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Abstract
This paper is dedicated to introduce some novel topological generalizations of pairwise Lindel6f spaces, which
will be called sub-Lindel6f spaces, and to present some results. Also, We suggest two new types of pairwise
sublindelof spaces, as well as types of topological mappings, such as pi-paralindelof and p.-paralindelof
mappings.
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1. Introduction.
Bitopological spaces was suggested in [5]. A set X with two topologies 1 and 1 is called a bitopological space
and is denoted by (X,t1,7).
In a bitopological space (X,t1,12), T1 is said to be regular with respect to 12 [5], if for each point x in X and each
Ti-closed set F with X ¢F, there are a T:-open set U and a t2-open set V such that xeU, FcV and UnV=¢.
(X,11,12) is pairwise regular [5] if 1 is regular with respect to 1 and 2 is regular with respect to 1.
A cover U of a bitopological space (X,t1,12) is called tit2-open cover [1] if U < ©1 U 7. If, in addition , U
contains at least one non- empty member of 7, and at least one non-empty member of 12, then U is called
pairwise open, [1].
A bitopological space (X,11,12) is called pairwise Lindelof [1] if each pairwise open cover of X has a countable
subcover. This concept also was studed by several authers like Hdeib and Fora, [3].
If U and O are Tit2-0pen covers of the bitopological space (X,t1,12) , then U’ is called a refinement of U, [2], if
each U € U n 1; is contained in some V € U N 1, i=1,2.
A collection & of subsets of the bitopological space (X,t1,12) is called pi-locally finite, [2], if # N 1; is locally
finite in (X,t;), i=1,2. Also a collection & of subsets of the bitopological space (X,t1,12) is called p2-locally finite,
[2], if & i is locally finite in (X,tj) for each i=j ;i,j=1,2.

Hdeib and Fora, [2], initiated a study of pairwise paracompact spaces. A bitopological space (X,t1,12) is called
pi-paracompact ( p2-paracompact respectively ), if each pairwise open cover of X has a pi-locally ( p2-locally
respectively ) finite Tit2-open refinement.

A function f: (X,11,72) — (Y,p1,p2) is called pairwise continuous, [6], if the functions f: (X,1:) — (Y,p1) and f:
(X,t2) — (Y,p2) are continuous.

We shall use p- to denote pairwise, e.g. p-Lindel&f stands for pairwise Lindel6f. The ti-closure of a set A will be
denoted by clA. and denote the set of real and rational numbers, respectively.

2. Subspaces of Pairwise Sublindel6f Spaces.

Definition 2.1: A bitopological space (Y,11,12) is called pisublindeldf if every pi-locally finite p-open cover of
Y has a countable subcover for i=1,2.

Example 2.2: Let Y = RxR , 11 = T, xT), , T2 = T;xT; Where 1, is the sorgenfrey line topology and t; is the (
standered ) topology.
The space (Y,11,12) is pi-sublindel6f, indeed, if it is not pi1- sublindel6f, then there exists a pi-locally finite p-open
cover G ={ Ua. :a. €A } of Y such that G has no countable subcover. Obviously G must be an uncountable cover
of Y. Now if A ={ (x,y) : X,yeQ }, then A is dense in (Y,t:) and dense in (Y,12). Therefore for each e A, Ua
NA = ¢. Since A is countable, some elements of A must be contained in uncountably many members of G. So
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there is an element of A which is contained in uncountably many members of G n 1. or uncountably many
members of G N 2.

In a similar way we can show that (Y,t1,12) is p2-sublindel&f.

Now the subspace L = { (X,y) : y= -x } is a Ti-closed subspace of (Y,t1,72) which is not pi-sublindeldf,
because {{} : xelL } v { [ (-2, -
1)x(1,2) ] n L } is a p-open pl-locally finite cover of L which has no countable subcover. Also, since this
subspace is not pi-sublindel6f then it is not p-Lindel6f and so (Y,t1,72) is not p-Lindel6f.

Definition 2.3: Let M be any subset of a bitopological space Y, then it is said to be relatively P.-sublindel&f if
every P-locally finite (in Y) p-open (in Y) cover of M has a countable subcover for i=1,2.

Definition 2.4: A subset F of a bitopological space Y is said to be relatively P,-paracompact if every p-open
(in'Y) cover of F has a p, locally finite (in Y) tit2-open (in Y) refinement for i=1,2.

It is easy to see that every tl-closed and every t.-closed subset of a P;-sublindel6f space is relatively pi-
sublindelof for i=1,2.

Definition 2.6 [2] : Let (Y, 11, 2 ) be a bitopological space. A subset S of Y is called p-dense if cliS=cLS=Y
and for every popen (in Y) p, locally finite (in Y) countable cover U of S we have
chu{fV:VeUOUnu}cchu{V:VeUnmu}or

cbu{fV:VeUnn}cchu{V:VeUnnt}.

Theorem 2.7: Let (Y,t1,12) be a p-regular p,-paracompact space having a p-dense relatively p,-sublindel6f
subset A. Then Y is p-Lindel6f.

