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Abstract

This paper considers Hyers-Ulam-Rassias Stability for Linear and Semi-Linear Systems of Differential
Equations. We establish sufficient conditions of Hyers-Ulam-Rassias stability and Hyers-Ulam stability for
linear and semi-linear systems of differential equations. Illustrative examples will be given.
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1. Introduction

In 1940, (Ulam, S.M.) posed the stability problem of functional equations. In the talk, Ulam discussed a problem
concerning the stability of homomorphisms. A significant breakthrough came in 1941, when (Hyers, D. H.) gave
a partial solution to Ulam's problem. During the last two decades very, important contributions to the stability
problems of functional equations were given by many mathematicians (Gavruta, P. A; Jun, K. W. Lee, Y. H;
Jung, S. M. (2001); Jung, S. M. (1996); Miura, T. Takahasi S. E & Choda, H.; Park, C. G. (2002).; Park, C. G.
(2005); Park, C. G. Cho, Y.-S. & Han M. (2007).; Rassias, T. M.). More than twenty years ago, a generalization
of Ulam's problem was proposed by replacing functional equations with differential equations: The differential

equation F (t,y(t),y’(t), ....,‘y(")(t)) = 0 has the Hyers-Ulam stability if for given ¢ > 0 and a function Y
such that

F(ty®, 9@, ... ym®)| <e
there exists a solutionyOof the differential equation such that
1Y(@®) = Yo ()| = K()
And lgiﬁrrél((e) =0.

The first step in the direction of investigating the Hyers-Ulam stability of differential equations was taken by
Obloza (Obloza, M.; Okunuga, S. A. Ehigie, J. O. Sofoluwe, A. B.). Thereafter, Alsina and Ger (Alsina, C. Ger,
R.) have studied the Hyers-Ulam stability of the linear differential equation Y'(t) — Y(t). The Hyers-Ulam
stability problems of linear differential equations of first order and second order with constant coefficients were
studied in the papers (Li, Y. & Shen, Y.; Wang, G. Zhou, M. & Sun, L. (2008).) by using the method of integral
factors. The results given in (Jung, S. M.; Rus, I. -A,B) have been generalized by Popa and Rus (Popa D. & Rus,
I. 2011; 2012). for the linear differential equations of nth order with constant coefficients. (Gordji et al. Gordji,
M. E. Cho, Y. J. Ghaemi, M. B. & Alizadeh, B.) get sufficient conditions for Hyers-Ulam stability of the first
order and the second order nonlinear partial differential equations. Lungu and Craciun (Lungu, N. & Craciun, C.)
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established results on the Ulam-Hyers stability and the generalized Ulam-Hyers-Rassias stability of nonlinear
hyperbolic partial differential equations.

In addition to above-mentioned studies, several authors have studied the Hyers-Ulam stability for differential
equations of first and second order (Gavruta, P. S. Jung, & Li, Y. ; Li, Y.; Miura, T. Miyajima S. & Takahasi. S.-
E.; Takahasi, E. Miura T. & Miyajima, S.).

The objective of this article is to investigate the Hyers-Ulam-Rassias stability for the linear systems of
differential equations

x'=Ax+f(t) (1.1)

And

x' = (A + B(t))x (1.2)

Moreover, in this paper we consider the Hyers-Ulam-Rassias Stability for the semi linear system
x'=Ax+ g(t,x) (1.3)

with the initial condition

x(0) = x, 1.4)

where A is a constant n X n matrix, f(t) € R™is a continuous vector column, B (t) is a matrix valued on the
interval function I, and g (¢, x) is continuous in I X R™ — R" such that

lg(t, x) — g(t, Zo)| < y(D)]x = Zo| (1.5)

Where g(t,0) = 0and I = [0, ).

It should be noted that Euclidean n-space R™, n > 1, is equipped with the distance |x — Y| = |27 |x; — ‘yi|2|§
unless otherwise stated.

