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Abstract 

In this paper, we study the global existence and the asymptotic behaviour for the solutions of the following non-

linear and non-homogeneous differential equation with order 3 and with a Laplacian 𝑝 ≥ 1  

[|𝑢ˊˊ(𝑡)|𝑝−1𝑢ˊˊ(t)]ˊ + 𝑓(𝑡, 𝑢(𝑢)) = 𝑒(𝑡) ; 𝑝 ≥ 1             (1) 

Where 𝑡 → +∞. Also, we get the solutions of (1), which the type of the asymptotic behaviour of the global 

solutions is 𝑎𝑡2 + 𝑏𝑡 + 𝑐; 𝑡 → +∞, 𝑎, 𝑏, 𝑐 ∈ 𝑅 ; 𝑎 ≠ 0. 

Keywords: non-linear differential equation; asymptotic behavior; global existence.    

Introduction  

  No one can deny the effective and distinctive role played by the asymptotic behavior of solutions of nonlinear 

differential equations in the fields of mechanics and in solving many scientific , electronic and physical issues , 

where many problems of limit values of Mathematical Physics with a Laplacian constant p≥1 lead to asymptotic 

integrals and thus to solutions that have an asymptotic behavior of a certain form when t→+ꝏ, moreover, the 

asymptotic behavior of solutions of nonlinear differential equations is an important tool in many branches of 

mathematical analysis (especially dependent analysis) and Applied Mathematics . Notably, this constant is 

attributed to the French mathematician Pierre Laplace.   

In this paper, we will consider one of the most important nonlinear and inhomogeneous differential equations of 

the third order with a Laplace constant p≥1, which does not contain derivatives of the form 

 :𝑢ˊ(𝑡) ,  𝑢ˊˊ(𝑡) : 

𝑢(𝑡0) = |𝑢1| ;  𝑢ˊ(𝑡0) = |𝑢2| ; 𝑢ˊˊ(𝑡0) = |𝑢3|𝑝  

Where new theorems were presented supported by appropriate applied examples on non-linear and 

inhomogeneous differential equations using the integral permutations of Gronwall [5] and Behari [9], we thus 

obtained comprehensive solutions (continuous and extendable over the entire real axis) that have asymptotic 

behavior 

   at2 + bt + c  t → +∞,  𝑎, 𝑏, 𝑐 ∈ 𝑅 ; 𝑎 ≠ 0  

  Main Results 

Definition: 

       if   lim
t→∞

f(t)

g(t)
= 0, then f(t) = o(g(t))  . 

Definition: 

We say that the function u(t) has the property (L1) if: 
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u(t) =  at2 + bt + +c + o(t2); t → ∞ ;  a, b, c ∈ R , 

p ≥ 1 ; r > 0 ;  t0 = 1 ; p ≥ r > 0. 

 Theorem: 

If the following conditions are true: 

[1] The function f(t,u) is continuous on D = {(t, u): t ≥ 1, u ∈ R}, 

[2] The second derivativefuu(t, u) is existed and positive on D, 

 [3] The inequality |f(t, u) − e(s)| ≤ fuu(t, 0). |u(t)|r + e(s) is true on D. 

f1
∞t2Rfuu(t, 0)dt < ∞            ,   k = f1

∞e(s) ds < ∞    (iv) 

Then every global solution of (1) has the property (L1). 

Proof: 

According to [6], the equation (1) has a unique solution u(t) ∈ C2([1, ∞)) 

With the following conditions: 
u(1) = |u1|;  uˊ(1) = |u2| ;  uˊˊ(1) = |u3|P . 

Thus: 

|uˊˊ(t)|p−1uˊˊ(t) = c3 − ∫[f(s, u(s)) − e(s)]ds  ; 

t

1

c3 = |u3|P 

(uˊˊ(t))p ≤ |uˊˊ(t)|p ≤ c3 + ∫ |f(s, u(s)) − e(s)|ds     (2) 

t

1

 

Put: Q(t) = c3 + ∫ |f(s, u(s)) − e(s)|ds     (3) 
t

1
  

Hence, (uˊˊ(t))p ≤ Q(t)              (4)          

Hence, uˊˊ(t) ≤ [Q(t)]
1

p                (5)          

uˊ(t) ≤ c2 + ∫[Q(s)]
1

pds  ≤ c2 + (t − 1)

t

1

[Q(t)]
1

p 

≤ t[c2 + (Q(t))
1

p  ; t ∈ [1, ∞) ;  c2 =  |u2|    

Thus, uˊ(t) ≤ t[c2 + (Q(t))
1

p]        c2 =  |u2|         (6)   

u(t) ≤ t2[c1 + (Q(t))
1

p ]   ;  c1 =  |u1|         (7)  

