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Abstract

In this paper the concepts of somewhat neutrosophic d-continuous functions, somewhat neutrosophic J-open
functions between neutrosophic topological spaces are introduced and studied. Besides giving characteriza-
tions of these functions, several interesting properties of these functions are studied. The concepts of neutro-
sophic d-resolvable spaces and neutrosophic d-irresolvable spaces are also introduced and studied in this paper.
These functions can be extended to a somewhat neutrosophic d-irresolute continuous functions in neutrosophic
topological spaces.
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1 Introduction

In Mathematics, the concept of fuzzy set between the real standard intervals was first introduced by Zadeh?® in
discipline of logic and set theory. The general topology has been framework with fuzzy set was undertaken by
Chang? as fuzzy topological space. In 1983, Atanassov” initiated intuitionistic fuzzy set which is a combina-
tion of membership and non-membership values. Coker” created intuitionistic fuzzy set in a topology entitled
as intuitionistic fuzzy topological space. In classical topology, the class of somewhat continuous functions
was introduced and studied by Karl. R. Gentry and Hughes B. Hoyle® Later, the concept of somewhat in
classical topology has been extended to fuzzy topological spaces. Besides giving characterizations of these
functions, several interesting properties of these functions are studied. Hewitt” introduced the concepts of
resolvability and irresolvability in topological spaces. The concepts of neutrosophy and neutrosophic set was
introduced Smarandache ™7 at the beginning of 20" century. After the introduction of neutrosophic set,
there are many fields of mathematics and various applications 21913 Salama and Alblowi'#3 in 2012, orig-
inated neutrosophic set in a neutrosophic topological space. Saha'® defined §-open sets in fuzzy topological
spaces. Recently, Vadivel et al?2 introduced the neutrosophic regular open sets, neutrosophic § open sets and
neutrosophic ¢ continuous functions. In his paper,'**?!' neutrosophic §-open mappings, neutrosophic §-closed
mappings, somewhat neutrosophic d-irresolute continuous mappings and some operators using neutrosophic d

open sets are introduced . Also, Vadivel et al. in?*2% introduced e-open sets and their maps in a neutrosophic
topological space.
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In this paper, we develop the concept of somewhat neutrosophic d-continuous functions and somewhat neu-
trosophic d-open sets are introduced and studied. Also, neutrosophic J-resolvability and neutrosophic ¢-
irresolvability in a neutrosophic topological spaces. Some results concerning these functions that preserve
the neutrosophic d-resolvable and neutrosophic d-irresolvable spaces in the context of images and pre images
are also obtained.

2 Preliminaries

Definition 2.1. Z Let X be a non-empty set. A neutrosophic set (briefly, N,s) A is an object having the
form A = {(z,pa(z),04(x), va(x)) : © € X} where ug — [0,1] denote the degree of membership
function, 04 — [0, 1] denote the degree of indeterminacy function and v4 — [0, 1] denote the degree of non-
membership function respectively of each element x € X tothe set Aand 0 < pa(x) +0oa(z) +va(z) <3
foreach x € X.

Remark 2.2. "2 A Nys A = {{z,pa(z),04(x),va(z)) : * € X} can be identified to an ordered triple
(x,ua(z),04(x),va(x))in [0,1] on X.

Definition 2.3. "% Let X be a non-empty set and the Nys’s A and B in the form A = {(x, pa(x),c4(z),
va(x)):x € X}, B={{z,up(x),0p(x),vp(x)) : z € X}, then

(i) On = (2,0,0,1) and 1y = (z,1,1,0),
(i) AC Biff ua(z) < pp(z), 0a(r) <op(r) &va(z) >vp(z): v € X,
(i) A= Biff AC Band B C A,
(iv) In — A= {(z,va(z),1 - 0a(z),pa(z)) : v € X} = A°,
(v) AU B = {(z, max(pa(z), pp(z)), max(ca(z), op(x)), mn(va(z),ve(z))) : € X},
(vi) AN B = {(z,min(ua(z), pp(x)), min(oa(z), op(z)), max(va(z), vp(z))) : v € X}.

Definition 2.4. "2 A neutrosophic topology (briefly, Nyt) on a non-empty set X is a family W x of neutrosophic
subsets of X satisfying

(1) On, 1y € Uy
(i) AiNAy e Uy for any A1, Ay € Uy,
(ii1) U A, eUn,V A, 2 e X CUy.

Then (X, W) is called a neutrosophic topological space (briefly, Nits) in X. The ¥ elements are called
neutrosophic open sets (briefly, Nsos) in X. A Nys C' is called a neutrosophic closed sets (briefly, Nscs) iff
its complement C* is N;os.

