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Abstract 

This paper is dedicated to study the number theoretical Pythagoras triples\4-tiples problem in several kinds of 

neutrosophic algebraic systems, where it finds an algorithm to find Pythagoras triples\4-tiples in commutative 

neutrosophic rings and refined neutrosophic rings too. Besides, the necessary and sufficient condition for a 

triple\4-tiple to be Pythagoras triple\4-tiple (quadruples) is obtained and proven in term of theorems. In addition, 

many numerical examples will be illustrated. 
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1. Introduction 

Neutrosophic logic was supposed by Smarandache [1] as a new insight through fuzzy generalizations. This 

concept has found its way into algebraic structures, where we find many neutrosophic algebraic structures built 

over the idea of indeterminacy such as neutrosophic rings [2], refined neutrosophic rings [3], and spaces 

[4,14,17-20]. 

Neutrosophic number theory is a new branch of study concerning with the properties of neutrosophic rings 

especially neutrosophic integers [5]. Concepts such as divisibility, congruencies, Diophantine equations in 

neutrosophic rings were studied and handled [6-7,15]. 

In classical number theory, a triple (𝑥, 𝑦, 𝑧) is called a Pythagoras triple in the commutative ring R if and only if 

𝑥2 + 𝑦2 = 𝑧2. These triples have a deep connection with Fermat's last theorem [8]. Pythagoras triples were 

studied widely in [9,10,11]. In addition, a Pythagoras 4-tiple (Quadruple) is a 4-tiple (𝑥, 𝑦, 𝑡, 𝑧) such that  𝑥2 +
𝑦2 + 𝑡2 = 𝑧2[12]. These special 4-tiples have been studied in many works, see [13]. 

In neutrosophic rings and refined neutrosophic rings, the problem of finding Pythagoras triples\4-tiples is still 

open. This motivates us to study this problem and to find the conditions of Pythagoras triples in neutrosophic 

rings and refined neutrosophic rings. Also, we will present algorithms for transforming a classical Pythagoras 

triple to its corresponding neutrosophic and refined neutrosophic one. 

All rings in theorems are considered commutative. 

 

2. Main Discussion 

Definition [2]: 

Let R be a ring, then 𝑅(𝐼) = {𝑎 + 𝑏𝐼; 𝑎, 𝑏 ∈ 𝑅} is called a neutrosophic ring. 

The addition on R(I) is defined as follows: 

(𝑎 + 𝑏𝐼) + (𝑐 + 𝑑𝐼) = 𝑎 + 𝑐 + (𝑏 + 𝑑)𝐼. 

The multiplication on R(I) is defined as follows: 
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(𝑎 + 𝑏𝐼). (𝑐 + 𝑑𝐼) = 𝑎. 𝑐 + 𝐼(𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑). 

Remark that, the element I is defined with the logical property 𝐼2 = 𝐼. 

Definition [3]: 

Let R be a ring, the refined neutrosophic ring is defined as follows: 

𝑅(𝐼1, 𝐼2) = {𝑎 + 𝑏𝐼1 + 𝑐𝐼2; 𝑎, 𝑏, 𝑐 ∈ 𝑅}. 

The operations on 𝑅(𝐼1, 𝐼2) are defined with the logical property 𝐼1𝐼1 = 𝐼1, 𝐼1𝐼2 = 𝐼2𝐼1 = 𝐼1, 𝐼2𝐼2 = 𝐼2. 

For more details about neutrosophic and refined neutrosophic rings, see [3-7]. 

 

3. Neutrosophic Pythagoras Triples 

Definition: 

Let R(I) be a commutative neutrosophic ring, the triple (𝑥, 𝑦, 𝑧); 𝑥 = 𝑎 + 𝑏𝐼, 𝑦 = 𝑐 + 𝑑𝐼, 𝑧 = 𝑚 + 𝑛𝐼 

is called a Pythagoras triple if and only if 

𝑥2 + 𝑦2 = 𝑧2. 

Theorem: 

Let R(I) be a commutative neutrosophic ring, and the triple (𝑥, 𝑦, 𝑧); 𝑥 = 𝑎 + 𝑏𝐼, 𝑦 = 𝑐 + 𝑑𝐼, 𝑧 = 𝑚 + 𝑛𝐼 is a 

Pythagoras triple, then (𝑎, 𝑐, 𝑚), (𝑎 + 𝑏, 𝑐 + 𝑑, 𝑚 + 𝑛) are Pythagoras triples in the ring R. 

