
Galoitica Journal Of Mathematical Structures And Applications (GJMSA)             Vol. 04, No. 01, PP. 08-14, 2023 

Doi: https://doi.org/10.54216/GJMSA.040101   
Received: October 20, 2022    Accepted: March 11, 2023 

8 

 

 

 

 

 

 

Some Results About the Behaviour of Non-Linear Third Order 

Differential Equations 

Arwa Hajjari 

Cairo University, Cairo, Egypt 

Emails: Hajjarint8843@gmail.com  

 

Abstract 

The aim of this paper is to study the asymptotic behaviour of the following non-linear third order differential 

equations in large scale of time 

 [|𝑢ˊˊ(𝑡)|𝑝−1𝑢ˊˊ(𝑡)]ˊ + 𝑓(𝑡, 𝑢(𝑡), 𝑢ˊ(𝑡), 𝑢ˊˊ(𝑡) = 0    ; 𝑝 ≥ 1      (1). 

Many results about this behavior will be presented and discussed in terms of theorems, as well as many related 

examples will be illustrated. 

Keywords: non-linear; third order; Laplacian; differential equations 

1. Introduction and Preliminaries 

In this paper, we concentrate on the asymptotic behaviours of the differential equation  
[|𝑢ˊˊ(𝑡)|𝑝−1𝑢ˊˊ(𝑡)]ˊ + 𝑓(𝑡, 𝑢(𝑡), 𝑢ˊ(𝑡), 𝑢ˊˊ(𝑡) = 0    ; 𝑝 ≥ 1      (1), with the following initial conditions  
𝑢(𝑡0) = 𝑢1 ;  𝑢ˊ(𝑡0) = 𝑢2 ;  𝑢ˊˊ(𝑡0) = 𝑢3, where the necessary and sufficient conditions for the behavior of global 

solutions to be similar to the curves 𝑎, 𝑏, 𝑐 ∈ 𝑅 ; 𝑎 ≠ 0 ∶   𝑡 → ∞ ∶  𝑎𝑡2 + 𝑏𝑡 + 𝑐 will be mentioned and 

presented. 

This problem has been discussed in the literature in [14], where many generalizations of famous inequalities 

were used for this discussion. 

In [7,8,10-20], the sufficient conditions for the existence of such solutions were presented. In addition, for some 

similar functional differential equations in [1-4]. 

Definition: 

The function 𝑤 ∶ [0, ∞) → [0, ∞) is said to be that it is contained in the class H if: 

(𝐻1)The function 𝑤(𝑢) is continuous for 𝑢 ≥ 0 and positive for 𝑢 > 0. 

(𝐻2)There exists a continuous function ∅ on [0, ∞) such that: 

𝑢 ≥ 0  𝛼 > 0   𝑤(𝛼. 𝑢) ≤ ∅(𝛼). 𝑤(𝑢). 

Definition: 

If 𝑢𝑡 ≤ 𝑚 + ∫ 𝜇(𝑠)𝑔(𝑢(𝑠))𝑑𝑠  ;  𝑡 ≥ 𝑡0   
𝑡

𝑡0
, then m is a positive constant and 𝜇 u are two real continuous non-

negative functions on [𝑡0, ∞), g is a real continuous positive function on (0, ∞), with  ∫
𝑑𝑧

𝑔(𝑧)
= ∞

∞

1
, then 

𝑢(𝑡) ≤ 𝐺−1(𝐺(𝑚) + ∫ 𝜇(𝑠)𝑑𝑠))  < 𝑀 ; 𝑚 < 𝑀 ≤ +∞
𝑡

𝑡0
, 𝐺(𝑥) = ∫

𝑑𝑢

𝑔(𝑢)
   ;   𝑋 ≥ 𝐾 ≥ 0 , 𝐺

𝑥

𝑘
. 
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Results and Discussion 

Definition: 

The function [𝑡0, 𝑡1) → (−∞, +∞);  𝑡1 > 𝑡0 is called a solution for (1) if it holds for all 𝑡 ∈ [𝑡0, 𝑡1). 

U(t) is said to have the property (𝐿1) if: 
𝑢(𝑡) = 𝑎𝑡2 + 𝑏𝑡 + 𝑐 + 𝑜(𝑡2) ;   𝑡 → ∞ ;   𝑎, 𝑏, 𝑐 ∈ 𝑅 

Theorem: 

If we have the following: 

(a)The function f(t,u,v,w) is continuous on  𝐷 = {(𝑡, 𝑢, 𝑣, 𝑤): 𝑡 ∈ [𝑡0, ∞); 𝑢, 𝑣, 𝑤 ∈ 𝑅}. 

