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Abstract  

The objective of this paper is to study and define the neutrosophic real functions with one neutrosophic variable 

depending on the geometric isometry (AH-Isometry), with a lot of concepts from real analysis including 

continuality, differentiability, derivativility, integrability. We have presented the formal forms of different popular 

functions in neutrosophic environment like logarithmic function, exponential function, trigonometric functions. 

Rising neutrosophic derivative, indefinite integral, and definite integral well defined including rising to 

neutrosophic functions. 

Keywords: Neutrosophic real analysis; AH-isometry; Integration; Derivative neutrosophic function; Indefinite 

integral neutrosophic function; Definite integral neutrosophic function. 

1.Introduction 

Neutrosophy is a new branch of philosophy concerns with the indeterminacy in all areas of life and science. It has 

become a useful tool in generalizing many classical systems such as equations [1,9], number theory [2,3], topology 

[4,5], linear spaces [6,10], modules [4,5], and ring of matrices [7,8]. 

In the literature, we find many studies about neutrosophic calculus, where some definitions and properties were 

presented about neutrosophic real functions and numbers [10]. 

The neutrosophic real functions with one variable were defined only in a special case [11], as follows: 

𝒇(𝒙) = 𝒈(𝒙) + 𝒉(𝒙)𝑰 where 𝑰 takes an interval value defining what is called by neutrosophic thick functions . For 

example𝒇(𝒙) = 𝟐𝒙 + 𝟓𝒙𝑰, 𝑰 ∈ [𝟎, 𝟎. 𝟎𝟏] is a neutrosophic real thick function. 

The problem with this definition, that it does not consider the general case 𝒇: 𝑹(𝑰) → 𝑹(𝑰); 𝒇 = 𝒇(𝑿) 

And 𝑿 = 𝒙 + 𝒚𝑰 ∈ 𝑹(𝑰). 

Recently, Abobala et.al, have presented the concept of two-dimensional AH-isometry to study the correspondence 

between neutrosophic plane 𝑹(𝑰) × 𝑹(𝑰) and the classical module 𝑹𝟐 × 𝑹𝟐. Also, the one-dimensional AH-

isometry between R(I) and 𝑹 × 𝑹. This isometry was useful in defining inner products and norms [10], ordering [9], 

and neutrosophic geometrical shapes [10]. 
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In this work, we use the one-dimensional AH-isometry to turn the general case of neutrosophic real functions with 

one variable into two classical real functions so we will go from 𝑹(𝑰) space into 𝑹 × 𝑹 space, we study the 

properties of our functions then we go back to 𝑹(𝑰) space using AH-isometry. 

 

2 Definitions. 

Definition 2.1. Neutrosophic Real Number: [12] 

Suppose that 𝑤 is a neutrosophic number, then it takes the following standard form: 𝑤 = 𝑎 + 𝑏𝐼 where 𝑎, 𝑏 are real 

coefficients, and 𝐼 represents the indeterminacy, where 0. 𝐼 = 0 and 𝐼𝑛 = 𝐼 for all positive integers 𝑛. 

For example: 

𝑤 = 1 + 2𝐼, 𝑤 = 3 = 3 + 0𝐼. 

Definition 2.2. Division of neutrosophic real numbers: [13] 

Suppose that 𝑤1, 𝑤2 are two neutrosophic number,where 

𝑤1 = 𝑎1 + 𝑏1𝐼, 𝑤2 = 𝑎2 + 𝑏2𝐼 

Then: 

𝑤1

𝑤2

=
𝑎1 + 𝑏1𝐼

𝑎2 + 𝑏2𝐼
=

𝑎1

𝑎2

+
𝑎2𝑏1 − 𝑎1𝑏2

𝑎2(𝑎2 + 𝑏2)
𝐼 

3 Neutrosophic Functions on 𝑹(𝑰). 

Definition 3.1 [14] 

Let 𝑅(𝐼) = {𝑎 + 𝑏𝐼 ; 𝑎, 𝑏 ∈ 𝑅} where 𝐼2 = 𝐼 be the neutrosophic field of reals. The one-dimensional isometry 

(AH-Isometry) is defined as follows: [49] 

𝑇: 𝑅(𝐼) → 𝑅 × 𝑅 ;  𝑇(𝑎 + 𝑏𝐼) = (𝑎, 𝑎 + 𝑏) 

Remark 3.1. [14] 

𝑇 is an algebraic isomorphism between two rings, it has the following properties: 

1) 𝑇 is bijective. 

