a group structure under multiplication, which is called the
group of units of the ring R. It is denoted as U(R) [1].

The concept of n-cyclic refined neutrosophic ring (or n-cyclic refined ring) was defined [2] as follows:

If R is aring, the following set R,(I) = {a, + a;I; + -+ a,1,, ; a; € R} is called the n-cyclic refined ring. The
operations on R, (I) are defined as follows:

(ao + a1]1 + A + anln)+( bo + b111 + A + ann):

ag + by + Lila, + by]+..+1,[a, + by].

(ao + arly + =+ aply).(bo + byl + -+ byly)= aobo + L [Yis j=1 moa n @] +
12 [Zi+j52 modnaibj]+--+In[Zi+jEnmodnaibj]-

The n-cyclic refined ring is a ring in the algebraic meaning, then the invertible elements (Units) have a group
structure under multiplication. It is denoted by U(R,,(I)) .

The group of units of the 2-cyclic refined rings of integers, rationals, and reals was studied firstly by Sadiq in [2].
Where he classified the group of units of the 2-cyclic refined group of integer units as a direct product of cyclic
groups.

In [3,5], Von Shtawzen has studied the problem of 3-cyclic and 4-cyclic refined group of integer units. Also, he
has presented the following conjectures:
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First Von Shtawzen's Conjecture:

Let Z;(I) = {ay + a1, + a,1, + asl3; a; € Z} be the 3-cyclic refined neutrosophic ring of integers, then the
group of units U(Z5(I)) has a finite order and it is divisible by 6. The equivalent formula of the previous
conjecture can be written as follows:

(ag + a3)® + (ay)® + (ay)® — 3a,a,(ay + a3) = 1 or — 1. With a, € {1, —1}. Has a finite number of
solutions and this number is divisible by 6.

Second Von Sthawzen's Conjecture:

Let Z,(I) = {ay + a. I + a,1, + a3l5 + a,l,; a; € Z} be the 4-cyclic refined neutrosophic ring of integers, then
the group of units U(Z, (1)) has a finite order and it is divisible by 8. The equivalent formula of the previous
conjecture can be written as follows:

(ao + a4)4 - 4‘a1a3(a0 + a4)2 + 4‘a2a32(a0 + a4) - 4‘a1a3a22 - a14 - a34 + a24 + 4‘a2a12(a0 + a4) +
2a,%a3% — 2a,%(ay + a,)? = 1 or — 1, with a, € {1,—1}. With a, € {1, —1} has a finite number of solutions
and this number is divisible by 8.

In [4], Abd Alrida et.al, have generalized the first Von Shtawzen's conjecture by the following formula:

If Z,(I) ={ay + a.I; + a,l,+.. +a,l,; a; € Z }, then the order of Von Shtawzens' group is finite and divisible
by 2n.

In addition, another review of units in n-cyclic rings was supposed through Diophantine equations in [6-8], with
many other open problems about n-cyclic refined rings especially those are related to number theory and linear
spaces theory.

In this work, we present a complete proof of first/second Von Shtawzens' conjectures, where we prove that the
order of the units group U(Z5(I)) is 12., we determine all 12 units in U(Z5(1)). This determines the all 12
solutions of the first Von Shtawzen's Diophantine equation showed above. Also, we prove that the order of the
units group U(Z,(I)) is 16, and we determine all 16 units in U(Z,(I)). This determines al 16 solutions for the
second Von Shtawzens's Diophantine equation. .

2. Main Discussion
Theorem:

Let Z;(I) = {ay + a. I, + a,1, + asl3; a; € Z} be the 3-cyclic refined neutrosophic ring of integers, then the
group of units U(Z5(1)) is finite with order 12.

Proof:

Let Z;(I) = {a + bl, + cl, + dI3; a, b, c,d € Z} be the 3-cyclic refined ring of integers, we define the mapping:
f:Z3(I) » Z X Z such that:

flag + a4 + a1, + azl;) = (ay, ay + a; + a, + az). We have the following properties:
f is well defined, that is because if we supposed that

ay + aly + ayl, + azls = by + byl + byl + bsl;, thenwe geta; = b; forall 0 <i < 3.