(b)There exists continuous functions ℎ1, ℎ2, ℎ3, 𝑔1, 𝑔2, 𝑔3: 𝑅+ → 𝑅+ such that: 

|𝑓(𝑡, 𝑢, 𝑣, 𝑤)| ≤ ℎ1(𝑡)𝑔1 ([
|𝑢|

𝑡2 ]
𝑟

) + ℎ2(𝑡)𝑔2([
|𝑣|

𝑡
]

𝑟

), 

+ℎ3(𝑡)𝑔3([|w|]𝑟)   ;    𝑟 > 0, 

(c) The functions  𝑔1(𝑠), 𝑔2(𝑠), 𝑔3(𝑠)  for 𝑠 > 0 are positive  

If we put 𝐺(𝑥) = ∫
𝑑𝑠

𝑔1(𝑠
𝑟
𝑝)+𝑔2(𝑠

𝑟
𝑝)+𝑔3(𝑠

𝑟
𝑝)

∞

𝑡0
, then  

𝐺(+∞) = ∫
𝑑𝑠

𝑔1 (𝑠
𝑟

𝑝) + 𝑔2 (𝑠
𝑟

𝑝) + 𝑔3 (𝑠
𝑟

𝑝)

∞

𝑡0

=
𝑝

𝑟
∫

𝜏
𝑝

𝑟
−1𝑑𝑥

𝑔1(𝑥)+𝑔2(𝑥) + 𝑔3(𝑥)
= +∞

∞

(𝑡0

𝑟
𝑝

)

 

(d) If  

𝐻𝑖 = ∫ ℎ𝑖(𝑆)𝑑𝑠 < ∞  ;   𝑖 = 1,2,3
∞

𝑡𝑈
, then every global solution of (1) has the property (𝐿1). 

 Proof: 

Without affecting the generality we can put 𝑡0 = 1 , according to Standard existence theorems, the equation (1) 

has a solution 𝑢(𝑡) ∈ 𝐶2([1, ∞))  with the following initial conditions  

𝑢(1) = |𝑢1| ;  𝑢ˊ(1) = |𝑢2| ;  𝑢ˊˊ(1) = |𝑢3|𝑝, so that, we get: 

|𝑢ˊˊ(𝑡)|
𝑝−1

𝑢ˊˊ(𝑡) = 𝑐3 − ∫ 𝑓 (𝑠, 𝑢(𝑠), 𝑢ˊ(𝑠), 𝑢ˊˊ(𝑠)) 𝑑𝑠  ;  𝑐3 = |𝑢3|𝑝

𝑡

1

 

|𝑢ˊˊ(𝑡)|
𝑝

≤ |𝑢ˊˊ(𝑡)|
𝑝−1

𝑢ˊˊ(𝑡)  ; (𝑢ˊˊ(𝑡))𝑝−1 ≤ |𝑢ˊˊ(𝑡)|
𝑝−1

  

≤ 𝑐3 + ∫ |𝑓 (𝑠, 𝑢(𝑠), 𝑢ˊ(𝑠), 𝑢ˊˊ(𝑠)) |𝑑𝑠              (2)

𝑡

1

 

We put 

𝑄(𝑡) = 𝑐3 + ∫ |𝑓 (𝑠, 𝑢(𝑠), 𝑢ˊ(𝑠), 𝑢ˊˊ(𝑠)) |𝑑𝑠              (3)

𝑡

1

 

(2) becomes: 
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(𝑢ˊˊ(𝑡))𝑝 ≤ 𝑄(𝑡)                                      (4) 

Thus 

𝑢ˊˊ(𝑡) ≤ [𝑄(𝑡)]
1

𝑝                                         (5) 

𝑢ˊ(𝑡) ≤ 𝑐2 + ∫[𝑄(𝑆)] 
1

𝑝𝑑𝑠 ≤ 𝑐2 + (𝑡 − 1)

𝑡

1

[𝑄(𝑆)] 
1

𝑝 

≤ 𝑡[𝑐2 + (𝑄(𝑆))
1

𝑝]     ; t ∈ [𝑡0, ∞) ;  𝑐2 − |𝑢2|   

Hence 

𝑢ˊ(𝑡) ≤ 𝑡 [𝑐2 + 𝑄(𝑆))
1

𝑝]     ;   𝑐2 = |𝑢2|             (6)  