2) 𝑇 preserves addition and multiplication, i.e.: 

𝑇[(𝑎 + 𝑏𝐼) + (𝑐 + 𝑑𝐼)] = 𝑇(𝑎 + 𝑏𝐼) + 𝑇(𝑐 + 𝑑𝐼) 

And: 

𝑇[(𝑎 + 𝑏𝐼) ∙ (𝑐 + 𝑑𝐼)] = 𝑇(𝑎 + 𝑏𝐼) ∙ 𝑇(𝑐 + 𝑑𝐼) 

3) Since 𝑇 is bijective, then it is invertible by: 

𝑇−1: 𝑅 × 𝑅 → 𝑅(𝐼) ;  𝑇−1(𝑎, 𝑏) = 𝑎 + (𝑏 − 𝑎)𝐼 

4) 𝑇 preserves distances, i.e.: 

The distance on 𝑅(𝐼) can be defined as follows: 

Let 𝐴 = 𝑎 + 𝑏𝐼, 𝐵 =  𝑐 + 𝑑𝐼 be two neutrosophic real numbers, then 𝐿 = ‖𝐴𝐵⃗⃗⃗⃗  ⃗‖ = 𝑑[(𝑎 + 𝑏𝐼, 𝑐 + 𝑑𝐼)] =
|𝑎 + 𝑏𝐼 − (𝑐 + 𝑑𝐼)| = |(𝑎 − 𝑐) + 𝐼(𝑏 − 𝑑)| = |𝑎 − 𝑐| + 𝐼[|𝑎 + 𝑏 − 𝑐 − 𝑑| − |𝑎 − 𝑐|].  

On the other hand, we have: 

𝑇(‖𝐴𝐵⃗⃗⃗⃗  ⃗‖) = (|𝑎 − 𝑐|, |(𝑎 + 𝑏) − (𝑐 + 𝑑)|) = (𝑑(𝑎, 𝑐), 𝑑(𝑎 + 𝑏, 𝑐 + 𝑑)) = 𝑑[(𝑎, 𝑎 + 𝑏), (𝑐, 𝑐 + 𝑑)]=𝑑(𝑇(𝑎 +

𝑏𝐼), 𝑇(𝑐 + 𝑑𝐼)) 

=‖𝑇(𝐴𝐵⃗⃗⃗⃗  ⃗)‖. 
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This implies that the distance is preserved up to isometry. i.e.‖𝑇(𝐴𝐵)‖ = 𝑇(‖𝐴𝐵‖) 

Definition 3.2. [15] 

Let 𝑓: 𝑅(𝐼) → 𝑅(𝐼); 𝑓 = 𝑓(𝑋) and 𝑋 = 𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) the f is called a neutrosophic real function with one 

neutrosophic variable. 

a neutrosophic real function 𝑓(𝑋) written as follows: 

𝑓(𝑋) = 𝑓(𝑥 + 𝑦𝐼) = 𝑓(𝑥) + 𝐼[𝑓(𝑥 + 𝑦) − 𝑓(𝑥)] 
 

Theorem3.1. any neutrosophic real function into two classical real functions, i.e., to the classical Euclidean plane 

𝑅 × 𝑅. 

Proof. 

Let 𝑓(𝑋) = 𝑓(𝑥 + 𝑦𝐼) = 𝑓(𝑥) + 𝐼[𝑓(𝑥 + 𝑦) − 𝑓(𝑥)] a neutrosophic real function. 

Now, Using the one-dimensional AH-isometry, we have. 

𝑇(𝑓(𝑋)) = 𝑇(𝑓(𝑥) + 𝐼[𝑓(𝑥 + 𝑦) − 𝑓(𝑥)]), then. 

(𝑓1, 𝑓2) = (𝑓(𝑥), 𝑓(𝑥 + 𝑦)), then, we have. 

{
𝑓1 = 𝑓(𝑥)

𝑓2 = 𝑓(𝑥 + 𝑦)
 

the functions 𝑓(𝑥), 𝑓(𝑥 + 𝑦) are a real functions. 

