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Abstract 

Most physical mathematical problems, when solved, turn into one or more partial differential equations with 

imposed initial conditions or boundary conditions . This is known as the boundary value problems of differential 

equations  . This research studies the solution of the set of Partial Differential Equations of parabolic and 

hyperbolic-hyperbolic type with boundary conditions imposed in different regions of the plane x o y   .  

This research has been proving the theorem of uniqueness and the existence of the solution. 

Keywords: Boundary value; differential equation; partial differential equation 

Introduction 

The research deals with the theory of mixed differential equations, which is one of the theories currently being 

treated by partial differential equations , and although it was first treated by Tricomi in the Forties of the last 

century , interest in it did not begin in earnest until the late seventies of the same century , when  Frenkel pointed 

out its importance in some dilemmas related to the movement of gases and liquids and the curves of surfaces. 

For more information and results, see [1-7]   .  

This research is an extension of the research published for [1] , [3] , [7] , and Salah al-dinov , the unity theorem 

and the existence of the solution to the problem of boundary values of the set of Partial Differential Equations of 

the second order have been proved , and I have also come to find the functions that fulfill these equations in 

certain areas and under imposed boundary conditions , and here we also proved that when some conditions are 

met, the existence of the solution requires their unity . Therefore, we attributed the solution of these boundary 

value problems to the solution of a system of linear fredholm Integral Equations of the second type   .  

 

Main Results 

Definition: 

Fredholm linear equation is defined as follows: 

(A) 𝑣(𝑦) − 𝜆 ∫ 𝑘(𝑦, ꞃ)𝑣(ꞃ)𝑑ꞃ = 𝑝(𝑦)
𝑏

𝑎
. 

Transported equation is defined as follows  

𝑣₁(𝑦) − 𝜆 ∫ 𝑘(ꞃ, 𝑦)𝑣₁(ꞃ)𝑑ꞃ = 𝑝₁(𝑦)
𝑏

𝑎
. 

Remark:  

 Solving kernel is defined  

𝑅(𝑦, ꞃ, 𝜆) = 𝐻1(𝑦,ꞃ) + 𝜆𝐻2(𝑦,ꞃ) + 𝜆2𝐻3(𝑦,ꞃ)+. . . . . . +𝜆𝑚−1𝐻𝑚(𝑦, ꞃ)+. . . . .. 

The solution of Fredholm linear equation with respect to the solving kernel is: 
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𝑣(𝑦) = 𝑝(𝑦) + 𝜆 ∫ 𝑅(𝑦, ꞃ, 𝜆)𝑝(ꞃ)𝑑ꞃ
𝑏

𝑎
 . 

The description of the problem: 

Consider the following system: 

(1)                   𝑈𝑥−𝑥 − 𝑈𝑦 + 𝑎(𝑥, 𝑦) 𝑈𝑥 + 𝑏(𝑥, 𝑦)𝑈 = 0          ; (𝑥, 𝑦) ∈  𝐷1 

(2)                   𝑈𝑥−𝑥 − 𝑈𝑦𝑦 + 𝑎1𝑈𝑥 + 𝑏1𝑈𝑦 + 𝑐1𝑈 = 0            ; (𝑥, 𝑦) ∈   𝐷2 

(3)       𝑈𝑥−𝑥 − 𝑈𝑦−𝑦 + 𝑎2𝑈𝑥 + 𝑏2𝑈𝑦 + 𝑐2𝑈 = 0                    ; (𝑥, 𝑦)   ∈   𝐷3 

Where a(x , y)  is a continuous differential function one time in 𝐷1 and has the Kilder condition with coefficient  

0 < 𝛼 ≤ 1    . Also, b(x , y)   is continuous known function with Kilder condition with coefficient 𝛼 in 𝐷1 .  

As well as, D is open and bounded by the lines 𝐴𝐵, 𝐵𝐵0, 𝐵0𝐴0, 𝐴0𝐴, which their equations are 

 𝑦 = 0, 𝑥 = 1, 𝑦 = 1, 𝑥 = 0 

; 𝐷 = 𝐷1 ∪ 𝐴𝐴0 ∪ 𝐵𝐵0 ∪ 𝐷2 ∪ 𝐷3 

  If we made the following transformation to 1:   

𝑈(𝑥, 𝑦) = 𝑉(𝑥, 𝑦) exp  {−
1

2
 ∫ 𝑎(𝑡, 𝑦)𝑑𝑡

𝑋

0

  }   

We get: 

𝑉𝑥𝑥 − 𝑉𝑦 + 𝐶(𝑥, 𝑦)𝑉 = 0 

Where, 

𝐶(𝑥, 𝑦) = −
1

4
  𝑎2(𝑥, 𝑦) −

1

2

𝜕

𝜕𝑦
𝑎(𝑥, 𝑦) +

1

2

𝜕

𝜕𝑦
∫ 𝑎(𝑡, 𝑦)𝑑𝑡 + 𝑏(𝑥, 𝑦)