From (6), we get 

u(𝑡) ≤ 𝑡2 [𝑐1 + 𝑄(𝑆))
1

𝑝]      ;   𝑐1 = |𝑢1|             (7)  

Thus 

[
|𝑢ˊ(𝑡)|

𝑡
]𝑝  ≤ [𝑐2 + 𝑄(𝑆))

1

𝑝]
𝑝

                             (8) 

[
|𝑢(𝑡)|

𝑡2
]𝑝  ≤ [𝑐1 + 𝑄(𝑆))

1

𝑝]
𝑝

                              (9) 

It is known that :(𝑎   |   𝑏)𝑝  ≤ 2𝑝−1(𝑎𝑝  |  𝑏𝑝)      ;    𝑎, 𝑏 ≥ 0  

So, 

[
|𝑢(𝑡)|

𝑡2
]𝑝 ≤ 2𝑝−1[𝑐1

𝑝
+ 𝑄(𝑡)] = 2𝑝−1𝑐1

𝑝
+ 2𝑝−1𝑄(𝑡) 

≤ 2𝑝−1𝑐1
𝑝

+ 2𝑝−1[𝑐3 + ∫ |𝑓 (𝑠, 𝑢(𝑠), 𝑢ˊ(𝑠), 𝑢ˊˊ(𝑠)) |𝑑𝑠 ]             

𝑡

1

 

Now, according to (b), we find 

[
|𝑢(𝑡)|

𝑡2
]𝑝 ≤ 𝑒1 + ∫ 𝐻1(𝑠)𝑔1 ([

|𝑢|

𝑠2
]

𝑟

) 𝑑𝑠 + ∫ 𝐻2(𝑠)𝑔2 ([
|𝑢ˊ|

𝑠
]𝑟) 𝑑𝑠 +

𝑡

1

𝑡

1

 

+ ∫ 𝐻3(𝑠)𝑔3([|𝑢ˊˊ|])𝑑𝑠                                              (10)

𝑡

1

 

𝑒1 = 2𝑝−1(𝑐1
𝑝

+ 𝑐3)    ,   𝐻𝑖(𝑡) = 2𝑝−1ℎ𝑖(𝑡); 𝑖 = 1,2,3 

and 
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[
|𝑢ˊ(𝑡)|

𝑡
]𝑝 ≤ 𝑒2 + ∫ 𝐻1(𝑠)𝑔1 ([

|𝑢|

𝑠2
]

𝑟

) 𝑑𝑠 + ∫ 𝐻2(𝑠)𝑔2 ([
|𝑢ˊ|

𝑠
]𝑟) 𝑑𝑠 +

𝑡

1

𝑡

1

 

∫ 𝐻3(𝑠)𝑔3([|𝑢ˊˊ|]𝑟)𝑑𝑠                                              (11)

𝑡

1

 

𝑒2 = 2𝑝−1(𝑐2
𝑝

+ 𝑐3)    ,   𝐻𝑖(𝑡) = 2𝑝−1ℎ𝑖(𝑡); 𝑖 = 1,2,3 

(4) implies 

|𝑢ˊˊ(𝑡)|𝑃 ≤ 𝑐3 ∫ ℎ1(𝑠)𝑔1 ([
|𝑢|

𝑠2
]

𝑟

) 𝑑𝑠 + ∫ ℎ2(𝑠)𝑔2 ([
|𝑢ˊ|

𝑠
]𝑟) 𝑑𝑠 +

𝑡

1

𝑡

1

 

+ ∫ ℎ3(𝑠)𝑔3([|𝑢ˊˊ|]𝑟)𝑑𝑠                                              (12)

𝑡

1

 

We put 

𝐴(𝑡) = 𝑒1 + ∫ 𝐻1(𝑠)𝑔1 ([
|𝑢|

𝑠2
]

𝑟

) 𝑑𝑠 + ∫ 𝐻2(𝑠)𝑔2 ([
|𝑢ˊ|

𝑠
]𝑟) 𝑑𝑠 +

𝑡

1

𝑡

1

 

+ ∫ 𝐻3(𝑠)𝑔3([|𝑢ˊˊ|]𝑟)𝑑𝑠                                              (13)

𝑡

1

 

This implies that: 