 

Definition 3.3. Neutrosophic exponential and logarithmic functions. [14] 

Let 𝑅(𝐼) be the neutrosophic field of reals, we have: 

1. 𝑓(𝑋) = 𝑒𝑋 = 𝑒𝑥+𝑦𝐼 = 𝑒𝑥 + 𝐼(𝑒𝑥+𝑦 − 𝑒𝑥) 

2. 𝑓(𝑋) = ln(𝑋) = ln(𝑥 + 𝑦𝐼) = ln 𝑥 + 𝐼(ln(𝑥 + 𝑦) − ln(𝑥)), where 𝑥 + 𝑦𝐼 > 0. 

 

Definition 3.4. [14] 

Let 𝑅(𝐼) be the neutrosophic field of reals, we have: 

𝑓(𝑋) = √𝑥 + 𝑦𝐼 = √𝑥 + 𝐼(√𝑥 + 𝑦 − √𝑥) 

Definition 3.5.   

Let 𝑅(𝐼) be the neutrosophic field of reals, we have: 

𝑓(𝑋) = 𝐴𝑛𝑋
𝑛 + 𝐴𝑛−1𝑋

𝑛−1 + ⋯+ 𝐴1𝑋 + 𝐴0

= 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥

𝑛−1 + ⋯+ 𝑎1𝑥 + 𝑎0

+ 𝐼[(𝑏𝑛(𝑥 + 𝑦)𝑛 + 𝑏𝑛−1(𝑥 + 𝑦)𝑛−1 + ⋯+ 𝑏1(𝑥 + 𝑦) + 𝑏0

− (𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥

𝑛−1 + ⋯+ 𝑎1𝑥 + 𝑎0))] 

Definition 3.6. Neutrosophic Trigonometric Functions: 

Let 𝑅(𝐼) be the neutrosophic field of reals, we have: 

1. sin(𝑥 + 𝑦𝐼) = sin 𝑥 + 𝐼[sin(𝑥 + 𝑦) − sin 𝑥  ] 
2. cos(𝑥 + 𝑦𝐼) = cos 𝑥 + 𝐼[cos(𝑥 + 𝑦) − cos 𝑥] 
3. tan(𝑥 + 𝑦𝐼) = tan 𝑥 + 𝐼[tan(𝑥 + 𝑦) − tan 𝑥] 

4.  derivative a Neutrosophic Functions on 𝑹(𝑰). 

Definition 4.1. 

Let 𝑓(𝑋) = 𝑓(𝑥 + 𝑦𝐼) = 𝑓(𝑥) + 𝐼[𝑓(𝑥 + 𝑦) − 𝑓(𝑥)] a neutrosophic function on 𝑅(𝐼), the we define a 

derivative of a neutrosophic function  𝑓(𝑋) as follows: 

𝑓′(𝑋) = 𝑓′(𝑥 + 𝑦𝐼) = 𝑓′(𝑥) + 𝐼[𝑓′(𝑥 + 𝑦) − 𝑓′(𝑥)] 
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Examples 4.1.  

1. 𝑓(𝑋) = 𝑒𝑋 = 𝑒𝑥 + 𝐼(𝑒𝑥+𝑦 − 𝑒𝑥). We have. 

𝑓′(𝑋) = (𝑒𝑥)′ + 𝐼[(𝑒𝑥+𝑦)′ − (𝑒𝑥)′] = 𝑒𝑥 + 𝐼(𝑒𝑥+𝑦 − 𝑒𝑥) = 𝑒𝑋. 

2. 𝑓(𝑋) = ln(𝑋) = ln 𝑥 + 𝐼[ln(𝑥 + 𝑦) − ln(𝑥)]. We have. 

𝑓′(𝑋) = (ln 𝑥)′ + 𝐼[(ln(𝑥 + 𝑦))′ − (ln 𝑥)′] =
1

𝑥
+ 𝐼 [

1

(𝑥 + 𝑦)
−

1

𝑥
] =

1

𝑥
+ 𝐼 [

𝑥 − 𝑥 − 𝑦

𝑥(𝑥 + 𝑦)
] =

1

𝑥
+ 𝐼 [

−𝑦

𝑥(𝑥 + 𝑦)
]

=
1 + 0𝐼

𝑥 + 𝑦𝐼
=

1

𝑋
 

3. 𝑓(𝑋) = 𝑋𝑒𝑋 = 𝑥𝑒𝑥 + 𝐼((𝑥 + 𝑦)𝑒𝑥+𝑦 − 𝑥𝑒𝑥). We have. 