Definition 2.5. "2 Let (X,Ty) be Ngts on X and A be a Ngs on X, then the neutrosophic interior of A
(briefly, Nyint(A)) and the neutrosophic closure of A (briefly, Nscl(A)) are defined as

Nyint(A) = | J{I:1C Aand I'isa N,osin X}

Nocl(A) = (|{J: AC Jand J isa Nycs in X}

Definition 2.6. Z Let (X,Uy) be Nsts on X and A be a Ngs on X. Then A is said to be a neutrosophic
regular open set (briefly, Nros) if A = Ngint(Ngcl(A)).

The complement of a Nsros is called a neutrosophic regular closed set (briefly, N rcs) in X.
Definition 2.7. *% A set A is said to be a neutrosophic
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(i) ¢ interior of A (briefly, Nydint(A)) is defined by Ndint(A) = J{I : I C Aand I isa Nsrosin X }.
(ii) 9 closure of A (briefly, Nydcl(A)) is defined by Nyocl(A) = ({J: A C Jand Jisa Ngresin X}

Definition 2.8. 2 A set A is said to be a neutrosophic d-open set (briefly, N d0s) if A = N 6int(A). The
complement of a Nsdos is called a neutrosophic § closed set (briefly, Nsdcs) in X.

Definition 2.9. 1422 et (X, 7y) and (Y, o) be any two Nts’s. Amap h : (X, 7n) — (Y, o) is said tobe a
neutrosophic (resp. 0) continuous (briefly, N;Cts (resp. N;dC'ts)) iff inverse image of every Nyos in (Y, on)
is a Ngos (resp. Ngdos) in (X, 7y).

Definition 2.10. " Let (X, 7) and (Y, o) be any two Nts’s. Amap h : (X,7y) — (X, on) is said to be
neutrosophic (resp. 0) open map (briefly, N;O (resp. N;60)) if the image of every Nyos in (X, 7y) is a Ng0s
(resp. Ndos)in (Y, on).

3 Somewhat neutrosophic J-continuous functions

Definition 3.1. A function h : (X,7n) — (Y,on) from a Ngts (X, 7y) into another Nyts (Y,on) is
called somewhat neutrosophic (resp. §) continuous (briefly, swN;Cts (resp. swN;0Cts)) if A € on and
h=1(A) # 0 implies that there exist a N, 0s (resp. Ns60s) Bin (X, 7) such that B # Oy and B C h~1(A).
That is, Nyint[h=1(A)] # Oy (resp. Nsdint[h=1(A)] # On).

Proposition 3.2. If h : (X,7v) — (Y,on) is a swN0Cts function from a Nits (X, 7y) into a Nsts
(Y,on), then h is a swNCts.

Proof. Let A be a non-zero Nsos in (Y,ox) such that h=*(A) # Oy. Since h is a swN6Cts function
from (X, 7x) into (Y, o), there exist a Nydos B in (X, 7y) such that B # Oy and B C h~!(A). That
is, Nsdint[h=1(A)] # On. But Nsdint[h=1(A)] C Ngint[h~='(A)], implies that Ngint[h~1(A)] # On.
Therefore h is a swN;Cts. O

Definition 3.3. Let (X, 7y) and (Y,on) be any two Ngts. A function h : (X,7n) — (Y,on) is called
a somewhat neutrosophic nearly continuous (briefly, swN,;N.Cts) function if A € o and h=1(A) # On,
there exists a non-zero Ny0s B of (X, 7y) such that B C Ncl[h=1(A)]. Thatis, h: (X,7n5) — (Y,on)isa
swNgN,Cts function if Ngint(Nscl(h=t(A))) # On, for any non-zero N 0s Ain (Y, op).

Remark 3.4. The implications contained in the following diagram are true and the reverse implications need
not be true.

o @
@

Figure 1: swN;0C'ts function in Nts.

Proposition 3.5. If h : (X, 7y) — (Y, on) is a swN0C'ts function from a Ngts (X, ) into a Ngts (Y, on)
and g : (Y,on) — (Z,pn) is a NyCts function from (Y, o) into a Ngts (Z, pn), thengo h : (X, 7n) —
(Z, pN) is a swN40C'ts function from (X, 7x) into (Z, pn).