 :[
|uˊ(t)|

t
]p ≤ [c2 + (Q(t))

1

p]
p

                (8) 

[
|u(t)

t2
]p ≤ [c1 + (Q(t))

1

p]
p

                    (9) 

 :(a + b)p ≤ 2p−1(ap + bp) ;    a, b ≥ 0 since, 

[
|u(t)

t2
]p ≤ 2p−1[c1

p
+ Q(t)] = 2p−1c1

p
+ 2p−1Q(t) 

≤ 2p−1c1
p

+ 2p−1[c3 + ∫|f(s, u(s)) − e(s)|ds] 

t

1
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 [
|u(t)

t2
]p ≤ e1 + 2p−1 ∫ fuu(s, 0). |u(s)|r ds

t

1

 

= e1 + 2p−1 ∫ s2r.

t

1

fuu(s, 0). [
|u(s)|

s2
]rds             (10)  

:e1 = 2p−1(c1
p

+ c3 + K)                                                                 

 [
|u(t)

t2
]p ≤ e1. exp (∫ s2r.

t

1

fuu(s, 0)ds)            (11) 

 

A = e1. exp (2p−1 ∫ s2r.

∞

1

fuu(s, 0)ds)                 (12) 

Thus, 

[
|u(t)|

t2
]p ≤ A      (13)  →   

|u(t)|

t2
 ≤ [A]

1

p  

t ≥ 1, we get: for 

|u(t)|

t2
< +∞ 

∫|f(s, u(s)) − e(s)|ds ≤ ∫ fuu(s, 0). |u(s)|r ds

t

1

+ ∫ e(s)ds

t

1

 

t

1

 

≤ k + ∫ s2r.

t

1

fuu(s, 0). [
|u(s)|

s2
]rds 

≤ k + (A)
r

p ∫ s2r.

t

1

fuu(s, 0)ds 

≤ k + (A)
r

p ∫ s2r.

t

1

fuu(s, 0)ds < +∞ 

This means that 

lim
t→∞

∫ [f(s, u(s)) − e(s)]ds
t

1
, and there exists a ∈ R such that lim

t→∞
uˊˊ(t) = a.  

Now, we can write: 

lim
t→∞

u(t)

t2 =
u1+∫ uˊ(s)ds

t
1

t2 = lim
t→∞

uˊˊ(t) = a, for any constants a,b 

lim
t→∞

{
u(t) − (at2 + bt + c)

t2
} = 0 

Example: 

[|uˊˊ(t)|p−1uˊˊ(t)]ˊ +
u

t2+2r
. sin u =

1

1 + t2
                         (∗) 

f(t, u) =
u

t2+2r
. sin u        , e(t) =

1

1 + t2
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fu(t, u) =
. sin u

t2+2r
+

u

t2+2r
 . cos u                 

fuu(t, 0) =
2

t2+2r
 

|f(t, u)| ≤
|u|

t2+2r
< 2.

|u|2

t2+2r
= fuu(t, 0). |u|2 

∫ t2r

∞

1

fuu(t, 0)dt = ∫ t2r

∞

1

.
2

t2+2r
dt = 2 < ∞ 

∫ e(t)dt = ∫
1

1+t2 dt =
π

4
< ∞

∞

1

∞

1
, so it has the property (L1). 

Theorem: 

If the following conditions are true: 

[1] the function 𝑓(𝑡, 𝑢) is continuous on D = {(t, u) : ≥ 1, u ∈ R}. 

[2] there exists a continuous non-negative functions g1, g2, g3: R+ → R+such that  

∫ g1(t). g2(t). g3(t) < +∞       ,     ∫ e(s)ds < +∞
∞

1

∞

1
. 

[3] There exists a function g(u) which is continuous for u ≥ 0 and positive and non-descending for u > O. If we 

put G(x) = ∫
du

g(u
r
p)

= ∞
x

1
 ,then G(+∞) = ∫

du

g(u
r
p)

=
p

r
∫

s
p
r−1

g(s)
ds = +∞

+∞

1

+∞

1
,  

|f(t, u) − e(s)| ≤ g1(t). g2(t). g3(t). g ([
|u(t)|

t2 ]
r

) + e(s)         (iv), 

Then every global solution to (1) has the property (𝐿1). 