𝑋

0

        

If we applied the following transformation to 2: 

𝑈(𝑥, 𝑦) = 𝑉(𝑥, 𝑦)  𝑒𝛼1𝑥+𝛽1𝑦 

We get: 

𝑉𝑥𝑥 − 𝑉𝑦𝑦 + 𝜆1𝑉 = 0 

𝜆1 =
1

4
(4𝑐1

2 − 𝑎1
2 − 𝑏1

2)      ;   𝛼1 = 
−𝑎1
2
 ;  𝛽1 = +

𝑏1
2
    

If we applied the following transformation to 3: 

𝑈(𝑥, 𝑦) = 𝑉(𝑥, 𝑦)  𝑒𝛼2𝑥+𝛽2𝑦 

 

So that, 

𝑉𝑥𝑥 − 𝑉𝑦𝑦 + 𝜆2𝑉 = 0 

𝜆2 =
1

4
(4𝑐2 − 𝑎2

2 − 𝑏2
2)      ;   𝛼1 = 

−𝑎2
2
 ;  𝛽1 = +

𝑏2
2

 

So it is sufficient to check: 

(4)              𝑈𝑥𝑥 − 𝑈𝑦 + 𝐶(𝑥, 𝑦)𝑈 = 0        ; (𝑥, 𝑦) ∈ 𝐷 

(5)          − 𝑈𝑥𝑥 − 𝑈𝑦𝑦 − 𝜆1𝑈 = 0            ; (𝑥, 𝑦) ∈  𝐷2 
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(6)    − 𝑈𝑥𝑥 − 𝑈𝑦𝑦 − 𝜆2𝑈 = 0            ; (𝑥, 𝑦) ∈  𝐷3        

Problem (N) 

We aim to find the uniform solution U for (4), (5), (6) in D, except the points of 𝐵𝐵0, 𝐴𝐴0, and with the 

condition: 

𝑈(𝑥, 𝑦) ∈ 𝑐(𝐷1) ∩ [𝑐
1(𝐷2 ∪ 𝐴𝐴0) ∩ 𝑐

1(𝐷3 ∪ 𝐵𝐵3) ∩ 𝑐
1(𝐷1 ∪ 𝐴𝐴0 ∪ 𝐵𝐵0)] 

(7)           𝑈|𝐴0𝐶 = 𝛹1(𝑦)   ;            
1

2
≤ 𝑦 ≤ 1 

(8)                  𝑈|𝐵𝐸 = 𝛹2(𝑦)  ;         0 ≤ 𝑦 ≤
1

2
 

(9)               𝑈|𝑦=0 = 𝜑(𝑥)  ;            0 ≤ 𝑥 ≤ 1 

and 

𝑈(−0, 𝑦) = 𝛼1(𝑦)𝑈(+0, 𝑦) + 𝛾1(𝑦)                                     

𝑈𝑋(−0, 𝑦) = 𝛽1(𝑦)𝑈𝑋(+0, 𝑦) + 𝛿1(𝑦)𝑈(+0, 𝑦) + 𝜎1(𝑦) 

𝑈(1 + 0, 𝑦) = 𝛼2(𝑦)𝑈(1 − 0, 𝑦) + 𝛾2(𝑦)                             

(10)              𝑈𝑋(1 + 0, 𝑦) = 𝛽2(𝑦)𝑈𝑋(1 − 0, 𝑦) + 𝛿2(𝑦)𝑈(1 − 0, 𝑦) + 𝜎2(𝑦) 

 

Under the assumption 

𝛼1(𝑦), 𝛼2(𝑦), 𝛽1(𝑦), 𝛽2(𝑦), 𝛾1(𝑦), 𝛾2(𝑦), 𝜎1(𝑦), 𝜎2(𝑦), 𝛿1(𝑦), 𝛿1(𝑦), 𝛿2(𝑦), 𝛹1(𝑦), 𝛹2 

       𝜑(x) ـare known continuous differentiable functions with   

  . 𝛼1
′′(𝑦), 𝜑′(𝑥), 𝛹2

′′(𝑦), 𝛹1
′′(𝑦), 𝛾1

′′(𝑦), 𝛾2
′′(𝑦), 𝛽2

′′(𝑦), 𝛽1
′′(𝑦), 𝛼2

′′ are continuous.   