[
|𝑢(𝑡)|

𝑡2
]𝑝 ≤ 𝐴(𝑡)                                   (14) 

[
|𝑢ˊ(𝑡)|

𝑡
]𝑝 ≤ 𝐴(𝑡)                                  (15) 

|𝑢ˊˊ(𝑡)|𝑃 ≤ 𝐴(𝑡)                                    (16) 

[
|𝑢(𝑡)|

𝑡2
]𝑟 ≤ [𝐴(𝑡)]

𝑟

𝑝                              (17)             

[
|𝑢ˊ(𝑡)|

𝑡
]𝑟 ≤ [𝐴(𝑡)]

𝑟

𝑝                             (18)            

|𝑢ˊˊ(𝑡)|𝑟 ≤  [𝐴(𝑡)]
𝑟

𝑝                              (19) 

𝑔1([
|𝑢(𝑡)|

𝑡2
]𝑟) ≤ 𝑔1 ([𝐴(𝑡)]

𝑟

𝑝)              (20) 

𝑔2([
|𝑢ˊ(𝑡)|

𝑡
]𝑟) ≤ 𝑔2 ([𝐴(𝑡)]

𝑟

𝑝)            (21)  

𝑔3(|𝑢ˊˊ(𝑡)|𝑟) ≤ 𝑔3 ( [𝐴(𝑡)]
𝑟

𝑝 )            (22)  

https://doi.org/10.54216/GJMSA.040101
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From (13) we get: 

𝐴(𝑡) = 𝑒1 + ∫ 𝐻1(𝑠)𝑔1 ([𝐴(𝑆)]
𝑟

𝑝) 𝑑𝑠 + ∫ 𝐻2(𝑠)𝑔2 ([𝐴(𝑆)]
𝑟

𝑝) 𝑑𝑠 +

𝑡

1

𝑡

1

 

+ ∫ 𝐻3(𝑠)𝑔3 ([𝐴(𝑆)]
𝑟

𝑝) 𝑑𝑠                                   

𝑡

1

 

It is known that: 

(𝐻1𝑔1 + 𝐻2𝑔2 + 𝐻3𝑔3) ≤ (𝐻1 + 𝐻2 + 𝐻3)(𝑔1 + 𝑔2 + 𝑔3) 

This implies 

𝐴(𝑡) < 𝑒1 +               (23) 

+ ∫(

𝑡

1

𝐻1(𝑠) + 𝐻2(𝑠) + 𝐻3(𝑠)) (𝑔1[𝐴(𝑆)]
𝑟

𝑝 + 𝑔2[𝐴(𝑆)]
𝑟

𝑝 + 𝑔3[𝐴(𝑆)]
𝑟

𝑝𝑑𝑠       

By using Bihari's inequality, we get: 

𝐴(𝑡) < 𝐺−1[𝐺(𝑒1) + 2𝑝−1 ∫ ℎ1(𝑠) + ℎ2(𝑠) + ℎ3(𝑠)) 𝑑𝑠]

𝑡

1

 

𝐺(𝑤) = ∫
𝑑𝑠

𝑔1[(𝑆)]
𝑟
𝑝+𝑔2[(𝑆)]

𝑟
𝑝+𝑔3[(𝑆)]

𝑟
𝑝

𝑤

1
, with 𝐺(+0) < 0, 𝑘 = 𝐺(𝑒1) + 2𝑝−1 ∫ ℎ1(𝑠) + ℎ2(𝑠) + ℎ3(𝑠)) 𝑑𝑠 < +∞

𝑡

1
,  

𝐴(𝑇) < 𝐺−1(𝑤) < +∞, this means that: 

 

𝐺−1[
|𝑢(𝑡)|

𝑡2
]𝑝 ≤ 𝐺−1(𝐾) 

[
|𝑢ˊ(𝑡)|

𝑡
]𝑝 ≤ 𝐺−1(𝐾) 

|𝑢ˊˊ(𝑡)|𝑃 ≤ 𝐺−1(𝐾) 

Thus 

|𝑢(𝑡)|

𝑡2
≤ [𝐺−1(𝐾)]

1

𝑝 

|𝑢ˊ(𝑡)|

𝑡
≤ [𝐺−1(𝐾)]