𝑓′(𝑋) = (𝑥𝑒𝑥)′ + 𝐼[((𝑥 + 𝑦)𝑒𝑥+𝑦)′ − (𝑥𝑒𝑥)′] = 𝑒𝑥 + 𝑥𝑒𝑥 + 𝐼(𝑒𝑥+𝑦 + (𝑥 + 𝑦)𝑒𝑥+𝑦 − (𝑒𝑥 + 𝑥𝑒𝑥)) = 𝑒𝑥 +

𝐼(𝑒𝑥+𝑦 − 𝑒𝑥) + [𝑥𝑒𝑥 + 𝐼((𝑥 + 𝑦)𝑒𝑥+𝑦 − 𝑥𝑒𝑥)] = 𝑒𝑋 + 𝑋𝑒𝑋. 

4. 𝑓(𝑋) = sin𝑋 = sin(𝑥 + 𝑦𝐼) = sin 𝑥 + 𝐼[sin(𝑥 + 𝑦) − sin 𝑥  ]. 
We have. 

𝑓′(𝑋) = (sin 𝑥)′ + 𝐼[(sin(𝑥 + 𝑦))′ − (sin 𝑥)′] = cos 𝑥 + 𝐼[[cos(𝑥 + 𝑦) − cos 𝑥] = cos𝑋. 

5. 𝑓(𝑋) = cos𝑋 = cos(𝑥 + 𝑦𝐼) = cos 𝑥 + 𝐼[cos(𝑥 + 𝑦) − cos 𝑥]. We have. 

𝑓′(𝑋) = (cos 𝑥)′ + 𝐼[(cos(𝑥 + 𝑦))′ − (cos 𝑥)′] = − sin 𝑥 + 𝐼[[− sin(𝑥 + 𝑦) + sin 𝑥] = −(sin 𝑥 +
𝐼[[sin(𝑥 + 𝑦) − sin 𝑥]) = −sin𝑋. 

6. 𝑓(𝑋) = 𝑒𝑋 ln(𝑋) + 𝑋2 = 𝑒𝑥 ln(𝑥) + 𝑥2 + 𝐼[𝑒(𝑥+𝑦) ln(𝑥 + 𝑦) + (𝑥 + 𝑦)2 − (𝑒𝑥 ln(𝑥) + 𝑥2)]. We have. 

𝑓′(𝑋) = (𝑒𝑥 ln(𝑥) + 𝑥2)′ + 𝐼[(𝑒(𝑥+𝑦) ln(𝑥 + 𝑦) + (𝑥 + 𝑦)2)′ − (𝑒𝑥 ln(𝑥) + 𝑥2)′] = (𝑒𝑥 ln(𝑥) +
𝑒𝑥

𝑥
+

2𝑥)
′

+ 𝐼 [𝑒(𝑥+𝑦) ln((𝑥 + 𝑦)) +
𝑒(𝑥+𝑦)

𝑥+𝑦
+ 2(𝑥 + 𝑦) − (𝑒𝑥 ln(𝑥) +

𝑒𝑥

𝑥
+ 2𝑥)] = 𝑒𝑋 ln(𝑋) +

𝑒𝑋

𝑋
+ 2𝑋. 

7. 𝑓(𝑋) = 𝑠𝑖𝑛2𝑋 . 𝑐𝑜𝑠𝑋 = 𝑠𝑖𝑛2𝑥 . 𝑐𝑜𝑠𝑥 + 𝐼[(𝑠𝑖𝑛2(𝑥 + 𝑦) . 𝑐𝑜𝑠(𝑥 + 𝑦) − 𝑠𝑖𝑛2𝑥 . 𝑐𝑜𝑠𝑥)]. We have. 

𝑓′(𝑋) = (𝑠𝑖𝑛2𝑥 . 𝑐𝑜𝑠𝑥)′ + 𝐼[(𝑠𝑖𝑛2(𝑥 + 𝑦) . 𝑐𝑜𝑠(𝑥 + 𝑦))′ − (𝑠𝑖𝑛2𝑥 . 𝑐𝑜𝑠𝑥)′] = 2𝑠𝑖𝑛𝑥. 𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛3𝑥 +

𝐼[2𝑠𝑖𝑛(𝑥 + 𝑦). 𝑐𝑜𝑠2(𝑥 + 𝑦) − 𝑠𝑖𝑛3(𝑥 + 𝑦) − (2𝑠𝑖𝑛𝑥. 𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛3𝑥)] = 2𝑠𝑖𝑛𝑋. 𝑐𝑜𝑠2𝑋 − 𝑠𝑖𝑛3𝑋. 

