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Abstract 

A relatively recent area of research known as neutrosophic statistics deals with data that are ambiguous, 

indeterminate, and inconsistent. By embracing the idea of neutrosophy, which denotes the existence of three 

components in a statement: truth, falsity, and indeterminacy, it broadens the application of classical statistics. One 

of the significant offshoots of statistics is life-time data analysis. Traditional statistical methods only account for 

variation within the data and calculate lifetime observations as accurate numbers. Actually, there are two different 

kinds of uncertainty in data: fluctuation between observations and fuzziness. As a result, analysis techniques that 

solely employ precise lifetime data and ignore fuzziness use incomplete information and produce false results. 

This paper sought to generalize hazard rates, survival functions, and parameter estimates for fuzzy Gompertz 

Distribution. Simulation studies are implemented to examine the performance of the fuzzy Gompertz Distribution. 

The results show that the fuzzy Gompertz Distribution has better flexibility in handling over the standard Gompertz 

Distribution. 
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1. Introduction 

 

The problem of analyzing time to event data arises in a number of applied fields, such as medicine, biology, public 

health, and epidemiology [1, 2]. Analysis of data, estimate of probability distributions, and stochastic models are 

all topics covered in statistics. As a result, statistics requires a quantitative explanation of the data. Data are 

typically thought of as being numbers, vectors, or conventional functions in normal statistics. However, real data 

used in applications is typically more or less imprecise, sometimes known as fuzzy, rather than precise numbers 

or vectors [3-8].  

The analysis of survival distributions is a component of survival analysis. By this, we mean the lifespans of 

individuals, cancer patients, industrial robots, parts, cogs, and software.   

 A set of data or a portion of it that is somewhat ambiguous is referred to as neutrosophic statistics, as are the 

techniques used to analyze the data [9]. The difference between neutrosophic statistics and classical statistics is 

that all data are determined in classical statistics. Neutosophic statistics often overlaps with classical statistics 

when indeterminacy is zero. The neutrosophic metric can be used to quantify the uncertain data. 

We can interpret and arrange neutrosophic data, which may contain certain ambiguities, using neutrosophic 

statistical approaches in order to identify underlying patterns [10]. 
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2. Neutrosophic statistics 

The concept of neutrosophic probability as a function  
3

:  0,  1NP → was originally presented by [11], where U

is a neutrosophic sample space and defined the probability mapping to take the form 

( ) ( ) ( ) ( )( ) ( )  ,   ,    ,  ,   NP S ch S ch neut S ch anti S   = =

 0  ,  ,    1  0        3where and        + +  . Additionally, a variety of neutrosophic probability 

models, including Poisson, binomial, exponential, uniform, normal, Weibull, Kumaraswamy, extended Pareto, 

Maxwell, Lognormal, and Gamma, have been explored by numerous academics [10, 12-17]. The term   

represents the set of sample space, R represents the set of real numbers, and  denotes a sample space event, NX

and NY  denote neutrosophic r.v. Furthermore, we demonstrate certain renowned definitions and characteristics of 

neutrosophic probability and logic that will be important in creating this neutrosophic probability model. 

 Definition 1 Consider the real-valued crisp r.v. X , which has the following definition:  :    X R→  

where   is the event space and NX  neutrosophic r.v. as follows: 

( )   :   NX R I →  

and 

     NX X I= +  

The term I  represents indeterminacy. 

 

 Theorem1: Let the neutrosophic r.v.     NX X I= + and the CDF of X is ( ) ( )     XF x P X x=   [14]. 

The following assertions are correct: 

( ) ( )      ,N XFX x F x I= −  

( ) ( )      ,
NX Xf x f x I= −  

where 
NXF and 

NXf are the CDF and PDF of a neutrosophic r.v. NX , respectively.  

Theorem 2:  Let    NX X I= + , is the neutrosophic r.v., then the expected value and variance can be derived as 

follows: ( ) ( )     NE X E X I= + and ( ) ( )   NV X V X=  [14]. 

