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Abstract

In this paper, we study the global existence and the asymptotic behaviour for the solutions of the following non-
linear and non-homogeneous differential equation with order 3 and with a Laplacian p > 1

[u" P ©] + f(t,u@w) =e(®);p =1 1

Where t — +oo. Also, we get the solutions of (1), which the type of the asymptotic behaviour of the global
solutions is at? + bt + ¢; t - 4, a,b,c €ER;a # 0.
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Introduction

No one can deny the effective and distinctive role played by the asymptotic behavior of solutions of nonlinear
differential equations in the fields of mechanics and in solving many scientific , electronic and physical issues ,
where many problems of limit values of Mathematical Physics with a Laplacian constant p>1 lead to asymptotic
integrals and thus to solutions that have an asymptotic behavior of a certain form when t—+co0, moreover, the
asymptotic behavior of solutions of nonlinear differential equations is an important tool in many branches of
mathematical analysis (especially dependent analysis) and Applied Mathematics . Notably, this constant is
attributed to the French mathematician Pierre Laplace.

In this paper, we will consider one of the most important nonlinear and inhomogeneous differential equations of
the third order with a Laplace constant p>1, which does not contain derivatives of the form

w (b)), u (b):
u(ty) = |luql; u,(to) = |ug,| Ju"(to) = |uzlP

Where new theorems were presented supported by appropriate applied examples on non-linear and
inhomogeneous differential equations using the integral permutations of Gronwall [5] and Behari [9], we thus
obtained comprehensive solutions (continuous and extendable over the entire real axis) that have asymptotic
behavior

at? +bt+ct— +o0, a,b,c ER;a #0
Main Results
Definition:

if lim-22 = 0, then f(t) = o(g(®)) .

tooo g
Definition:

We say that the function u(t) has the property (L,) if:
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u(t) = at? + bt + +c+ o(t?);t > ©; a,b,c €R,
p=21;r>0;ty=1;p=r>0.

Theorem:

If the following conditions are true:

[1] The function f(t,u) is continuous on D = {(t,u):t = 1,u € R},
[2] The second derivativef,, (t, u) is existed and positive on D,
[3] The inequality |f(t,u) — e(s)| < f,, (t, 0). Ju(t)|" + e(s) is true on D.

fPt2Rf,,(t,0)dt < o0 , k=fPe(s)ds <o (iv)
Then every global solution of (1) has the property (L,).
Proof:
According to [6], the equation (1) has a unique solution u(t) € C?([1,))

With the following conditions:
u(l) = lul; u' (1) = lug; u" (1) = |ug® .

Thus:
lu" (P () = c3 — f[f(s,u(s)) —e(s)]ds ; ¢z = us|”

t

W OP < WOP < e+ [ If(su) - e®lds @)

1
Put: Q(t) = c5 + flt |f(s,u(s)) —e(s)|ds (3)

Hence, (u”(t))P < Q(t) 4)

Hence, u”(t) < [Q(t)]% (5)
VO e+ [1QEPds <c + - DIQOP
1
< tle, + QO L€ [Loo); ¢ = [yl
Thus, u'(0) < t[c, + (Q(t))%] &= lul (6

u® < ele + (P | =l @

, 11P
100 < e, + (Q@] ®
11P
e < fe, + (@] ©
{a+b)P <2P71(@P +bP); ab > 0since,
Juct)

P < 227 el + Q)] = 2771} +2°7'Q(m)

< 2p—1C$ + zp_l[c3 + f|f(s,u(5)) - e(S)|dS]
1

Doi : https://doi.org/10.54216/GIMSA.030202
Received: October 25, 2022 Accepted: January 24, 2023

18


https://doi.org/10.54216/GJMSA.030202

Galoitica Journal Of Mathematical Structures And Applications (GIMSA) Vol 03, No. 01, PP. 17-23, 2023

[lut(zt)]P < ey + 207 f £uu(s, 0). [u(s)|" ds
1
=e, +2P71 J- s?'.f,,(s,0). [lus(zs)l]rds (10)
1
ey = 2P (P 4¢3 + K)
[lugt)]p < e;.exp fszr. fu(s,0)ds (11)
t
A=e .exp <2p‘1f s2 £, (s, 0)ds> (12)
Thus,
[mgmpsA (B)a|%?|SMﬁ
t > 1, we get: for
lu(®l
— <
tZ
t t t
f|f(s,u(s)) — e(s)|ds < quu(s, 0). |u(s)|* ds + j e(s)ds