1- Preliminaries

We introduce some definitions as follows:

Definition 2.1 (Jung, S. M.) Let ¢(t) = col(¢p,(t), p,(t), ..., p,(t)) and @(t) = |¢p(t)| such that ¢;: 1 —
[0,0),i =1,2,...,n. We say that
equation (1.2) has the Hyers-Ulam-Rassias (HUR) stability with respect
to @:1 - [0,0) if there exists a positive constant k > 0 with the
following property: For each x(t) € C1(I, R™), if

[x" — Ax — f(t)| < p(t), (2.1)
then there exists some Z,(t) € C1(I, R™) of the equation (1.1) such that
lIx(©) = Zo (DIl < ke(2),t € [0, ) (2.2)

Definition 2.2 (Jung, S. M. ) Let ¢(t) = col(¢p,(t), P, (t), ..., pp(t))and @(t) = |p(t)| such that ¢p;: 1 —
[0,),i = 1,2,...,n. We say that equation (1.2) has the Hyers-Ulam-Rassias (HUR) stability with respect to
@:1 - [0, ), if there exists a positive constant k > 0 with the following property: For each x(t) € C*(I, R™), if

[x" — Ax — g(t, x)| < @(t), (2.3
then there exists some Z,(t) € C1(I,R™) of the equation (1.3) such that
lx(@) = Zo (DIl < k(o) t €1 24)

Lemma 2.1 (Gronwall's Inequality) Let u(t) and v(t) be nonnegative continuous functions on some interval
0<ty,<t<ty+a. Also, let the function h(t) be positive, continuous, and monotonically nondecreasing on
[to, to + a] and satisfy the inequality

u(®) < () + [} u(s)v(s)ds

then, there holds the inequality

u(t) < h(t) exp [fttou(s)v(s)ds], forty<t<ty,+a

For the proof of Lemma 2.1, see (Plaat, O.).
Lemma2.2 (Samoilenko, A. M. Krivosheya, S. A. & Perestyuk, N.A.) Let A(t) be an n X n matrix whose
elements are functions of parameter t. If

AQ®). [, Aydr = [; AP)dr . A(t),
then the solution of the homogeneous system
x' = Ax
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has the form x(t) = efot“(r)‘”xo.
2- Main Results on Hyers-Ulam-Rassias Stability
Theorem 3.1 Let A be a constant n X n matrix, f(t) € R™ be a continuous vector column in the interval I.
Suppose x(t) satisfies the inequality (1.2) with initial conditions (1.4) on the interval 0 <t < T < o0 and
@(t):[0,0) = (0, ) is a continuous function such that
fom”e““(s_t)“ @(s)ds < Co(t), Vt = 0. (3.1)

Then the solution of (1.2) is stable in the sense of Hyers-Ulam-Rassias.

Proof. Let x(t) be an approximate solution of the initial value problem (1.1), (1.3). We will show that there
exists a function 2, (t) satisfying (1.1) and (1.3) such that
() = Zo(Ol < kep(t)
The inequality (2.1) implies that

—pt) <x'—Ax—f(t) < P(1). (3.2)
Left-multiplying the inequality (3.2) by matrix integrating factor e ~4¢ we get
—e M p() < 7 (e74x) — eTAf (1) < M (D). (33)

Integrating (3.3) from 0 to t, we have
- fote_AS(p(s)ds <eAfx —x,— fote‘Asf(s)ds < fote‘Aqu(s)ds,
or, equivalently we get
- fote_A(t‘s)(b(s)ds < x — xpeft — foteA(t‘S)f(s)ds < f;eA(f_S)ql)(s)ds.
It is clear to see that
Zy = eftx, + foteA(t‘S)f(s)ds
satisfies Eq. (1.1) with the initial condition (1.3).
Now estimate the difference
() = Zo(0)] = |x = ety = [y 4 f (s)ds| < Cop(t)
Consequently, we have
llx(®) = Zo (DIl < Co (D),
which completes the proof of Theorem 3.1.
Corollary 3.1 Replacing ¢(t) by &in the inequality (3.2) we can get Hyers-Ulam stability for Eq. (1.1) in the
interval 0 < t, <t <T,i.e.if x(t) satisfies
Ix" —Ax — f(O)| < &,
with the initial condition x(t,) = x, then there exists some Z,(t) of the equation (1.1) such that
lIx() = Zo (Dl < ke.
The proof of Corollary 3.1 is quite similar to the proof of Theorem 3.1 and will therefore be omitted.
Corollary 3.2 From Hyers-Ulam-Rassias stability of equation (1.1) (with f(t) = 0), one can conclude that
the solution e4tx, of (1.1) is bounded inthe interval 0 < t, <t < T < oo,
Example 3.1 Consider the non-homogeneous system of differential equations