Proof: Let G be any p-open cover of Y. Then there exist Uo#¢p and Ve£¢ such that Use G nti and Noe G
Nt2. Since (Y,t1,12) is p-regular and p,-paracompact, G has a p,-locally finite t1t2-open refinement U such that
for each Te U n t1; cl.T is contained in some Ue G M11 and for each Te UONtz; cliT is contained in some Ue
G Nt2. Now U is a p-open cover of A (add Uo to U if Unti=¢ and add No to U if Ont=¢ ).

Since A is relatively p,-sublindel6f there exists a countable subcover Uo of U which covers A. We may assume
that Oo is p-open. But A is pdense in Y, so we have two cases to consider:

Case l.chu{T:Te Uonti } ccku{T:Te V0N }: In this case we have
Y =cliA
cchu{T:Te Co}
=chu { T:Te Uoﬂ‘tl} U Cl]U{ T:Te Gtz }

e A T:TeVont } JU[ch{T:Te otz } ]

=[u{ckT: Te Gonti } JU[U{chT: Te Cont2 } ]

Case2.cbhu {T:Te Oont2 } cclhiu { T: Te Vot }: In this case we have
Y =clA

cchu{T:Te Uo}

=clRU{T:Te O0Ntl}ucl2u{T:Te O0MNT2}

e A T:TeVont } JU[ch{T:Te otz } ]

=[u{ckT: Te Gonti } JU[U{chT: Te Cont2 } ]

Now in each case we get

Yc[u{ckT:Te Uonti } Ju[u{chT: Te Uonrtz} |

For each Te Uot; choose one element U, e G such that

CL;TcUr (i#); 1,j=1,2). Then { Ut : Te o } is a countable subcover of G for Y. Hence the result.

3.Pairwise Sublindel6f Mappings.

Definition 3.1: A p-continuous mapping f from a bitopological space (Z,t1,t2) onto a bitopological space
(Y,p1,p2) is called pi-paralindeldf if for each pi-locally finite p-open cover G of Z, there is a pi-locally finite p-
open cover N of Y such that for each T in N, f=%(T) is contained in the union of countably many members of G
for i=1,2.

Theorem 3.2: Let f be a p-continuous mapping from (X,t1,t2) onto a pi-sublindel6f space (Y,p1,p2). Then X is
pi-sublindeldf if and only if fis p:-paralindelof.

Proof : Suppose (X,t1,72) is p;-sublindelof. Let G be a pi-locally finite open cover of X. Then G has a
countable subcover G. Now { Y } is a pi-locally finite p-open cover of Y such that f~1 () is contained in the
union of countably many members of G. Hence f'is pi-paralindelof
Conversely, suppose that f: X — Y is pi-paralindel6f and Y is pi- sublindeldf. Let U be a pi-locally finite p-open
cover of X. Then there is a pi-locally finite p-open cover U of Y such that for each V in U, f~1 (V) is a subset of
a union of countably many members of G. Since Y is p1 sublindel6f, U has acountable subcover U'. Now X =
U{ f~1 (V) : Vet' } and each =1 (V) is covered by a countable subcollection of U. Consequently X is covered
by a countable subcollection of G. Then X is pi-sublindel6f .
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Theorem 3.3 : Let f be a p-continuous mapping from (X,t1,t2) onto a p2-sublindeléf space (Y,p1,p2). Then X
is p2-sublindelof if and only if f is p.-paralindeldf.

Theorem 3.4 : Let f be a p-continuous mapping from a bitopological space X onto a bitopological space Y.
Then Y is pi- sublindeldf if X is so.

Proof : Let X be a pi-sublindel6f space and N be a pi:-locally finite p-open cover of Y. Since f is a p-
continuous mapping, f~1 (N) is p1- locally finite p-open cover of X. Since X is pi-sublindelof, f=1 (N) has a
countable subcover, say f~* (M). Therefore M is a countable subcover of N
Similarly we can prove the followig theorem:

References
[1] Fletcher, P., Hoyle, H. B. and Patty, C. W., “The comparison of topologies”, Duke Math. J., 36, (1969),
325 - 331.
[2] Hdeib, H.Z. and Fora, A. A., “On pairwise paracompact spaces”, Dirasat , 1X(2), (1982), 20 — 29.
[3] Hdeib, H.Z. and Fora, A. A., “On pairwise Lindel6f spaces”, Rev. Colombiana Mat., 17, (1983), 37-57.
[4] Hdeib, H.Z., “On sublidelof spaces” , Dirasat , 10(2), (1983), 65 — 71.

[5] Kelly, J.C., “Bitopological  spaces” , Proc. London Math.  Soc. : 13,
(1963), 71 — 89.
[6] Saegrove, M.J., “Pairwise complete regularity and compactification
in bitopological spaces”, J. London Math. Soc. , 7, (1973), 286-290.
Doi: https://doi.org/10.54216/GJMSA.040105 31

Received: November 14, 2022 Accepted: March 09, 2023


https://doi.org/10.54216/GJMSA.040105

