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Abstract

This paper is dedicated to study the analytical relations between Abel's double summability method and
Natarajan's double summability method, where many theorems that draw a bridge between the mentioned
methods will be obtained. The main result of our work is to prove that that summability by Natarajan's method
implies summability by Abel's method in one or two variables. On the other hand, we illustrate some related
examples to clarify the validity of our approach.
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1. Introduction and basic concepts
Natarajan's method is considered one of the most useful methods that helps in finding the sum of convergent and
divergent series, with many applications in solving differential equations and approximation theory.
Abel's method is defined by using power series as a special case of matrix method.
This work concentrate on proving that summability by Natarajan's method implies summability by Abel's
method in one or two variables.
Definition: [1,2]
The series Yo, u, is a summable by Natarajan's method (i, 4,,) to S if 711_)11010 t, () = § where:

© A -k ;0 <k<n
tn(ulln) = Zk:o An i S Ane = { " 0 :k>n ySp = Zl?:ouk

and {4,,} has the property >.7_,|4,| < .

Theorem. [5]

The method (i, 4,,) is regular if and only if ¥7_ o1, =1
Definition. [7]

The two methods (u, 4,,), (i, u,,) are called consistent if:

Yo = S, An), Timouk = S(u, ) = S = $.

Definition. [7]

(u, Ay), (u, uy,) are equivalent if:

(An) € (W), () € (1 An)

Definition. [4-6]

The series Y _o oo U is called summable by double Natarajan's method (u, 4,,,) to S if:
lim ¢, ,(#Amn) = 5, where t,,, ,(FAmn) =y S0 g S

n—-oo
@ = lm—j,n—k = Am—jﬂn—k ;0<k<n
ke = 0 ;k>n
Sm,n = Z;nzo ZZ:Ouj,ka Z??l=0 Z?lo=0|)'m,n| = Z?ﬁ:o Z‘;.lo=0|/‘lm' .unl < oo
Theorem. [3,4,5]
The method (i, Ay, ) is regular if and only if ¥ _o 3o A = 1.
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Definition. [8]
The series Yo u, is called summable by Abel's method to S if linln_ t,41 = S, where:
X—
2;.1°= Spx™ oo o [ee]
txA1 = ﬁ = (1 - X) Zn:OSk x" = Zn:O Up xn' Sn = Zk:ouk
Main discussion.
Definition.
The series Zm=0 Y=o Um n is called summable by double Able's method (4,) to S if:

lim t,,“%2 =S, where:
xy—»l‘ xy

© m n
2im=02n=0Smn X"Y"

Zzumnz xyA2 = T% ‘ﬂz mxnm n =(1—x)(1—y)zZSm,nxmyn,Sm,n=ZZu”

m=0n=0 m=0 =0 m=0n=0 i=0 j=0

Theorem.
The Able's double method (A,) transformation applied on the series X5 o Xn=o0 Um » ha the following formula:

tx,yAZ = Sm,n xmyn
m=0n=0
Proof.
First, the method (4,) is applicable if and only if the following series Y.;n_¢ X0 Smn X"y is cOnvergent.
We have:
tey™ = (1= 0)(1 =) Z Zsmnx =A==y Y Y N
m=0n= m=0n=0 i=0 j=0
=A-DW=y) > uy ) Yy x"y" =100~ )ZZui,,-meZy"
i;o jO:oo m=in=j i=0 j=0 m=i n=j
= (=00 =) ) D gy G+ x4 )@ I )
i=0 j=0
=(1-x)1- )ZZu”x YA +x+- )1 +y+-)
i=0 j=0
—(1— _ J
A=00-9) > Y TG —— ZZul,x y
i=0 j=0
Example.

Consider the series Y _o Yoo (—1)™*", then:

1
— Ji _1ym+n ,myn _ =
ity = i ) ) GOy =g

m=0n=0
Example.
Consider the series Yo _ =0 Z;‘f omn(—1)™"*2 then:
lim_t,,% = lim Z Z mn(—1)"tnr2 xmyn = —
x,y—-1~ x,y—-1" 16
m=0n=0
Theorem.

Let {a,,} be a sequence, suppose that it is summable by double Nataraajan's method (u, 1, ) to a with regular
(4, A ), then it is summable by (4,) to a.

Proof.

Assume that {um ) is transformation of (1, Amn) applied on {amn}, then:

Zzlm —in-jqi,j = Zzlm iUn-jQij = Zlm lzun—]al]

i=0 j= i=0 j=

= Z Am—i (:uoai,n + Qg+t ﬂnai,o)
=0

= #O(Aoam,n + Mam_1nt ot Amao,n) + H1(/10am,n—1 +Mam_1p-1+ o+ lmao,n—l)

+-t #n(loam,o +Lam_1+ o+ Amao,o)
ThUS (Z:I?L:O 27010:0 Am,nxmyn)(z;.?lzo Z;():o am,nxmyn) = Z?EZO Z?lo=o um,nxmyn
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Hence, [ =20 = ) Zirco B0 amax™y™ ] (Snzo Zizo Amnx™y™) = (1 = 2)(1 -
Y) Xm=02n=0 UmnX"Y"
Also,
(1-x)1-y) Z Zamnx " (1—x>(1—Y><Z menx y > (Z Z" )
m=0n=0 m=0n=0 0n=0
=1-x)1-y) Z Zumnx y"

m=0n=0
[(1 =201 = ¥) Zico Ziimo max™y" | (1 = ) (1 = ¥) (im0 Ziimo A x™y™) = (1 =) (1 —
y)Zm OZn Oumnx y WhereAmn Zz 02] 0(1)m in- ],thUS

lim ZZamnx yr lim ZZumnx yr
x,y—1" xy—»l_ ’

m=0n=0 m=0n=0

Also, lirq_(l —x)(1 —y) Xm0 2neoAmnx™y" =1, lim u,,, = a, hence
x,y—

m,n—co

liml_(l —x)(1 —¥) Xm=0 Zneo UmaX™y™ = a, this implies:
x,y—

lim (1 -x)(1 = y) X0 X Gmax™y" = a, 0 that {@mn} is summable by (4,) to a.
x,y—

Theorem.

If {@n} is summable by (4,) to a, then (i, Ay ) ({@mn}) is summable by (4,) to a.
Proof.

We have:

lim (1-x)(1—-y) Z Z Apnpx™y™ = lim (1 —-x)(1—y) Z Z Uy X"y =1
x,y—-1" x,y—-1"

m=0n=0 m=0n=0

But, liml_(l —x)(1 —¥) Xm=02n=0AnaX"y™ = a, hence
X,y

lim (1-x)(1—-y) Z Z U X" y" =
x,y—-1" ’

m=0n=0
And the proof is complete.
Remark.
Ay( Amn) # (4 A )Az in general.
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