L _ 4y - 3x
§= st (3.4)
with initial condition (,;((%))) = (5)
or,
L AZ+f(®)
Where
2 ()= (3 Ds0-(0)
We find

ac _ (e t=2te’t 4tet
¢ = ( —tet et + Zte't)
With
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suplle*| = sup (¢ _tez_tf_t 4Jtrezte—f)” < 2e7t +9te~t < 9e~ /N = K,

Where K= sup{Ze +9te”t} = ntla})x{Ze + 9te™'} = 4.1348.

t=0

Suppose that

= -4z - )| < o)

From which it follows that

() =2'-AZ - f(t) < p(1), (3.5)
Where

1 2t
_| V2 _ _ |1 1 _ L2t

60 =7, |ando® = 6@ = |GGy + et = e

V2
Multiplying the inequality (3.5) on the left, by a matrix integrating factor

_ar _ (et + 2tet —4tet
e =
tet et(1-2t))

We get
1

2t

_(et+2tet —4tet ) V2 <2 (et+2tet —4tet )(x)
tet et(1—2t) ieZt ~dt tet et(1-2t))\Y

V2

1

_(et+2tet —4tet )(0)<(et+2tet —4tet ) N
tet et(1-2t) tet et(1-2t) \/L_

2

and integrating (3.6) from O to t, we have
1

t __p2s
e + 2se’s —4se’ N et + 2tet —4tet x 1
< _
f e’ e*(1- 25)) 1 ds < ( tet et(1— Zt)) (y) (o)
’ V2
t t \/i_eZs
e + 2se’ —4se’ e + 2se’ —4se® 2
+f es el —25) )ds < f s es(d —25)> T
—e
0 0 7
By multiplying the last inequality on the left by
-t —t -t
At et — 2te 4te
= , we get
¢ ( —te~t e t+ 2te‘t) g
1 2
_efem D —2(t —5)e” 9 4(t — s)e~ = i ds
0 (t —s)e =9 e DM +2(t—5)) )| Lezs
A
x e t—2tet 4tet 1
= (y) B ( —te~t e t+ 2te_t) (0)
t
e (=) — 2(t — 5)e (=9 4(t — 5)e~ =9 0
- ~(t-s) ~(t-5) ( )ds
(t —s)e ¢ e (1+2(t—s))/)\s
0
1
t _eZS
- f e~ (=) — 2(t — 5)e~ (%) 4(t — s)e~ =9 V2 ds
- (t —s)e = e" M +2(t—-s)/)| 1
0 —e
V2

It is clear to see that

2 (;11) (_t—_tez‘tte_t e‘t4i82_tte_t) ((1))
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t
+J’ e~ —2(t — s)e” (%) 4(t —s)e” (=) (0) s
J (t —s)e e (1 +2(t—s))) \s

t
_ (e-f - 2te—t) N f 4s(t—s)e™D (4 9e~t +2te~t — 8)
—te~t se 1+ 2(t — 5)] 3t+5e t+tet -5

satisfies (3.4) with the initial condition.

Now consider the difference
t

1Z(t) — Z,(t)| = |Z — et 2, —feA(t‘s)f(s)ds

t
- —Zte‘t f 4s(t —s)e (=)
= |Z(t
© - ( 0(se =911 4 2(t — 9)]

|
K% 625\ ds

t
- J’ (e‘(t‘s) —2(t —s)e 9 4(t —s)e (=9 )
0

(t—s)e S e~ (1 +2(t - 5)) ieZS
")
1.2
e —2(t—)e™) 4t —s)e" 7 \|[ g < &
t20 (t—s)e 9 e” (1 +2(t — )| ||\ L ez T2
vz
3.7)
Where
sup||e4¢=)|| < suplle®t|| < K (3.8)
t=0 t=0

Consequently, we have
1Z(6) - Z, ()l < Se? = ko(t)
Therefore, the non-homogeneous system (3.4) is HUR stable for all t > 0.

