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Abstract

The aim of this paper is to study the asymptotic behaviour of the following non-linear third order differential
equations in large scale of time

[ OP ' O] + fELu®u@®u@®© =0 ;p=1 (D).

Many results about this behavior will be presented and discussed in terms of theorems, as well as many related
examples will be illustrated.
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1. Introduction and Preliminaries

In this paper, we concentrate on the asymptotic behaviours of the differential equation

[[u" @O )] + f(t,ul),u@®),u (t)=0 ;p=1 (1), with the following initial conditions

u(ty) = up; u(ty) = uy; u (ty) = us, where the necessary and sufficient conditions for the behavior of global
solutions to be similar to the curves a,b,c ER;a = 0: t — o : at? + bt + ¢ will be mentioned and
presented.

This problem has been discussed in the literature in [14], where many generalizations of famous inequalities
were used for this discussion.

In [7,8,10-20], the sufficient conditions for the existence of such solutions were presented. In addition, for some
similar functional differential equations in [1-4].

Definition:

The function w : [0, ) — [0, ) is said to be that it is contained in the class H if:
(H;)The function w(uw) is continuous for u > 0 and positive for u > 0.
(H,)There exists a continuous function @ on [0, o) such that:

u=0a>0 wau) < ola).wu).

Definition:

Ifut<m+ ftto u(s)g(u(s))ds ; t=1t, ,thenmisa positive constant and u u are two real continuous non-

negative functions on [t,, ), g is a real continuous positive function on (0, o), with flw ;Z) = oo, then
u(t) < ¢G71(G(m) + f:ou(s)ds)) <M;m<M<+ow,G(x) = ka% ; X>K =>0,6G.
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Results and Discussion
Definition:

The function [y, t;) = (—o0, +00); t; > t, is called a solution for (1) if it holds for all t € [t,, t;).

U(t) is said to have the property (L,) if:
u(t) =at?’+bt+c+o(t?); t>o; ab,c€ER

Theorem:

If we have the following:
(a)The function f(t,u,v,w) is continuous on D = {(t,u,v,w):t € [ty, ©); u,v,w € R}.

(b)There exists continuous functions hy, h, k3, g1, 92, g3: RT = R* such that:

If v, w)l < h@gs ([4]) + h00 (2],

+hy (D) gs([Iwl]") 5 >0,

(c) The functions g,(s), g>(s), g3(s) fors > 0 are positive

ds

If we put G (x) = [, —+ 7 7, then
to gl<5p>+gz<sp>+g3(sp)
G (+0) f ds p j Tr tdx N
) = - = —=— _ o
to J1 <55) + 9> (55) +9s <SF) r ) g1()+g2(x) + gz(x)

)
) If
H;= f:; h;(S)ds < o ; i = 1,2,3, then every global solution of (1) has the property (L,).

Proof:

Without affecting the generality we can put t, = 1, according to Standard existence theorems, the equation (1)
has a solution u(t) € C?([1,)) with the following initial conditions
u(1) = |ugl; ' (1) = |upl; u'(1) = |ug|?, so that, we get:

O @) = cs - f f (5:u(©),u'©),u'(©))ds 5 e = lus|?
WO < O W© @ ort < o
<oyt f If (5, u()u'(s),0"()) 1ds @)
We put

0O =6+ [ If (U D @) s @

(2) becomes:
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@ @©) < 0(0) @)
Thus
4 < [QOT ©
V@O <+ [[O)1ds < ¢ + (- D QI
1
< tley + (QE07] steftn ) e = ful
Hence

Vo <tfleto®y] ezl ©
From (6), we get

W sefa+o®y] s a=tl O

Thus
’ 19P
Oy < e, + sy ®)
11P
P <[, + o)y ©

Itis known that:(a | b)? <2P"(a?| bP) ; a,b=0
So,

POy < ypesfep 4 o)) = 277162 + 27200

< 2P7e] + 2P ey +f If (s,u(s),u'(s),u"(s)) lds ]

Now, according to (b), we find

[|u(t)|]p <e, +IH1(S)91 <[|:_2|] )ds+J-H2(s)g2 <[|1;—|]r) ds +

tZ
1 1

t

+ [ 1@l s (10)

1
e; = 2P 1l +¢3) , Hi(t) =2P 7 hi(t);i =123

and
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POy <+ [y (2] e+ s (1)

1 1

t

| (il 11)ds (11)

1

e, = 2PNl +¢3) , Hi() =2Phy(t);i =123

(4) implies
WO < e [ oo ([5] Jas+ [r (Eh)as+
+ [ B g5 17)ds (12)
We put

40 = e+ [ 100 ([5] Jas + [ 20, (501 )as +

1 1

t

+fH3(s)g3([|u”|]r)ds (13)
d
This implies that:
PO < 4o (4)
| « )|],, < At (15)
[ (O1F < A®) (16)
POy < acorr (17)
h“”r<mw] (18)
WO < O (19)
0@ < g, (0F) o)
o < g, (uor) e

g O <6 (KOP) @2
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From (13) we get:

t t

A©) = e, + [ 1©g, (146 ds + | 52, (14S)F) ds +

1 1

t

+ [ 1@ (1P ds

1
It is known that:
(H191 + H292 + H3g3) < (Hy + Hy + H3)(g1 + 92 + 93)
This implies
Al < e, + (23)

t

+ f (Hy(5) + Hy(s) + Ha(5)) (1 [AGS)IP + ga[AS)]P + g5[A(S)IPds

1

By using Bihari's inequality, we get:
A(t) < GG (ey) + 2P f hy(s) + hy(s) + hs(s)) ds]
1

cw)=J" —E 7, With G(+0) < 0,k = G(ey) + 2771 [ 1y (5) + hy(s) + hs(s)) ds < +oo,
91L()1P+g2[()1P+g3[(S)IP
A(T) < G™Y(w) < oo, this means that:

ey < o

I

[@]p < G—l(K)

lu” (DI < 671(K)

Thus
'”ft)' < [ ®)P
@] (t)l < 6K
W0 < [62 )T
and
[ Guer e ©)ias < [ noa (|5 Jas+ [ro (L)
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t

f hy(8) g5 ([ |I7)ds

<e + J- H,(s)g, <[|:—2|] )ds + f H,(s)g, ([@]T> ds +
1 1

+fH3(s)g3([|u"|]T)ds =At) <G '(w) <+ ;t>1
1

So that,
lim fotf (s,u(s), u'(s), u"(s)) ds < oo, and there exists a € R such that
gim ut)=a

t -

u(t u, + |, u(s)ds .
lim ()= ! fl =limu (t) =a
t—o0 tz tz t—oo

For any real constants b,c

42
lim{u(t) at®+c)

t—oo tz

}=0
Example:

Consider the equation:

w3 ERTA 3 u
u +tz(u )P+ tZ(?)p'r + tZ(t—z)”'r =0;r>0p=1 (%)

We have:
. 3, s u 3 u
fleuwu,u) =tz )P+ tz(?)v-r + tz(t—z)r’-r
For>1
u .U .
—<u=2>E)P TS W)l
t t
i <u>= i P-T <L p-r
SSus (<
Also,
’ rr 3 rr - ’
f(t,u,u,u ) < t5[|u |p " [w P77 + [u]P™]
3 p_
hi(t) = hy(t) = h3(t) =tz ;g:(w) = g, (w) = gs(w) = ur !
— v 3
Hizftfdt=2<+oo ;=123
1
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So that every global solution u(t) has an asymptotic behavior at? + bt + c.
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