Let us suppose: 

{
 

 
𝑈(+0, 𝑦) = 𝜏1

+(𝑦), 𝑈𝑋(+0, 𝑦) = 𝑣1
+(𝑦),       

𝑈(−0, 𝑦) = 𝜏1
−(𝑦), 𝑈𝑥(−0, 𝑦) = 𝑣1

−(𝑦),        

𝑈(1 + 0, 𝑦) = 𝜏2
−(𝑦), 𝑈𝑋(1 + 0, 𝑦) = 𝑣2

−(𝑦),

𝑈(1 − 0, 𝑦) = 𝜏2
−(𝑦), 𝑈𝑋(1 − 0, 𝑦) = 𝑣2

+(𝑦),

 

(12)             𝜏1
−(𝑦) = 𝜌1(𝑦) + ∫ 𝐽0[𝜆1(𝑦 − 𝑡)]𝑣2

−(𝑡)𝑑𝑡   ,      0 < 𝑦 < 1

1

𝑦

 

(13)         𝜏2
−(𝑦) = 𝜌2(𝑦) + ∫ 𝐽0[𝜆2(𝑦 − 𝑡)]𝑣2

−(𝑡)𝑑𝑡   ,      0 < 𝑦 < 1

𝑦

0

         

𝜌1(𝑦) = 2𝛹1 (
𝑦 + 1

2
) − 𝛹1(1) + ∫

𝜕

𝜕𝑡
𝐽0

1

𝑦

(𝜆1√(𝑦 − 1)(𝑦 − 𝑡) [2𝛹1 (
𝑡 + 1

2
) − 𝛹1(1)]𝑑𝑡 

𝜌2(𝑦) = 2𝛹2 (
𝑦

2
) − 𝛹2(0) + ∫

𝜕

𝜕𝑡
𝐽0

𝑦

0

(𝜆2√𝑡(𝑡 − 𝑦) [2𝛹2 (
𝑡

2
) − 𝛹2(0)]𝑑𝑡 

 

Theorem 

If: 

(14)                      𝐶(𝑥, 𝑦) ≤ 0               ;        (𝑋, 𝑦)  ∈  𝐷1 
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(15)         
1

𝛼1(0)𝛽1(0)
> 0,

𝑑

𝑑𝑦
[

1

𝛼1(𝑦)𝛽1
≥ 0 ,

𝛿1(𝑦)

𝛽1(𝑦)
]  ≤ 0 

(15)        
1

𝛼2(1)𝛽2(1)
> 0,

𝑑

𝑑𝑦
[

1

𝛼2(𝑦)𝛽2
≤ 0 ,

𝛿2(𝑦)

𝛽2(𝑦)
] ≥ 0 

Then problem N has a unique solution. 

Proof 

Assume that U(x, y) ≠  const  in  𝐷 is a solution of the following: 

𝑈𝑋𝑋 − 𝑈𝑦 + 𝐶(𝑋, 𝑦)𝑈 =  0              ;   (𝑋, 𝑦) ∈  𝐷1 

𝑈𝑦𝑦 − 𝑈𝑋𝑋 − 𝜆𝑗𝑈 = 0      ;   (𝑋, 𝑦) ∈  𝐷𝑖      𝑖 = 2,3; 𝑗 = 1,2 

𝑈|𝐴0𝐶 = 0  ;     𝑈|𝐵𝐸 = 0   ;  𝑈|𝑦=0 = 0 

𝑈(−0, 𝑦) = 𝛼1(𝑦)𝑈(+0, 𝑦) + 

𝑈𝑋(−0, 𝑦) = 𝛽1(𝑦)𝑈𝑋(+0, 𝑦) + 𝛿1(𝑦)𝑈(+0, 𝑦) 

𝑈(1 + 0, 𝑦) = 𝛼2(𝑦)𝑈(1 − 0, 𝑦) 

𝑈𝑋(1 + 0, 𝑦) = 𝛽2(𝑦)𝑈𝑋(1 − 0, 𝑦) + 𝛿2(𝑦)𝑈(1 − 0, 𝑦) 

(17)          
1

2
∫𝑈2(𝑥, 1)𝑑𝑥 + ∫𝜏1

+(𝑦)𝑣1
+(𝑦)𝑑𝑦 − ∫𝜏2

+(𝑦)𝑣2
+(𝑦)𝑑𝑦 +∬𝑈𝑋

2 − 𝑐(𝑋, 𝑌)𝑈2𝑑𝑋𝑑𝑦 = 0

𝐷1

1

0

1

0

1

0

 

We must find:  

𝐼𝑗 = ∫𝜏𝑗
+(𝑦)𝑣𝑗

+(𝑦)𝑑𝑦   , 𝑗 = 1.2

1

0

 

𝐼1 = ∫𝜏1
+(𝑦)𝑣1

+(𝑦)𝑑𝑦 =

1

0

 

=
1

𝜋
∫(1 − 𝑧2)−

1

2𝑑𝑧{
1

𝛼1(0)𝛽1(0)
× [(∫ cos 𝜆1𝑧𝑡𝑣1(𝑡)𝑑𝑡)² +

1

0

1

0

 

+(∫ sin 𝜆1𝑧𝑡𝑣1(𝑡)𝑑𝑡)² ]  ∫ [
1

𝛼1(𝑦)𝛽1(𝑦)
]
′

[(∫ cos 𝜆1𝑧𝑡𝑣1(𝑡)𝑑𝑡)² +

1

𝑦

1

0

1

0

 