Thus (ag, ag + a, + a, + a3) =( by, by + by + b, + bs)

ie. f(ag + a. L + ayl, + az13)=f (by + byI; + b1, + b3l3).
(2) f preserves addition, that is because:

fllag + a I + ayI, + asls) + (by + byl + by, + b3l3)] =
fl(ag + by) + (ay + b + (a; + by)I, + (az + b3) ;)=
(ap +bg,ag +byg+a, +by+a, +b, +a;+b;3) =
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(ag, ag +a, + a, + asz) + (by, by + by + b, + b3) =
flag + a1y + a1, + azls) + f(bg + byly + b1, + bsls).
(3) f preserves multiplication. For this goal, we assume that
x =ay+aly +a,l, +azl;,y = by + b1, + b1, + bsl;. We have:

xX.y = agby + Li[aghy + a;by + abs + azb, + ayb,] + L[agh, + azby + a;by + aybs + agb,] + I3[aghs +
asby + a b, + a,b; + asbs].

f(xy) = (aghy, agby + agby + a1by + a;bs + asb, + a,b, + agb, + a,by + a1b, + a,bs + asb, + agbs
+ a3b0 + albz + azbl + a3b3 ) -

(ag, ag + ay + az + az)(by, by + by + by + b3) = fF(X)f (V).
This implies that the mapping f is a ring homomorphism.

Now, let U(Z5(1)) be the group of units of the 3-cyclic refined ring of integers. Suppose that the mapping g is
the restriction of the homomorphism f on (Z5(D)) . i.e. g = flyz,uy): U(Zs(1)) » U(Z2) X U(Z) = Z, X Z,.

The mapping g is a group homomorphism since it is well defined and preserves multiplication.
Ker(g)={x = ag + a4, + ay1, + azl; € U(Z3 (1));g(x) = (1,1}

H{x=1+al; + a;l, + azl; € U(Z5(D)); a; + a; + a3 = 0}

={x=1+al; + a,l, + (—a; — ay)I; € U(Z3(D))}-

According to the isomorphism theorem in groups, we can write:

U(Zs(1
(7l ))/Ker(g) = gU(Z:(D)) < Z, X Z,.
Now, we are forced to determine the elements of the group Ker(g) and its classification as a finite abelian group.

Letx =1+ a,Il; + a,l, + (—a, — a,)I; be aunit in Ker(g), this is possible if and only if there exists x = 1 +

On the other hand, we have:
xy = 1 + Il[bl + a1 - a1b1 - albz + azbz - a1b1 - azbl] + 12 [bz + a2 + albl - azbl - a2b2 - a1b2 -
azbz] + 13[_b1 - b2 + a1b2 + azb]_ + albl + albz + azb]_ + azbz].

The previous formula ensures that the condition xy = 1 is equivalent to following system of Diophantine
equations:

{b1(1 —2a; —ay) + by(a; —a) = —a;

bi(a; — az) + b(1 — 2a, — a;) = —a,
Since x=1 is trivial unit, we can suppose that a, or a, # 0. According to Cramer's rule, the previous system has
. . . . 1—-2a; — -

a unique solution if and only if the determinant T = %~ @2~
al_az 1—2(12—611

integers Z. i.e. T € {1,—1}.

is a unit in the ring of

We have

T=01-2a—a)(A—-2a,—a;)—(a, —a)(a, —ay) =3[(a; +a)(a; +a;, — 1) —aya,] + 1.
Firstly, we assume that T = —1, then

3[(a; + ax)(a; + a, — 1) — aya,] = -2,

which is impossible, that is because the left side is equal to (0 mod 3), and the right side is not.

This means that T = 1 is the only possible value of T. The equation T=1 implies:

3[(a; + ay)(a; + a; — 1) — a;a,] = 0,thus [(a; + ay)(a; + a; — 1)] = a,a,.
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We will discuss the possible cases of the previous non linear Diophantine equation.
Case (1):

If a; = a, = 0, then we get the trivial unit x = 1.

Case (2):

Ifa, =0,a, #0,thena, = 1,and we getthe unitx =1+ I, — 5.

Case (3):

Ifa, =0,a;, #0,thena,; =1,and we gettheunitx =1+ I; — I5.

For discussing all remaining possible cases, we write the equation [(a; + a,)(a; + a, — 1)] = a,a,, by the
following formula:

a? + a2 + aa, = ay + a,.

Case (4):

If a;,a, > 0, then a;? = ay,a,? = a,, thus a;2 + a,? + a,a, > a; + a,, which is a contradiction.

Case (5):

If a;,a, <0, then a;? > aq,a,? = ay, thus a2 + a,% + a;a, > 0,and a, + a, < 0, which is a contradiction.
The only remaining possible case is that one of the two integers a4, a, is positive and the other is negative.
Without affecting the generality, we can assume that a, > 0,a; < 0.