Proof. Let A be anon-zero Nyosin (Z, px). Since g is a N,C'ts function from (Y, o) into (Z, px), g~ (A)
is a Nyos in (Y,op). Since h is a swN dCts function from (X, 7x) into (Y,on) and g~ 1(A) € ox and
g 1(A) # Oy, there exists a non-zero Ny dos B of (X, 7y) such that B C h='(g71(A)). Thatis, B C
(goh)~1(A). Hence Nydint(goh) 1 (A) # On. Therefore, g o h is a swN;5C'ts function from (X, 7) into
(Zv pN)' O

Proposition 3.6. If h : (X, 7n) — (Y,on) is a Ny6C'ts function from a Ngts (X, 7y) into a Ngts (Y,on)
andg : (Y,on) — (Z, pn) is a swN;6Cts function from (Y, o) into a Ngts (Z, pn), then goh : (X, 7n) —
(Z, pn) is a swN40C'ts function from (X, 7x) into (Z, pn).
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Proof. Let A be a non-zero Ngos in (Z, px). Since g is a swN;6C'ts function from (Y, o) into (Z, py),
there exists a non-zero N dos B of (Y, o) such that B C g=1(A). Then, h=(B) C h=(g~'(A)). That s,
h=1(B) C (goh)~1(A). Again since h is a Ny§C'ts function from (X, 7y ) into (Y, on) and B is a Nydos in
(Y,on), h=1(B) is Nsdos in (X, 7x). Hence Nydint(g o h)~1(A) # Op. Therefore, g o h is a swN,6Cts
function from (X, 7) into (Z, pn). O

Proposition 3.7. If h : (X, 7y) — (Y, 0n) is a swN0C'ts function from a Nyts (X, 7n) into a Ngts (Y, on)
andg: (Y,on) = (Z, pn) is a swN;0Cts function from (Y, o) into a Nsts (Z, pn ), then goh : (X, 7n) —
(Z, pN) is a swNz0C'ts function from (X, 7) into (Z, pn).

Proof. Let A be a non-zero Nyos in (Z, pn). Since g is a swN;6C'ts function from (Y, o) into (Z, py),
there exists a non-zero N dos B of (Y, o) such that B C g=*(A). Then, h~1(B) C h=(g7'(A)). That s,
h=Y(B) C (g o h)~'(A). Since any N dos is Ns0s in a Nsts, B is a Nyos in (Y,0oy). Again since h is a
swN;0C'ts function from (X, 7y) into (Y, o) and B is a Nsos in (Y, o), there exists a Nydos 7 in (X, 7n)
such that € h~1(B). This implies that n C h=(B) C (g o h)~1(A). Hence N dint(go h)~1(A) # Ox.
Therefore, g o h is a swN;6C'ts function from (X, 7) into (Z, pn ). O

Proposition 3.8. If b : (X,7y) — (Y, 0n) is a function from a Nts (X, 7n) into a Nsts (Y, o) and the
graph function g : X — X X Y of his swNs0Cts, then h is swN;0Cts.

Proof. Let A be anon-zero Nyosin (Y,on). Then 1y X Aisa Nyosin X x Y. Since g is a swN;0C'ts from
X into X x Y we have N dint[g 1 (1y x A)] # On. But h™1(A) = Iy Ah71(A) = g7} (1ny x A). This
implies that Nydint[h~1(A)] # On. Hence h is a swN§Cts function from (X, 7) into (Y, op). O

Definition 3.9. A N,s A in a N¢ts (X, 7y) is called neutrosophic d-dense (briefly, N 0 D) set if there exists
no Nsdcs Bin (X, 7y ) such that A C B C 1. Thatis, Ngocl(A) = 1y.

Proposition 3.10. If /1 is a swN,5Cts function from a Ngts (X, 7) into a Nyts (Y,ox), then h=1 (15 — A)
isnota Ns0D setin (X, 7y), fora Nyos Ain (Y,on).

Proof. Let h be a swN0Cts function from a Nsts (X, 7x) into a Ngts (Y,on). Then, for each A € oy
and h=1(A) # Oy, there exists a Nydos B in (X, 7y) such that B # Oy and B C h~'(A). That is,
Ngdint[h=1(A)] # On. Now 1y — Nedint[h=1(A)] # 1y. This implies that Nydcl[ly — h=*(A)] # 1n
and hence N,écl[h~ (15 — A)] # 1. Therefore, h~1 (15 — A) isnota N,6D setin (X, 7). O

Proposition 3.11. If & is a swN;6C'ts function from a Nits (X, 7y ) into a Nsts (Y,on), then h=1(1y — A)
is not a neutrosophic dense set in (X, 7), for a Nyos A in (Y, on).

Proof. Let A be a non-zero N;o0s in (Y, o). Since h is a swN;dCts function from (X, 7y) into (Y, o),
by Proposition[3.10] A=(1y — A) is not a N,0D set in (X, 7x). Now N,cl(B) C Nyécl(B), for a Nys B
in (X, 7y), implies that Nycl(h=*(1y — A)) € Ngdcl(h=*(1y — A)).Then, Nycl(h~t(1xy — A)) # 1n.
[ Otherwise Nycl(h=(1x — A)) = 1y, will imply that Ny6cl(h~1(1xy — A)) = 1y, a contradiction ].
Therefore, h~1 (15 — A) is not a neutrosophic dense set in (X, 7). O

Proposition 3.12. Let (X, 7y) and (Y, o) be any two Ngts’s. Leth : (X,7v) — (Y,on)beal—1and
onto function. Then the following are equivalent:

(1) his swN6Cts.

