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Abstract  

An implicative BCI algebra is a non empty set X with a special element O and a binary operation * with many 

clear conditions.In this work, we study the topological space 𝑠𝑝𝑒𝑐𝐹(𝑋) and present some properties especially 

the compactness and connection. Also, we prove that it is a Hausdorff space and regular. 
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Introduction and preliminaries 

Algebraic fuzzy structures are very famous and diverse. In the classical algebra we find many structures such 

that implicative algebras and BCI/BCL algebras, with many interesting fuzzy substructures, especially fuzzy 

ideals and prime fuzzy ideals. 

In this work, we study some topological properties of fuzzy prime spectrums in implicative BCI algebras, where 

we prove many interesting results concern the topological properties of the space Spec(X).  

An implicative BCI algebra is a non empty set X with a special element O and a binary operation * with the 

following conditions: 

1. 𝑥 ∗ 0 = 𝑥 

2. 𝑥 ∗ (𝑥 ∗ 𝑦) = 𝑦 ∗ (𝑦 ∗ 𝑥) 

3. ((𝑥 ∗ 𝑦) ∗ (𝑥 ∗ 𝑧)) ∗ (𝑧 ∗ 𝑦) = 0 

4. 𝑥 ∗ (𝑦 ∗ 𝑥) = 0  

For all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

X is called bounded if there exists another special element 1 such that: 𝑥 ∗ 1 = 0 ;  ∀ 𝑥 ∈ 𝑋. 

We put 𝑒(𝑥) = 1 ∗ 𝑥, hence we get the following binary operation: 

                                                   𝑥 ˄ 𝑦 = 𝑥 ∗ (𝑥 ∗ 𝑦); ∀ 𝑥, 𝑦 ∈ 𝑋. 

Also, we have (𝑥 ˄  𝑦) ∗ 𝑥 = (𝑥 ˄ 𝑦) ∗ 𝑦 = 0 and 𝑥 ˄ 𝑒(𝑥) = 0. 

Definition [3]: 

Let X be an implicative BCI algebra, and I is a nonempty subset of X, then: 

[1] I is called ideal of X if 0 ∈ 𝐼  and  
𝑥 ∗ 𝑦 ∈ 𝐼 𝑎𝑛𝑑 𝑦 ∈ 𝐼 𝑖𝑚𝑝𝑙𝑦 𝑥 ∈ 𝐼 ; ∀𝑥, 𝑦 ∈ 𝑋. 

[2] I is called prime ideal if:  
𝑥 ˄ 𝑦 ∈ 𝐼 𝑎𝑛𝑑 𝑦 ∈ 𝐼 𝑖𝑚𝑝𝑙𝑦 𝑥 ∈ 𝐼 𝑜𝑟 𝑦 ∈ 𝐼 ;  ∀𝑥, 𝑦 ∈ 𝑋. 
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Definition [5]: 

Let A be a nonempty set, a fuzzy subset on A is a function μ  from A to [0,1] . Also, if μ  , ꞃ are two fuzzy 

subsets of A, hence μ ⊆ ⇔   μ(𝑥) ≤ ꞃ(𝑥)𝑓𝑜𝑟𝑎𝑙𝑙 𝑥 ∈ 𝑋. 

A fuzzy point 𝑥𝑡 is a fuzzy subset of A defined as follows: 

𝑥𝑡(𝑦) = {
𝑡  ; 𝑦 = 𝑥

0   ; 𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒
, for all 𝑦 ∈ 𝑋. 

Definition: 

Let X be an implicative algebra, and I is an ideal of X. The characteristic function of I is denoted by 𝑥𝑡 , which is 

defined as follows: 

𝑥𝑡(𝑥) = {
1  ; 𝑥 ∈ 𝐼

0   ;  𝑥 ∉  𝐼 
, for all 𝑥 ∈ 𝑋. 

Definition [4]: 

Let X be an implicative BCI algebra, and μ  is a fuzzy subset of X. 

[1]  μ is called fuzzy ideal of X if: 

𝑖. 𝜇(0) ≥ 𝜇(𝑥)     ;    ∀𝑥 ∈ 𝑋 . 

𝑖𝑖. 𝜇(𝑥) ≥ min{𝜇(𝑥 ∗ 𝑦), 𝜇(𝑦)}   ∀𝑥, 𝑦 ∈ 𝑋 . 