+(∫ sin 𝜆1𝑍𝑡𝑣1(𝑡)𝑑𝑡)²  ] ∫
𝛿1(𝑦)

𝛼1
2(𝑦)𝛽1(𝑦)

𝜏1(𝑦)𝑑𝑦  ,

1

0

1

0

 

𝐼2 = ∫𝜏2
+(𝑦)𝑣2

+(𝑦)𝑑𝑦 =

1

0

 

1

𝜋
∫(1 − 𝑧2)−

1

2𝑑𝑧 × {
1

𝛼2(1)𝛽2(1)
× (∫ cos 𝜆2𝑧𝑡𝑣2(𝑡)𝑑𝑡)² +

1

0

1

0

 

+∫[
1

𝛼2(𝑦)𝛽2(𝑦)
]
′

× (∫ cos 𝜆2𝑧𝑡𝑣2(𝑡)𝑑𝑡)²𝑑𝑦 −
1

𝛼2(1)𝛽1(1)
×

𝑦

0

1

0
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× (∫ sin 𝜆2𝑧𝑡𝑣2(𝑡)𝑑𝑡)² + ∫ [
1

𝛼2(𝑦)𝛽2(𝑦)
]
′

(∫ sin 𝜆2𝑧𝑡𝑣2(𝑡)𝑑𝑡)²𝑑𝑦} −

𝑦

0

1

0

1

0

 

−∫
𝛿2(𝑦)

𝛼2
2(𝑦)𝛽2(𝑦)

𝜏2(𝑦)𝑑𝑦

1

0

 

Then: 

𝐼1 = ∫𝜏1
+(𝑦)𝑣1

+(𝑦)𝑑𝑦        > 0

1

0

 

𝐼2 = ∫𝜏2
+(𝑦)𝑣2

+(𝑦)𝑑𝑦         < 0

1

0

 

thus from (17) 𝑈𝑋 = 0 

hence, 𝑈(𝑋, 𝑌) = 𝜇(𝑌) 

since, 𝑈(0, 𝑌) = 𝑈(1, 𝑌) = 0 

μ(𝑦) ≡ 0 

𝑈(𝑋, 𝑌) ≡ 0    ;    (𝑋, 𝑌)   ∈   𝐷1 

This means that: 

 𝐷3 و𝑈(𝑋, 𝑌) ≡ 0   ;    (𝑋, 𝑌)    ∈   𝐷 which is a contradiction.   

Now we prove that the solution is existed: 

𝑈(𝑋, 𝑌) = ∫𝐺𝜉(𝑋, 𝑌, ꞃ)𝜏1
+(ꞃ)𝑑𝑛 − ∫𝐺𝜉(𝑋, 𝑌, 1, ꞃ)𝜏1

+(ꞃ)𝑑𝑛 + ∫𝐺(𝑋, 𝑌, 𝜉, 0)𝜑(𝜉)𝑑𝜉 − ∫𝑑𝜉 +

1

0

1

0

𝑌

0

𝑌

0

 

(18)                × ∫𝐶(𝜉, ꞃ)𝐺(𝑋, 𝑌; 𝜉, ꞃ)𝑈(𝜉, ꞃ)𝑑𝑛)

𝑌

0

 

𝐺(𝑥, 𝑦; 𝜉, ꞃ) =
1

√𝜋(𝑦 − ꞃ)2
− exp {−

(𝑥 + 𝜉 + 2𝑛)2

4(𝑦 − ꞃ)
}] ∑ [exp {−

(𝑥 − 𝜉 + 2𝑛)2

4(𝑦 − ꞃ)
}

ꞃ

𝑛=−ꞃ

 

Where G(x,y,ξ,ꞃ)  is the mixed Green function. 

𝑈(𝑥, 𝑦) = ∫𝐺𝜉(𝑥, 𝑦; 0, ꞃ)𝜏1
+(ꞃ)𝑑𝑛 − ∫𝐺𝜉(𝑥, 𝑦, 1, ꞃ)𝜏2

+(ꞃ)𝑑𝑛 +

𝑦

0

𝑦

0

 

+∫ᶲ2(ꞃ; 𝑥, 𝑦)𝑣2
−(ꞃ)𝑑𝑛 + 𝛹(𝑋, 𝑌) + 𝑉(𝑋, 𝑌)

𝑌

0

 

where 

∅1 = (ꞃ; 𝑥, 𝑦) = ∫∫𝐺𝜉(𝜃, 𝑡, 0, ꞃ)𝑅1(𝑥, 𝑦; 𝜃, 𝑡)𝑑𝜃𝑑𝑡      ;

1

0

𝑦

ꞃ

 

∅2 = (ꞃ; 𝑥, 𝑦) = −∫∫𝐺𝜉(𝜃, 𝑡, 1, ꞃ)𝑅1(𝑥, 𝑦; 𝜃, 𝑡)𝑑𝜃𝑑𝑡      ;