(ii) If Aisa Nycs of (Y, o) such that h=1(A) # 1y, then there exists a N dcs B # 1y of (X, 7x) such
that B D h=1(A).

(iil) If Aisa Ny0D setin (X, 7n), then h(A) isa NsdD setin (Y, on).
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Proof. (i) = (ii) Let h be a swN;6C'ts function from (X, 7) into (Y, o) and A is a Nyes in (Y, o) such
that h=1(A) # 1y. Clearly 1y — A € Sand h='(1x — A) = 1y — h™1(A) # On (Since h=1(A) # 1n).
By (i), there exists a N dos 7 in (X, 7y) such that v C h= (1 — A). Theny C 15 — h~!(A) and hence
h=1(A) C 1y — . Clearly 15y — vis a Nydcs in (X, 7y) and by taking 15 — v = B, we find that (i) = (ii)
is proved.

(i) = (iii) Let A be a N;6D setin (X, 7x) and suppose that h(A) is not a N6 D set in (Y, o). Then there
exists a non-zero Ngdcs v of (Y, on) such that

h(A) C v C 1n. ey

Since v C 1y, h™1(7) # 1y and so by (ii), there exists a Nsdcs B # 1y of (X, 7v) such that B D h™1(v).
Then, B 2 h~!(y) 2 h=*h(A) > A. [ from ]. That is, there exists a Nydcs B in (X, 7y) such that
B D A, which is a contradiction to the assumption on A. Therefore (ii) = (iii) is proved.

(iii) = (i) Let A(# On) € oy and h=1(A) # Op. Suppose that there exists no N dos B in (X, 7x) such that
B # 0y and B C h=L(A). That is, N,dint[h"1(A)] = Oy. Then, 1y — Nydint[h~1(A)] = 1. This will
imply that Nyécl[1y — h=1(A)] = 1. Then, by (iii), h[1x — h~1(A)] will be a Ny6D setin (Y, o). That
is, Nsécl(h[lN — h_l(A)]) = 1y. But h[lN — h_l(A)] = h[h_l(lN — A)} Cly —AC 1ly. Now h[lN —
h=(A)] C 1x—A, implies that Nsdcl(h[1y—h~1(A)]) C Nsdel(1y—A) C Nsdel(1y) = 1y [Nscl(ly) C
Ngdcl(1y), implies that 1y C Ngdcl(1x)] and then we will have 15 C 1y, a contradiction. Hence we must
have N, §int[h~1(A)] # Oy. Therefore h is a swN;6Cts function from (X, 7y ) into (Y, on). O

Proposition 3.13. Let (X, 7y) and (Y, on) be any two N,ts’s. If the function b : (X, 75) — (Y,on) is
a swNy0Cts, 1 — 1 and onto function and if N dint(A) = Oy, for any non-zero Nys A in (X, 7n), then
Ns§znt[h(A)] = ON in (Y; O'N).

Proof. Let A be anon-zero Ngsin (X, 7 ) such that N dint(A) = On. Now 1y — Ngdint(A) = 1y, implies
that Nsdcl(1y —A) = 1. Since h is a swN0C'ts function from (X, 7 ) into (Y, on) and 1y — Aisa N;6D
setin (X, 7n), by Proposition[3.12} h(1y — A) is a Ny D setin (Y, o). Thatis, Nyécl[h(1y — A)] = 1y.
Since his a1 — 1 and onto function, h(1y — A) = 15 — h(A). Then we have N dcl[ly — h(A)] = 1n and
hence N dint[h(A)] = 0n in (Y, on). O

Definition 3.14. A N;s A in a Ngts (X, 7x) is called neutrosophic d-nowhere dense (briefly, N0 N D) if
there exists no non-zero N dos B in (X, 7n) such that B C Ndcl(A). That is, Nydint(Nsocl(A)) = On.

Proposition 3.15. Let (X, 7x) and (Y, 0x) be any two N,ts’s. If the function h : (X, 7n) — (Y,0on) is a
swNz6Cts, 1 — 1 and onto function and if A is a NgOND setin (X, 7y), then N dint(h[Nsocl(A)]) = On
in(Y,on).

Proof. Let A(# On) be a NgOND setin (X, 7y). Then, Ngdint(Nsdcl(A)) = On. Then, by Proposition
3.13] Nsdint(h[Ngocl(A)]) = Oy in (Y, on). O

Proposition 3.16. Let (X, 7y) and (Y, o) be any two N,ts’s. If the function i : (X, 7y) — (Y,on) is a
swNs6Cts, 1 — 1 and onto function and if A is a NydN D set in (X, 7 ), then Ndint(h[Nscl(A)]) = O in
(Yion).