1

𝑝 

|𝑢ˊˊ(𝑡)| ≤ [𝐺−1(𝐾)]
1

𝑝 

and 

∫ |𝑓 (𝑠, 𝑢(𝑠), 𝑢ˊ(𝑠), 𝑢ˊˊ(𝑠)) |𝑑𝑠 ≤ ∫ ℎ1(𝑠)𝑔1 ([
|𝑢|

𝑠2
]

𝑟

) 𝑑𝑠 + ∫ ℎ2(𝑠)𝑔2 ([
|𝑢ˊ|

𝑠
]𝑟) 𝑑𝑠

𝑡

1

+

𝑡

1

𝑡

1
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∫ ℎ3(𝑠)𝑔3([|𝑢ˊˊ|]𝑟)𝑑𝑠                                        

𝑡

1

 

≤ 𝑒1 + ∫ 𝐻1(𝑠)𝑔1 ([
|𝑢|

𝑠2
]

𝑟

) 𝑑𝑠 + ∫ 𝐻2(𝑠)𝑔2 ([
|𝑢ˊ|

𝑠
]𝑟) 𝑑𝑠 +

𝑡

1

𝑡

1

 

+ ∫ 𝐻3(𝑠)𝑔3([|𝑢ˊˊ|]𝑟)𝑑𝑠 = 𝐴(𝑡) ≤ 𝐺−1(𝑤) < +∞  ; 𝑡 ≥ 1                                             

𝑡

1

 

So that, 

lim
𝑡→∞

∫ 𝑓 (𝑠, 𝑢(𝑠), 𝑢ˊ(𝑠), 𝑢ˊˊ(𝑠)) 𝑑𝑠 < ∞
𝑡

0
, and there exists 𝑎 ∈ 𝑅 such that    

lim
𝑡→∞

𝑢ˊˊ(𝑡) = 𝑎 

lim
𝑡→∞

𝑢(𝑡)

𝑡2
=

𝑢1 + ∫ 𝑢ˊ(𝑠)𝑑𝑠
𝑡

1

𝑡2
= lim

𝑡→∞
𝑢ˊˊ(𝑡) = 𝑎 

For any real constants b,c 

lim {
𝑡→∞

𝑢(𝑡) − 𝑎𝑡2 + 𝑐)

𝑡2
} = 0 

Example: 

Consider the equation: 

𝑢ˊˊˊ + 𝑡
3

2(𝑢ˊˊ)𝑝−𝑟 + 𝑡
3

2(
𝑢ˊ

𝑡
)𝑝−𝑟 + 𝑡

3

2(
𝑢

𝑡2
)𝑝−𝑟 = 0  ; 𝑟 > 0, 𝑝 ≥ 1   (∗) 

We have: 

𝑓(𝑡, 𝑢, 𝑢ˊ, 𝑢ˊˊ) = 𝑡
3

2(𝑢ˊˊ)𝑝−𝑟 + 𝑡
3

2(
𝑢ˊ

𝑡
)𝑝−𝑟 + 𝑡

3

2(
𝑢

𝑡2
)𝑝−𝑟  

For ≥ 1     :  

𝑢ˊ

𝑡
≤ 𝑢ˊ ⇒ (

𝑢ˊ

𝑡
)𝑝−𝑟 ≤ (𝑢ˊ)𝑝−𝑟  

𝑢

𝑡2
≤ 𝑢 ⇒ (

𝑢

𝑡2
)𝑝−𝑟 ≤ (𝑢)𝑝−𝑟 

Also, 

𝑓(𝑡, 𝑢, 𝑢ˊ, 𝑢ˊˊ) ≤ 𝑡
3

2[|𝑢ˊˊ|
𝑝−𝑟

+ |𝑢ˊ|𝑝−𝑟 + |𝑢|𝑝−𝑟] 

ℎ1(𝑡) = ℎ2(𝑡) = ℎ3(𝑡) = 𝑡
3

2   ; 𝑔1(𝑢) = 𝑔2(𝑢) = 𝑔3(𝑢) = 𝑢
𝑝

𝑟
−1   

𝐻𝑖 = ∫ 𝑡
3

2𝑑𝑡 = 2 < +∞   ;   𝑖 = 1,2,3

∞

1
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𝐺(+∞) =
𝑝

𝑟
∫

𝜏
𝑝

𝑟
−1𝑑𝑥

3𝜏
𝑝

𝑟
−1

= +∞

∞

1

 

So that every global solution u(t) has an asymptotic behavior 𝑎𝑡2 + 𝑏𝑡 + 𝑐. 
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