Proof: 

From the equation 𝑥2 + 𝑦2 = 𝑧2 , we get: 

𝑎2 + 𝑐2 + 𝐼(𝑏2 + 𝑑2 + 2𝑎𝑏 + 2𝑐𝑑) = 𝑚2 + 𝐼(2𝑚𝑛 + 𝑛2). This implies that 

{ 𝑎2 + 𝑐2 = 𝑚2

𝑏2 + 𝑑2 + 2𝑎𝑏 + 2𝑐𝑑 = 2𝑚𝑛 + 𝑛2, by adding the first equation to the second one, we get: 

(𝑎 + 𝑏)2 + (𝑐 + 𝑑)2 = (𝑚 + 𝑛)2, thus (𝑎, 𝑐, 𝑚), (𝑎 + 𝑏, 𝑐 + 𝑑, 𝑚 + 𝑛) are Pythagoras triples in the ring R. 

Theorem: 

Let R be a commutative ring, R(I) be its corresponding neutrosophic ring. Assume that 

(𝑎, 𝑐, 𝑚), (𝑏, 𝑑, 𝑛) are two Pythagoras triples in the ring R, hence 

(𝑎 + (𝑏 − 𝑎)𝐼, 𝑐 + (𝑑 − 𝑐)𝐼, 𝑚 + (𝑛 − 𝑚)𝐼) is a Pythagoras triple in R(I). 

Proof: 

Let us compute (𝑎 + (𝑏 − 𝑎)𝐼)2 + (𝑐 + (𝑑 − 𝑐)𝐼)2 = 𝑎2 + 𝑐2 + 𝐼(𝑏2 + 𝑎2 − 2𝑎𝑏 + 𝑐2 + 𝑑2 − 2𝑑𝑐 + 2𝑎𝑏 −
2𝑎2 + 2𝑐𝑑 − 2𝑐2) = 𝑚2 + 𝐼(𝑛2 − 𝑚2) = (𝑚 + (𝑛 − 𝑚)𝐼)2 

 This means that (𝑎 + (𝑏 − 𝑎)𝐼, 𝑐 + (𝑑 − 𝑐)𝐼, 𝑚 + (𝑛 − 𝑚)𝐼) is a Pythagoras triple in R(I). 

According to the previous two theorems, we are able to present an algorithm to find all neutrosophic Pythagoras 

triples. 

The Algorithm of finding neutrosophic Pythagoras triples: 

To find all non-trivial Pythagoras triples in the commutative neutrosophic ring R(I), follow these steps: 

Step 1: Find all Pythagoras triples in the classical ring R (if their number is finite), and write them as follows: 

(𝑎1, 𝑏1, 𝑐1), (𝑎2, 𝑏2, 𝑐2), … (𝑎𝑛 , 𝑏𝑛, 𝑐𝑛). 

Step 2: Write the previous triples as elements in the direct product of the ring R with itself, i.e. 

(𝑎𝑖 , 𝑎𝑗), (𝑏𝑖 , 𝑏𝑗), (𝑐𝑖 , 𝑐𝑗) . 
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Step 3: Compute the corresponding neutrosophic element as follows: 

(𝑎𝑖 , 𝑎𝑗) → (𝑎𝑖 + 𝐼(𝑎𝑗 − 𝑎𝑖)), (𝑏𝑖 , 𝑏𝑗) → (𝑏𝑖 + 𝐼(𝑏𝑗 − 𝑏𝑖)), (𝑐𝑖 , 𝑐𝑗) → (𝑐𝑖 + 𝐼(𝑐𝑗 − 𝑐𝑖)), then we get the 

corresponding neutrosophic Pythagoras triple. 

Example: 

Consider 𝑍3 = {0,1,2} the ring of integers modulo 4. The Pythagoras triples in 𝑍3 are: 

(0,0,0), (0,1,1), (0,2,1), (0,1,2), (1,0,1), (2,0,1). 

First of all, we will write the triples in the ring 𝑍3 × 𝑍3 

Since has 36 Pythagoras triples, we will put only 5 of them to check the algorithm. 

{(0,0), (0,1), (0,1)}, {(0,0), (1,0), (1,0)}, {(0,0), (0,0), (0,0)}, 

{(0,0), (0,1), (0,2)}, {(0,0), (1,1), (1,2)}. 

