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Abstract

Most physical mathematical problems, when solved, turn into one or more partial differential equations with
imposed initial conditions or boundary conditions . This is known as the boundary value problems of differential
equations. This research studies the solution of the set of Partial Differential Equations of parabolic and
hyperbolic-hyperbolic type with boundary conditions imposed in different regions of the plane x o y.

This research has been proving the theorem of uniqueness and the existence of the solution.
Keywords: Boundary value; differential equation; partial differential equation
Introduction

The research deals with the theory of mixed differential equations, which is one of the theories currently being
treated by partial differential equations , and although it was first treated by Tricomi in the Forties of the last
century , interest in it did not begin in earnest until the late seventies of the same century , when Frenkel pointed
out its importance in some dilemmas related to the movement of gases and liquids and the curves of surfaces.
For more information and results, see [1-7].

This research is an extension of the research published for [1] , [3], [7] , and Salah al-dinov , the unity theorem
and the existence of the solution to the problem of boundary values of the set of Partial Differential Equations of
the second order have been proved , and | have also come to find the functions that fulfill these equations in
certain areas and under imposed boundary conditions , and here we also proved that when some conditions are
met, the existence of the solution requires their unity . Therefore, we attributed the solution of these boundary
value problems to the solution of a system of linear fredholm Integral Equations of the second type.

Main Results
Definition:

Fredholm linear equation is defined as follows:

v(y) = AJ, kG mv(dn = p) (A)

Transported equation is defined as follows
vi(y) = A [ k(r,y)v:(n)dp = pr(3).

Remark:

Solving kernel is defined
R(y,pm,A) = HYOM 4 QAH20M 4 230wy +AM T H, (y, )+

The solution of Fredholm linear equation with respect to the solving kernel is:
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v(y) = p() + A [, R, p, Dp(n)dp .
The description of the problem:

Consider the following system:

(1) Uy—x — Uy + a(x,y) Uy + b(x,y)U =0 ;(x,y) € Dy
(2) Ux_x_Uyy+a1Ux+b1Uy+C1U =0 ;(x,y) € Dz
(3) Ux—x - Uy_y + a2Ux + bzuy + C2U =0 ’ (x,y) € D3

Where a(x , y) is a continuous differential function one time in D, and has the Kilder condition with coefficient
0<a<1 .Also, b(x,y) iscontinuous known function with Kilder condition with coefficient a in D; .

As well as, D is open and bounded by the lines AB, BB,, By4,, A4, which their equations are
y=0x=1y=1x=0
,D =D1 UAAO UBBouD2UD3

If we made the following transformation to 1:

X

1
UGuy) =V e (-3 [ atyde )
0

We get:
Vex =V, + C(x, )V =0
Where,
1 10 10
Clx,y) = ~3 a’(x,y) ———a(x,y) + =— | a(t,y)dt + b(x,y)

20y 20y
0

If we applied the following transformation to 2:
Ux,y) =V(x,y) enr*+hy
We get:
Vg = Vi + 4V =0

1 _a1 b1
A :Z(4c12—a12—b12) ;o= - ; ﬂ1=+—2
If we applied the following transformation to 3:

Ux,y) = V(x,y) e®*+Fy

So that,
Vix = Vyy + 2,V =0

1 —a b
A, =Z(4C2_a22_b22) ;A = Tz; B =+72
So it is sufficient to check:
(4) Uxx_Uy+C(x:y)U=0 ;(x,y) €D
(5) —Upx —Uyy —A4U=0 ; (x,y) € D,
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(6) _Uxx_Uyy_ﬂ'ZUzo ;(X,y)e Ds

Problem (N)

We aim to find the uniform solution U for (4), (5), (6) in D, except the points of BB,, AA,, and with the
condition:

U(x,y) € c(D;) N [c*(D, U AAy) N ct(D3 U BB3) N ¢t (D; U AAg U BBy)]

1
(M Ulage = ¥1(0) ES}/S 1
1
(8) Ulgr = ¥2(¥) ; OSySE
©) Uly=o = ¢(x) ; 0<x<1

and
U(=0,y) = a; (U0,y) +v:1(¥)
Ux(=0,y) = B1(0)Ux(+0,¥) + 6:(0)U(+0,¥) + 01(y)
U1+0,y) =a,(MUA-0,)+7v.(y)
(10) Ux(1+0,y) = B(0Ux(1 = 0,y) + 50U = 0,y) + 02 (¥)

Under the assumption
a1 (), a2 (), B1 (1), B23), V1 (), V2 (1), 01 (), 52 (), 61 (), 6: (), 62 (), ¥, (¥), ¥
¢ (x) -are known continuous differentiable functions with
ay’ (), @' (), ¥ ), P1' D, vi' ), v 0, B2 (), B1' (¥), a3 are continuous.