Corollary 3.3 From Hyers-Ulam-Rassias stability of (3.10) (with f;(t) = 0,i = 1,2), one can conclude that the
homogeneous system has with the solution

_(*1\ _ (e t—2tet 4tet 1\ _ (e t—2tet
21 = ('y1) - ( —tet et + Zte‘t) (0) a ( —te”t )
is stable the sense of HUR in the interval 0 < t, <t < T < oo.

Theorem 3.2 Let A be a constant matrix and let B(t) be a continuous matrix valued function in the interval I.
Suppose that ¢(t): I - (0, c0)is a continuous function such that

Jy le46=Dlp(s)ds < Co(t), vt =0 (3.9)
If the inequality satisfies

[x" — Ax — B(t)x| < ¢(t) (3.10)
and the integral

J IB@®llde < oo (3.11)

converges, then the solution of (1.2) is stable in the sense of Hyers-Ulam-Rassias.

Here the norm ||B(t)|| denotes the sum of the absolute values of elements of the matrix B(t).

Proof. Let x(t) be an approximate solution of the initial value problem (1.1), (1.4). We will show that there exists
a function Z,(t) satisfying (1.1) and (1.3) such that

lx(8) = Zo(DIl < ke (t)

The inequality (3.10) implies that

—p(t) <x'—Ax—B(t)x < ¢(t) (3.12)
Multiplying the inequality (3.12) on the left, by a matrix integrating factor e ~4¢, we get
—eTAt(t) < = (e4x) — eTAB(H)x < e A (t) (3.13)

Integrating (3.13) from O to t, we have
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t t t
—J-e““sqb(s)ds <e My —x,— J- e SB(s)x(s)ds < fe‘Ascp(s)ds
0 0 0
or, equivalently we get
t t t

_J-eA(f—S)(p(s)ds < x — xpe4t —feA(t_S)B(S)x(S)dS < J.eA(t_S)(P(S)dS
0 0 0

It is clear to see that
t

Z, = etx, + f eAt=9)B(s)Z(s)ds
0

satisfies the system (1.2) with the initial condition (1.4).
Now consider the difference

(1) = Zo(®)] < |x — etxg — [ eACIB(s)x(s)ds|
+ fotlle*‘“‘”llIIB(S)IIIX(S) —Z(s)lds (3.14)
From Corollary 3.2, we can find a constant K > 0 so that sup||e4t|| < K

t=0

Then applying Gronwall's inequality for (3.14) we get

Ix(®) — Zo(D)]] < Co () exp| K f IB@Ildt | = ke ()
0

Therefore, the problem (1.2), (1.4) is HUR stable for all t > 0, which completes the proof of Theorem 3.2.

Example 3.2 Consider the system of differential equations
dx

a = o (3.15)
Woy—x+—x .
dt =Y-x 1+t2
L . x(0) 1
h initial ( )= ,
with initial condition Y(0) (0)
or
%=AZ+B(t)Z
Where
0 0
X -3 4
= = = 1
2= ()= eo=( 1)
1+ t2
We find
-t -t -t
At _ (e — 2te 4te
¢ ( —te™t e't+2te't)
With
-t -t -t
Aty — e ' —2te 4te < 2e~t +9te~t < 9e-07/9 = K
i‘;op”e I S;L‘Op ”( —tet e‘t+2te‘t)” = ceH e = Ye ’

Where K = sup{2e~* + 9te™t} = I?%X{Ze't + 9te~'} = 4.1348.
t=0 2

Suppose that
L_az- B(t)| < o(b)
From which it follows that

—p(t) £2'—AZ - B()Z < ¢(t) (3.16)
Where
¢(0) = \/i;;t and ¢(t) = |p()] = \/(%en)z + (%6”)2 = et