3. Fuzzy Gompertz Distribution 

One frequently uses the exponential, Gompertz, generalized exponential distributions while examining lifetime 

data. It is well known that the hazard function for an exponential distribution can only be constant, whereas hazard 

functions for a Gompertz distribution and a generalized exponential distribution can only be monotonic (growing 

for a Gompertz distribution and increasing or decreasing for a generalized exponential distribution) [18]. These 

distributions are widely used in reliability and medical research to simulate lifetime data. 

Gompertz distribution is considered one of the most popular distribution when analyzing survival data [19, 20]. 

We know that the form of Gompertz distribution is: 

( ) ( )1; , exp for t 0,t tf t e e 


   −

 
=  

 
      (1)  

where , 0    is the scale and shape parameters. The CDF is  

( ) ( )1; , 1 exp teF t 


 


= −


−  

 
       (2) 

The survival function and hazard function are defined as 

( ) ( )exp 1 tS t e



 
= − 

 
         (3) 

( ); , th t e  =                                                       (4) 

Depending on the maximum likelihood method, the distribution parameters can be estimated efficiently.  

Regarding the fuzzy dataset, some definitions are needed.  
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Definition 2 [21]: 

    A membership function mapping the elements of nonempty set X to the interval  0,  1  defines a fuzzy set

 . : 0,1
A

A X → , is called the degree of membership function of the fuzzy set . ( )
A

A x (𝑥) is called the 

membership value of x X in the fuzzy set A   

Definition 3 [22]: 

    A fuzzy number A  is a fuzzy set on real line , if satisfy the following conditions:  

1- ( )
A

 z  is piecewise continuous, where z  . 

 2-  z   such that ( )   1
A

z =  (𝑖. 𝑒. 𝐴 ̃ is said to be normal) 

 3- A  is convex 
1 2 1 2( . . ( (1 ) ) min{ ( ), ( )},x xA A A

i e x x    + −  for all 1 2,x x  , and all    0,  1 ,  5 .)   

Definition 4 [23]: 

    The  − 𝑐𝑢𝑡 set of a fuzzy set A  is crisp set defined by { | ( ) }    
A

A x X x  =   .  

A fuzzy set is convex   all its  −  𝑐𝑢𝑡𝑠 are convex. 

 Regarding to this, the fuzzy Gompertz distribution is defined as: 

 

( )

( )

( ) ( )

( )

( )

( )

( )

( )

0

0

( )

            exp 1

1 exp 1

A

A

A

A

A

t

t
t t

t

F t f u du

e e du

e F t











 












=

 
= − 

 

 
= − − = 

 



           (5) 

and 

 ( ) ( )( ) ( )

( )  exp 1    A A
t t

A
f t e e

 



 




 
= − 

 
 (6) 

The fuzzy survival and fuzzy hazard functions are, respectively 

 

( ) ( )

( )

( ) ( )

( )

1

           exp 1  A

A A

t

S t F t

e

 





= −

 
= − 

 

 (7) 

 ( )
( )

( )

( ) ( )

( )

( )

exp 1

exp 1

A A

A

t t

A
t

e e

h t

e

 





 












 
− 

 
=

 
− 

 

 (8) 

 

4. Simulation Results 

 

In this section, we conduct simulation to assess how well the proposed approach. The Akaike information criterion 

(AIC), Bayesian information criteria (BIC), and the mean time to failure (MTTF) are assessed. The sample size, 

n, in the simulation is considered: 30, 50, 150, respectively.  We considered the initial values of the Gompertz 

distribution parameters, ( , )  , as: (1,0.5) and (1,5). Further, the value of the cut for the fuzzy set is: 0.1, 0.5, and 

0.7. The simulation is repeated 1000 times for each sample size.  We reported all results in Tables 1–6. 

Based on the obtained results Tables 1–6, several observations can be obtained as follows: 

1- Generally, the behavior of the fuzzy Gompertz distribution is better than that of Gompertz distribution, 

regarding the survival and hazard functions.  
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2- Clearly, in terms of AIC and BIC, fuzzy Gompertz distribution improved the performance of the survival 

and hazard functions compared to Gompertz distribution in all the cases of simulation by getting the small values 

of AIC and BIC.  