1

0

𝑦

ꞃ
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𝑉(𝑋, 𝑌) = ∫𝐺(𝑥, 𝑦; 𝜉, 0)𝜑(𝜉)𝑑𝜉 ;

1

0

 

𝛹(𝑥, 𝑦) = ∫∫∫𝑅1(𝑥, 𝑦; 𝜃, 𝑡)𝐺(𝜃, 𝑡, 𝜉, 0)𝜑(𝜉)𝑑𝜉𝑑𝜃𝑑𝑡

1

0

1

0

𝑦

0

 

We get:  

𝑈𝑋|𝑋=0 ≡ 𝑣1
+(𝑦) = ∫{−

1

√𝜋(𝑌 − ꞃ)
+

2

√𝜋(𝑌 − ꞃ)
×

𝑌

0

 

×∑exp (−
𝑛2

𝑌 − ꞃ
)}𝜏1

+ˊ(ꞃ)𝑑𝑛 + ∫{
1

√𝜋(𝑌 − ꞃ)
exp [−

1

4√(𝑌 − ꞃ)
] +

𝑦

0

ꝏ

𝑛=1

 

+
1

2 × √𝜋(𝑌 − ꞃ)
× ∑ ˊ [exp {−

(−1 + 2𝑛)2

4(𝑌 − ꞃ)
} + exp {−

(1 + 2𝑛)2

4(𝑌 − ꞃ)
}]}  ×

ꞃ

𝑛=−ꞃ

 

(19) × 𝜏2
+ˊ(ꞃ)𝑑ꞃ +∫∅1𝑋(ꞃ; 0; 𝑌)𝜏1

+(ꞃ)𝑑ꞃ +∫∅2𝑋(ꞃ; 0, 𝑌)𝜏2
+(ꞃ; 0, 𝑌)𝜏2

+(ꞃ)𝑑ꞃ+ 𝐹1(𝑌)

𝑌

0

𝑌

0

 

𝑈𝑋|𝑋=1 ≡ 𝑣2
+(𝑌) = ∫{−

1

√𝜋(𝑌 − ꞃ)
exp [−

1

4(𝑌 − ꞃ)
] −

𝑌

0

 

−
1

𝜋(𝑌 − ꞃ)
∑ ˊexp [−

(1 + 2𝑛)2

4(𝑌 − ꞃ)
]}𝜏1

+ˊ(ꞃ)𝑑ꞃ+

ꞃ

𝑛=−ꞃ

 

+∫{
1

2 × √𝜋(𝑌 − ꞃ)
+

1

√𝜋(𝑌 − ꞃ)
    ∑ exp (−

𝑛2

𝑦 − ꞃ
) +

ꝏ

𝑛=1

𝑦

0

 

+
1

2 × √𝜋(𝑌 − ꞃ)
exp [−

1

𝑌 − ꞃ
] +

1

2 × √𝜋(𝑌 − ꞃ)
× 

× ∑ exp [−
(1 + 2𝑛)²

𝑦 − ꞃ
]}𝜏2

+ˊ(ꞃ)𝑑ꞃ +∫∅1𝑋(ꞃ; 1, 𝑦)𝜏1
+(ꞃ)𝑑ꞃ+

𝑌

0

ꞃ

𝑛=−ꞃ

 

(20)      + ∫∅2𝑋(ꞃ; 1, 𝑦)𝜏2
+(ꞃ)𝑑ꞃ+ 𝐹2(𝑦)

𝑦

0

 

where 

𝐹𝑖+1(𝑌) = [
𝜕𝛹(𝑥, 𝑦)

𝜕𝑥
+
𝜕𝑉(𝑥, 𝑦)

𝜕𝑥
]𝑥=𝑖      ;   𝑖 = 0.1 

Now, we get:  

(22)  𝑣1(𝑦) + ∫𝑀1(𝑦, ꞃ)𝑣1(ꞃ)𝑑ꞃ +∫𝑀2(𝑦, ꞃ)𝑣1(ꞃ)𝑑ꞃ+∫𝑀3(𝑦, ꞃ)𝑣2(ꞃ)𝑑ꞃ = 𝑃1;

𝑦

0

1

𝑦

𝑦

0

 

(23) 𝑣1(𝑦) + ∫ 𝑀1
𝑦

0
(𝑦, ꞃ)𝑣1(ꞃ)𝑑ꞃ+ ∫ 𝑀2(𝑦, ꞃ)𝑣1(ꞃ)𝑑ꞃ + ∫ 𝑀2(𝑦, ꞃ)𝑣1(ꞃ)𝑑ꞃ + ∫ 𝑀6(𝑦, ꞃ)𝑣1(ꞃ)𝑑ꞃ =

1

𝑦

1

𝑦

1

𝑦

𝑃2(𝑦) .      
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𝑀1(𝑦, ꞃ) =
𝛽1(𝑦)