Multiplying the inequality (3.16) on the left, by a matrix integrating factor
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_at (et + 2tet —4tet )
e =
tet et(1-2t))

We get

ien
_(et+2tet —4tet ) V2 <i (et+2tet —4tet )(x)
tet et(1-2t))| 1 o2t ~dt tet et(1-2t))\Y
V2
_(et+2tet —4tet ) (1) 0 (x)
tet et(l —2t) m 0)\Y
et + 2tet —4tet \/_lieZt
<
- ( tet et(1— 2t)) 1 2t (3.17)
V2
integrating (3.17) from O to t, we have
t 1625
e + 2se’ —4se® \2 et + 2tet —4tet ) x 1
< —
f e’ e5(1—25)> 1 ds—( tet et(1—2t) (y) (0)
0 —e

V2

t

f e + ZSse S(—14s_e25)) ( (1) 0) (é) »
0 1+s

f e’ + Zsse S—4ses ( \‘

J es(1— 25) \

Left-multiplying the last inequality by

oAt — (e't —2tet 4tet )
—te™t et 4+ 2te?

We get
t ieZS
_J’ (e'(t's) —2(t—s)e =9 4(t — s)e~ ) V2 ds
) (t —s)e =9 e (1 + 2(t — 5)) ieZS
V2
X\ (et —2te’t
S(y)( —tet +2te f)()
e ) = 2(t —5)e” =9 4(t — s)e'(t S) 0 ( )
0 (t —s)e =) e~ (14 2(t - s)) mz 0
i 25
\/f ds
1
V2

t
< f == —2(t — 5)e==9 4(t — s)e =9
- (t —s)e =9 e (1 +2(t - S))
0
It is clear to see that
_(*1\ _ (e"t—2tet 4tet 1
21 = (yl) B ( —tet e t+ 2te‘t) (0)

t
+f e (=) _2(t — 5)e~ (=9 4(t —5)e~ =9 (1) 0 (X1)d
(t —s)e 9 e (1 +2(t—s)) 15s2 0\y,)*
0
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4(t — s)e~9

| ——— 0
et —2te™t 1+ s2 X1
B ( —te™* ) * f e (1 +2(t—s)) (yl) ds
° 1+ s2 0
satisfies (3.15) with the initial condition.
Now consider the difference
12(t) — 2, (0|

t

t
< |Z —ettz, —feA(t‘S)B(s)Zl(s)ds + f”e“‘(t‘s)”||B(s)|||Z(s) —2Z,(s)|ds
0

0

t i eZS
e~ —2(t — 5)e=(t=9 4(t — s)e = V2
< 1 ds
0

(t —s)e 9 e (1 +2(t-s)) 1 e
V2
f e~ —2(t — 5)e==9 4(t — s)e =9 ‘ 0 0 Z(5) )]
+ Z(s) — Z,(s)|ds
— —(t-s) —(t-s) _ — 0 1
) (t—s)e e (1+2(t-5) 112
t 1 2s
—(t=5) _ 2(t — §)e—t=9 — §)e—(t-9) N
< f e 2(t —s)e 4(t — s)e V2 ds
- ) (t —s)e 9 e (1 +2(t —s)) ieZS
V2
et - 2(t —s)e” 9 4(t —s)e=t=9) o 0
+ V4 - Z d
f (t - S)e—(t—s) e—(t—s)(l +2(t - S)) | m 0 1Z(s) 1(5)| S
0
1
—€2S
<su f e~ =) —2(t — 5)e~ (=9 4(t — s)e~9) NG ds
- tzop ; (t —s)e 9 e (1+2(t—s)) LBZS
V2
t
—(t-s) _ — Qe — et 0 0
e 2(t —s)e 4(t — s)e
+ 1 Z(s) — 2,(s)|d
f ( (t — S)e(t—s) e—(t—s)(l +2(t — S)) m 0 1Z(s) 1(s)|ds
0
K t 1
S;ezt+Kf0 1452 |Z(S) —Zl(S)IdS (318)
Where
igglle*‘“‘s)ll < stgglle*‘tll <K. (3.19)

Then applying Gronwall's inequality for (3.18) we get

K [ee]
1Z2(&) — 2, (DI SgeZteXp KfIIB(t)IIdt
0

(oo}

= 2.0674e?" exp 4.1348J ﬁdt = Co(t) exp(2.06741) = ko(t)
0

Therefore, the system of equations (3.15) is HUR stable for all t >0.