3- In terms of MTTF, fuzzy Gompertz distribution again improved the performance of the survival and 

hazard functions compared to Gompertz distribution in all the cases of simulation in yielding the high MTTF.   

4- In terms of the membership ( mem ) values, there is increasing in the AIC and BIC values regardless the 

value of n  with the priority for fuzzy Gompertz distribution.    

5- With respect to the value of n , the AIC and BIC values decrease when n  increases, regardless the value 

of the membership degree ( mem ). 

Table 1: The results when ( 1,  0.5),  0.1mem = = =  

Method 
n=30 n=50 n=150 

Real Time Fuzzy Time Real Time Fuzzy Time Real Time Fuzzy Time 

AIC 144.9961 140.7697 143.9861 138.7457 142.9861 136.7354 

BIC 142.3173 140.1029 142.2482 138.0369 141.0068 135.3619 

MTTF 3.97221 3.985389 3.98221 3.985389 3.9864 4.005389 

 

Table 2: The results when ( 1,  0.5),  0.5mem = = =    

Method 
n=30 n=50 n=150 

Real Time Fuzzy Time Real Time Fuzzy Time Real Time Fuzzy Time 

AIC 143.1633 197.7739 143.6742 197.7739 144.7728 197.7739 

BIC 141.7621 196.6384 141.7621 196.6384 141.7621 196.6384 

MTTF 2.73821 2.810379 2.73821 2.810379 2.73821 2.810379 

 

Table 3: The results when ( 1,  0.5),  0.7mem = = =  

Method 
n=30 n=50 n=150 

Real Time Fuzzy Time Real Time Fuzzy Time Real Time Fuzzy Time 

AIC 146.4941 142.2677 145.4941 140.2437 144.4941 138.2634 

BIC 143.8953 141.5999 143.7462 139.5349 142.5048 136.8599 

MTTF 5.47021 5.483389 5.48021 5.483389 5.4844 5.503389 

 

Table 4: The results when ( 1,  5),  0.1mem = = =  

Method 
n=30 n=50 n=150 

Real Time Fuzzy Time Real Time Fuzzy Time Real Time Fuzzy Time 

AIC 583.9849 515.6699 582.9849 514.5599 647.38 464.4243 

BIC 583.3861 513.6535 580.8969 511.6755 642.3907 463.5598 

MTTF 4.561402 4.576941 4.573402 4.596517 4.868814 5.08339 

 

Table 5: The results when ( 1,  5),  0.5mem = = =  

Method 
n=30 n=50 n=150 

Real Time Fuzzy Time Real Time Fuzzy Time Real Time Fuzzy Time 

AIC 583.4559 630.2176 647.85103 68.99937 647.85103 68.99937 

BIC 584.8571 633.0298 649.76305 69.77195 650.86167 69.77195 

MTTF 5.032402 5.089107 5.339814 5.083757 5.339814 5.083757 
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    Table 6: The results when ( 1,  5),  0.7mem = = =  

Method 
n=30 n=50 n=150 

Real Time Fuzzy Time Real Time Fuzzy Time Real Time Fuzzy Time 

AIC 583.931 528.9816 648.32613 30.59019 648.32613 30.59019 

BIC 585.3322 531.351 650.23815 30.89278 651.33677 30.89278 

MTTF 5.507502 5.504525 5.814914 5.349018 5.814914 5.349018 

 

5. Conclusion 

Based on the results shown, the proposed approach, fuzzy Gompertz distribution, yields better results for a very 

important estimation for both survival and hazard functions. Due to the power and accuracy of this proposed 

approach, it will be possible to extend the application to other neutrosophic data. 
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