  μ is called prime if: 

for any two fuzzy ideals θ, 𝜎 in X with 𝜃. 𝜎 ⊆  𝜇 , implies  𝜃 ⊆  𝜇 or  𝜎 ⊆  𝜇 . 

Fuzzy Prime Spectrums of Implicative BCI – Algebras . 

Let 𝑠𝑝𝑒𝑐𝐹(𝑋)  be the set of all fuzzy prime ideals of an implicative BCI algebra X, we define: 

𝐷(ꞃ) = {μ ∈ 𝑠𝑝𝑒𝑐𝐹(𝑋)  ;  ꞃ 𝜇}  , 𝑉(ꞃ) = {𝜇 ∈ 𝑠𝑝𝑒𝑐𝐹(𝑋)  ;  ꞃ ⊆ 𝜇}. 

The set𝜏𝑋 = {𝐷(ꞃ)  ; ꞃ is prime 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑋 }  is a topology on 𝑐𝐹(𝑋) , thus (𝑠𝑝𝑒𝑐𝐹(𝑋), 𝜏𝑋)  is a 

topological space. 

Theorem: 

Let X be an implicative BCI bounded algebra, and let 𝛽1, 𝛽2 ∈]0,1], 𝛽 = min {𝛽1, 𝛽2} , then 𝐷 (𝑥𝛽1
) ∩

𝐷 (𝑥𝛽2
) = 𝐷((𝑥 ˄ 𝑦)𝛽) for all 𝑦 ∈ 𝑋. 

Proof: 

Let 𝜇 ∈ 𝐷 (𝑥𝛽1
) ∩ 𝐷 (𝑥𝛽2

), then: 𝜇 ∈ 𝐷 (𝑥𝛽1
) 𝑎𝑛𝑑 𝜇 ∈ 𝐷 (𝑥𝛽2

), thus: 

𝜇(𝑥) < 𝛽1 ≤ 𝜇(0)𝑎𝑛𝑑 𝜇(𝑦) < 𝛽2 𝜇(𝑦) ≠  𝜇(0), and since 𝜇 is a prime fuzzy ideal, we get 𝜇(𝑥) = 𝜇(𝑦) =
𝜇(1), also,  

𝜇(𝑥 ˄ 𝑦) ≤ max{ 𝜇(𝑥), 𝜇(𝑦)} = 𝜇(1) = min{𝜇(𝑥), 𝜇(𝑦)} < min { 𝛽1, 𝛽2} = β, thus 

𝜇 ∈ 𝐷((𝑥 ˄ 𝑦)𝛽). 

On the other hand, let 𝜇 ∈ 𝐷((𝑥 ˄ 𝑦)𝛽), this implies: 

  𝜇(𝑥) ≤ 𝜇(𝑥 ˄ 𝑦) < 𝛽 ≤ 𝛽1𝑎𝑛𝑑 𝜇(𝑦) ≤ 𝜇(𝑥 ˄ 𝑦) < 𝛽 ≤ 𝛽2, and 

𝜇 ∈ 𝐷 (𝑥𝛽1
) 𝑎𝑛𝑑 𝜇 ∈ 𝐷 (𝑥𝛽2

), thus 𝜇 ∈ 𝐷 (𝑥𝛽1
) ∩ 𝐷 (𝑥𝛽2

). 
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Let 𝑋𝑎 be a bounded BCI implicative algebra, and 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) be the fuzzy spectrum of X, with the following 

condition: 

For all μ ∈ 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎)𝛼   and μ ∈ [0,1[, then μ(1) = 𝛼. We can prove the following topological properties of 

the space 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎). 

 

Theorem: 

𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) is a Hausdorff space. 

Proof: 

Let μ, 𝜎 be two elements of  𝑠𝑝𝑒𝑐𝐹(𝑋𝑎), we prove that 𝜇0 ≠  𝜎0. 

We assume that: 𝜇0 = 𝜎0 then for any ∈ 𝑋 , we find that: 

If 𝑥 ∈ 𝜇0 = 𝜎0 , then μ(𝑥) = 𝜇(0) = 1 = 𝜎(0) = 𝜎(𝑥). Also, if   

μ(𝑥) = 𝜇(1) = 𝛼 = 𝜎(1) = 𝜎(𝑥), which is a contradiction with 𝜇 ≠ 𝜎. 