The corresponding neutrosophic Pythagoras triples are: 

(0, 𝐼, 𝐼), (0,1 − 𝐼, 1 − 𝐼), (0,0,0), (0, 𝐼, 2𝐼), (0,1,1 + 𝐼). And so on. 

Example: 

Let Z be the ring of integers, Z(I) be the corresponding neutrosophic ring. 

It is known that (3,4,5),(5,12,13) are two Pythagoras triples in Z. 

 The corresponding Pythagoras triples in the ring 𝑍 × 𝑍 are: 

{(3,5), (4,12), (5,13)}, {(5,3), (12,4), (13,5)}, , 

{(3,3), (4,4), (5,5)}, {(5,5), (12,12), (13,13). 

Now, we can get the corresponding neutrosophic Pythagoras triples: 

{(3 + 2𝐼, 4 + 8𝐼, 5 + 8𝐼), (5 − 2𝐼, 12 − 8𝐼, 13 − 8𝐼)}, {(3,4,5)}, {(5,12,13)}.  

Remark: If we exchanged the positions between the first and the second element, we get the same triple, for 

example (4,3,5) is the same of (3,4,5). 

Experimental Results on Some Rings: 

Table (1) 

Corresponding Pythagoras Triple In 𝒁𝟒(I) Pythagoras Triples' pairs In 𝒁𝟒 

(0,2,0) (0,2,0), (0,2,0) 

(0,2,2) (0,2,2), (0,2,2) 

(1,0,3) (1,0,3), (1,0,3) 

(3,0,1) (3,0,1), (3,0,1) 

(0,2,2I) (0,2,0), (0,2,2) 

(I,2-2I,3I) (0,2,0), (1,0,3) 

(3I,2,I) (0,2,0), (3,0,1) 

(I,2-2I,2+I) (0,2,2),(1,0,3) 

(3I,2-2I,2-I) (0,2,2), (3,0,1) 

(1-2I,0,3-2I) (1,0,3), (3,0,1) 

 

Table (2) 

Corresponding Pythagoras Triple In 𝒁𝟑(I) Pythagoras Triples' pairs In 𝒁𝟑 

(0,2,1) (0,2,1), (0,2,1) 

(0,1,2) (0,1,2), (0,1,2) 

(1,2,0) (1,2,0), (1,2,0) 

(0,2-I,1+I) (0,2,1), (0,1,2) 
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(I,2,1-I) (0,2,1), (1,2,0) 

(I,1+I,2-2I) (0,1,2), (1,2,0) 

 

Table (3) 

Corresponding Pythagoras Triple In 𝒁(I) Pythagoras Triples' pairs In 𝒁 

(3,4,5) (3,4,5),(3,4,5) 

(6,8,10) (6,8,10), (6,8,10) 

(5,12,13) (5,12,13),(5,12,13) 

(3+I,4-I,5) (3,4,5),(4,3,5) 

(3+3I,4+4I,5+5I) (3,4,5), (6,8,10) 

(3+5I,4+2I,5+5I) (3,4,5),(8,6,10) 

(4+4I,3+3I,5+5I) (4,3,5),(8,6,10) 

(6+2I,8-2I,10) (6,8,10),(8,6,10) 

(6-I,8+4I,10+3I) (6,8,10),(5,12,13) 

(6+6I,8-3I,10+3I) (6,8,10),(12,5,13) 

(8+4I,6-I,10+3I) (8,6,10),(12,5,13) 

(3+2I,4+8I,5+8I) (3,4,5),(5,12,13) 

(3+9I,4+I,5+8I) (3,4,5),(12,5,13) 

(4+8I,3+2I,5+8I) (4,3,5),(12,5,13) 

(4+I,3+9I,5+8I) (4,3,5),(5,12,13) 

 

 

Refined Neutrosophic Pythagoras Triples 

Theorem: 

Let (𝑥, 𝑦, 𝑧); 𝑥 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2, 𝑦 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2, 𝑧 = 𝑧0 + 𝑧1𝐼1 + 𝑧2𝐼2 

be a triple in the commutative refined neutrosophic ring 𝑅(𝐼1 , 𝐼2), then (𝑥, 𝑦, 𝑧) is a Pythagoras triple if and only 

if (𝑥0, 𝑦0, 𝑧0), 

(𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2, 𝑧0 + 𝑧1 + 𝑧2), (𝑥0 + 𝑥2, 𝑦0 + 𝑦2, 𝑧0 + 𝑧2). 