Proof: 

𝑢(1) = |𝑢1|;  𝑢ˊ(1) = |𝑢2|  ;  𝑢ˊˊ(1) = |𝑢3|𝑝 

|𝑢ˊˊ(𝑡)|𝑝−1𝑢ˊˊ(t) = 𝑐3 − ∫[𝑓(𝑠, 𝑢(𝑠)) − 𝑒(𝑠)]𝑑𝑠  ;   𝑐3 =

𝑡

1

|𝑢3|𝑝 

(𝑢ˊˊ(𝑡))𝑝 ≤ |𝑢ˊˊ(𝑡)|
𝑝

≤ 𝑐3 + ∫|𝑓(𝑠, 𝑢(𝑠)) − 𝑒(𝑠)|𝑑𝑠      (2)  

𝑡

1

 

(3  )𝑄(𝑡) = 𝑐3 + ∫ |𝑓(𝑠, 𝑢(𝑠)) − 𝑒(𝑠)|𝑑𝑠        
𝑡

1
 

(𝑢ˊˊ(𝑡))𝑝 ≤ 𝑄(𝑡)             (4) 

𝑢ˊˊ(𝑡) ≤ [𝑄(𝑡)]
1

𝑝          (5) 

𝑢ˊ(𝑡) ≤ 𝑐2 + ∫[𝑄(𝑡)]
1

𝑃𝑑𝑠 ≤ 𝑐2 + (𝑡 − 1)[𝑄(𝑡)]
1

𝑃

𝑡

1

 

≤ 𝑡 [𝑐2 + (𝑄(𝑡))
1

𝑃]   ; 𝑡 ∈ [1, ∞) ;  𝑐2 = |𝑢2|  

𝑢ˊ(𝑡) ≤ 𝑡 [𝑐2 + (𝑄(𝑡))
1

𝑃]   ;   𝑐2 = |𝑢2|            (6)  

𝑢(𝑡) ≤ 𝑡2 [𝑐1 + (𝑄(𝑡))
1

𝑃]    ;   𝑐1 = |𝑢1|                 (7)  
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   [
|𝑢ˊ(𝑡)|

𝑡
]𝑃 ≤ [𝑐2 + (𝑄(𝑡))

1

𝑃]
𝑃

           (8) 

[
|𝑢(𝑡)|

𝑡2
]𝑃 ≤ [𝑐1 + (𝑄(𝑡))

1

𝑃]
𝑃

         (9)  

(𝑎 + 𝑏)𝑝 ≤ 2𝑝−1(𝑎𝑝 + 𝑏𝑝)   ;   𝑎, 𝑏 ≥ 0  

[
|𝑢(𝑡)|

𝑡2
]𝑃 ≤ 2𝑝−1[𝑐1

𝑝
+ 𝑄(𝑡)] = 2𝑝−1𝑐1

𝑝
+ 2𝑝−1𝑄(𝑡) 

≤ 2𝑝−1𝑐1
𝑝

+ 2𝑝−1[𝑐3 + ∫ |𝑓(𝑠, 𝑢(𝑠)) − 𝑒(𝑠)|𝑑𝑠] 

𝑡

1

 

 

[
|𝑢(𝑡)|

𝑡2 ]𝑃 ≤ 𝑒1 + 2𝑝−1 ∫ 𝑔1(𝑠). 𝑔2(𝑠). 𝑔3(𝑠). 𝑔 ([
|𝑢(𝑠)|

𝑠2 ]
𝑟

)  𝑑𝑠       (14)
𝑡

1
  

𝑒1 = 2𝑝−1(𝑐1
𝑝

+ 𝑐3 + 𝑘)                   

𝐴(𝑡) = 𝑒1 + 2𝑝−1 ∫ 𝑔1(𝑠). 𝑔2(𝑠). 𝑔3(𝑠). 𝑔 ([
|𝑢(𝑠)|

𝑠2
]

𝑟

)  𝑑𝑠       

𝑡

1

 

 [
|𝑢(𝑡)|

𝑡2
]𝑃 ≤ 𝐴(𝑡)                   (16) 

(17  )[
|𝑢(𝑡)|

𝑡2 ]𝑟 ≤ [𝐴(𝑡)]
𝑟

𝑝                   

g([
|𝑢(𝑡)|

𝑡2
]𝑟) ≤ 𝑔 ([𝐴(𝑡)]

𝑟

𝑝)                           (18) 