𝛼1(ꞃ)√𝜋(𝑦 − ꞃ)
[1 + 2∑exp (−

𝑛2

𝑦 − ꞃ
)] + 𝛽1(𝑦) ×

ꞃ

𝑛=1

 

    

×∫
𝛼1(𝑡) − 𝛼1

ˊ (𝑡)

𝛼1
2(𝑡)√𝜋(𝑦 − 𝑡)

[1 + 2∑𝑒𝑥𝑝(−
𝑛2

𝑦 − 𝑡
)]
𝜕

𝜕𝑡
𝐽0 ×

ꞃ

𝑛=1

ꞃ

0

 

                                          

× [𝜆1(𝑡 − 𝜆)]𝑑𝑡 − 𝛽1(𝑦)∫ 𝐽0[𝜆1(𝑡 − ꞃ)∅1𝑋(𝑡; 0, 𝑌)𝑑𝑡  ;

ꞃ

∩

 

𝑀2(𝑦, ꞃ) = 𝛽1(𝑦∫
𝛼1(𝑡) − 𝛼1

ˊ (𝑡)

𝛼1
2(𝑡)√𝜋(𝑦 − 𝑡)

[1 + 2∑𝑒𝑥𝑝(−
𝑛2

𝑦 − 𝑡
)]
𝜕

𝜕𝑡
𝐽0

ꞃ

𝑛=1

𝑦

0

 

 

× [𝜆1(𝑡 − ꞃ)]𝑑𝑡 − 𝛽1(𝑦)∫ 𝐽0[𝜆1(𝑡 − ꞃ)∅1𝑋(𝑡; 0, 𝑌)𝑑𝑡 −
𝛿1(𝑌)𝐽0[𝜆1(𝑌 − ꞃ)]

𝛼1(𝑦)
   ;  

𝑦

0

 

𝑀3(𝑦, ꞃ) =
𝛽1(𝑦)

𝛼2(ꞃ)√𝜋(𝑦 − ꞃ)
{exp [−

1

4(𝑦 − ꞃ)
] +

1

2
∑ ˊ[exp {−

−(−1 + 2𝑛)2

4(𝑦 − ꞃ)
} +

ꞃ

𝑛=−ꞃ

 

𝛽1(𝑦)∫
𝛼2(𝑡) + 𝛼2

ˊ

𝛼2
2(𝑡)√𝜋(𝑦 − 𝑇)

{𝑒𝑥𝑝 [−
1

4(𝑦 − ꞃ)
] + 𝑒𝑥𝑝{−

(1 + 2𝑛)2

4(𝑦 − ꞃ

𝑦

ꞃ

}]} + 

∑ ˊ
1

2
[𝑒𝑥𝑝 {−

(−1 + 2𝑛)2

4(𝑦 − 𝑡)
} + 𝑒𝑥𝑝{−

(1 + 2𝑛)²

4(𝑦 − 𝑡)

ꞃ

𝑛=−ꞃ

}]} × 

×
𝜕

𝜕𝑡
𝐽0[𝜆2(𝑡 −)]𝑑𝑡 + 𝛽1(𝑌)∫ 𝐽0[𝜆2(𝑡 −)]∅2𝑋(𝑡; 0, 𝑦)𝑑𝑡

𝑌

ꞃ

 

𝑀4(𝑦, ꞃ) = +
𝛽2(𝑦)

𝛼2(ꞃ)√2𝜋(𝑦 − ꞃ)
{1 + 2∑𝑒𝑥𝑝(−

𝑛2

𝑦 − ꞃ
)

ꞃ

𝑛=1

 

∑ ˊexp [−
91 + 2𝑛)²

4(𝑦 − ꞃ)
]} + exp [−

1

𝑦 − ꞃ
] +

ꞃ

𝑛=−ꞃ

 

+𝛽2(𝑦)∫
𝛼2(𝑦) + 𝛼2

ˊ (𝑡)

𝛼2
2(𝑡)√2𝜋(𝑦 − 𝑡)

{1 + 2∑𝑒𝑥𝑝

ꞃ

𝑛=1

𝑦

ꞃ

(−
𝑛2

𝑦 − 𝑡
) + 𝑒𝑥𝑝 [−

1

𝑦 − 𝑡
] + 

𝜆2(𝑡 − ꞃ)𝑑𝑡 + + ∑ ˊ

ꞃ

𝑛=−ꞃ

exp [−
(1 + 2𝑛)2

4(𝑌 − 𝑡)
]}
𝜕

𝜕𝑡
𝐽0 

+
𝛿2(𝑦)𝐽0[𝜆2(𝑦 − ꞃ)]

𝛼2(𝑦)
    ; +𝛽2(𝑌)∫ 𝐽0  

𝑌

ꞃ

[𝜆2(𝑡 − ꞃ)]∅2𝑋(𝑡; 1, 𝑦)𝑑𝑡 

∑ ˊ

ꞃ

𝑛=−ꞃ

exp [−
(1 + 2𝑛)2

4(𝑌 − 𝑡)
]