Case (6):

If a, > |a,| = —a,, we write the equation a,? + a,? + a,a, = a, + a, by the formula

a12 + a22 = a2(1 - al) + a.

From the assumption, we get a; < a,2, {1 izaS zza ,hence a,(1 — a;) + a; < a,? + a,® whichis a
contradiction. T

Case (7):

If a, < |a;| = —a,, we write the equation a,? + a,? + a,a, = a, + a, by the formula

a,’ +a,? = —a,(a;, — 1) + a,.

On the other hand, a, # 1, that is because if a, = 1, then we get a; = 0, which is exactly equivalent to the
Case (2).

From the assumption and since a, # 1, we get a, < a,?,—a; > a, — 1, thus
(—a)(—ay) > —a;(a, — 1),i.e.a,? > —a,(a, — 1), this implies that

a;% + a,? > —a,(a, — 1) + a,, which is a contradiction.

Case (8):

If a, = |a;| = —a4, then we get a; = a, = 0. (Itis the trivial case, the unit x = 1).
From the discussion above, we get that Ker(g) has exactly 3 elements

Ker(g) = {1,141, — 3,1+ I, — I3}. Thus Ker(g) = Z5.
Since U(Z3(I))/Ker(9) = g(U(Z5()) < Z, x Z,, we will have the following:

0 (U(Z3(1))) < 0(Ker(g)) x 0(Z,) x 0(Z,) = 3 x 2 x 2 = 12. So that the 3-cyclic refined ring of integers
Z4(I) has 12 units at most. By other words, Von Shtawzen's Diophantine equation has 12 solutions at most.
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According to Lagrange's theorem in finite groups, we find that

0 (U(Zg(l))/Ker(g)> 10(2, % Z,) = 4, thus 0 (U(Z5(D)) € {3,6,12}.

Also, we have shown that Z;(I) has 3 units 1,1 + I; — I;,1 + I, — I , with their additive inverses —1,—1 —
I +I;,—1 — I, + I3 , so that we have at least 6 units. This implies that O (U(Z3(I))) € {6,12}.

Now, by using the fact that U(Z3(I))/Ker(g) = g(U(Z5(I))) < Z, X Z,, we have at least one unit x # 1 or —
1 with order 2 .i.e x? = 1.

Letx = ay + a11; + a,1, + asl; be a unit with order 2, then by using the homomorphism g, we can write:

g(x?) = g(x)? = (ap? (ap + a; + a, + a3)?) = (1,1). Without affecting the generality, we can assume that
a,=1.Sothata; +a, +a;=0o0ra; +a, +a; = —2.

On the other side, we compute x? = 1, as follows:

1+ L[a,? + 2a; + 2a,a3] + L[a,? + 2a, + 2aza,] + I3[as? + 2a; + 2a,a,] = 1, this implies the
following system of Diophantine equations:

a22 + 2a1 + 2a1a3 =0 (1)
a;? + 2a, + 2aza, = 0 (2).
a32 + 2a3 + 2a1a2 =0 (3)

We start our discussion by considering a, + a, + a; = 0, thus
—a; — a, = as. The Diophantine equations (1), (2), (3) become

a,? —2a,% + 2a, — 2a,a, = 0 (1)
a,% — 2a,% + 2a, — 2a,a, = 0 (2) . The equation (3) is derived from (1) and (2), thus it has no real value
a,? + a,? + 4a,a, — 2a; — 2a, = 0 (3)
in the proof. We will consider (1) and (2).

Equation (1) can be written as a,? — 2a,% + 2a; = 2a,a,. Equation (2) can be written as

a,% — 2a,% + 2a, = 2a,a,, this implies that a,? — 2a,% + 2a; = a,? — 2a,? + 2a,, hence we get:
a2(3a2 - 2) = a1(3a1 - 2)

Assume that a; # a,, thenifa,,a, > 0 and a, > a, , we get that a,(3a, — 2) < a;(3a, — 2), whichisa
contradiction.

On the other hand, if a;, a, < 0 and a; > a, , we get that a,(3a, — 2) > a,(3a, — 2) , which is another
contradiction. (We get an easy similar contradiction if a; < a,).

Ifa; >0anda, <0ora, >0anda,; <0, we getan obvious contradiction.

The only possible case is a; = a,, which implies that a; = a, = 0 (the trivial unit case) or a; = a, = 2
which is not an integer.