 

5. integral a Neutrosophic Functions on 𝑹(𝑰). 

Definition 5.1. 

Let 𝑓(𝑋) = 𝑓(𝑥 + 𝑦𝐼) = 𝑓(𝑥) + 𝐼[𝑓(𝑥 + 𝑦) − 𝑓(𝑥)] a neutrosophic function on 𝑅(𝐼), the we define a 

integration of a neutrosophic function  𝑓(𝑋) as follows: 

∫𝑓(𝑋) 𝑑𝑋 = ∫𝑓(𝑥) 𝑑𝑥 + 𝐼 [∫ 𝑓(𝑥 + 𝑦) 𝑑(𝑥 + 𝑦) − ∫𝑓(𝑥) 𝑑𝑥] + (𝑎 + 𝑏𝐼) 

Where (𝑎 + 𝑏𝐼) is a neutrosophic constant number, and ∫ 𝑓(𝑋) 𝑑𝑋 = 𝐹(𝑋) = 𝐹(𝑥) + 𝐼[𝐹(𝑥 + 𝑦) − 𝐹(𝑥)]. 
Examples 5.1.  

1. 𝑓(𝑋) = 𝑒𝑋 = 𝑒𝑥 + 𝐼(𝑒𝑥+𝑦 − 𝑒𝑥). We have. 

∫ 𝑒𝑋 𝑑𝑋 = ∫ 𝑒𝑥 𝑑𝑥 + 𝐼[∫ 𝑒𝑥+𝑦 𝑑(𝑥 + 𝑦) − ∫ 𝑒𝑥 𝑑𝑥] = 𝑒𝑥 + 𝐼(𝑒𝑥+𝑦 − 𝑒𝑥) + (𝑎 + 𝑏𝐼) = 𝑒𝑋 + (𝑎 + 𝑏𝐼).  

2. 𝑓(𝑋) = 𝑋2𝑒𝑋 = 𝑥2𝑒𝑥 + 𝐼((𝑥 + 𝑦)2𝑒𝑥+𝑦 − 𝑥2𝑒𝑥). We have. 

∫𝑋2𝑒𝑋 𝑑𝑋 = ∫𝑥2𝑒𝑥 𝑑𝑥 + 𝐼[∫(𝑥 + 𝑦)2𝑒𝑥+𝑦 𝑑(𝑥 + 𝑦) − ∫ 𝑥2𝑒𝑥 𝑑𝑥] = (𝑥2 − 2𝑥 + 2)𝑒𝑥 + 𝐼([(𝑥 + 𝑦)2 −
2(𝑥 + 𝑦) + 2]𝑒𝑥+𝑦 − (𝑥2 − 2𝑥 + 2)𝑒𝑥) + (𝑎 + 𝑏𝐼) = (𝑋2 − 2𝑋 + 2)𝑒𝑋 + (𝑎 + 𝑏𝐼).  

3. 𝑓(𝑋) = 𝑋𝑒𝑋2
= 𝑥𝑒𝑥2

+ 𝐼((𝑥 + 𝑦)𝑒(𝑥+𝑦)2 − 𝑥𝑒𝑥2
). We have. 

∫𝑋𝑒𝑋2
𝑑𝑋 = ∫𝑥𝑒𝑥2

𝑑𝑥 + 𝐼[∫(𝑥 + 𝑦)𝑒(𝑥+𝑦)2 𝑑(𝑥 + 𝑦) − ∫𝑥𝑒𝑥2
𝑑𝑥] =

1

2
𝑒𝑥2

+ 𝐼 (
1

2
𝑒(𝑥+𝑦)2 −

1

2
𝑒𝑥2

) +

(𝑎 + 𝑏𝐼) =
1

2
[𝑒𝑥2

+ 𝐼(𝑒(𝑥+𝑦)2 − 𝑒𝑥2
)] + (𝑎 + 𝑏𝐼) =

1

2
𝑒𝑋2

+ (𝑎 + 𝑏𝐼).  