Are Pythagoras triples in the classical ring R. 

Proof: 

From the equation 𝑥2 + 𝑦2 = 𝑧2 , we get: 

𝑥0
2 + 𝑦0

2 + 𝐼1(𝑥1
2 + 𝑦1

2 + 2𝑥0𝑥1 + 2𝑦0𝑦1 + 2𝑥1𝑥2 + 2𝑦1𝑦2) + 𝐼2(𝑥2
2 + 𝑦2

2 + 2𝑥0𝑥2 + 2𝑦0𝑦2)=𝑧0
2 +

𝐼1(𝑧1
2 + 2𝑧0𝑧1 + 2𝑧1𝑧2) + 𝐼2(𝑧2

2 + 2𝑧0𝑧2), so that, we get the following equations: 

{

𝑥0
2 + 𝑦0

2 = 𝑧0
2 (1)

𝑥1
2 + 𝑦1

2 + 2𝑥0𝑥1 + 2𝑦0𝑦1 + 2𝑥1𝑥2 + 2𝑦1𝑦2 =

𝑥2
2 + 𝑦2

2 + 2𝑥0𝑥2 + 2𝑦0𝑦2 = 𝑧2
2 + 2𝑧0𝑧2 (3)

𝑧1
2 + 2𝑧0𝑧1 + 2𝑧1𝑧2(2) 

Equation (3 ) can be written as follows: 

(𝑥0 + 𝑥2)2 − (x0)2 + (y0 + y2)2 − y0
2 = (z0 + z2)2 − (z0)2, thus 

(𝑥0 + 𝑥2)2 + (y0 + y2)2 = (z0 + z2)2. 

On the other hand, from equation (2), by a similar discussion we can get: 

(𝑥0 + 𝑥1 + 𝑥2)2 + (y0 + y1 + y2)2 = (z0 + z1 + z2)2. 

This means that (𝑥, 𝑦, 𝑧) is a Pythagoras triple in the refined neutrosophic ring 𝑅(𝐼1, 𝐼2) if and only if 

(𝑥0, 𝑦0 , 𝑧0), (𝑥0 + 𝑥1 + 𝑥2, 𝑦1 + 𝑦2 + 𝑦3, 𝑧1 + 𝑧2 + 𝑧3), (𝑥0 + 𝑥2, 𝑦0 + 𝑦2, 𝑧0 + 𝑧2) are Pythagoras triples in the 

corresponding classical ring R. 
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Example: 

Let 𝑍5 = {0,1,2,3,4} be the ring of integers modulo 5,𝑍5(𝐼1, 𝐼2) be the corresponding refined neutrosophic ring. 

For example, consider the following triple of refined neutrosophic integers 𝑥 = 1 + 𝐼1 + 𝐼2, 𝑦 = 2 + 2𝐼2, 𝑧 =
1 + 3𝐼1 + 𝐼2 . Now, we will check if it is a Pythagoras triple. 

𝑓(𝑥) = (1,3,2), 𝑓(𝑦) = (2,4,4), 𝑓(𝑧) = (1,0,2). It is clear that: 

12 + 22 ≠ 12, 32 + 42 = 02, 22 + 42 ≠ 22, this means that (𝑥, 𝑦, 𝑧) is a not a refined neutrosophic Pythagoras 

triple. 

Theorem: 

Let 𝑅(𝐼1, 𝐼2) be a refined neutrosophic ring, suppose that  (𝑥0, 𝑦0, 𝑧0), (𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2)   are three 

Pythagoras triples in R. Hence 

 (𝑥, 𝑦, 𝑧) = (𝑥0 + 𝐼1(𝑥1 − 𝑥2) + 𝐼2(𝑥2 − 𝑥0), 𝑦0 + 𝐼1(𝑦1 − 𝑦2) + 𝐼2(𝑦2 − 𝑦1), 𝑧0 + 𝐼1(𝑧1 − 𝑧2) + 𝐼2(𝑧2 − 𝑧0) is 

a Pythagoras triple in 𝑅(𝐼1 , 𝐼2). 