Let us suppose:

U(+0,y) =t (¥), Ux (+0,y) = vi (),
U(=0,y) =11 (), Ux(=0,y) = vy (),
U1+0,y) =1,),Ux(1+0,y) =v;(),
U(1-0,y) =1,(),Ux(1=0,y) = v; (),

12) o) =)+ f Jol(y — Ovz (Odt , 0<y<1
y
y
13)  50)=p0)+ f Jolda(y — Olvs Wt , 0<y<1
1 : ad 1
P ) =20, () = + [ 2o OO =D =0 (29 (S5 ) - e
y

y
22 = 29, (3) = 9,000 + [ 1o a5 =3 (2% (3) — o O
0

Theorem
If:
(14) Clx,y) <0 ;0 (Xy) € Dy
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(15) ;>oi[ ! zoal(y)]so
a1(0)B.(0) "dy "a,(y) By "B ()

(15) ¥>o,i[ ! 30,62(}')]20
a,(1)B,(1) dy “a,(y) B, B2(y)

Then problem N has a unique solution.

Proof

Assume that U(x,y) # const in D is a solution of the following:
Ugx — Uy + CX,)U =0 ; (X,y) € Dy
Upy—Ugx—A4U=0 ; X,y) €D i=23;j=12
UlAOC =0; Ulpgg=0;Uly==0
U(=0,y) = a;(U(+0,y) +
Ux(=0,y) = B1(0)Ux(+0,y) + 6:(»)U(+0, )
U(1+0,y) = a,(y)U(1 = 0,y)
Ux(1+0,y) =B, (NUx(1-0,y) +5,(»)U(1 - 0,y)

an [ vends [0 oy - [ oo + [[ v - conuiaxdy =o
0 0 0

We must find:

1

= ] OOy ) =12
0

1

I = j O )y =

0

1

= 1J(l - ZZ)_%dZ{é X [(J cos A, ztv, (£)dt)? +
T a,(0)B,(0)
+( f sin A, 267, ()d)? ] f [—1 R (y)] I f cos A, z£7,()de)? +

1 1 5
+( f sin A, Ztv, (t)dt)? ] f %ﬂ(y)dy )

1

L= t3(v; (dy =

/

L= 22y ! 1 A2t (£)dt)?

;f( —z%) 2 zx{mx(jcos 22tv, (t)dt)* +
0

1

_ , 1
+f az(ymz(y)] X(f cos A ztv; (D) dy = oy g

0
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1 y
1

X (f sin A,ztv, (t)dt)? +f [m] (f sin A,ztv, (t)dt)*dy} —
0 0

0

1
52(}’) _
| ZB0) 2PV

0

Then:

1

I = f FOWEG)dy >0
0

1

L= f FOWEdy <0
0

thus from (17) Uy = 0

hence, UX,Y) = u(Y)

since, U(0,Y) =U(1,Y) =0

n) =0

UX,Y)=0 ; (X,Y) € D,

This means that:

D; sUX,Y)=0 ; (X,Y) € D which isa contradiction.

Now we prove that the solution is existed:

UX,Y) = fcf(x,y,n)q(n)dn—fGf(x,y, 1,n)r{'(n)dn+fG(X,Y,f, 0)(p(€)df—fdf+
0 0 0 0

Y

(18) x j CE MG, Y; &MU p)dn)

0

}

2 L B 5
GO,y &) = Sl i) 3 Z [exp {—m

1
- = expf{—2> "
Arty —p) Pt 4@y —n) 4@ —n)
Where G(x,y,&n) is the mixed Green function.
y y
UG = [ Gy 0.t Gddn — [ GGy, 1pes Gydn +
0 0

Y

+f ¢ (mx,y)v; (dn + (X, Y) + V(X,Y)
0

where
v o1
0, =0x,y) = fng(G,t,O,n)Rl(x,y; 6,t)dodt ;
no
v o1
0, =@xy) = —ffo(Q, t,L,R,(x,y;0,t)dodt ;
20
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1

VX Y) = f G, y; & 0)(£)dE ;

0

Yy 11
w(xy) = f f f Ri(x,y:8,0)G(6,t, £, 0)(¢) dEdde

We get:

1 2
- + X
Of { Vet =p)  r¥ =p)

Uxlx=o =vi (y) =

@

y
X Z exp (— " Vi (Wdn + J{ ! exp [— ! ] +
~ Y—=n g N —p) 4/ =)

N 1 y z": ) [ex {_ (-1 + 2n)2} + o {_ 1+ 2n)2}]} y
2xJat—p L P a0 PUar—nm
(19) x ¥ (i) + f Bux (13 0: ¥) T (i)l + f Ba (1 0, V)T (1; 0, V)T (n)dps + Fy (V)

Uxlx=1 = vz(y)_f{_\/ﬁ p[ 4(Y—n)]