Proof. Let A(# On) be a NgOND set in (X, 7x). Then, Nsdint(Nsdcl(A)) = On. Then, by Proposition
N,dint (h[Ndcl(A)]) = Oy in (Y,on). Now Nycl(A) C N dcl(A), implies that h[Nycl(A)] C
h[Nsocl(A)] and hence we have Ngdint(h[cl(A)]) C Ngdint (h[Nsdcl(A)]). Therefore Nydint(h[Nscl(
A)]) :ON in (Y,(TN). O

Proposition 3.17. Let (X, 7n), (X1,7n,) and (X2, 7n,) be Ngts’sand p; : X1 x Xo — X; (i = 1,2) be
any N;C'ts function. If b : (X, 7n) — (X1,7n,) X (X2, 7n,) is a swN;0Cts function, then p; o h is also a
swNgdC'ts function fori = 1, 2.
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Proof. For any non-zero N 0s A of X;, we have (p; o h) "' (A) = h=(p; '(A)). Now p; ' (A) # O (since
A # Op). Since p; is N,Cts, p{l(A) is N o0s and since h is a swN,0C'ts function, there exist a N dos B
in (X, 7y) such that B # Oy of X and B C h™'(p; '(A)). Thatis, B C (p; o h)~'(A). Hence p; o his a
swN,0C'ts function for i = 1, 2. O

Definition 3.18. A Nits (X, 7x) is called a neutrosophic ¢-D\ space (briefly, N;6-D \ S) if every non-zero
Ngos £ of X, is Ns0D setin X.

Proposition 3.19. If h is a swN;dCts function from a Nts (X, 7)) onto a Nits (Y, on) andif (X, 7y) isa
Ng6-D\ S, then (Y,on)isa Ngo-D\ S.

Proof. Let £ be a non-zero Ngos in (Y, o). We wish to prove that £ is a N0 D setin (Y, ox). Suppose not.
Then there exists a Nsdes ¢ in (Y, on) such that ¢ < ¢ < 1and h=1(¢) < h71(s) < h~%(1) = 1. Since
€ #0, h=1(&) # 0 and since h is swN,6Cts, there exists a Nydos v in (X, 7y ) such that v < h=1(€) and
v < h7HE) < hi(s) < Nydel[h=1(s)] < 1. Thatis, v < Nydcl[h=1(s)] < 1. This contradicts the fact
that (X, 7n) is a Ns6-D \ S, in which the Ngdos v in (X, 7y ) must be a NgdD in (X, 7v) and it proves that
(Y,on)isa Ngd-D\ S. O

4 Somewhat neutrosophic j-open functions

Definition 4.1. A function h : (X, 7n) — (Y, on) from a Nits (X, 7v) into another Nts (Y, o) is called
somewhat neutrosophic (resp. ) open (briefly, swN;O (resp. swNs00)) function if A € 7y and A # Opn
implies that there exists a Nyos (resp. Ndo0s) 1 in (Y,ox) such that y # Oy and n C h(A). That is,
Ngint[h(A)] # On.

Proposition 4.2. If h : (X, 7y) — (Y, on) is a swN,0O function from a Nyts (X, 7n) into a Ngts (Y, on),
then A is a swN,O function.

Proof. Let A be a non-zero Ngos in (X, 7x) such that h(A) # On. Since h is a swN,dO function from
(X,7n) into (Y,on), there exist a Nydos B in (Y,on) such that B # Oy and B C h(A). That is,
Ngoint[h(A)] # On. But Ngdint[h(A)] C Ngint[h(A)], implies that Ngint[h(A)] # On. Therefore h
is a swN40O function. O

Definition 4.3. Let (X, 7y) and (Y, o) be any two N, ts’s. A function h : (X, 7n) — (Y, o) is called a
somewhat neutrosophic nearly open (briefly, swN;N.O) function if for all A € 7 and h(A) # Oy, there
exists a non-zero Nyo0s B of (Y, ox) such that B C Ngcl[h(A)]. That is, a function h : (X, 7n) — (Y,0on)
is a swN; N O function if Ngint(Nscl(h(A))) # On, for every non-zero Ngos A of (X, 7n).

Remark 4.4. The implications contained in the following diagram are true and the reverse implications need
not be true.

arows)[s0 70

Figure 2: swN,00 function in Nts.

Proposition 4.5. If b : (X, 7y) — (Y, on) is a swN;5O function from a Ngts (X, 7x) into a Nsts (Y, on)
and g : (Y,on) — (Z,pn) is a N0O function from (Y, o) into a Ngts (Z,pn), then go h : (X, 7n) —
(Z, pn) is a swN400 function from (X, 7x ) into (Z, pw).