Proof: 

By computing 𝑥2 + 𝑦2, we get: 

𝑥2 + 𝑦2 = 𝑥0
2 + 𝑦0

2 + 𝐼1(𝑥1
2 + 𝑦1

2 − 𝑥2
2 − 𝑦2

2) + 𝐼2(𝑥2
2 + 𝑦2

2 − 𝑥0
2 − 𝑦0

2)= 

𝑧0
2 + 𝐼1(𝑧1

2 − 𝑧2
2) + 𝐼2(𝑧2

2 − 𝑧0
2) = 𝑧2. Thus (𝑥, 𝑦, 𝑧) is a Pythagoras triple. 

An algorithm for finding Pythagoras triples in 𝑹(𝑰𝟏, 𝑰𝟐) 

To find Pythagoras triples in the commutative refined neutrosophic ring 𝑅(𝐼1, 𝐼2), follow these steps: 

Step 1: Find Pythagoras triples in the ring × 𝑅 × 𝑅 . 

Step 2: For every Pythagoras triple ((𝑥0, 𝑦0, 𝑧0), (𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2)) in the ring × 𝑅 × 𝑅 , there exists a 

corresponding Pythagoras triple in the refined neutrosophic ring 𝑅(𝐼1, 𝐼2) as follows: 

(𝑥, 𝑦, 𝑧) = (𝑥0 + 𝐼1(𝑥1 − 𝑥2) + 𝐼2(𝑥2 − 𝑥0), 𝑦0 + 𝐼1(𝑦1 − 𝑦2) + 𝐼2(𝑦2 − 𝑦1), 𝑧0 + 𝐼1(𝑧1 − 𝑧2) + 𝐼2(𝑧2 − 𝑧0). 

Example: 

Let Z be the ring of integers, it is known that ((3,4,5), (6,8,10), (5,12,13)) are three Pythagoras triples. Now, 

we can get a Pythagoras triple in the refined neutrosophic ring of integers 𝑍(𝐼1, 𝐼2) as follows: 

𝑥 = 3 + (6 − 5)𝐼1 + (5 − 3)𝐼2 = 3 + 𝐼1 + 2𝐼2, 𝑦 = 4 + (8 − 12)𝐼1 + (12 − 4)𝐼2 = 4 − 4𝐼1 + 8𝐼2, 𝑧 = 5 +
(10 − 13)𝐼1 + (13 − 5)𝐼2 = 5 − 3𝐼1 + 8𝐼2. 

It is clear that 𝑥2 + 𝑦2 = 𝑧2. 

Neutrosophic Pythagoras 4-tiples 

Theorem: 

Let R be any commutative ring, R(I) be its corresponding neutrosophic ring, then a neutrosophic 4-tiple 
(𝑥, 𝑦, 𝑡, 𝑧); 𝑥 = 𝑥0 + 𝑥1𝐼, 𝑦 = 𝑦0 + 𝑦1𝐼, 𝑡 = 𝑡0 + 𝑡1𝐼, 𝑧 = 𝑧0 + 𝑧1𝐼 is a Pythagoras 4-tiple if and only if   

(𝑥0, 𝑦0 , 𝑡0, 𝑧0), (𝑥0 + 𝑥1, 𝑦0 + 𝑦1, 𝑡0 + 𝑡1, 𝑧0 + 𝑧1), 

are Pythagoras 4-tiples in R. 

Proof: 

Firstly, suppose that (𝑥, 𝑦, 𝑡, 𝑧) is a Pythagoras 4-tiple in R(I), hence 

𝑥2 + 𝑦2 + 𝑡2 = 𝑧2, this implies that 

𝑥0
2 + 𝑦0

2 + 𝑡0
2 + 𝐼[(𝑥0 + 𝑥1)2 + (𝑦0 + 𝑦1)2 + (𝑡0 + 𝑡1)2 − 𝑥0

2 − 𝑦0
2 − 𝑡0

2] = 𝑧0
2 + 𝐼[(𝑧0 + 𝑧1)2 − 𝑧0

2], 
thus 
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𝑥0
2 + 𝑦0

2 + 𝑡0
2 = 𝑧0

2, 𝑎𝑛𝑑 (𝑥0 + 𝑥1)2 + (𝑦0 + 𝑦1)2 + (𝑡0 + 𝑡1)2 − 𝑥0
2 − 𝑦0

2 − 𝑡0
2 = (𝑧0 + 𝑧1)2 − 𝑧0

2, so 

that 

(𝑥0 + 𝑥1)2 + (𝑦0 + 𝑦1)2 + (𝑡0 + 𝑡1)2 = (𝑧0 + 𝑧1)2, thus, we get 

(𝑥0, 𝑦0 , 𝑡0, 𝑧0), (𝑥0 + 𝑥1, 𝑦0 + 𝑦1, 𝑡0 + 𝑡1, 𝑧0 + 𝑧1), 

are Pythagoras 4-tiples in R. 