2n)®
7T(Y n & 4(Y 10

y 1]
1
jZX\/TE(Y ) \/T[(Y n Z ( y - ﬂ)+

1 1

+2X,/1‘t(Y—n)exp _Y_ﬂ]+2><,/1'[(Y—n)><

e (dn +

n

1+ 2n)?
xS expl- e " ey Grydn + f O (s 1Y)t (el +

n=-np

20 + f B (1 1,Y)T3 (D + Fo(y)

where

oY (x, av (x,
(xy)+ (x,y) o1

Figq (V) =] Ep P Je=i

Now, we get:
y 1 y
22) Ty + f My (y, 1) (r)dp + f My (3, 1) (r) e+ f My (3, )%, () = Py
0 y 0

23) 7, + [ My G v + [ Mo, )2y e + [ Mo (B (e + [ Mgy, m)By ()l =
P,(y) .
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B
B RTAN ”Z

a; () = a; (t)
XJ- z(t)m[ +ZZexp(——t a

X [t = Dldt — B (») f Jo[Ax(t = @ux(£:0,V)dt ;

May) = By j “(gi/n(‘;%”t[ +zzexp(— 2,

< (e = mlde = ) [ JolaCe = pux(t;0,)de - =2

O 1 LN g [ 2L+ 2°
) = e —m [4<y-n>]+f;,,[e"p{ o-n )"

’ 2
By )f a,(t) + a, 1+ 2n) 10+

1
2O =D p[_4(y—n)]+exp{_ 4(y—n

n

1 (=1 +2n)? (1 + 2n)?
2, 7l {_ 25 -0 }+ Pty = B

n=-n

0
X S Jola e e + (1) [ JolaCe =210, (e:0,3)de

n
M,(y,p) =+ £20) {1+2 Z

ay(n)y/2n(y —p)
Y e L L,
= 4 —-n) y—n
y ,
a;(y) + ay(t)
+ﬂ2(y)]-[a22(t)\/2n(yi—t +ZZexp( >+exp [——]
n
1+ 2n)?
A,(t — pydt + + Z “ exp (4(; 7?) ]}a
n=-p

8 Moy — ]
a;(y)

Y
B, (1) f Jo [t = 102 (6 1,y)d

n

n
Z exp |- ALEZDY BO)
40 =8 Loy ()ymly — )

1
{exp [— m] +Ms(y,p) =+
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n ,
8,0 f a(y) + ay(t) exp [_
0

a?(t)2n(y — t) 4(Y —¢t) *
n
14+ 2n)%] o
Z “exp [— (4(;;—_7;))] 50 ¥ [t —mldt —

—p,(¥) f Jo Tt = m1Buy (6 1,y)dt

ﬁz()f DD LG oy [~ gy + M =

ONED)
& (1+2n)?
INEPILEDY 'exp[ T ]}—

n=-p

5. (NJo[A. (Y — )]
a; (y)

B (1) f Jo [t = m10ax(t; 1, y)dt
0

Py) =) =F@) =0@)+

p1(6) —y1(0)
a,(t)

S MIPL(Y) — 1]
a,(y)

y
+ B f Jof By (:0,7) +

p2(t) — v2(t)

@) f Ja(Y —p) + ay(t)
a1 (Mp1 (1) — a; (W p1 (n) + (W1 (n) — a1 (W1 (n) y

ai (n)
1 +22exp<

) _
(Y —pn)

a, (M p2(n) — az;(Wp2(n) + az(Wy2(n) — az(ﬂ)yz(ﬂ)
az(n)

i “expX {— —(1 il 2n)2} +X {exp [— —1 ] +
4(Y —p) 4(Y —p)

n=—w

Dox = (t:0,y)}dt = B,

Yp + By (Y )]

1+ 2n)?
(= g

P,(y) = B, (y) = ,(y) =0, (y) +

p1(t) —y1(t)
a,(t)

S, MNP, ») —v.)]

y
B0 j Jof

+ @,x(t;1,Y)

p2(t) —v2(t)

£0) f m x4 B

a (ﬂ)P1 () — a1 (Wp1(n) + a1 Wy () — a’l(ﬂ)h (ﬂ)
ai()

D,x(t;1,y)}dt —
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(1 + 2n)?

ﬂz()fzxm Z ep[ e
i'exp (41(;,-271) ]]}dp p[ W= ]+x1+226xp(

1
f MyOumTi()dn (24)  To() = pa(y) — f M (y, 1) () dp

)

=)

]}dn +Xx {exp [—

y
fMe(t'ﬂ)Rz(y' t) dt;M7(y'ﬂ) = Ms(y,ﬂ) + f Ms(t,ﬂ)Rz(y, t) dt +

Y, Mgy, 1) = Ms(y,1) + [ Mo(t, )R (1) dt ; P3(Y) = P, (Y) + [ P, () Ry(m)dp;
with:

K (y.) if 0<p<y

Ky (y, 1) if y<p<1

1

@5) 5,00+ [ Kouwdn = PO)

0

kG = {

y
Ki(y,p) =M, (y,p) — fM3(Y t) M, (t, p)dt —st(Y t)Mg(t, p)dt ;

n

y y
Ky (y,1) = My () — j Ms(y, ©) My (£, m)dt; PY) = Py(Y) — ] My(y, )P (1)dt
0 0
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