Proof. Let A be a non-zero Nyos in (X, 7x). Since h is a N,O function from (X, 7 ) into (Y,on), h(A) isa
Nosin (Y,on). Since g is a swN,;d0 function from (Y, o) into (Z, pn) and h(A) € o and h(A) # Oy,
there exists a non-zero N;dos B of (Z, py) such that B C g(h(A)). Thatis, B C (g o h)(A). Hence
Ngdint(g o h)(A) # On. Therefore, g o h is a swN 6O function from (X, 7x) into (Z, pn ). O
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Proposition 4.6. If h : (X, 7y) — (Y, o) is a swNs5O function from a Nts (X, 7 ) into a Nsts (Y, on)
and g : (Y,on) — (Z, pn) is a swN0O function from (Y, o) into a Nsts (Z, pn ), thengoh : (X, 7ny) —
(Z, pn) is a swN60 function from (X, 7) into (Z, pn).

Proof. Let A be a non-zero Nsos in (X, 7x). Since h is a swN;0O function from (X, 7x) into (Y, on),
there exists a non-zero N dos B of (Y, o) such that B C h(A). Then, g(B) C g(h(A)). Thatis, g(B) C
(g o h)(A). Since any Nsdos is Nsos in a Ngts, B is a Nsos in (Y, o). Since g is a swN00 function from
(Y,on) into (Z,pn) and B € oy and g(B) # Oy, there exists a non-zero Nsdos n of (Z, pn) such that
1 C g(B). This implies that n C g(B) C (g o h)(A). Hence Nydint(g o h)(A) # Op. Therefore, go h is a
swN460 function from (X, 7x) into (Z, pn). O

Proposition 4.7. If b : (X, 7n) — (Y, on) is a swdO function from a Nits (X, 7 ) into a Ngts (Y, on) and
g:(Y,on) — (Z,pn)isa Ns6O function from (Y, o) into a Nsts (Z, pn), then goh : (X, 7n5) — (Z, pN)
is a swN;00 function from (X, 7) into (Z, pn ).

Proof. Let A be a non-zero Ngos in (Z, py). Since h is a swNg00 function from (X, 7y) into (Y, oy),
there exists a non-zero N;dos B of (Y, o) such that B C h(A). Then g(B) C g(h(A)). Thatis, g(B) C
(g o h)(A). Since g is a N;00 function from (Y, o) into (Z, pn) and B is a Nydos in (Y,on), g(B) is
N,00 in (X, 7n). Hence N,dint(g o h)(A) # On. Therefore, g o h is a swNJO function from (X, 7) into
(Zv pN)' O

Proposition 4.8. Let b : (X, 7ny) — (Y, on) be a function from a Nts (X, 7 ) into another Nits (Y, on).
Then the following conditions are equivalent:

(i) his swNs0.
(i) If Aisa NydD setin (Y,ox), then h=1(A) is a N0 D setin (X, 7).

Proof. (i) = (ii) Assume (i). Let A be a N,6D set in (Y, o) and suppose that h=1(A) is not a Ny§D
set in (X, 7y). Then there exists a non-zero N écs v of (X, 7x) such that h=1(A) C v C 1. Then,
In—vCly—h1(A) =h1(1y — A). Now 1y — vis a Nydos in (X, 7y). Since any Nsdos is Nso in
a Nsts, 1y —yisa Ngosin (X, 7x). Since v C 1y, 1xy — A # Op. Since h is a swN;0O function, there
exists a Ns6os B # Oy in (Y, on) such that B C h(1x — v) and hence B C h(h™*(1x — A)) C 1y — A.
Thatis, A C 1y — B C 1y and 1y — Bis a Nsdcsin (Y, on), implies that A is not a N6 D setin (X, 7x),
which is a contradiction to the assumption on A. Therefore (i) = (ii) is proved.

(ii) = (i) Let A(3# Oy) € 7 and h(A) # On. Suppose that there exists no Nsdos B in (Y, ox) such that
B # 0y and B C h(A). That is, Nsdint[h(A)] = On. Then, 1y — Nsdint[h(A)] = 1y. This will imply
that N,ocl[ly — h(A)] = 1x. Now h 1[Iy — h(A)] = Ix — h7L[h(A)] C 1y — A C 1y (since A # Op).
That is, h~[1x — h(A)] C 1y. Then N dcl(h= (1nx — h(A))) C Nydcl(1x) = 1y. This will imply that
Ngéel(h=(1n — h(A))) # 1y, a contradiction. Hence we must have N, dint[h(A)] # Oy. Therefore h is a
swN400 function from (X, 7x) into (Y, on). O

Proposition 4.9. Let (X, 7x) and (Y, on) be any two Nstss and h : (X, 7n) — (Y, o) be a one-to-one and
onto function. Then the following are equivalent:

(i) his swNs0.

(ii) If A is a Ngcs of (X, 7x) such that h(A) # 1y, then there exists Nydc B # 1x of (X, 7n) such that
B D h(A).