4. 𝑓(𝑋) = sin3𝑋 = sin3 𝑥 + 𝐼[sin3(𝑥 + 𝑦) − sin3 𝑥  ]We have. 

∫𝑋𝑒𝑋2
𝑑𝑋 = ∫ sin3 𝑥 𝑑𝑥 + 𝐼[∫ sin3(𝑥 + 𝑦) 𝑑(𝑥 + 𝑦) − ∫ sin3 𝑥 𝑑𝑥] =

cos3 𝑥

3
− 𝑐𝑜𝑠𝑥 + 𝐼 [

cos3(𝑥+𝑦)

3
−

𝑐𝑜𝑠(𝑥 + 𝑦) − (
cos3 𝑥

3
− 𝑐𝑜𝑠𝑥)] + (𝑎 + 𝑏𝐼) =

cos3 𝑋

3
− 𝑐𝑜𝑠𝑋 + (𝑎 + 𝑏𝐼). 

5. 𝑓(𝑋) = 𝑋3 ln(𝑋) = 𝑥3 ln 𝑥 + 𝐼[(𝑥 + 𝑦)3 ln(𝑥 + 𝑦) − 𝑥3 ln(𝑥)]. We have. 
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∫𝑋3 ln(𝑋) 𝑑𝑋 = ∫𝑥3 ln 𝑥 𝑑𝑥 + 𝐼[∫(𝑥 + 𝑦)3 ln(𝑥 + 𝑦) 𝑑(𝑥 + 𝑦) − ∫ 𝑥3 ln 𝑥 𝑑𝑥] =
𝑥4

4
ln 𝑥 −

1

16
𝑥4 +

𝐼 [
(𝑥+𝑦)4

4
ln(𝑥 + 𝑦) −

1

16
(𝑥 + 𝑦)4 − (

𝑥4

4
ln 𝑥 −

1

16
𝑥4)] + (𝑎 + 𝑏𝐼) =

𝑋4

4
ln 𝑋 −

1

16
𝑋4 + (𝑎 + 𝑏𝐼).  

6. 𝑓(𝑋) =
𝑋2

1−𝑋2 =
𝑥2

1−𝑥2 + 𝐼(
(𝑥+𝑦)2

1−(𝑥+𝑦)2
−

𝑥2

1−𝑥2). We have. 

∫
𝑋2

1−𝑋2 𝑑𝑋 = ∫
𝑥2

1−𝑥2 𝑑𝑥 + 𝐼 [∫
(𝑥+𝑦)2

1−(𝑥+𝑦)2
𝑑(𝑥 + 𝑦) − ∫

𝑥2

1−𝑥2 𝑑𝑥] = −𝑥 +
1

2
ln |

1+𝑥

1−𝑥
| + 𝐼 [−(𝑥 + 𝑦) +

1

2
ln |

1+(𝑥+𝑦)

1−(𝑥+𝑦)
| − (−𝑥 +

1

2
ln |

1+𝑥

1−𝑥
|)] + (𝑎 + 𝑏𝐼) = −𝑋 +

1

2
ln |

1+𝑋

1−𝑋
| + (𝑎 + 𝑏𝐼).  

 

7. 𝑓(𝑋) =
√1+𝑋2+√1−𝑋2

√1−𝑋4
=

√1+𝑥2+√1−𝑥2

√1−𝑥4
+ 𝐼(

√1+(𝑥+𝑦)2+√1−(𝑥+𝑦)2

√1−(𝑥+𝑦)4
−

√1+𝑥2+√1−𝑥2

√1−𝑥4
). We have. 

∫
√1+𝑋2+√1−𝑋2

√1−𝑋4
𝑑𝑋 = ∫

√1+𝑥2+√1−𝑥2

√1−𝑥4
𝑑𝑥 + 𝐼 [∫

√1+(𝑥+𝑦)2+√1−(𝑥+𝑦)2

√1−(𝑥+𝑦)4
𝑑(𝑥 + 𝑦) − ∫

√1+𝑥2+√1−𝑥2

√1−𝑥4
𝑑𝑥] =

∫ (
1

√1−𝑥2
+

1

√1+𝑥2
) 𝑑𝑥 + 𝐼 [∫ (

1

√1−(𝑥+𝑦)2
+

1

√1+(𝑥+𝑦)2
) 𝑑(𝑥 + 𝑦) − ∫ (

1

√1−𝑥2
+

1

√1+𝑥2
) 𝑑𝑥] = 𝑎𝑟𝑐 𝑠𝑖𝑛𝑥 +

ln|𝑥 + √1 + 𝑥2| + 𝐼[𝑎𝑟𝑐 𝑠𝑖𝑛(𝑥 + 𝑦) + ln|(𝑥 + 𝑦) + √1 + (𝑥 + 𝑦)2| − (𝑎𝑟𝑐 𝑠𝑖𝑛𝑥 + ln|𝑥 + √1 + 𝑥2|)] +