Corollary 3.3 Replacing ¢(t) by &in the inequality (3.2) we can get Hyers-Ulam stability for Eq. (1.2) in the

interval 0 < t, <t < T < oo, Le. if x(t) satisfies

[x' — Ax — f(t)] < e,

with the initial condition x(t,) = x,, then there exists some Z,(t) of the equation (1.2) such that

Ix(®) = Zo (Dl < ke.

The proof of Corollary 3.3 is quite similar to the proof of Theorem 3.2 and will therefore be omitted.
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In the following theorem we establish the Hyers-Ulam-Rassias stability for (1.3) in the interval 0 <t, <t <
T < oo.
Theorem 3.3 Suppose that x(t) satisfies the inequality(2.3)with initial conditions (1.4). Let A be a constant

matrix and @):1 - (0,)
be a continuous function such that

Jy le=46=9|| p(s)ds < Co(t), vt = 0 (3.20)

If (1.5) holds and the integral

Jy y@®ds < oo (3.21)

then the solution of (1.3) is stable in the sense of Hyers-Ulam-Rassias as t — o
Proof. Let x(t) be an approximate solution of the initial value problem (1.3), (1.4). We wish to show that there
exists a function Z, (t) satisfying (1.2) and (1.3) such that

Ix(®) = Zo (DIl < k(D).

Then it follows from the inequality (2.3) that

—p(t) < x'—Ax — g(t,x) < p(t). (3.22)
Multiplying (3.22) by matrix integrating factor e 4¢, gives

—e Atp(t) < %(e““x) —e g(t,x) < e p(b).

Integrating the later inequality from O to t, we have

- fote“‘(t‘s)¢(s)ds < x — xpeft — fote“‘(t‘s)g(s, x)ds < fote“‘(t‘s)¢(s)ds
(3.23)

or, equivalently we get

t o

x —eftx, —feA(t‘s)g(s,x)ds < j”e’*“‘””q;(s)ds
0 0

One can easily show that

Zy(8) = etxo — [y €29 g (s, Zp))ds
satisfies (1.2) with the initial condition (1.3).
Now, let us estimate the difference

lx () — Zo (O]
t t t
= |x —eftx, +feA(t's)g(s,x)ds —feA(t's)g(s,x)ds —feA(t'S)g(s,Z)ds
0 0 0
t t t
< |x —efx, —feA(t's)g(s,x)ds + feA(t'S)g(s,x)ds—feA(t'S)g(s,Z)ds
0 0

0
o) t
< f |4 @ (s)ds + j e4t=9g(s,x) — g(s,2))ds
0 0

t

< Co(t) + f y©|eAC9||1x(s) — Zo(s)lds

S0, we obtain
t

lx(®) — Zo (DIl < Cop(2) +fy(t)||e*‘“‘s)|||x(5) —Zo(s)lds
0
Now, since sup||e“t|| < K then using Gronwall's inequality we get
t=0
lx(®) = Zo (Il < Co(t) exp Kf y(@®)ds | = ko(t)
0
which means that (2.4) holds true for all t > 0.
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Corollary 3.3 Replacing ¢(t) by ein the inequality (3.2) we can get Hyers-Ulam stability for Eq. (1.3) in the
interval 0 < t, <t < T < oo, i.e. if x(t) satisfies
[x" — Ax — g(t,x)| < ¢,
with the initial condition x(t,) = x,, then there exists some Z,(t) of the equation (1.3) such that
lx(®) = Zo (O < ke

The proof of Corollary 3.3 is quite similar to the proof of Theorem 3.3 and will therefore be omitted.

Now we will prove HUR stability for the system (1.3) in which A(t),t € [0, ), is an n X n matrix of real
continuous functions on I. In this case one can similarly get HUR stability for the systems (1.2), (1.3).