𝛽2(𝑦)

𝛼1(ꞃ)√𝜋(𝑦 − ꞃ)
{exp [−

1

𝑦 − ꞃ
] + 𝑀5(𝑦, ꞃ) = + 
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+𝛽2(𝑦)∫
𝛼2(𝑦) + 𝛼2

ˊ (𝑡)

𝛼1
2(𝑡)√2𝜋(𝑦 − 𝑡)

exp [−
1

4(𝑌 − 𝑡)
] +

ꞃ

0

 

∑ ˊexp [−
(1 + 2𝑛)2

4(𝑌 − ꞃ)
]
𝜕

𝜕𝑡
𝐽0 × [𝜆1(𝑡 − ꞃ)]𝑑𝑡 −

ꞃ

𝑛=−ꞃ

 

−𝛽2(𝑌)∫ 𝐽0  

𝑌

0

[𝜆1(𝑡 − ꞃ)]∅1𝑋(𝑡; 1, 𝑦)𝑑𝑡   ; 

𝛽2(𝑦)∫
𝛼1(𝑦) + 𝛼1

ˊ (𝑡)

𝛼1
2(𝑡)√𝜋(𝑦 − 𝑡)

exp [−
1

4(𝑦 − 𝑡)
] + 𝑀6(𝑦, ꞃ) =

𝑦

0

 

[𝜆1(𝑡 − ꞃ)]𝑑𝑡 − ∑ ˊexp [−
(1 + 2𝑛)2

4(𝑌 − ꞃ)
]}
𝜕

𝜕𝑡
𝐽0 ×

ꞃ

𝑛=−ꞃ

 

𝛿1(𝑌)𝐽0[𝜆1(𝑌 − ꞃ)]

𝛼1(𝑦)
     ; −𝛽2(𝑌)∫ 𝐽0  

𝑌

0

[𝜆1(𝑡 − ꞃ)]∅1𝑋(𝑡; 1, 𝑦)𝑑𝑡 − 

𝑃1(𝑦) = 𝛽1(𝑦) = 𝐹1(𝑦) = 𝜎1(𝑦) + 

𝛿1(𝑦)[𝑃1(𝑦) − 𝛾1(𝑦)]

𝛼1(𝑦)
+ 𝛽1(𝑦)∫ 𝐽0{

𝜌1(𝑡) − 𝛾1(𝑡)

𝛼2(𝑡)
+ 

𝑦

0

∅1𝑋(𝑡; 0, 𝑦) + 

∅2𝑋 = (𝑡; 0, 𝑦)}𝑑𝑡 − 𝛽1(𝑌)∫
1

√𝜋(𝑌 − ꞃ)
× +

𝜌2(𝑡) − 𝛾2(𝑡)

𝛼2(𝑡)
×

𝑌

0

 

𝛼1(ꞃ)𝜌1
ˊ (ꞃ) − 𝛼1

ˊ (ꞃ)𝜌1(ꞃ) + 𝛼1
ˊ (ꞃ)𝛾1(ꞃ) − 𝛼1(ꞃ)𝛾1

ˊ (ꞃ)

𝛼1
2(ꞃ)

× 

× [1 + 2∑𝑒𝑥𝑝

ꞃ

𝑛=1

(−
𝑛2

𝑦 − ꞃ
)]}𝑑ꞃ + 𝛽1(𝑌)∫

1

2 × √𝜋(𝑌 − ꞃ)
×

𝑌

0

 

𝛼2(ꞃ)𝜌2
ˊ (ꞃ) − 𝛼2

ˊ (ꞃ)𝜌2(ꞃ) + 𝛼2
ˊ (ꞃ)𝛾2(ꞃ) − 𝛼2(ꞃ)𝛾2

ˊ (ꞃ)

𝛼2
2(ꞃ)

× 

∑ ˊexp× {−
(1 + 2𝑛)2

4(𝑌 − ꞃ)
} +× {exp [−

1

4(𝑌 − ꞃ)
] +

ꝏ

𝑛=−ꝏ

 

 exp{−
(1 + 2𝑛)2

4(𝑌 − ꞃ)
}]} 𝑑ꞃ          ; 

𝑃2(𝑦) = 𝛽2(𝑦) = 𝐹2(𝑦) = 𝜎2(𝑦) + 

𝛿2(𝑦)[𝑃2(𝑦) − 𝛾2(𝑦)]

𝛼2(𝑦)
+ 𝛽2(𝑦)∫ 𝐽0{

𝜌1(𝑡) − 𝛾1(𝑡)

𝛼1(𝑡)
+ 

𝑦

0

∅1𝑋(𝑡; 1, 𝑌) 

∅2𝑋(𝑡; 1, 𝑦)}𝑑𝑡 − 𝛽2(𝑦)∫
1

√𝜋(𝑦 − ꞃ)
× +

𝜌2(𝑡) − 𝛾2(𝑡)