𝐴(𝑡) = 𝑒1 + 2𝑝−1 ∫ 𝑔1(𝑠). 𝑔2(𝑠). 𝑔3(𝑠). 𝑔 ([𝐴(𝑡)]
𝑟

𝑝)  𝑑𝑠              (19)      

𝑡

1

 

 

𝐴(𝑡) ≤ 𝐺−1[𝐺(𝑒1) + 2𝑝−1 ∫ 𝑔1(𝑠). 𝑔2(𝑠). 𝑔3(𝑠) 𝑑𝑠         (20)     

𝑡

1

  

𝐺(𝑤) = ∫
𝑑𝑠

𝑔 (𝑠
𝑟

𝑝)

𝑤

1

 

𝐺−1(𝑤[
|𝑢(𝑡)|

𝑡2
]𝑃 ≤ 𝐺−1(𝑘)      →   

|𝑢(𝑡)|

𝑡2
 ≤ [𝐺−1(𝑘)]

1

𝑝   

∫|𝑓(𝑠, 𝑢(𝑠)) − 𝑒(𝑠)|𝑑𝑠 ≤ ∫ 𝑔1(𝑠). 𝑔2(𝑠). 𝑔3(𝑠). 𝑔 ([
|𝑢(𝑠)|

𝑠2
]

𝑟

)  𝑑𝑠 + ∫ 𝑒(𝑠)𝑑𝑠

𝑡

1

      

𝑡

1

𝑡

1

 

≤ 𝑒1 + 2𝑝−1 ∫ 𝑔1(𝑠). 𝑔2(𝑠). 𝑔3(𝑠). 𝑔 ([𝐴(𝑠)]
𝑟

𝑝)  𝑑𝑠     

𝑡

1

 

= 𝐴(𝑡) ≤ 𝐺−1(𝑘) < +∞   ;      𝑡 ≥ 1  

𝑎 ∈ 𝑅  𝑡ℎ𝑢𝑠, lim 𝑢ˊˊ(𝑡) = 𝑎
𝑡→∞
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lim
t→∞

u(t)

t2 =
u1+∫ uˊ(s)ds

t
1

t2 = lim
t→∞

uˊˊ(t) = a, for any constants a,b 

lim
t→∞

{
u(t) − (at2 + bt + c)

t2
} = 0 

Thus the proof is complete. 

Example: 

[|𝑢ˊˊ(𝑡)|𝑝−1𝑢ˊˊ(𝑡)]ˊ −
2

𝑡2
 . (

𝑢

𝑡2
)𝑝−𝑟 . ln (1 + (

𝑢

𝑡2
)𝑟) = 𝑒−𝑡   ;   𝑟 > 0 ; 𝑝 ≥ 1  ; 𝑡 ≥ 1 (∗∗) ) 

𝑓(𝑡, 𝑢) = −
2

𝑡2
 . (

𝑢

𝑡2
)

𝑝−𝑟

. ln(1 + (
𝑢

𝑡2
)𝑟)             ,   𝑒(𝑡) = 𝑒−𝑡   

|𝑓(𝑡, 𝑢)| ≤ −
2

𝑡2
 . |𝑢|𝑝−𝑟 . ln(1 + |𝑢|𝑟) 

𝑔1(𝑡) =
2

𝑡2
     ,    𝑔2(𝑡) = 𝑔3(𝑡) = 1     ,   𝑔(𝑢) = 𝑢

𝑝

𝑟
−1. ln(1 + 𝑢)    

∫ 𝑔1(𝑡). 𝑔2(𝑡). 𝑔3(𝑡)𝑑𝑡 = ∫
2

𝑡2
𝑑𝑡 = 2 < +∞

∞

1

∞

1

 

∫ 𝑒(𝑡)𝑑𝑡 = ∫ 𝑒−1𝑑𝑡 =
1

𝑒
< +∞

∞

1

∞

1

 

𝐺(+∞) = ∫
𝑑𝑢

𝑔(𝑢
𝑟

𝑝)
=

𝑝

𝑟
∫

𝑠
𝑝

𝑟
−1

𝑔(𝑠)
𝑑𝑠

+∞

1

+∞

1

 

=
𝑝

𝑟
∫

𝑠
𝑝

𝑟
−1

𝑠
𝑝

𝑟
−1. ln(1 + 𝑠)

𝑑𝑠 >
𝑝

𝑟
∫

1

(1 + 𝑠)
𝑑𝑠 = +∞

+∞

1

+∞

1
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