For the converse, we suppose that (𝑥0, 𝑦0, 𝑡0, 𝑧0), (𝑥0 + 𝑥1, 𝑦0 + 𝑦1, 𝑡0 + 𝑡1, 𝑧0 + 𝑧1), 

are Pythagoras 4-tiples in R, this means that 𝑥0
2 + 𝑦0

2 + 𝑡0
2 = 𝑧0

2, 𝑎𝑛𝑑 (𝑥0 + 𝑥1)2 + (𝑦0 + 𝑦1)2 +
(𝑡0 + 𝑡1)2 = (𝑧0 + 𝑧1)2. 

Now, we can write: 

𝑥2 + 𝑦2 + 𝑡2 = 𝑥0
2 + 𝑦0

2 + 𝑡0
2 + 𝐼[(𝑥0 + 𝑥1)2 + (𝑦0 + 𝑦1)2 + (𝑡0 + 𝑡1)2 − 𝑥0

2 − 𝑦0
2 − 𝑡0

2]=𝑧0
2 +

𝐼[(𝑧0 + 𝑧1)2 − 𝑧0
2]=𝑧2, this implies that (𝑥, 𝑦, 𝑡, 𝑧) is a Pythagoras 4-tiple in R(I).  

Example: 

Consider the commutative ring 𝑅 = 𝑍[𝑖] = {𝑎 + 𝑏𝑖; 𝑎, 𝑏 ∈ 𝑍}, 𝑅(𝐼) = {𝑥 + 𝑦𝐼; 𝑥, 𝑦 ∈ 𝑍[𝑖]} is the corresponding 

neutrosophic ring. 

We have (𝑖, 1,1,1), (1, −𝑖, −1,1) are two Pythagoras 4-triples in R, that is because: 

𝑖2 + 12 + 12 = 12, 12 + (−𝑖)2 + −12 = 12. 

Now, we will find the corresponding Pythagoras 4-tiples in R(I). 

The previous two Pythagoras 4-tiples can be written as duplets as follows: 

(𝑖, 1), (1, −𝑖), (1, −1), (1,1). The neutrosophic elements which are related with those duplets are: 

𝑥 = 𝑖 + 𝐼(1 − 𝑖), 𝑦 = 1 + 𝐼(−𝑖 − 1), 𝑡 = 1 + 𝐼(−1 − 1) = 1 − 2𝐼, 1 + 𝐼(1 − 1) = 1. 

Now, let us check 𝑥2 + 𝑦2 + 𝑡2 = −1 + 𝐼(−2𝑖 + 2𝑖 + 2) + 1 + 𝐼(2𝑖 − 2𝑖 − 2) + 1 + 4𝐼 − 4𝐼 = 1 = 𝑧2. 

Refined neutrosophic Pythagoras 4-tiples 

Theorem: 

Let (𝑥, 𝑦, 𝑡, 𝑧); 𝑥 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2, 𝑦 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2, 𝑡 = 𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2, 𝑧 = 𝑧0 + 𝑧1𝐼1 + 𝑧2𝐼2 

be a 4-triple in the commutative refined neutrosophic ring 𝑅(𝐼1, 𝐼2), then (𝑥, 𝑦, 𝑡, 𝑧) is a Pythagoras 4-triple if and 

only if (𝑥0, 𝑦0, 𝑡0, 𝑧0), 

(𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2, 𝑡0 + 𝑡1 + 𝑡2, 𝑧0 + 𝑧1 + 𝑧2), (𝑥0 + 𝑥2, 𝑦0 + 𝑦2, 𝑡0 + 𝑡2, 𝑧0 + 𝑧2). 

Are Pythagoras 4-triples in the classical ring R. 