𝛼2(𝑡)
×

𝑦

0

 

𝛼1(ꞃ)𝜌1
ˊ (ꞃ) − 𝛼1

ˊ (ꞃ)𝜌1(ꞃ) + 𝛼1
ˊ (ꞃ)𝛾1(ꞃ) − 𝛼1(ꞃ)𝛾1

ˊ (ꞃ)

𝛼1
2(ꞃ)

× 
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𝛽2(𝑌)∫
1

2 × √𝜋(𝑌 − ꞃ)
× ∑ ˊexp [−

(1 + 2𝑛)2

4(𝑌 − ꞃ)
]}dꞃ +× {exp [−

1

4(𝑌 − ꞃ)
] +

ꝏ

𝑛=−ꝏ

𝑌

0

 

∑ ˊexp [−
(1 + 2𝑛)2

4(𝑌 − ꞃ)
]]}dꞃ exp [−

1

(𝑌 − ꞃ)
] +× 1 + 2∑𝑒𝑥𝑝

ꝏ

𝑛=1

(−
𝑛2

𝑦 − ꞃ
) +

ꝏ

𝑛=−ꝏ

 

∫𝑀8(𝑦, ꞃ)𝑣1(ꞃ)

1

𝑦

𝑑ꞃ     (24)        𝑣2(𝑦) = 𝑝3(𝑦) − ∫𝑀7(𝑦, ꞃ)𝑣1(ꞃ)

𝑦

0

𝑑ꞃ   

∫𝑀6(𝑡, ꞃ)𝑅2(𝑦, 𝑡)

1

𝑦

𝑑𝑡 ;𝑀7(𝑦, ꞃ) = 𝑀5(𝑦, ꞃ) + ∫𝑀5(𝑡, ꞃ)𝑅2(𝑦, 𝑡)

𝑦

ꞃ

𝑑𝑡 +  

y, 𝑀8(𝑦, ꞃ) = 𝑀6(𝑦, ꞃ) + ∫ 𝑀6(𝑡, ꞃ)𝑅2(𝑦, 𝑡)
𝑦

0
𝑑𝑡 ;  𝑃3(𝑌) = 𝑃2(𝑌) + ∫ 𝑃2(ꞃ)

𝑦

0
𝑅2(ꞃ)𝑑ꞃ; 

with: 

𝑘(𝑦, ꞃ) = {
𝐾1(𝑦, ꞃ)                    𝑖𝑓     0 ≤ ꞃ ≤ 𝑦

𝐾2(𝑦, ꞃ)            𝑖𝑓      𝑦 < ꞃ ≤ 1          
 

 (25)                𝑣
1
(𝑦) + ∫𝐾(𝑦, ꞃ)𝑣1(ꞃ)𝑑ꞃ = 𝑃(𝑦)

1

0

 

 

𝐾1(𝑦, ꞃ) = 𝑀1(𝑦, ꞃ) − ∫𝑀3(𝑌, 𝑡)

𝑦

ꞃ

𝑀7(𝑡, ꞃ)𝑑𝑡 − ∫𝑀3(𝑌, 𝑡)𝑀8(𝑡, ꞃ)𝑑𝑡  ;

ꞃ

0

 

𝐾2(𝑦, ꞃ) = 𝑀2(𝑦, ꞃ) − ∫𝑀3(𝑦, 𝑡)

𝑦

0

𝑀8(𝑡, ꞃ)𝑑𝑡; P(𝑌) = 𝑃1(𝑌) − ∫𝑀3(𝑦, 𝑡)𝑃3(𝑡)𝑑𝑡

𝑦

0

 

 

 

References  

[1] Alimov sh . And Bulatov A. K . One of the problems of subjective Boundary values of bitsadze's question . 

Journal of the Academy of Sciences of the Republic of Uzbekistan . No. 1 , pp. 12-8, 1992   .  

[2] Bitsadze A.P. Issues of subjective boundary values . Journal of the Academy of Sciences of the USSR . Part 

(277) , No. 1 , pp. 19-17, 1984  .  

[3] Gurlev T. V. Dr. Problems of limit values of mixed and mixed-composition differential equations . Tashkent, 

1979    .  

[4] Saboev A. One of the problems of boundary values of parabolic-hyperbolic differential equations . Journal of 

the Academy of Sciences of the Republic of Uzbekistan , No. 2 , pp. 99-87 , 1982   .  

 .[5] Smirnov M. M. Mixed differential equations . Moscow, 1985. 

 .[6] Vladimirov F. U . Physical mathematical equations . Moscow, 1981 . 

[7] Kireevov A. A . Jeffrey's problem of one of the equivalent differential equations "Journal of differential 

equations". Part (13) , No. (1), pp. 83-76, Moscow 1977 . 

 

https://doi.org/10.54216/GJMSA.030201