So that, the first case a, + a, + a; = 0 is impossible.
Now, we consider the second case a, + a, + a; = —2, hence
—a; —a, — 2 = az. Now, the equations (1), (2), (3) will become

a,? —2a,% — 2a, — 2a,a, = 0 (1)
alz - 2(122 - 2(12 —_ 2a1a2 = O (2)
alz + azz + 4a1a2 + 2(11 + 2a2 = O (3)
The equation (3) is derived from (1) and (2), thus it has no real value in the proof. We will consider (1) and (2).

By using the same method in discussion, we can get from (1), (2) the following:
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(12(3(12 + 2) = a1(3a1 + 2).

We assume that a; # a,, then if a;,a, > 0 and a; > a, , we get that a,(3a, + 2) < a,(3a; + 2), whichisa
contradiction.

On the other hand, if a;,a, < 0 and a; > a, , we get that a, (3a, + 2) > a,(3a, + 2) , which is another
contradiction. (We get an easy similar contradiction if a; < a,).

Ifa; >0and a, < 0ora, >0anda, <0, we getan obvious contradiction.

The only possible case is a; = a,, which implies that
a; =a, = —g (which is not an integer) or a, = a, = 0, thus a; = —2. This means that

x =1 — 2I; is a unit with order 2. Thus its additive inverse —x = —1 + 215 is another unit.

From the previous discussion, we get that has exactly 12 units, thus first Von Shtawzen's conjecture is true.
Until now, we have found 8 units

(1,-11=2I;, =142, 1+, —I;, =1 =L + L, 1+ 1, — I, =1 — I, + I;}.

To find the other 4 units, we can use the group structure of the U(Z5(I))under multiplication.
(1—-2L)(1+ I, — I3)=1— I, — I; which is another unit. So that its additive inverse —1 + I; + I; is a unit.

Also, (1 — 25)(1 + I, — I3)=1 — I, — I3 which is another unit. So that its additive inverse —1 + I, + I; isa
unit.

So that, the elements of the group of units of the 3-cyclic refined neutrosophic ring of integers Z5(I) are
{1,_1,1 _213,_1+213,1 +11 _13,_1 _11 +I3,1+12 _13,_1 _12 +13, 1_11 _13,1 _12 _13,_1+12 +
I3, —1 + I, + I3} which is isomorphic to the group Z, X Z, X Zs.

3. Results

The first Von Shtawzen's Diophantine equation

(ap +a3)® + (a)® + (ay)® — 3aya,(ag + az) = 1 or — 1. With a, € {1,—1}.

Has exactly the following 12 solutions:

(@, a4, ay, as) € {(1,0,0,0),(—=1,0,0,0), (1,0,1, —1), (=1,0,—1,1), (1,1,0, 1),
(-1,-1,0,1),(1,0,0,-2),(-1,0,0,2),(1,—-1,0,-1),(-1,1,0,1), (1,0, —1,—-1), (—1,0,1,1)}.
Theorem:

Let Z,(I) = {ag + a; I, + a,1, + asl; + a,l,; a; € Z} be the 4-cyclic refined neutrosophic ring of integers, then
the group of units U(Z,(I)) is finite with order 16.

Proof:

LetZ,(I) ={a+ bl + cl, + dI; + el,;a,b,c,d, e € Z} be the 4-cyclic refined ring of integers, we define the
mapping: f: Z,(I) - Z x Z X Z such that:

f(ag + a111 + azlz + a3l3 + a414) = (ao, ao + a1 + a2 + a3 + a4, ao - a1 + a2 - a3 + a4). We can see by a
similar discussion of the first theorem that f is a ring homomorphism.

This means that its restriction g = £y, yy on the group of units U(Z, (1)) will be a group homomorphism
between the two groups of units, i.e. g = flyz,a)): U(Zs(1)) > U(Z2) X U(Z) X U(Z) = Z, X Z; X Z,.

Ker(g):{x = Qg + alll + a212 + a313 + a414_ € U(Z4(I)),
g() = LALDY={x = 1+ a.] + a3l + azls + auly € U(Z,(D);
a1+a2+a3+a4=_a1+a2_a3+a4:0}:
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{x=14a,, + a,, + (—a)k + (—ax)l, € U(Z,(D)}

According to the isomorphism theorem in groups, we can write;

U(ZS(I))/Ker(g) = g(U(Z,()) < Zy X Zy X Z,.