Proof: 

Firstly, suppose that (𝑥, 𝑦, 𝑡, 𝑧) is a 4-tiple in  𝑅(𝐼1, 𝐼2), hence it is a Pythagoras 4-tiple if and only if 

𝑥2 + 𝑦2 + 𝑡2 = 𝑧2, this is equivalent to 

𝑥0
2 + 𝑦0

2 + 𝑡0
2 + 𝐼1[(𝑥0 + 𝑥1 + 𝑥2)2 + (𝑦0 + 𝑦1 + 𝑦2)2 + (𝑡0 + 𝑡1 + 𝑡1)2 − (𝑥0 + 𝑥2)2 − (𝑦0 + 𝑦2)2 −

(𝑡0 + 𝑡2)2] + 𝐼2[(𝑥0 + 𝑥2)2 + (𝑦0 + 𝑦2)2 + (𝑡0 + 𝑡2)2 − 𝑥0
2 − 𝑦0

2 − 𝑡0
2]= 

𝑧0
2 + 𝐼1[(𝑧0 + 𝑧1 + 𝑧2)2 − (𝑧0 + 𝑧2)2] + 𝐼2[(𝑧0 + 𝑧2)2 − 𝑧0

2], 

Thus, we get 

{

𝑥0
2 + 𝑦0

2 + 𝑡0
2 = 𝑧0

2

(𝑥0 + 𝑥1 + 𝑥2)2 + (𝑦0 + 𝑦1 + 𝑦2)2 + (𝑡0 + 𝑡1 + 𝑡1)2 = (𝑧0 + 𝑧1 + 𝑧2)2

(𝑥0 + 𝑥2)2 + (𝑦0 + 𝑦2)2 + (𝑡0 + 𝑡2)2 = (𝑧0 + 𝑧2)2

. 

Thus, the proof is complete. 
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Example: 

Consider the commutative ring 𝑅 = 𝑍[𝑖] = {𝑎 + 𝑏𝑖; 𝑎, 𝑏 ∈ 𝑍}, 𝑅(𝐼1, 𝐼2) = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2; 𝑥, 𝑦, 𝑧 ∈ 𝑍[𝑖]} is the 

corresponding refined neutrosophic ring. 

We have (𝑖, 1,1,1), (1, −𝑖, −1,1), (1,3, 𝑖, −3) are three Pythagoras 4-triples in R, that is because: 

𝑖2 + 12 + 12 = 12, 12 + (−𝑖)2 + −12 = 12, 12 + (3)2 + 𝑖2 = (−3)2. 

Now, we will find the corresponding Pythagoras 4-tiples in R(I). 

The previous three Pythagoras 4-tiples can be written as classical triples as follows: 

(𝑖, 1,1), (1, −𝑖, 3), (1, −1, 𝑖), (1,1, −3). The refined neutrosophic elements which are related with those triples 

are: 

𝑥 = 𝑖 + 𝐼1[1 − 1] + 𝐼2[1 − 𝑖] = 𝑖 + (1 − 𝑖)𝐼2, 𝑦 = 1 + 𝐼1[−𝑖 − 3] + 𝐼2[3 − 1] = 1 + (−3 − 𝑖)𝐼1 + (2)𝐼2, 𝑡 =
1 + 𝐼1[−1 − 𝑖] + 𝐼2[𝑖 − 1] = 1 + (−1 − 𝑖)𝐼1 + (−1 + 𝑖)𝐼2, 𝑧 = 1 + 𝐼1[1 + 3] + 𝐼2[−3 − 1] = 1 + (4)𝐼1 +
(−4)𝐼2. 

Now, we check it as follows: 

𝑥2 + 𝑦2 + 𝑡2 = −1 + 𝐼2[−2𝑖 + 2𝑖 + 2] + 1 + 𝐼1[8 + 6𝑖 − 12 − 4𝑖 − 6 − 2𝑖] + 𝐼2[4 + 4] + 1 + 𝐼1[2𝑖 − 2 −
2𝑖 + 4] + 𝐼2[−2𝑖 − 2 + 2𝑖] = 1 + (−8)𝐼1 + (8)𝐼2 = 𝑧2. 

4. Conclusion 

In this paper, we have studied a famous number theoretical problem in some refined neutrosophic rings, where 

we have presented novel algorithms to find Pythagoras triples and 4-tiples in commutative neutrosophic rings 

and refined neutrosophic rings, as well as the necessary and sufficient conditions for these triples\4-tiples. Also, 

we have illustrated many examples to clarify the validity of our algorithms. As a future research direction, we 

aim to study the Pythagoras triples\4-tiples problem in n-refined neutrosophic rings, and n-cyclic refined 

neutrosophic rings. 
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