t
u(s

< k+Jszr.fuu(s,0).[| S(z)l]rds

1

t
<k+ (A)Ef s27.f,,(s, 0)ds
1
t

<k+ (A)EJ s2'.f,,(s,0)ds < o0

1

This means that
lim flt[f(s, u(s)) — e(s)]ds, and there exists a € R such that lim u'(t) =a.
Now, we can write:

u(®) _ ug+fju'(s)ds

!H?ot_z — = !Hg u (t) = a, for any constants a,b
- (u(®) — (at? + bt +¢)
lim =0
tooo t2
Example:
. 1 u . 1
[[u P~ u (1)] +t2ﬁ.smu =1+e (%)
u .
f(t,u) = m.smu , e(t) = 1T e
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.sinu u

futw) = 55—+

t2+zr t2+2r -cosu

2
fuu(t,0) = OTET:

ul  Jul?
IF6 W] < 537 < 235 = fun (6 0).Jul?

2 (6 0)de = [ 22 de=2
7 (6, 0)dt = [ 7 dt = 2 < oo
1 1

o 1

[ e(®dt = [" —dt = T < o, so it has the property (L,).
Theorem:

If the following conditions are true:

[1] the function £ (¢, ) is continuouson D = {(t,u): = 1,u € R}.

[2] there exists a continuous non-negative functions g, g,, g3: Rt = Rtsuch that
[ 81(0.82(0.85(0) <+, ["e(s)ds < +oo.

[3] There exists a function g(u) which is continuous for u = 0 and positive and non-descending for u > 0. If we

Py
put G(X) = f1x dur = oo ,then G(+oo) — f1+ dur _P 1+ ST
g(uP) r g(s)

g(uP)
lu®” .
It w) — e(s)] < g (). 8, (08,08 ([“1] ) +e(s) (v,

ds = 400,

Then every global solution to (1) has the property (L).
Proof:

u) =yl w' (@) = lugl 5w (1) = [ugl?

t
O ®) = c5 j [F(s,u(s)) — e()]ds ; c5 = [us|?

W @®))P < |u"(t)|p <cg+ f|f(s,u(s)) - e(s)|ds 2)

)3 Q) = cs + [|f(s,u(s)) — e(s)|ds
WOP<e® @
LO<QOF  6)

W <6+ [10@1Fds < ¢, + (- DO
<tle+ (Y| el e =

W@ <t|e+ QO] i o=l ©

u® <)o+ (QOF] s o=l @
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P

PO <l + ()| ®

lu(@®)] 27

T <la+oy|  ©

—
@+ S27@ +B) ;@b 20
[|u(t)|]P < 2P~ 1[ p+Q(t)] = p-1. +2p—1Q(t)

<2+ 2+ I(o009) — el

PN < ey + 207 [} 9,(9). 92(9). 99D g ([“2] ) ds a4

e; = 2Pl + ¢; + k)
t

A(t) = eq + 2P 1] (8)- g2(5). g3 (s). g( lus(j)l] ) ds

lu(®)]
[

1" <A® (16)

17 (O < )
MUIG]

t2
A© = e+ 277 [ 0:9).0:6).95().9 (14@F) a5 (19)

1

1 <g (o) (18)

t

A®) < GG (ey) + 201 f 9165).92(). g5(s) ds (20

w
ds
Gw) f
1

()
u@®)|

|()|1P<G RO e (4 1(k)]

Gl wl—z—

lu(s)l

f|f(s,u(s)) —e(s)|ds < ng(s).gz(s).g3(s).g<[ ) ds+ e(s)ds

<e+ 27 [ 0,92.0:().95).9 (1A ds

=A®) <G k) <+ ; t=>1

a €R thus,limu (t) =a

t—oo
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t -
d o
tlim % = w = Eim u (t) = a, for any constants a,b

lim

t->o0

{u(t) —(at? + bt + c)} — o

tZ
Thus the proof is complete.

Example:

[ OF 1 O ~ 5GP n (14 () = et 5 r>0ip215621(0))
ft,uw) = —tz—z .(:—z)p_r JIn(1 + (:—2)7) ,e(t)=et

2
IfEwl = =5 P In( + [u]")

2 p
a0 =5 20 =g0=1 , 9 = ur LIn(1 + w)

[ 2
[ 00000, = [ Sat =2 < +o0

[ee] [00) 1
f e(t)dt = f e ldt = A < 400
1 1

+o00 +o00 p_4

du p( sr
o0 = o = — d
e !g(uﬁ) Tlf ZCh

p_, +oo L
Sr
ol T st
st LIn(1 +s) r) (+s)
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