Theorem 3.4 Suppose that x(t) satisfies the inequality (2.3) with initial condition (1.4), and A(t) is a
continuous matrix function commuting with its integral.

Then a sufficient condition for problem (1.3-1.4) to be stable in the sense of Hyers-Ulam-Rassias as t — o is
that

(i) Jy le=46=9] | p(s)ds < Co(t), vt = 0 (3.24)
(ii) Jy y(®)ds < o (3.25)
(iiiy  sup|ed®| < ¢, (3.26)

t=0

whereclis a constant and ¢ (t): I — (0, o) is a continuous function for ¢ € [0, ).
Proof. Let x(t) be an approximate solution of the initial value problem (1.3), (1.4). We wish to show that there
exists a function Z, (t) satisfying (1.3) and (1.4) such that

llx(®) — Zo (DI < ke(t)
Then it follows from the inequality (2.3) that

—p(t) <x'—A(t)x — g(t,x) < ¢p(t), (3.27)

Multiplying (3.27) by matrix integrating factor e 4t gives

—e AR (1) < e AWy — =AW Y()x — e ADEg(L, x) < e ADLPH()

(3.28)

Since A(t) is a commuting with its integral, then by Lemma 2.2 we can write (3.28) in the following
—e (1) < %(e‘*“x) —eg(t,x) < e (1)

Integrating the later inequality from 0O to t, we have
t

¢
- J et (s)ds < x — eAtx, — j e4t=9) g(s,x))ds
0 0

t
< J eAt=)¢(s)ds
0

or, equivalently we get
t oo
x — etx, —JeA(t‘S)g(s,x))ds < j et (s)ds
0 0
One can easily show that
t
Z,(t) = eftxy + f e4t=9g(s,2,))ds
0

satisfies Eq. (1.3) with the initial condition (1.4).
Now, let us estimate the difference

lx(t) — Z,()| = |x —eflx, + foteA(t‘S)g(s, x)ds — f;e“(t‘s)g(s, x)ds — f;e“(t‘s)g(s, 2)ds
< |x —eftx, + foteA(t‘s)g(s, x)ds| + |fOteA(t‘S)g(s, x)ds — fOteA(t‘S)g(s,Z)ds|

< [y le* 2l o(s)ds + [ile**=2| 19 (s, x) — g(s, 2)lds

< Co(®) + J; y(©)]|eA“2|| 1x(s) — Zo(s)lds.

So, we obtain

44
Doi: https://doi.org/10.54216/GJMSA.060105
Received: December 18, 2022 Revised: April 04, 2023 Accepted: May 006, 2023



https://doi.org/10.54216/GJMSA.060105

Galoitica Journal Of Mathematical Structures And Applications (GIMSA) Vol 06, No. 01, PP. 3546, 2023

I2() = ZoOl < Co®) + [, ¥ (O] E|| 1x(s) — Zo(s)lds

Using Gronwall's inequality we obtain

lx(6) = Zo(®)Il < Co(t) exp(K [, y(t)ds) = ke(t)

which means that (2.4) holds true for all t > 0.

Corollary 3.4 Replacing ¢(t) by ein the inequality (3.2) we can get Hyers-Ulam stability for Eq. (1.3) in the
interval 0 < t, <t < T < oo, i.e. if x(t) satisfies

[x" — A()x — g(t,x)| < ¢,

with the initial condition x(t,) = x,, then there exists some Z,(t) of the system (1.3) such that

() = Zo (O < ke.

The proof of Corollary 3.4 is quite similar to the proof of Theorem 3.4 and will therefore be omitted.

3. Conclusion

This paper considers the problem of Hyers-Ulam-Rassias stability for linear and semi-linear systems of
differential equations. Here we use the direct method to obtain some integral sufficient conditions of Hyers-
Ulam Rassias stability for linear systems with almost constant matrix, linear and semi-linear systems of
differential equations with constant matrix. Moreover, in this paper we consider the Hyers-Ulam-Rassias
stability for the semi-linear system with continuous matrix function commuting with its integral. To illustrate the
results, we provided some examples satisfying the assumptions of the proved theorems.
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