Now, we are forced to determine the elements of the group Ker(g) and its classification as a finite abelian group.
Letx =1+ al; + a,;, + (—a)l; + (—ay)l,

be a unit in Ker(g), this is possible if and only if there exists

y=14+b1; + byI, + (=b)I5 + (—by)I, € Ker(g)

such that xy = 1.

On the other hand, we have:

xy = 1 + 11[a1 + b]_ - a1b2 - azbl - azbl - albz] + Iz[az + bz - azbz - azbz - a1b1 - albl] +
Ii[—(ay + by — ayb; — ayby — azby — a1by)] + L[—(a; + by, — azb; — azby, — a;by — a;by)].

The previous formula ensures that the condition xy = 1 is equivalent to following system of Diophantine
equations:

{bl(l - 2a2) + bz(_zal) = —aq
bl(_zal) + bz(l - 2(12) = _azl

Since a; = a, = 0 is equivalent to the trivial unit 1, we can assume that a, or a, # 0.
The previous system of Diophantine equations is uniquely solvable if and only if

- 2a2 —2(11

. 1 _ 5 5
The determinant —2a, 1-2a, =(1-2a,)" —4a,” € {1,-1}.

If (1-2ay)? —4a,?=-1
we get a contradiction, that is because the left side is equal to 1(mod 4); but the right side is not.
So that (1 — 2a;)? — 4a,% =1,
this is equivalent to
(1-2a; —2a,)(1 —2a,+2a,) =1
This implies that :
(1-2a, —2a,) = (1 —2a, + 2a,) =1 (equation 1),
or (1 —2a, —2a,) =(1—2a, + 2a,) = —1 (equation II).
The only integer solution for the equation | is
a, = a, = 0 which is equivalent to the trivial unit 1.
The integer solutions of equation Il are
{a, =a, =0}or{a; =0,a, = 1}.
This implies that the only non trivial unit in Ker(g) is
x=1+1,—1,,thus Ker(g) = Z,.
According to the isomorphism theorem in groups, we can write
U(Z‘*(’))/Z2 = gUZ4(D) < Zy X Zy X 7y,
hence 0 (U(Z,(1)) is a divisor of 16.
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On the other hand, consider the following 4-cyclic refined integer
x=14+1 -1,

it is easy to check that
x2=1+L—I,x3=1+1;—I,x*=1.

Also, the element

y =1— I, — I, has the following property:
y2=1.
Also, the element z = 1 — 21, has the property z? = 1.

Now, we have at least the following units

2 2 3 3
{1,-1,x,—x,x*, —x*,x°,—x°,y,—y,2,—z},

which means that the order of the group of units is greater than 8 and divides 16, thus

0(U(Z4(1)) = 16.

We can find the other 4 units by using the multiplication operation between the units, which implies that the

other 4 units are
{I-L—-Ip1-L—1, - -4 —1),-(1—-13— 1)}

4. Remarks

The second Von Shtawzen's Diophantine equation has exactly the following 16 solutions:

%, = (1,0,0,0,0),
x, = (1,0,0,0,—-2),
x3 = (1,1,0,0,—-1),
x, = (1,0,1,0,-1),
x5 = (1,0,0,1,-1),

xs = (1,—1,0,0,—1),
x, = (1,0,—1,0,—1),
xg = (1,0,0,—1,—1),
—x; = (=1,0,0,0,0),
—x, = (—1,0,0,0,—2),
—x; = (-1,-1,0,0,1),
—x, = (-1,0,—1,0,1),
—x5 = (—1,0,0,—1,1),
—x = (—1,1,0,0,1),
—x, = (—1,0,1,0,1),

—xg = (—1,0,0,1,1)

The group of units U(Z,(I)) can be classified as follows:

U(Z,(1) =7, X7y X Zy.
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5. Conclusion

In this work, we have proved that first Von Shtawzen's conjecture is true, where we showed that the group of
units of the 3-cyclic refined ring of integers is finite with order 12. On the other hand, we determined the all 12
solutions of first Von Shtawzen's Diophantine equation (a, + a3)3 + (a;)3 + (a3)3 — 3a,a,(a, + a3) =

1 or — 1. With a4 € {1,—1}. In addition, we have proved that second Von Shtawzen's conjecture is true, where
we showed that the group of units of the 4-cyclic refined ring of integers is finite with order 16.

On the other hand, we determined the all 16 solutions of second Von Shtawzen's Diophantine equation.
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