Proof. (i) = (ii) Let h be a swN:60 function from (X, 7y) into (Y,on) and A is a Ngcs in (X, 7n) such
that h(A) # 1n. Clearly 1y — A € oy and h(1y — A) = 1n — h(A) # Oy (since h is one-to-one and
onto). By (i), there exists a Nydos «y in (Y,on) such that v C h(1y — A). Theny C 1 — h(A) and hence
h(A) C 1y — 7. Clearly 15 — vis a Nydcs in (X, 7n) and by taking 1y — v = B, we find that (i) = (ii) is
proved.
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(ii) = (i) Let A be a non-zero Nos in (X, ) such that h(A) # Ox. Then, 1y — A is a Nes in (X, 7v)
such that h(1y — A) = 1y — h(A) # 1x (Since h is one-to-one and onto, h(1y — A) = 15 — h(A)). By
hypothesis, there exists a Nydcs B # 1y of (X, 7x) such that B D h(1y — A). Then B D 15 — h(A). Hence
1y — B C h(A), where 1 — Bis a Ngdos in (Y, o). Therefore h is a swN00 function and (ii) = (i) is
proved. O

Proposition 4.10. Let (X, 7x) and (Y, 0x) be any two Nits’s. If the function b : (X, 7n) — (Y,on) is a
swN,60 function and if Nsdint(A) = O, for any non-zero Nss A in (Y, o), then Nydint[h=1(A)] = On
in (X, 7n).

Proof. Let A(# On) be a non-zero N;s in (Y, o) such that N dint(A) = On. Now 1y — Nydint(A) =
1y, implies that Nyocl(ly — A) = 1y. Since h is a swN,0O function from (X, 7x) into (Y, ox) and
Iy — Ais a Ny0D set in (Y,oy), by Proposition 4.8 A= (1x — A) is a NdD set in (X, 7). That is,
Ngbel[h= (1x — A)] = 1n. Since h™ (15 — A) = 15 — h~1(A), we have Ny dcl[ly — h™1(A)] = 1 and
hence N dint[h=1(A)] = Oy in (X, 7n). O

5 N,d-Resolvable and N i-Irresolvable Spaces

Definition 5.1. A Nts (X, 7y) is called a neutrosophic d-resolvable space (briefly, Nsd R.S) if there exists a
non-zero N0 D set A in (X, 7x) such that Nsdcl(1y — A) = 1. Otherwise (X, 7v) is called a neutrosophic
d-irresolvable space (briefly, Ns61.5).

Proposition 5.2. If a N,ts (X, 7x) has a pair of Ny0D sets A; and Az such that A; C 1 — As, then (X, 7n)
isa N,ORS.

Proof. Let the Nyts (X, 7x) has a pair of Ns6D sets A; and Ay such that A; C 1y — A;. We wish to
prove that (X, 7x) is a N;0RS. Assume the contrary. Then, for all NydD sets A; in (X, 7y) we have
Ngocl(1y — A;) # 1y. In particular Nécl(1y — Az) # 1, implies that there exists a non-zero Ngdcs B
in (X, 7y) such that 1y — A2 C B C 1y. Then, A1 C 1y — Ao, implies that A1 C 1y — A2 C B C 1y
and hence A; C B C 1y. This will imply that N0cl(A1) # 1n, a contradiction. Therefore, (X, 7y) is a
NJRS. O

Proposition 5.3. If \/!"_| (A;) = 1n, where N dint(A4;) = Oy ina Nyts (X, 7n), then (X, 7n) is a Ny6RS.

Proof. Now \/|"_, (A;) = 1y, implies that 15 — \/;_, (A;) = On. Then, A", (1x — A;) = On. Then there
must be atleast two non-zero disjoint Nys’s 1y —A; and 1y —A; in (X, 7). Hence we have (15 —A;)+(1n—
A;) C 1n. This implies that (15 — A;) € A;. Then N dcl(1ny — Aj) € Nydcl(A;). But Nydint(A;) = O,
implies that Ndcl(1y — Aj) = 1y — Nydint(4;) = 1y — Oy = 1y. Then 1x C Nydcl(A;). That is,
Ngocl(A;) = 1n. Also Nsdint(A4;) = Oy, implies that Nsdcl(1y — A;) = 1n. Therefore (X, 7n) has a
Ny6D set A; such that Nyocl(1ny — A;) = 1n. Therefore (X, 7xn) is a NORS. O

Proposition 5.4. A Ngts (X,7n) is a Ny01S if and only if N dint(A) # Oy, for each Ny6D set A in
(X, TN).

Proof. Let (X, 7n) be a Ng6IS. Then, for each Ny6D set A in (X, 7y ), we have Nocl(1ny — A) # 1y and
hence 1y — Ndint(A) = Nyocl(1y — A) # 1. Thus, Nydint(A) # Oy, for each N6 D set Ain (X, 7n).