(𝑎 + 𝑏𝐼) = 𝑎𝑟𝑐 𝑠𝑖𝑛𝑋 + ln|𝑋 + √1 + 𝑋2| + (𝑎 + 𝑏𝐼).  

6. The definite integration a Neutrosophic Functions on 𝑹(𝑰). 

Definition 6.1. 

Let 𝑎 + 𝑏𝐼 , 𝑐 + 𝑑𝐼 ∈ 𝑅(𝐼), the we say 𝑎 + 𝑏𝐼 ≤ 𝑐 + 𝑑𝐼 if 𝑎 ≤ 𝑐 aand 𝑎 + 𝑏 ≤ 𝑐 + 𝑑. 

Definition 6.2. 

Let 𝑓(𝑋) = 𝑓(𝑥 + 𝑦𝐼) = 𝑓(𝑥) + 𝐼[𝑓(𝑥 + 𝑦) − 𝑓(𝑥)] a neutrosophic function on 𝑅(𝐼), we define the definite 

integration of a neutrosophic function  𝑓(𝑋) as follows: 

∫ 𝑓(𝑋)𝑑𝑋

𝑐+𝑑𝐼

𝑎+𝑏𝐼

= ∫𝑓(𝑥)𝑑𝑥

𝑐

𝑎

+ 𝐼 [ ∫ 𝑓(𝑥 + 𝑦)𝑑(𝑥 + 𝑦)

𝑐+𝑑

𝑎+𝑏

− ∫𝑓(𝑥)𝑑𝑥

𝑐

𝑎

] 

 

Examples 5.1.  

1. 𝐽 = ∫ 𝑒𝑋𝑑𝑋
1+𝐼

0+0𝐼
= ∫ 𝑒𝑥𝑑𝑥

1

0
+ 𝐼 [∫ 𝑒(𝑥+𝑦)𝑑(𝑥 + 𝑦)

2

0
− ∫ 𝑒𝑥𝑑𝑥

1

0
] = [𝑒𝑥]0

1 + 𝐼 [[𝑒(𝑥+𝑦)]
0

2
− [𝑒𝑥]0

1] 

𝐽 = (𝑒 − 𝑒0) + 𝐼[(𝑒2 − 𝑒0) − (𝑒 − 𝑒0)] = (𝑒 − 1) + 𝐼[(𝑒2 − 1) − (𝑒 − 1)] = 𝑒 − 1 + 𝐼[𝑒2 − 𝑒] 
 

2. 𝐽 = ∫ 𝑠𝑖𝑛𝑋 𝑑𝑋
𝜋

2
+

𝜋

2
𝐼

𝜋

6
+

𝜋

6
𝐼

= ∫ 𝑠𝑖𝑛𝑥 𝑑𝑥
𝜋

2
𝜋

6

+ 𝐼 [∫ 𝑠𝑖𝑛(𝑥 + 𝑦)𝑑(𝑥 + 𝑦)
𝜋
𝜋

2

− ∫ 𝑠𝑖𝑛𝑥 𝑑𝑥
𝜋

2
𝜋

6

] = [−𝑐𝑜𝑠𝑥]𝜋
6

𝜋

2 + 𝐼 [[−𝑐𝑜𝑠(𝑥 +

𝑦)]𝜋
2

𝜋 + [𝑐𝑜𝑠𝑥]𝜋
6

𝜋

2] 

𝐽 = (−0 +
√3

2
) + 𝐼 [(1 − 0) − (−0 +

√3

2
)] =

√3

2
+ 𝐼 [1 −

√3

2
] 

 

3. Conclusion 

In this paper, we have defined the concept of  a neutrosophic functions. Also, we have discussed some of their 

elementary properties such as derivative, indefinite integral, definite integral. 
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