So that, 𝜇0 ≠ 𝜎0, and this means that there exists 𝑥 ∈ 𝜇0 with  𝑥 ∉ 𝜎0, thus 

μ(𝑥) = 𝜇(0), and μ(𝑒(𝑥)) ≠ 𝜇(0), then 𝜇(𝑒(𝑥)) = 𝜇(1) 𝑎𝑛𝑑 𝜎(𝑥) = 𝜎(1). 

For 𝑡1 ∈]α, 1] , we find that (𝑒(𝑥))𝑡1
)(𝑒(𝑥)) = 𝑡1 > 𝛼 = 𝜇(𝑒(𝑥)), thus 𝜇 ∈ 𝐷((𝑒(𝑥))𝑡1

). 

Also for  𝑡2 ∈]α, 1], we get (𝑥𝑡2
)(𝑥) = 𝑡2 > 𝛼 = 𝜎(𝑥), thus 𝜎 ∈ 𝐷(𝑥𝑡2

). 

As well as, for 𝑡 = min {𝑡1, 𝑡2}, we find 𝐷((𝑒(𝑥))𝑡1
) ∩ 𝐷(𝑥𝑡2

) = 𝐷((𝑒(𝑥) ˄ 𝑥)𝑡) = 𝐷(0𝑡) = ∅. 

Theorem: 

𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) is regular space. 

Proof: 

Let V(ꞃ) be a closed subset of 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) , let 𝜇 be a prime fuzzy ideal which is not contained in V(ꞃ). Since 

𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) is a Hausdorff space, then for any θ from 𝜇 V(ꞃ) , there exists a neighbourhood 𝑊𝜃 of θ and a 

neighbourhood 𝑈𝜇 of  such that: 𝑈𝜇 ∩ 𝑊𝜃 = ∅. 

So, we can get that the covering set  {𝑊𝜃}𝜃∈𝑉(ꞃ) of 𝑉(ꞃ), is a partial finite covering {𝑊𝜃1
, 𝑊𝜃2

, … , 𝑊𝜃𝑛
} of 𝑉(ꞃ), 

hence  𝑉(ꞃ) ⊆ 𝑊𝜃1
∪ 𝑊𝜃2

∪ … ∪ 𝑊𝜃𝑛
 with 𝑈𝑖𝜇 ∩ 𝑊𝜗𝑖 = ∅  ; 𝑖 = 1,2, … , 𝑛. 

We put 𝑊 = 𝑊𝜃1
∪ 𝑊𝜃2

∪ … ∪ 𝑊𝜃𝑛
, 𝑈 = 𝑈1𝜇 ∩ 𝑊2𝜇 ∩ … ∩ 𝑊𝑛𝜇. 

Every open subset W in 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎)  contains V(ꞃ)  , also, U is an open subset in 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) contains 𝜇 . On the 

other hand, we have the same thing about 𝑈 ∩ 𝑊, this means that is 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎)regular. 

Theorem: 

𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) is normal. 

Proof: 

Let 𝑉(ꞃ), 𝑉(𝜇) be two disconnected and closed subsets of 𝑐𝐹(𝑋𝑎) , since 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) is regular, then for any 𝜃 ∈
𝑉(𝜇) there exists a neighbourhood 𝑊𝜗 of 𝑉(𝜇) which is compact. We have seen that the open covering 

{𝑈𝜃}𝜃∈𝑉(𝜇) of 𝑉(𝜇) is a partial finite one. 

We put 𝑊 = 𝑊𝜃1
∪ 𝑊𝜃2

∪ … ∪ 𝑊𝜃𝑛
, 𝑈 = 𝑈𝜃1

∩ 𝑈𝜃2
∩ … ∩ 𝑈𝜃𝑛

. 

We have U and W are open subsets of 𝑐𝐹(𝑋𝑎) , and 𝑉(𝜇) ⊆ 𝑈 و 𝑉(ꞃ)  ⊆ 𝑊 and 𝑊 ∩ 𝑈 too. 

 

Theorem: 
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𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) Is completely regular. 

Proof: 

Let 𝑉(ꞃ) be a closed subset of 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎)  , and 𝜇 be a prime fuzzy ideal which is not in (ꞃ) , the set  { 𝜇 } is 

closed in  𝑠𝑝𝑒𝑐𝐹(𝑋𝑎), that is because it is 𝑇1 space. 

Also, 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) is regular, hence there exists a continuous mapping 𝑓: 𝑠𝑝𝑒𝑐𝐹(𝑋𝑎) → [0,1] such that 𝑓(𝑉(ꞃ)) =
{1}   and    𝑓({μ}) = {0}. 

 . 
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