Conversely, let Nsdint(A) # O, for each N,6D set A in (X, 7n). Suppose that (X, 7v) is a Ng6RS. Then,
there exists a non-zero N0 D set A in (X, 7x) such that Nydcl(1y — A) = 1 and hence 1y — N dint(A) =
Ngécl(1ny — A) = 1y, implies that Nsdint(A) = Oy, a contradiction to the hypothesis. Therefore, (X, 7x)
isa NgOIS. O]
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6 Functions of Neutrosophic 6-Resolvable and Irresolvable Spaces
Lemma 6.1. Let h : (X, 7n) — (Y, 0n) be a mapping and {A;}, j € J be a family of Nys’s of X. Then

() MUjesd;) = Ujesh(A;);
(i) h(NjesA;) C Njesh(4;).

Proposition 6.2. If the function b : (X, 7n) — (Y, on) from a Ngts (X, 7 ) onto another N ts (Y,on) isa
swNz0Cts and 1 — 1 function and if (X, 7x) is a Ns0RS, then (Y, on) isa NORS.

Proof. Let h be a swN;0Cts function from a NydRS (X, 7n) onto a Nsts (Y,on). Since (X, 7y) is a
NSRS, by Proposition[5.3] \/I_; (A;) = 1y, where N int(A;) = Oy in (X, 7n). Now h(V!_,(4;)) =
h(ly) = 1yn. (Since h is onto). Then, by Lemma Vi_, h(A;) = 1. Since h is a swN,6Cts
and 1 — 1 function from (X, 7y) onto (Y,ox) and Nydint(A;) = Oy in (X, 7n), by Proposition
Néint[h(A;)] = Oy in (Y, on). Thus we have \/|_, h(A4;) = 1n, where, Nydint[h(A;)] = Oy in (Y, on).
Then, by Proposition[5.3] (Y, o) is a N6RS. O

Proposition 6.3. If the function h : (X, 7x) — (Y, on) from a Nts (X, 7) into another Nsts (Y,on) is a
swN460 function and if (X, 7) is a Ns0I.S, then (Y, oy )is a NoIS.

Proof. Let A # O be an arbitrary Nys in (Y, o) such that Nydcl(A) = 1y. We claim that Nsdint(A) #
On. Assume the contrary. That is, Nsdint(A) = Ox. Since h is a swN,dO function from (X, 7y) into
(Y, on), we have, by Proposition4.10] Ny§int[h~'(A)] = Oy in (X, 7) and by Proposition[4.8] h~1(A) is
a Ny0D setin (X, 7n), fora NgdD set Ain (Y, on). Thus we have N dint[h~1(A)] = O for a N6 D set
h=(A) in (X, 7). But this is a contradiction to (X, 7x), being a Nyd1S in which N dint(B) # Oy, for
each N,0D set B in (X, 7y) (by Proposition . Hence our assumption that Nsdint(A) = O, fora N;6D
set A in (Y, o), does not hold. Hence we must have that Nydint(A) # O, for each N;6D set Ain (Y, o).
Therefore (Y, o) is a Ndis. O

Proposition 6.4. If the function b : (X, 7n) — (Y, on) from a Ngts (X, 7 ) onto another N ts (Y,on) isa
swNz0Cts and 1 — 1 function and if (Y, o) is a Ny61S, then (X, 7y) is a Ns0IS.

Proof. Let A # O be an arbitrary Nys in (X, 7x) such that Nsdcl(A) = 1. We claim that N dint(A) #
On. Assume the contrary. That is, Nsdint(A) = On. Since h is a swN;0Cts and 1 — 1 function from (X, 7x)
into (Y, o), we have, by Proposition [3.13] Ndint[h(A)] = Ox in (Y, o) and by Proposition h(A)
isa NydD setin (Y, on), fora NyoD set A in (X, 7). Thus, we have Ny dint[h(A)] = Oy for a N;dD set
h(A) in (Y, o). But this is a contradiction to (Y, o), being a N1 in which Ndint(B) # Oy, for each
N6D set B in (Y, on) (by Proposition . Hence our assumption that N dint(A) = Oy, for a N,dD set
A in (X, 7n), does not hold. Hence we must have that Nsdint(A) # Oy, for each Ns;dD set A in (X, 7n).
Therefore (X, 7v) is a Ny0IS. O

7 Conclusions

The concepts of swN;0Cts functions, swNsdO functions between Nits’s are introduced and studied. Also
Ng6-resolvability and Nd-irresolvability of Ngts’s are introduced. Some results concerning functions that
preserve the N d-resolvable spaces and N d-irresolvable spaces in the context of images and pre-images are
obtained in this paper.
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